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PaunonansHoe uncino 41
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Pose (Teopema P.) 88
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CummMmerpuzanus 36

CummerpuuHocTh 20
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CkansapHoe npousBenenue 106

Cxkopocts 257

CoOmiTHs paBHOBEpOsITHBIE 140

Conpuxkacaronasics OKpy>KHOCTb 253

CpaBuenue 147

Crenenb naBepcun 402

CreneHp TOYKU OTHOCUTEIBHO
OKpYKHOCTH 368

Crepeorpaduueckas npoekius 415

Crpykrypa 151

Crynenvaras GyHKIUs 55

Crroapt (hopmyna C.) 357

Cdepuueckas reomerpust 437

CuetHoe MHOXeCTBO 184

Cropbekuus 65

Tena 45

Tena ckansipoB 57

ToxxnecTBeHHOE 0TOOpaxkeHue 68

ToxnectBo 205

Tononorus 76

Toueunoe npeodbpazoanue 70

TpanzutuBHOCTb 20

TpanchopmupoBanue npeoOpazoBaHus

TpaHcLeHAEHTHOE YUCII0 52

Toaiinop (popmyna T. 1y MHOTOUJIEHA)
262

VYron 112

Ynopsio4eHHOCTb moJiHast 28

Yckopenue 260

danec (Teopema D.) 64

®urypa 70

doxkanbHast OKPY>KHOCTh 445

doxkanbHbIe KOHUYECKUE ceueHus 449

DoKyc KOHMYECKOTo ceueHus 446

Oynk1us odpatHas 73

OyHKIHUA OT GYHKITUU 67

entp Tsxectn 306

UYena (teopema Y.) 308
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UYeTbipexyrogbHuK 69

Yucno 11119

Uucnosas GpyHkius 72
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DKBHUMNOJUIEHTHOCTH (PaBEHCTBO
BEKTOpOB) 55

OkcueHTpucurer 444

Onnurnc 447

OpatocdeHoro pemero 757



MPEOAWC/IOBHUE K PYCCKOMY M3IOAHMUIO

CoBeTcKOMY YHTAaTeJIo NpefoCcTaBageTCA BOSMOXKHOCTh O3HAKOMUTLCS
C pesyJabTaraMd MHOTOJIETHHX pPasMBILIIEHHH HHTEPecHOro (paHiys-
CKOTO Ilefarora OTHOCHUTEJNbHO COZePXKAaHHS Kypca LIKOJbHOH Mare-
MaTHKU ¥ TIOCTPOEHMsi CTPOHHOHN JIOTMYECKON CHCTeMEI OCHOB MarteMa-
THUecKUX 3Hauuil. JliocbeHH PennKc, ydyeHHIla OJHOTO U3 KpyHHeH-
KX NpeAcTaBUTeJNeH (QpaHLIY3CKOH MaTeMaTH4eCKOH MBICIH MepBBIX
necsiTuieTHil Hallero Beka Anpu JleGera, HOBOJBHO TOYHO CJefyeT
neJlarOTH4eCKUM HAEAM CBOEro yyuTessi. TH uieH NPOLOJIKAIT coXpa-
HATH CBeXecTb M B HAaMM JAHH. TeOpeTHKO-MHOXKECTBEHHbIE KOHIEIN-
IIHY, NPOHHSLIBAIOUIUE BCO KHUTY JliockenH @esHKC, HMEIOT B HAIUH
IHH ¢yHIaMeHTA/IbHOe 3HAYEHHe He TOJBKO IJs TeOPeTHYeCKOH marte-
MaTHKH, HO U A5 MHOTUX QU3HUECKHX, TEXHHUECKHX, OHOJOTHYECKUX
M WHBIX HaYYHBIX QMCHUMITMH. STH KOHHENIUH UCIOJAB3YIOTCS He TOMbKO
IpH MNOCTPOEHHM BEPILHH HAyKU M €e OCHOB, HO TaKke M B Nefaro-
ruuyeckoM nponecce. Ckaxy, HanpuMep, 4TO B Kypcax MaTemarHye-
CKOHl CTaTHCTHKH, KOTOphle npenuasHauens! B CIUA pn1s arponomoB
H JADYTHX CHELHANHCTOB CeJIbCKOFO X03AHETBa, TeOPETHKO-MHOXKECTBEH-
HBIM KOHLENUUAM HayKH YieasieTcs OOJMbIIOe BHUMaHHE, INOCKOJBKY
HMMEHHO OHH TO3BOJAIOT Tiy0xe U cBOGOJHEee B3TJISIHYTb HA peasibHbIe
siBJeHusl. TOYHO TaK Ke NPH MOCTPOEHHH OCHOB TEOPUH HANEXKHOCTH
BLIACHUJIOCH, YTO Ge3 TeOPeTHKO-MHOMKECTBEHHOIO NOAX0Aa He yIaeTcsi
Pa3yMHO OCMBICJHTL Ccamble HEeHTpaJbHbIE €€ NOHATHS. B ¢BA3M ¢ 3TUM
B pa6oTax, npelHa3sHa4YeHHLIX Jis HHIKEHEPOB, MH3JOKeHHe MpPHXO-
LMTCH CTPOHTbL HMEHHO Ha 2T0# 6ase (cM., Hampumep, crathio Bb. B. I'ne-
aeHko H Jl. B. lllopa «Haznex)HOoCTb» B SHUMKJIONEIMH «ABTOMaTH3AUMS
OPOH3BOJACTBA W IIPOMBIJIEHHAs 3JEKTPOHHKa», T. 2, M., 1963).

Koneuno, kdura Jliocbenn Penukc He gBigeTcsi YUeGHUKOM IS
wkoapnHKoB. OHa INpejHa3HaueHa, B IEPBYIO Ouepelb, IJis Mperno-
ZaBarese#f, TO €CTb s BecbMa KBaJIU(DHIUPOBAHHOTO YHTATEJS.
1 yGexnen, uTo 3Ta KHMra GyAeT C MHTepecOM H MO0Jb30H H3ydeHa
HallPMH TefiaroraMd. HecOoMHeHHO, YTO MHOTHE TPAKTOBKU H TMOJ-
XOIBl aBTOPA BHI30OBYT KPHTHYECKHE 3aMeuaHWus H BO BCAKOM cJydae
HaTOJKHYT 4YMTaTeJieli Ha PasMBIINIEHUS O COZEpPXKaHHM Kypca MaTe-
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MaTHKH cpefHeil wkoibl. B 1962 rony Jliockenn ®ennke 6ui1a B Mockse
H BBICTYNAaJa C JOKJIAJOM Ha 3aCelaHuH INIKOJALHOH ceKUUH MOCKOB-
CKOTO MaTeMaTHUeCKOro OOIIecTBa. YCTHEIM H3J0KEHMeM OHa cyMmena
3aMHTEPECOBaTh KAK CBOMMH HJESIMH, TaK H PAcCKasoM 06 SKCIePHMEH-
TaX, KOTOpbie OHA NMPOBOAMJA JIMYHO, A TAKKE H IPYyrHe NeJarord INOX
€e DYKOBOACTBOM B Pa3JIHUHBIX IIKOJMAX.

Bonpocot nmepecTpOdKH MaTeMaTHYeCKOro o6pasoBanus cefiyac BOJ-
HYIOT NeJaroroB ¥ Y4eHBIX BO BCeM MEpE. DTO BLI3BAHO PsoM 06CTOsA-
TeJbCTB M B NEPBYIO Ouepeib CTPEMJIEHHeM NPUOGIH3UTL COLepIKaHue
Kypca MaTeMaTHKH cpelHeH WIKOJBl K YCTAHOBKAM H YCTPeMJIEHHAM
COBPEMEHHOH MaTeMaTH4eCKON HayKd M K 3amnpocaM npakTukd. Ha
MEXAYHAPOAHKIX KOH(QepeHIHAX II0 MaTeMaTHYeCKOMY OGpa30BaHHUIO,
B ocoGenHoctu nocie 1957 ropa, xorga Gull 3amyllleH TEPBEIH COBET-
CKHIl CHYTHHK 3emnd, npoGaeMa TOTO, ¥eMy YYHTb MO MaTeMaTHKe
IIKOJBHHKOB, $BJAETCS LEeHTpaabHOoi. TpaldnuOHHBIE KYPCHI IKOJb-
HO{ MaTeMaTHKH CJAOXKHUJHCh B ONpPEeAeJeHHBIX YCJAOBUAX 0] BJIHSA-
HHeM Ollpele/ieHHLIX OOIIECTBEHHBIX 3ajau M TpeGOBaHMH, a Takke
OpH ONpefe/eHHOM YPOBHe MaTeMatHueckod Hayku. C Tex mop Hayka
cllefana OFPOMHBI CKa4OK B cBoeM pasButuu. OHa craja Hemocpen-
CTBEHHOH NPOM3BOJAMTENbHONH cHJIOH ofiiectBa. Bce 3TO Heab3g HTHO-
pupoBatb. IHeo6xomuMo ydYecTb H TO, 4YTO MEPBOHAYAJNBHEIN 3amnac
3HAHUH M HABBIKOB, C KOTOPLIMH JETH NPHXOJAT B LIKOJY, PE3KO OT/IH-
YeH OT TOrO, C KOTOPBIM JeTH NMPUXOAXAN paHbllle. OHH cBOGORHO 06Cy-
JKIA0T B JIOWIKOMBHOM BO3pacTe HE TOJbKO OCOOGHHOCTH MapoK aBTO-
MobuJsied, HO M mpocTrefilie rpagukH, ¢ KOTOPHIMU OHH BCTpEYalOTCs
B NOBCelHeBHOH »M3HU. OHM 3HAKOMBl C HCIOJAb30BAHUEM 3JEKTpHUe-
CTBa, CBOOOAHO BKJIOYAIOT M BBIKJIOUAIOT PAJMONPHEMHHKH H TeJe-
BH30pHL. BOT noyemy HHU colep:KaHue IKOJBbHBIX IPOTPaMM, HH [IOCTPoe-
HHe Kypca MaTeMaTHKH He MOXKET OCTaBaThCsl HeHM3MeHHBIM. Bpems
OT BPEMEHH BCe 3TO CJefyeT TepecMaTpuUBaTb C NMO3HLIHH COCTOAHUSA
HayKH, a TaKke C JIO3ULHUH NPAKTHKH ¥ TeX TpeGOBaHHH, KOTOpHIE
ApexbsBASeT XKU3Hb CErOAHS WM NPeXbsBHT 3aBTpa. Takum o6pasoMm,
W B 06pa3oBaHUM TO, YTO Buepa ObIO MPEBOCXOAHO, a CETOAHS elle
XOpOILIO, 3aBTPa MOXKET OKa3aThCs HeYAOBJeTBOpHTeNbHbIM. IIKOMb-
HOoe 00pa3oBaHHe — XHBOH ODPraHH3M, & NMOTOMY 00f3aHO Pa3sBHBATL-
csi. Ecam He yyecTh 3TOro 06CTOSTENBCTBA, TO MOXKHO XKECTOKO TO-
IIAaTUTBCA MajfleHHeM UHTepeca K NpenMeTy, a YNajoK HHTepeca
nopoxzuaer Gespasjiuyde, YTO BJeueT 3a co6of OGe3fesue W HHEPT-
HOCTb.

PaspaGoTka CTPpYKTYpHl IIKOJBHOIO Kypca MaTeMaTHKH sBJ/AETCS
ONHOH W3 I[EHTPANbHBLIX 3agay COBETCKOH MeJarorHyeckOd Hayky.
Ora npobsiema craja NeHTPaNbHOH W AJs KoMmuccuu mo MarteMarHye-
CKoMy OGpa3soBamnmuio, Koropas cosnana npu [Ipesumayme AH CCCP
U Bo3rsaBJsieTcs: akagemukoMm A. H. KoamoroposeiM. [lsia ycnemHoro
NPOIBHXKEHHS B pellleHHH 3Tofi mpobiaeMel, 6e3yCIOBHO, BaxkeH JuY-
HBIl MefarorHyecKuil ¥ HAy4YHBIH ONBIT, a4 TaKXkKe HAYYHBIH KDYyrosop.
210 sABNsAETCH rapaHTHell NMPaBHJBHOTO NMOJXOAA, AAJEKOro OT CyObeK-
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THBU3Ma, KOTOPBbIH MelllaeT y4eCTb BCe OCHOBHBIE TPeGOBaHHUS HAYKH
U NPAKTUKU K 3JeMeHTaM MaTeMaTH4eCKOro o6pa3OBaHHs, K CHCTeMe
MaTeMaTHYeCKHX 3HAHHH, 3aKAajblBaeMbIX IIKOJbHBIM KYpCOM Mare-
Matuky. JJas sToit menu abcomoTHO HeoOXOAMMO U CHCTEMaTHUYeCcKoe
3HAKOMCTBO C TEMH IIOAXO0JaMH, KOTOpble BhipaGoTaHbl B APYTHX CTpa-
HaxX H nmo TeM e BonpocaM. C stux nosuuuil kuura Jliocoenn Penuke
BecbMa IoJiesHa. B Hell uurtaTesnp HalileT MHOTO HHTEPeCHOFO K CIOP-
HOTO, 4 3TO HCKJIOYHTENBHO BaxKHO.

B. B. TI'nedenxo



[NPEAUCJIOBHE

IMocTpoenne MaTeMaTHKH MOMeT OBITb NPH3HAHO B HaIIy 3MOXY
YAOBJIETBOPUTE/IBHBIM, JIHIIb €C/IH OHO BHIBJSAET €IMHCTBO 3TOH HAYKH;
B MaTeMaTHKe HMeeTCcs Hepa3phLIBHOCTb MeTONA, HECMOTPs Ha DPasHO-
ofpasne paccMaTpHBaeMbIX CTPYKTYDP, HauWHasg C NOHATHH LEJbIX
yuces ¥ ApoGefi, TOUeK ¥ IPAMBIX U TaK A0 NOHATHH HauGosee CIOKHBIX.

PesysibTaTel, M3BecTHble ellle € JAeTCKOTO BO3pacTa, 3aHHMAIoT
B 5TOM 3JlaHMH CBOE MeCTO, CKPOMHOE U BCIIOMOTaTeJIbHOe HJIH e BaXK-
Hoe H (ynjgaMeHTanbHoe. [loaToMy, Tpexie yeM NPUCTYNUTL K H3Y-
YEHHUIO BLICUIMX Pa3jesOB MaTeMaTHKH, JIOTHYeCKH H MCHXOJOTHYECKH
HeoOXOMHMO BOCCO3/aTh B MaTeMaTHUYECKH YJOBJIETBOPUTENBHON (opMe
COBOKYIHOCTL Pe3yJbTaTOB, HAKOINJICHHBIX HpPH H3YUEHHH SJeMeH-
TApHOTO Kypca. HeHcTBHTeIBHO, HX I03HaHUE ObLJIO MPOMHTAHO YYB-
CTBEHHLIMH 3JeMEHTaMH K OOGOCHOBAaHO ofpallleHHeM K (H3UUeCKOMY
ONBITY M K He IMOABEpPrHYTOH aHaJu3y HeNOCPeJCTBEHHOH IpPOCTpaH-
CTBEHHOH HHTYHIHH.

KpoMe Toro, pasauuHble MaTeMaTHyeCcKie TEOPUH U UX MPUJIOKEHHU
HCIOJB3YIOT B KauecTBe BCIOMOTraTesNbHBIX CPeACTB TeopeMbl apudMe-
THKH, anreGphl UAH €BKJAHIOBOI reoMeTpHH, TaK YTO NOCTeLHHE HeJMb3s
HH WTHOPHPOBATh, HU JONMYCKAaThL $e3 N0Ka3aTeNbCTBa.

[IpH W3MOKEHUH JEMEHTApPHBEIX TEOPHH M PasfelioB, KOTOphle HX
HenocpeACTBEHHO MPOJOJKAIOT, MBI BCTPETHMCSA BIepBble C NOHATHSMH,
MeTOaMH H CHMBOJAMH BLICIIEH MaTeMaTHKH.

B nacroaumeit paGote npuHAT akcHoMmarHdeckuil Meron. eficTBH-
TeJIbHO, Lieb HacTogilel paboThl — COIJIACOBATH INOHATHA, YiKe OJH3-
KHe YWTaTesI0, XOTS XOpOIIO H3BeCTHhie (OPMYJHPOBKH M HOJIKHBI
3llechb TNPHHATb HOBYIO ¢opMy. 3ajaya H3JIOXKEHMs 3aKJlodyaercd IO
CYIHECTBY B TOM, 4TOOBI BHIGpAThb OMpefeseHHble NPeJJIOKEeHU B Kaue-
CTBE aKCHOM H M0Ka3aTh, YTO HX JOCTAaTOYHO MJA BBIBOA MPOYHX
pesyJbTaToOB paccMaTpHBaeMoil TeopuH. Mul cTapasiuch BLIGpaTh B Kaye-
CTBe aKCHOM pe3yJbTaTbl, HauGoJjee HeOOXOAHUMblE B COOTBETCTBHH
¢ Hawe#l MHTYHUMeH, He A0OHBAasiCb CBEJECHHS HX COJAEDKAHHA K MHHH-
MyMy. TlocreneHHoe BBeJeHHe aKCHOM JeJlaeT OUEBHIHBIM HX IIOC/]e-
JloBaTeJbHbIE B3AUMOOTHOIIEHUS, YTO NOATOTOBJIsET 060OIIeH s, T03BO-
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JISIIOliMe BLINTH 3a Ipeliesibl KJAacCHYeCKON 0O6JacTH BellleCTBeHHBIX
yyceJ HJH €BK/IHIOBA NPOCTPAHCTBA.

Hauana MaTeMaTHKH, IOCTPOEHHbIE TAKUM 06Pa30M, HMEIOT a6CTPakKT-
HBIH Xapakrep. CyulecTByole OGBEKTbl, IIOCTHTaeMble HAMH HeNo-
CPEeACTBEHHO, MCXO[A U3 Hamero (YU3HYeCKOTO OIbITA, SIBJASIOTCA MOJe-
JSAMH sl MaTeMaTHYeCKHX NOCTPOEHHH JIHIIb MOCTOJBKY, MNOCKOJBKY
OHHM COOTBETCTBYIOT BBHISIBIEHHBIM CTPYKTypaM. Tak, BeKTOPBl MOKHO
{IPeJCTaB/SITL CTPeJKAMH, PHCOBATh (PUIYpPhI, HCMOJb30BaTh MeXa-
HUYECKHe WM 3JeKTPHYeCKHe MOJEJH: BCe MOAEJH ONHOH U TOH Xe
CTPYKTYPHI (MBI OyeM FOBOPUTD 00 U30MOPQHBIX CTPYKTYPaX) sIBJAAIOTCA
C MaTeMaTHYeCKOH TOUKH 3peHHs 3KBHBajieHTHbIMH. OJHAKO B HacTOsA-
meM 3JCMEHTapHOM H3JI0XKEHUH Mbl OyfeM CIeNuaNbHO H3yYaTb Ha
nporsixkennu II u 11l kuur xaaccHyeckue MojenH: MHOMKeCTBa 4yces
U MHOXeCTBa TOYEK B [IPOCTPAHCTBE OAHOTO, IBYX HJIU TpeX H3MEePeHHH.

Msl cTaBUM CBOEH LENBI0 H3yUyeHHe MaTepHasa, COCTABJSIONEro Mo
TpafiHUUH 3JIEMEHTapHYIO MaTeMaTUKy, B TakKOH ¢opMme, KoTOpad MNOI-
rOTOBJSieT MOCJeNyIollee H3yUeHHe BBICIIEH MaTeMaTHKH.

Kuanra 1 comepxur ¢ynramenranbHele cTpykTypsl. [Ipupoma H3y-
YaeMBIX BONPOCOB HHOTJA TpeOyeT TOHKUX N0Ka3aTeNbCTB (B YACTHOCTH,
3TO KacaeTcs HeNnpepulBHBIX (YHKIHH), KOTOPbE YHTaTeJlb MOXKET
MPONYCTUThL NPU TEPBOM YTeHHH; HO 31eCh GYAYT BBeleHbl BCE TNOHA-
THS, 3(XPEeKTHBHO MoJe3Hble IAs AanbHelmero. Kaxnas u3 riaB 3TOH
NepBOfi KHUTH CJAYXKHT OCHOBAHHEM JJIsi HEKOTOPOTO OTYACTH CaMo-
CTOATENBHOTO TOCTPOCHHSA: TEOPHS HYHCEJ, TEOPHS ypaBHEHUH N PyHK-
uuil, adduHHAg U NpPOEKTUBHAsT reOMeTpHs, TeOMeTPHUS MeTpudecKad.

CnenosaTtesbHO, HeT HEOGXOAUMOCTH M3yUYaTh 3TY KHHTY BCIO LIEJH-
KOM, Npex/e 4eM IIPUCTYNHTh K TOH MJH HHOH TJIaBe M3 NOC/eNYoIHX
KHHT; OHa GYJeT CAYXKHUTb KHHIOH CIPaBOK IJIs1 UUTATess, XKeaalomero
MOCeTHTb KaKylo-1H00 ONpeleseHHYI0 Y4acTh MATEMAaTHUECKOTO 3JAHHS,
OTKJajAbiBasi U3ydeHHe ero OO0OCHOBAHHWHA Ha TMOCJelyIOliee BpeMd.

Orcrona ciepyeT 3HauuTesNbHas cBOGOLA B HCHOJB30BAHUM 3TOTO
TPyZa B 3aK/OUHTEJBHOM MaTeMaTHYeCKOM KJacce HaIUIUX JIMLEeeB:
MOXKHO H3MeHATh MOPSAOK H3JIOXKEHHS MaTepHalia, a TaKkKe BLIIeATh
HEKOTOpbIE €ro pasfiejbl B KauyecTBe JONOJHHTENIbHBIX IJd CAMOCTOA-
TeJbHOTO M3y4ueHus, Gojee WIM MeHee YrJyGJEHHOTO B COOTBETCTBHH
C 3ampocaMH, HHTepecaMH U CTEeNEeHBbIO 3PeJOCTH YyalluXcs.

B 1mesoM 3TOT TPpyA NMPHBOAUT HPSAMO K MEPBBIM YHUBEPCUTETCKHM
KypcaM BBHICIIEN MaTEMaTHKH.

Mol HazeeMcsi, 4TO uuTaTeJh HaleT 3fech MOJE3HOE H JIETKOE
BBeJleHHe, KOTOpoe NOGYAUT €ro NpOAOJIKAThL H3yueHHe MaTeMaTHKH.

Jlroceenn  Deauke



3AMEYAHHS KO BTOPOMY H3JIAHHIO

Heo6xoaumocTs B KHHUTe, KOTOpasi ofjeruusaa Gbl Nepexoi OT Tpa-
JMUHOHHBIX 3JIeMEHTapHBIX NOHATHH K 0o/ee COBPEMEHHOMY IOHHMa-
HHIO MaTeMaTHKH, BCe elle aKTyasbHa; BOT IIOYeMYy MHe He Ipe/CTaB-
JseTca LesecoofpasHbIM BHECEHHE H3MeHeHHH B 3Ty pafoTy, Hanu-
CAaHHYIO C YKa3aHHOH HeJblo. JIUMHIb B HECKOJBKUX MecraX Mbl IOfI-
YePKHYJH HJIH YTOUHHJIHM MbICAL, a TaKKe, HecMOTpPsl Ha XejaHHe
He 3arpOMOXKJIaTh H3JIOXKEHHe, BBe/IH HECKOJbKO JAONOJHHTeIbHBIX
naparpagoB. Ho JomosHeHHe OTBeYaeT »KeJaHHI0 MHOTOYHCJIEHHBIX
ygTaTeJeld, KOTophle COpallMBaloT, Kakue 3a1audl MOTyT OBbIThb IiOCTaB-
JIeHBl B KauecTBe NPHMeHEHUs H3J0XKeHHBIX Teopuil. C OXHON CTOPOHSI,
MBI BBIOPaJIM HECKOJIBKO O0pAa3lOB MPOCTEHIIUX YNPAa’KHEHHI, CBA3AH-
HBIX C OCHOBHBIMH CTPYKTypaMu. OHH COCTaBJAIOT BBEJeHHE B H3yUeHHe
CTPYKTYP «caMHX 1O cefe», KaK «YHCTHIX KYJBbTYp®, IIO BLIPAXKEHHIO
npodeccopa Jbenonne. Ywurtarennb JA01KeH HMETb MO BO3MOMKHOCTH
60sblle Pa3MYHBIX NMPHMEPOB [PYIN, KOJeHl W T. . H CPAaBHUTb HX,
yTo0pl OGHAPYXKHTb H30MOP(HEIE CTPYKTYPHI, SIBJASIOLHECH MOLEIAMHA
Apyr Apyra.

C Japyro#t CTOpPOHBI, Mbl XOTE/JIH Y/JOBJETBOPUTb YHTATeJNeH, BepHBIX
CTapoOMy BOCIIMTAHHIO, KOTOpble BBIPaXKaloT OecnoKOHCTBO: He IpH-
HOCATCS JIU B KEPTBY COBPEeMeHHON opMe U3JOKeHHS CTapble 3aauu?

X0Ts HeKOTOpble M3 3THX 33/au HUMEIOT, [0-BHAHMOMY, MEHBLIHH
yIenbHLIH BeC B HOBOH apXHTeKType MaTeMaTHKH, OHH TeM He MeHee
CYIIECTBYIOT H COXPAHSIOT cBOe MecTo. Ha HeCcKONBKHX NPOCTLIX HpH-
Mepax, B3ATHIX NPSIMO M3 y4YeGHUKOB M 35K3aMEHAIMOHHBIX OMJIETOB,
MBI BRIIBHJIH, KAaK TEOPEeTHKO-MHOXECTBEHHLIE NOHATHS H aKCHOMa-
THUECKHH MeTOJ NPeJCTaBJAdA0T HX B HOBOM CBeTe€ H IO3BOJAIOT HAHTH
pelleHHe MeTOJAMH HCCJAENOBAHHS H M3/I0XKEHHS, BLITEKAIOIHUMH U3
rJyGoKOro eJUHCTBA MaTeMaTHYeCKOH HayKH.

Mge ocraerca no6narofaputh u3garenberBo JIoHO, KOTOPOMY IMpH-
HaAJIeXKHUT 3HAYHTEJbHAsA J0Js B ycClexe 5TOrO TPyJda, a TakKxke BcexX
yuTatesnel, KOTOpble cOOJIArOBOJM/IN COOOIMUTL MHE CBOH 3aMeyaHwusi.

Jlocvernn Deaukc
uronv 1961
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OBIYME OBO3HAUYEHMA
Jdozuka

= —«BJaeueT 3a coboily., enykuusa, JoruuecKufl BEIBOJX.
<> — «KBHBAJIEHTHO» . Jloruyeckas PaBHOCHIBHOCTE.
V — «mobofi» uau «aas Bcex». KsarTop OOMmHOCTH.

3 :—«CYUIeCTBYET MO MeHbIueH Mepe OfuH X Takoff, ytTo». KBaH~
TOD CYWL,eCTBOBAHHS.
Teopus muoxecms

€ —«TpHHAanIeXKATy. [IpUHAMIeIKHOCTL SJeMeHTa MHOXKECTBY.
¢ — «He TNPHHANJEKHT,

C— «BKJIIOUEHO B». BKJoueHHe OJHOTO MHOXECTBA B APYroe.
(- — «CTPOF0 BKJIOYEHO B» MJH «BKJIOUeHO» 0e3 yTOUHEHHs.
|J—«ob6benunenne». OGbeiHHEHNe IBYX HOAMHOKECTB.

{1 — «mepeceuenue». Ilepeceuenne ABYX NOJMHOMKECTB.

[}AB—«uonom{eHHe K B 1o OTHOIIEHHIO K A».

GB — «IONIOJIHEHHE K B 1o OTHOWEHHIO K PACCMATPHBAEMOMY MHO-
JKECTBY».

& —«IyCTOe MHOMKECTROY.
OcHosuble muoocecmen
N —MHOXeCTBO HATypaJIbHBIX YHCEJ.
Z, Q, R, Rt, C—mnoxecTBa 1eNbX YHCEJ, DPAaUHOHAJBHBIX UNCEJ, BellecT-
BEHHBIX UHCEJ, BEUIECTBEHHBIX NOJOXKHTENBHBIX WYHCEN,
KOMILJIEKCHBIX YHCEJ.
(R) uan (R)—BelrecTBeHHas npamMas,
la, b[—muntepsaa B (R).
[a, b]—cermeHT B (R).
(R2), (R3), (R™)—nBemecTBeHHbe NMPOCTPAHCTBA ABYX, TPeX, N H3MepeHHi,
Omrowenun
= WJIH ~—«3KBHBaMICHTHO». 3HAK OTHOIIEHHS 5KBHBAJIEHTHOCTH.

=, =, ==-—«DaBHO», «He DaBHO», «PaBHO NpHOJHXKeHHO» (Majlo OTJIHYA-
ercs).

< — «MeHblUe HJIH PABHO».

< —«CTPOTO MeHbLIe» HJH «MeHblle» 6e3 yTOuUHeHHS,
Onepayuu
| x |—«abcosioTHas BeJHYMHA», €CJHHM X € R, WIH «MOAYJb», eCqH
x€C.
+, —, « B X —«IIIOCY, «MHHYC», «YMHOXKHUTbL Has.

3 Had a/b—«a Ha b». YacTHoe OT JefleHHs @ Ha b WJU OTHOLUEHHe
axb.
al—«<a B crenmenH ¢», a € R+, g €R, Creness a.
n,— o +
Y & — «kopenb n-fi crenenu u3 a», a €R*, n€N.
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Omob6pascenue 00no2o mHoxecmea 8 Opyeoe
x\ /,y——npn oro6paxenun f obpasoM x sBasfercH y=f (x).

x — L—«x crpemurcst K Ly nin «L gBiasercs npeleloMm x».
), f* %)y ... f* (x)—nepras, BrOpasg, ..., n-a1 NPOH3BORHAA [ (x).
(x) —o6mas neprooGpasHas ot f(x).
ng (x)—nepBoo6pasnas ot a 10 b ot f(x). Pasnocts F (6)— F (a)
3HaueHHH uacTHofl mepBooGpasHoil F (x).
Bexmope

-
- U HIH O ~—«BEKTOD D». DAEMEHT BEKTODHOIO NPOCTPaHCTBA.
jv] nau | 0 |—«annHa» wid «MO}LyJIb» BEKTOpa .

AM —wmepa BekTOpa AM otHocHTeNbHO €IMHHYHOTO HAaMpaBJsio-
Ero BEKTOpaA.
D-W—«D YMHOXKWTb CKa/ispHO Ha w», CKajaspHOe Npou3BeJeHHe
JBYX BEKTOPOB.
9%\ W*—«D YMHOXHTb BEKTOpDHO Ha w». BekrtopHoe mpou3sBsejenHe
IBYX BEKTODOB.

* B wnameli JaurepaType AN BeKTOPHOTO MpPOH3BeNeHHS yHnoTPeGJsIOTCH
O6BIyHO ChaepyloliHe o0o3Hauenusa: © X @ HJIH [ow]. OJHaKO CHMBOJIHKY aBTOpa
Iesleco00pasHO COXpaHUTh, TAK KaK B COBPeMEHHOH JIMTepaType Iad oGo3HAUeHHS
BHEUTHET0 TNPOH3BeJeHNss B TI'DAaCCMaHOBCKHX aare6pax TNpPUMEHSETCS HMEHHO 3Ta
cuMBoauka.— Il pun, ped.



IMTEPBAS KHHUTA

OCHOBHDBIE CTPYKTYPbI

HIkonbuag MaTeMaTHKa COCTOMT K3 Pas3/MUHBIX YacTeil, KOTOphie
10 TPAJIMLUHUH PaccMaTpPHUBAIOTCA, KaK pasjesbHble U Gojiee MAH MeHee
HE3aBHCHMBIE: TAKOBHI ajre6pa, reoMerpusi, TPUTOHOMETPHUA U T. II.
D70 pasfeseHHe HHTYUTHBHO ONpaBAaHO: JH6GO H3YUAIOT YKC/A4 M TOTAA
CUHTAIOT, JHOO H3y4yaloT (PUIYpEl, KOTOpble HAGMIONAIOT H CTPOST.
YXe aHanuTHUeCKas TEOMETPHS 34CTaBHJA IOHATh, YTO YKa3aHHOE
oTiyre He a0comoTHO. OXHAKO KakoBa JIOTHUeCKasl HEHHOCTh TAKHX
BLIBOJIOB?

CoBpeMeHHad MareMaTHKa 3aHHAMAaeTcsi He CTOMAbKO OOGBEeKTaMH
HCCJIeJOBAHHA, CKOJBKO CTPYKTYPOH OTHOIUEHHE MEXAY STHMH OGbeK-
Tamu. Tak, mo4TH BCA TPAAMUMOHHASI [eOMeTpHsi, GYAYyYH OMpereseH-
HOH, KaK TeOpHf ONepauMH, NpeicTaeT B BUAe a.2e0pol, UEPTEXKH CTa-
HOBAITCSl Oecno/Ie3HBIMH HJIHM Jla)Ke OMACHBIMM /IS H3JIOKEeHHST JOKa-
3aTeqbCTB, XOTS YHTATEO, KOHEUHO, NMpeACTaBIsieTess cBoGoaa HCIOJb-
30BaHUA HAaGPOCKOB B IIOMOMIb HHTYHIIHH.

K axcebpauneckum cmpysmypam cienyet elle N06aBHTb MONOAO2U-
qecKue CMpYykmypo, OKPECTHOCTH, mpeliesia, HENMPEePLIBHOCTH. TaKHM
06pa3oM MOXKHO OGOFaTHTb MOHSATHE T[eOMEeTPHYECKOTo NpOCTPaHCTBA
Y OPUCTYNHTH K aHAJIH3Y.

B nauteft nepBoii KHUTe H3/1aralorTcsl OCHOBHbBIE CTPYKTYPHL H HCXO[-
Has TOUKA Pa3JHYHBIX IIOCTPOEHHH, COCTABJAAIOMIUX B LEJIOM 3JEeMEH-
TAPHYIO MaTeMaTHKy; B HeH YTOUHSETCH CMBICA OCHOBHBIX TEPMHHOB
OGHXOJHOTO 5I3bIKa, KOTOPHIe CAeIyeT JHIIMTH CJAUILKOM HHTYHUTHBHOTO
COJepIKaHHA; BBONUTCA TaKKe HECKOJbKO CHMBOJIOB, YCTaHaBJIHBAaIO-
XX YCJAOBUSA CYIIECTBOBAHHS OTHOWeHHA. Mel GyzeM ynorpeGasiTe
STH CHMBOJILI, YTOGEL BEIPA3UTh CKATO, C NOMOLIBIO (OPMYJ BHICKA<
3bIBAHHS, KOTOpBIE, TAKHM 00pasoM, He 6yAYT 3aBHCETb OT CYOGBEKTHB-
HOTO XapakTepa Halled peud, a 3TO Jydlle BBIIBHT UX JIOTHYECKOe
H MaTeMaTHUeCKOe COJlepKaHHe.
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I[lepBass rnaBa

TEPMUHONOrMA U CUMBOSIbI TEOPUM MHOMECTB. ONEPALUM
L
§ 1. NMepeoHauanbHblie OnNpeneneHun

Meul 6yneM W3yuaThb 2 eMermbi, KaK HAIPHMEp 4YHCIa, TOYKH, BEK-
TOpH!, PYHKIUK U T. M., KOTOpPEE YacTo OyleM 0603HAYATS CTPOYHBIMH
JIATHHCKUMH GYKBaMH: @, b, x, f u T. 1. MHoxcecmea TakuX 3JeMEHTOB
6ynyT o6o3HauaThbCsl 3aTJIaBHBIMH JATHHCKHMM OyKBaMH: HampHMep,
MHOKECTBO UYEeTHBIX 4Yucesa p OyleT o603HaueHO yepe3 P, MHOXeCTBO
anHefiHbIX GyHKUME [ uepe3 F, okpyxHOCTh C OyZeT MHOMXECTBOM
€ee TOUeK # W T. [.

a) Urto6ul KpaTKo 3amucaTb, YTO 3JEMEHT @ NPHHANIEKUT MHOXKE-
cTBY A, HCIOJB3YIOT 3HAK npuHaliexcHocmiy €, KOTOPHIH B IleyaTd
HHOT/Ia 3aMeHseTCs rpeueckol 6YKBON «3NCHIOH» €. Tak, HpelioKeHHe
«Touka m npuHaNJIEeKAT OKPYKHOCTH C» HAIHUIIETCS, €CJIH yKe H3BECT-
HO, 4TO M — 3TO Touka, a C — OKPYXKHOCTD;

mecC.

Ho MHOXeCTBO MOMKET caMO paccCMaTPUBAThCAd KakK 3JEeMeHT ApY-
roro MHOxkecTBa. Hanpumep, MOXKHO pPacCMOTPeTh MHOXKeCTBO € OKpyK-
HOCTell MJIOCKOCTH, KOTOpHIe MPOXOASIT yepe3 JABe JaHHLIE TOYKH, TOTAA
MOT'YT BO3HMKHYTb 3allHCH:

meC, CeZ.

AHanoruuHO Y4YEHHK a TNPHHALJIEXHT KJjaccy A, KOTOphIE TpH-
HAJJIeXKUT MHOXKECTBY H BCeX KJiacCOB JaHHOHU LIKOJLL, SIBJSIOMIEMYCH,
B CBOIO OYepellb, 3/1eMEHTOM MHOXKeCTBa IUKOJ CTpaHbl. Mel roBopum,
YTO 3JECh UMeeT MeCTO BOCXOXKAEHUE IO AeCHHUUe MUNO8 MHOKECTB.
3HaK NPHHAIMEXKHOCTH YKa3biBAaeT HAa TaKOe BOCXOXKJEHHE.

6) Onpenenum Tenepsb nodmHoscecmeo Muoxectsa. [1ycTh, HaanMep,
knacc A — MHOXKECTBO YYEHHKOB. PacCcMOTpHM MHOXKeCTBO B yueHH-
KOB 3TOTO KJacca, KOTOpble H3y4aloT aHTVIMHCKHAH s3biK: B HasbiBaercs
nogMHuoxecTBoM A. Ecan Bce yuennku Knacca A H3yyawoT aHTAHM-
CKHIl f3BIK, Toria B ectb camo MHOxecTBO A. Ho MoOxeT cyuuTthbes
TakXe, YTO HU OJMH y4YeHHK KJaacca A He H3yyaeT aHIJIHICKHH A3BIK;
TOrAa TOBOPAT, YTO B — nycmoe noaMHOXKecTBO. [T0AMHOXKECTBO HA3HI-
BaeTCA UCMUNHbIM, eCTH OHO He mycToe. Onpenesenne NoAMHOXKecTBa B
MHOXecTBa A, crajo GuiTh, Cleayomee:

«B ecTp noaMHOxecTBO A» O3HauaeT, YTO, KAKOB Gbl HH OBLT Je-
MEHT @, «@ TIPHHALJIEeXUT B» BjeueT 3a coOOH: «a TIPHHAINEXRHT A».
Mg1 GyzieM mHCaTh 3TO YCJIOBHE € MOMOIIBIO JBYX JIOTHUECKHX CHMBOJIOB:

V, O3Hauyawuero «io0oi», «KakoB Obl HH ObLI» <IN BCeX». IDTO
KBaHTOD.
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=3, 03HAYAIOUIETO «BJIeYeT 3a coGoii». DTO CUMBOJ CEACTBHS (HMILIH-
Kanuu).

Takam ofpasoMm, onpezeneHue HOAMHOXKeCTBa B MHOxkectBa A:

KakoBo 6bl HU ObLJIO @, YTBepKIGHUE «a MPUHALJIEKUT B» Bileder
32 cO60H yTBepKJeHue «2 TPHHALJIEKHT A», 3anuileTcs Tak:

Va:a€B = acA.

Oruoutenne Mexay A ¥ ero HOAMHOMXKECTBOM B MOXKeT GhiTh Bblpa-
7K€HO0 HEKOTODBIM CHMBOJIOM (€3 SIBHOTO YIIOMHHAaHHS 3JIEMEHTa d.
Tak, numyr:
B= A4,

4To yiTaeTcs «B BKAIOUEHO B A»; CHMBOA < 0603HAYaeT, CTano ObiTh,
BKAOHEHIE. DTO XKe OTHOUIEHHE MOXKHO 3amHcaTh M TakK:

A= B,

uto urtaercsi: «A comepxkut B». Eciu KenamT YTOYHUTD, uTo A coflep-
XKUT M APYTHE 3JEMEHTH, KPOME 3JeMEHTOB H3 B, TOTAa HCHONB3YIOT
CHMBOJ CHLPO2020 BKAIOHEHUS C:

Bc A

«B crporo BKmoueHo B A». Takum o6pasoM, CHMBOJ BKJIOUEHHS,
B IIPOTHUBOMOJIOXHOCTb CHMBOJY TIPUHAAACKHOCTH, He IPHBOAHT K BOC-
XOKJICHUIO TI0 JIGCTHHLE THIIOB.

Heo6x0auM0O HONUEPKHYTh:

MPAHBUIMUGHOCHT, OMHOUCHUR BKAICHEHUR:

[C=BuB=A]l = [C=A)

AHaNOr|HYHO ISl CTPOTOr0 BKIIOYEHHSI. DTOT BLIBOJ SIBJSIETCA OTHOR
H3 aKCHOM TEOPHM MHOKeCTB (cMm. . VI).

B) I[lycts A u B — JBa noamuoxecTBa MHOXKecTBa E. Uacro mpu-
XORUTCA paccMaTpHBATh MHOKECTBO J 3JeMEeHTOB, MpHHaAIeXaluX
u A u B. 310 nogMuoxectBo J uasbiBaercsi nepeceteruem A u B, uro
OUIEeTCd W YHUTaeTCsi:

J=ANB, «J—nepeceuenne A4 u B».

CHMBOJI = O3HauaeT 3JleChb «eCTb TO K€ MHOXKECTBO, 4TO H ...».
Onpenenenne CUMBOJA TNepecedeHns (] HaHO, TakuM o0b6pasoMm,
3aMUChi0:

Vm:[meANB] < [meA u meBJ.
CuMBoJ <= 0003HAYAET JA0SUHECKYI PABHOCUALHOCMG: KaXKJAas H3
yacrell eCTb CIEACTBHE ApYToi.
Ecmu A A B He umetor o6iux 3/71eMeHTOB, TO J mycro. D10 3alu-
CLIBAIOT:
AnNB=gd.

(CuMBOJ ¥, KOTOPHIA HANOMHHAET HYJb cBOed ¢dopMofl, siBjiseTcs
CKaHAMHABCKOH OYKBOfl W YHTaeTcsl «IycTOE MHOXKECTBOM.)
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B sToM cayuae roeopsiT, yto moaMHOXecTBa A H B pasbeluHeHB!
(paszenbHbl).

2) MoOXHO OmpenenuTh Takke 00BeduHeHue IBYX NOAMHOXKeCTB A
¥ B, KaK NOAMHOXKECTBO 3JE€MEHTOB, NMpuHajiexaumux A wiu B, niu
TOMY H JApyroMy (HepasfesNuTeNbHOE «uiu»). 3TO 3aIlHCHIBAIOT:
R=A U B, «R pasuo olbeputenuio A u B».

MoxkHO Takxe onpefeNuTbh O0heJHHEHe HECKOJbKHX NOAMHONKECTB
MHOXecTBa F, KaK MHOXKeCTBO 3/€EMEHTOB, NPHHALIEKAMHX XOT#A Ohl
OJHOMY H3 3THX NOAMHOXecTB. COueHb BaKHBIM SIBJSETCS, OUEBHIHO,
ciayya#l, Korga 3TH NOIMHOXKECTBa IONADHO He IlepeceKaloTcsl, B 3TOM
clyyae TOBOPAT, UTO 3TH TOAMHOMKECTBA COCTABJSIOT pa3bueHue ux
o6sedunenus (31O COOTBEICTBYeT Hiee pasbuenus R). Takoe oGvein-
HeHHe TOJMHOMECTB, MOMAPHO HEelePeceKalouXcsl, HasblBaeTCsl YaCTo
CYMMOU 3THX TOLMHOXKECTB.

0) Haxonen, eciu A — NOAMHOKECTBO MHOXecTBa £, MOKHO pac-
CMOTpeTb MHOMKeCTBO 3JeMEeHTOB E, KOTOphie He NpuHapiexar A: 310

6yzer Jonoanerue MHoxecTBa A, ofosHauaemoe GA. Ero onpenenenue
TpebyeT CUMBOJIA HENPUHAOAEH HOCHU: AJIST TOTO HCIOJAb3YIOT epeyepk-
HYTHI CHMBOJ TNpHHamAeXHOCTH. TakuMm o6pasoM,

mejAl <> [méA u meEl.

e} Eme ofuH HOBBII CHMBOM OVIET NOJIE3€H; 3TO HOBBI KBaHTOP
«CYIIECTBYeT NO MeHbiliell Mepe OfHH», o603Hayaemuifi 3.

Hanpumep, uro6el Bblpasutb, 4yT0 A H B He pasbelHHEHBI, Mbl
HamnuIeM:

dm: me AN B.
Wrak, mMbi BBesi JiBa JIOTHUECKHX CHMBOJIA:
=, <>.
CHMBOJIEI TEODHH MHOMXECTB:

=Hu=2cu>D, 0, U,
IBa KBaHTOpA

v, 3.

§ 2. OTHOWENHUA SHBUBAKECHTHOCTH

Ham uacto npuxoguTcs paccMaTpHBATh HECKOJBKO 3JIeMEHTOB
MHOXECTBA KaK 3KBHBaJCHTHLIE, NOTOMY YTO € 3TO# TOYKH 3peHHs
ONHH 3JieMEHT MOxKeT ObiTh 3ameneH ApyruM. Hampumep, ecam Mot
HHTepecyeMcsl HalpaBJeHHeM, TO [Be HapaJijelbHble NpsiMble SBJASIOTCS
3KBHBAJeHTHHIMH. C TOYKH 3peHHsI OCTATKOB JeJieHHst Ha 5 uucaa 27
H 32 ABNAIOTCH SKBHBAaNEHTHHIMH. C TOUKM 3PEHHHA W3MEPEHHS BEJM-
YHH ApOGH 2%/3 H %/g SIBJAIOTCA SKBHBAJEHTHBIMH.
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JloroBopuMcst ynoTpeGaATh CJIOBO IKBUBANEHMHOCHIG JIHIIbL B CIY-
yae, KOTJa BLINOJHSAIOTCA CAELyIOLHe TPH YCJIOBHSA:

1. Kaxablll s7eMeHT 3KBHBaJIEHTEH caMoMy ceGe.

2. BricKasniBanne, 4TO JBa 3JeMEHTa SIBJASIOTCS 3KBHBAJEHTHLIMH,
He TpebyeT yTOUHEHHS, KaKOU M3 3/1eMEHTOB paccMaTpHBAETCH . IEPBRIM
H Kaxkoil BTODBIM.

3. JIBa sneMeHTa, S5KBUBAJEHTHLIE TPEThEMY, SKBUBAIEHTHLl MEXKIY
coboi.

[MpumeM 1151 0603HAYeHUST SKBHBANEHTHOCTH CHMBOJI =.

OGiee onpefeneHne CHMBOJA KBHBAJEHTHOCTH.

1. Va, a=a (pearexcusrocms).
2. Va, Vb:[a=b]= b= a] (cummempuuHOCHb WU B3AHMHOCTb).

3. Va, Vb, Ve:ja=0b u b=c] = [a=c] (mpansumusHocms).

Beskoe ycrioBHe, KOTOPOe MO3BOJSET PA3NUUNTL CPeliH 3J1eMeHTOB
HEKOTOPOTO MHOMKECTBA Te, KOTOphie OYIAYT paccMaTpUBaThCsd Kak
DKBHBAJIEHTHLIE, Ha3LIBACTCS OMHOWEHUCM JKusarenmuocmu. TaKum
06pa3oM, Besikoe pedieKCHBHOE, CHMMETPUYHOE M TPAH3UTHBHOE OTHO-
LIeHHEe SIBJAETCH OTHOLIEHHEM 3KBHBAJEHTHOCTH.

Ilycte E — MHOXeCTBO, B KOTOPOM OIpeJleJieHO OTHOIEHHe 3KBH-
BaJIEHTHOCTH. [T0AMHOMKECTBO 3J1eMEHTOB, JKBUBAJIEHTHHEIX HEKOTOPOMY
9JIEMEHTY @, HA3BIBAETCH KAUCCOM JKBUBAJAEHIMHOCHU: BCE 3JEMEHTH
STOTO KJacca 5KBHBAJIEHTHB MeXAy cofol (COriacHO TPAH3HUTHBHOCTH)
4 BCHKHUH 3/1eMeHT m U3 £ HaXOAMTCs B OJHOM U TOJBKO B OJIHOM KJjacce
(nonarasi, 4T0 m MOxeT ObiTb H eIWHCTBEHHLIM 3JIEMEHTOM KJacca,
€CJIH 3JIEMEHTH KBHBAJIEHTHHIE €My He CYIeCTBYIOT).

B Takom cayuae E craHOBHTCS OOBeJUWHEHHEM HellepeceKaloulnxcs
KnaccoB. l'oBopAT, uT0 omuowenue 3xksusasenmuocmu 6 E onpede-
asem HQ E pasbuerue HQ Kiaccol IKeUSAIeHMHOCMY. MHOXKeCTBO TaKHX
KJ1acCOB HasblBaeTcsl ¢hakmop-MHoscecmeéom MHOXKecTBa E mno OTHO-
IIeHHIO SKBHBaNeHTHOCTH 2. OG03HAYalOT 3TO MHOXKECTBO uepe3 E/4%.

Kaxablll Ka1acc SKBHBAJEHTHOCTH ONpefejseTcsli OAHUM H3 ero
3JIEMEHTOB, KOTODhIN MOMKET CJAYXKHTb NpeNCcTaBUTeNeM KJacca. Hanpu-
Mep, HCCACHOBaHHE NENMMOCTH Ha D SIBJAfETCd H3yueHHeM pa3OueHud
MHOXeCTBa HATypalbHBIX uYuceJ Ha b KJAaccoB, MpPeACTABUTEISMH
KOTOpHIX sABJAfATCA O ocratkos: 0, 1, 2, 3, 4. Bo mHOXecTBe npsAMBIX
ofHa MpfAMas Ccpelud BCeX, MapajfelbHBIX e, onpejessieT HampabJe-
HHe: KaxJoe HalpaRJeHHe sIBJsieTcss KJIacCOM 3KBUBAJEHTHOCTH AJS
OTHOWIEHUSI NapaJlIeNbHOCTH; 3TO OTHOLUEHHE SBJSETCS OTHOIlleHHeM
3KBHBAJIEHTHOCTH.

B kauecTBe CHMBOJIOB /IS OTHOIUEHHS 3SKBHBAJEHTHOCTH HCIOJb-
3YIOTCA = H TIOAOGHBIE €My: Mbl yiKe HCHOJB30BaJH ==; H3BEeCTHO, UTO
napaJIeNbHOCTh 0GO3HAuaeTcsl dYepe3 ||; HMHOTAA HCIOJb3yeTcsl CHM-
BoJi ~. OTMeTuM, 49TO 3HaK, 0603HAYAOMUE «OPHOAUKEHHO PABHO», &,
WU =, HE YKashiBaeT HA OTHOIICHHE SKBHBAJCHTHOCTH, H3-3a OTCYT-
CTBHUSl TPAH3UTHBHOCTH. 3HaK <=> IOKa3bIBaeT JIOTHYECKYIO 3KBHBA-
JIEHTHOCTL BO MHOXKECTBe BLICKA3bIBAHHUH.
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§ 3. OTHoOweHue nopsAKa

a) B TeueHue BpeMeHH MBI OTJIHUYAeM MOHATHS «paHbIIE» U «IO3MXKe».
HcnonbayeM cuMBosl < [/l BHIDaXKeHUs IOHATHS «paHbules. KHTYH-
THBHO NpPUIHILEM eMy cJefylolyde TPH CBOHCTBA:

a < a JOXHO (HepedJeKCHBHOCTD)

Va, Vb, Vc a < b 1 b < a B3aNMOHCK/IIOUAIOTCSL (HECHMMET-
acE, beE, ceE PHYHOCTB)
[a<bu b<c] = a< ¢ TPaH3UTUBHOCTh

ITo onpenenennio, BCSKOe OTHOIIEHHEe, 0OMaNalolee STHMH CBOHCTBaMH,
HA3BIBACTCS ONIHOWEKUEM CIMpo20e0 (UAU COBEPULEHHO0) NOPSOKA.

Il p u M e p . OTHOIIEHHE «MeHbLIey < MeXAYy uuciamu. Ha MuO-
kecTBe & BCEX MOJAMHOMKECTB MHOXecTBa E OTHOILIEHHE CTPOTOro BKJIO-
yenus .

b) Ecnu Mexay 3/eMeHTaM# HEKOTOPOTO MHOXKecTBa E onpenesieHO
OTHOIIIEHHE SKBUBAJEHTHOCTH, TO HCIOJAB3YeTCH YacTO OTHOLUEHHE
HecTpororo (WM IHPOKOro) nopsiika. M3ofpasuM ero uepes ={. 10T
CHMBOJI ONpENENSIETCA TakK:

[ a=<a BepHo {pedyIeKCHBHOCTE)
i [a L bnb < al= [a=>) (auTHCHMMETPHYHOCTD)
fa<bu b<c]= [a=<c] (TpaH3UTHBHOCTD)

[T p u M e p bl. OTHOWEHHs, oGo3HayaeMble <, >, &. OTHOLIeHHE
CJIeOBAHHS => HAa MHOXKECTBE BLICKa3LIBaHUI.

¢) Ecnn B MHOXecTBe £ nBa J100BIX 37€MeHTa SABJSAIOTCA CPaBHHU-
MBIMH, TO €CTh, €CJIH HMeeTCsl

Va, Vb, V¢
a€E, beE, ceE

a<b
HITH
Ya, Vb, aeE, beE { a = b (TpUXOTOMHS)
l WM
L b<a

TO TOBOPAT, YTO MHOXKeCTBO E MOJHGCTbIO yrnopsigoueHo (fotalement
ordonné) * paccMaTpHBAEMBbIM OTHOLIEHHEM (OTHOLUEHHEM CTPOTOro Mo-
psnka).

B cnyuae, Korja HEKOTOPHIe 3/€eMEHThl He CPaBHUMBI, MHOXKECTBO
Ha3bIBACTCSA HACMUUHO YNOPAOOHEHHBIM.

[IpuMeps 4YacTHYHOTO YyhHopsioueHHUS Bo
MHOXKECTBe IeJbIX YHCeJ OTHOLIEHHE «a SIBJISIETCS KPaTHBIM b» ecTb
OTHOIIeHHe NMOPAAKa (He CTPOTOro, eC/M CUUTAEM, YTO YHCIO fBJSAETCA

* B Hameil JHTepaType CINOBO «ICAHOCTBIOY UK «JIHHEHHO» OGEHIYHO HE YNOT-
pebasAOT, a TPOCTO TOBOPST, YTO MHOXKECTBO «ymopsiioueno».— IlIpum. peod.
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KPaTHEIM caMoMy ce6e), HO Takde, HalpHMEp, YHCIA, KaK 2 U 3, He
AIBJSIIOTCS. CPaBHHMMBIMH.

JKenesHoopoxKHbe BOK3aJbl MOXKHO YINOPSIIOUHTD 110 NPHHIUMY «a»
paHbme «b», eclM Toesl, uAymui B [lapux, NpPOXOOHT uepes «a»
paHbllie, 4eM yepe3 «b»: IBa BOK3aJla CPaBHHMBI TOJAbKO B TOM CJiyyae,
€CJIH OHH HAXONATCA Ha ONHOH KeJe3HONOPOXKHOH JIMHUH, Beayiei
kK [lapuxy.

§ 4. Onepayum

PaccMoTpuM OLHO MJIM HECKOJBKO MHOMKECTB, HAlNpHUMep TPH MHO-
xecTBa E, E’, E”, KOTOpble Mbl Ha30BeM ucxodnoimu. [1peinonoxum,
4To JoObie TP 3jeMeHTa @, a’, a”, NPHHAJJEXAIIHe COOTBETCTBEHHO
mHoxecTBaM E, E’, E", onpeiejsiioT 1O HM3BECTHOMY IMPaBHJIY 3Je-
MEHT x Hekoroporo MHoxkecrBa X. Torma Muel GylieM TOBOPUTh, UTO
onpefiesieHa onepayus U 4To X SABJISETCS NOAY4EHHbIM MHOMKECTBOM
{obpasom Oarwuvix muoscecms); a, a’, a” Ha3LIBAWOTCH 4AeHOMU (MHO-
scumennmu) onepayuy. Mbl GyreM H3yuaTb IJIaBHLIM 0GpazoM Guxap-
#ble, TO eCTh ABYUJCHHBIE, ONEpaHuH.

[Tpumepsn. 1. MicxonHOe MHOMXKECTBO: MHOMECTBO LEJBIX YHCEN
aoboro sHaka. Ormepauus: BosBeleHue B kBajpaTr. O6pas — mon-
MHOXECTBO IeJIbIX YHCes, COCTOSIlEe U3 TOUHBIX KBaApaToBy.

2. Vcxonsple MHOXKeCTBA: MHOMKECTBA IEJAHIX YHCEJ H MHOKECTBO

, xpobeii. Onepaunus — ymuoxenue. O6pas — MHO-

® €90 KeCcTBO JApoGeil.
3. HMcxomnoe MHOXecTBO: TOWKH npsMoi. Orme-
Ofx x x palusi — NpoBeJileHHe Yepe3 TOUKY MPSIMOi, mapaJ-
Olx X x JelbHOH 3aaanHOMY HanpasgeHdio. O6pas: nps-
Mble*, IpUHaJJIeXKallHe HEKOTOPOH TJIOCKOCTH.

a) Ipousseaenne nByx muomecrs. OcHOBHas
oflepalysl Hall HECKOJBKHMH MHOMKECTBAMH —<«IIpPO-
H3BeJleHHe 3THX MHOXKECTB» (TOBODAT TaKKe «/psi-
Moe npousgeferue» 3TUX MHOXKecTB). IlycThb 3alaHBl JBa HCXOJHBIX
muoxkectBa A u B. PaccMoTpuM B KadecTBe o6pasa muoxcecmso X nap
(a, b), cocTaBJeHERIX M3 JIOGOTO 37eMeHTa a u3 A H J1060T0 3JeMeHTa
b us B. 910 MHOXKecTBO X Ha3bIBAeTCS ApaMbim hpoussederuem A Ha
B u sanucwBaor: X = A X B.

IIpumep. A uMeer aieMeHTH p, ¢, r; B — u 1 v; A X B uMeer
asleMeHTamu (p, u); (p, v); (g, u); (g, v); {r, w); (r, v). [Ipunaraemsniii
rpadbuK SIBJAAETCS M00eAbl0 STOH ONEpalMH: MHOXKECTBO KDeCTHKOB
ABJsIeTCH JEHCTBUTENBHO M306paxKeHHeM IIpAMOro NMPOHU3BeJeHUs] MHO-
KeCTBa YepHHIX TOYeK H MHOXKecTBa GeJsIbIX TOYeK.

Odpyro#t npuwmep. PaccMOTpEM MHOXKeCTBO map, o6paso-
BaHHBIX a6CHUCCOH M OPAMHATOH B aHAJHTHYECKOH FeOMETPHH (Ha MJIO-

Yepr. 1

* OuM napaJJieNIbHBl 3aJaHHOMY HamnpaBjenuo — [Tpums ped.
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CKOCTH): 3TO MNpsAMOe MpOH3BefleHHe ABYX MHOXKECTB BeleCTBEeHHBIX
yuced H300parKaeTcsi MHOMXKeCTBOM TOUeK IIOCKOCTH, HMEIOWHX 3TH
upcla CBOMMH KOODAMHATAMH: Kaxkjias Ilapa 4Hcesl COOTBETCTBYeT
TOYKe H, O0OPaTHO, KaxKIOH TOUKEe COOTBETCTBYeT NHapa uyuces. Msl 3TO
BBIpaX<aeM, TOBOPS, UTO CYIIECTBYET 63QUMHO OOHO3HA4HOe COOmaer-
cmeue MeXIy MHOMXECTBOM 3THX Nap U MHOMKeCTBOM TOYEK IJIOCKOCTH.
['0BOPSAT TaKXKe «0JHO — OZHO3HAYHOE COOTBETCTBHe» MJH xe 1:1 coor-
BETCTBUE. DTO OCHOBHOE MOHATHE, MO3BOJSIONIEe HCIOAL30BAaTh MOJENH
n3obpaxennsi. TakuM ke o6pasoM, ecjd a, b U ¢ NpUHALIEKAT COOT-
BETCTBEHHO TpeM MuoxecTBaM A, B, C, mpousseferne 4 X B x C —
3TO MHOMKeCTBO Tpoek (a, b, ).

b) Bayrpennue omepayun. Ilyctb E — HEKOTOpOe MHOXKeCTBO.
PaccMoTpuM MHOXKeCTBO nap (@, b) ero s7eMeHTOB, TO eCThb NPOH3Be-
nenne E ma ceba: E X E. burnapnas onepanmua, KoTtopasg CTaBHT
B COOTBETCTBHE Kaxaol nape (@, b) sjeMeHT u3 E, Ha3LIBAeTCS 8HYM-
penreli onepayueid, onpejeseHHOll Ha L.

[Tpumepn. Ha MHOKecTBe Lennix UHCEN CIOXKEHHe W YMHOXe-
uHe. Ha muoxecrBe npo6eil (uck/jiouyas HyJb) fenenue. Ha MHOXKe-
cTBe BeKTOpoB (cMortpu ruaBy I1I) cioxenne. Ho MHOXKeCTBO Bek-
TOPOB NPHUBOAUT M K IPYroMy BUAY Omepanufi. YMHOXKeHHe BeKTOpa
Ha 4YHCJIO CTAaBUT B COOTBETCTBHe KaXKJOH Nape, cocTofiuledl M3 BeK-
TOpa M YuCHIa, APYro#i Bexkrop. MHOXKeCTBO uHCesq paccMaTpHBaercs
KaK MHOXECTBO OIepaTopoB, JAefCTBYIOIIUX HA BEKTOPHL. Buewireil
onepayueti Ha3bIBAIOT TAKYHO, AJIsl KOTOPOH 06pa3 COBNAJaeT € OJHHM
H3 UCXOJHBIX MHOXKECTE, B TO BPEMS KaK APYroe HCXOJHOE MHOXKECTBO
ABJISIETCS  MHOJNCECHIBOM CRepamopos.

PaccmoTpuM BHYTpeHHWOIO onepanuio Ha E. Ee HaspBalOT Takke
3QKOKOM BHYMPpeHHel Komnosuyuu mencoy qsemermamy E (n1s nony-
YCHHUSI TPEThEro 3JEMEHTA COBEPIIAIOT KOMIO3WIHMIO JBYX 3JEMEHTOB
u3 E). Ecau onepauus O ecth BHYTPEHHsIsI OMepauds Ha MOAMHOKe-
crBe A muoxectBa E, TO roBOpAT, 4TO A 3AMKHYMO OTHOCHTENBHO
3TOU ONepaluH, NIOTOMY YTO OHA He BLIBEIET HAaC 3a Npefefbl MOAMHO-
xKectBa A.

[iyetb O — BHyTpenHsia omnepanus, onpejpciennas ua E. Ycao-
BUMCs1 0603HaYaTh yepe3 r pe3y.IbTaT 3TOH OnepaluH, BHIIOJHEHHOH
Haj 3JeMeHTaMH a u b:

aQb=r.

Tak xax r npuHannexut E, To oH MOXKeT GLITb B3SIT B CBOIO GUEpelb
B XayecTBe #.4eHq onepaluH (UMM o6bekTa onepaunuu). Bynem umeThb,
HalnpuMep,

aQb=r; rQOc=s,

HHaye TOBOPA, Olepauusl MOXKeT MOBTOPSIThCA.
YcanoBHHHE cnoco6 0603HaueHHH.

[@a0b=r nrOc=s] = [(aQb)Oc=s].
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Ecnu otkaxeMcsi OT CKOGOK B JieBOH 4acTH, MOJYYHM:
aQbOc=s.
Ananoruuso aQbQcQOdQe

{(a0b) OclOd} Oe.
BaxuHoe 3aMeuaHue. 3anuce onepayutl wumaemcs caeeq
Hanpaeo, ecIy HeT APYTHX YKasaHui.
c) Cpoiictsa omepauuit. Onepanuu, ¢ KOTOPHIMH MBI BCTpPETHMCH,
gacTo o6/ajalT CJAeIyIoUMMH cBofcTBaMu (MBI OG03HAYaeM 3SKBU-
BaJIEHTHOCTb 3JEMEHTOB 3HAKOM =):

[Adla=a" n b=b1=[a0Ob=a" Ob]

«JIBa 5KBHBA/JEHTHHIX 3JIEMEHTa MOTYT 3aMEHHTH APYr Jpyra

03HauaetT

B ONepalMH» — «MOKHO ONePHPOBATH MOUJEHHO C JABYMS
paBeHCTBaMH». DKBHBAJEHTHOCTb H CJOMKEHHE COBMECTHHI.
[4] [A][aOb=a"Obl=[a=a’] cokpameHHe cIpaBa

[4,] [AlaOb=a0b'] = [b=0D"] coxkpauienue cJieBa
[43] aObOc=aO (bOc) accounuaTuBHOCTb A/ TPEX UJIEHOB
| [4,)] aOb=b0a KOMMyTaTHBHOCTL [/ ABYX UJICHOB

Sameuanue. [lpenuecTByioume 3KBUBAJEHTHOCTH, OYIyYH
CHMMETPHYHBI [0 ONpEJeNeHHI0, MOFYT YHTAaThCsi B OOOMX HampabJe-
Husix: Hanpumep, [Az] o3navaer, 4TO MOXKHO 0TKAa3aThCsi OT CKOGOK
B IIpaBOH yacTi.

Kaxnaplit pas, Korna HeKOTOpasi BHYTPeHHsIs onepaiusi 6yzer onpe-
JleJleHa Ha MHOMXKECTBE, MBI JOJKHBI GyleM HCCIeIOBaTh, BEPHBI 3TH
cBojicTBa uiu net. (Hanpumep, Ae/enne BO MHOXKECTBE APOGHBIX YHCeN,
OueBHAHO, HekoMMyTaTHBHO!) 3amerum, yto ecitn [A,] Bepuo, To [A4;]
u [ A;] >KBUBaJeHTHBI H BBLIPAKAIOT YCJOBHE 08YCHIOPOHHE2O COKpPQA-
wernus [A,]l.

Caencreud u3 cpoidcrB [4]

[Cil.AcconMaTHBHOCTD JJAs HOCJAeXOBAaTEJ b
HB X YJ€HOB.

Kaxnaa rpynma uwieHoB, CJIeAVIOUIHX APYT 32 APYrOM, MOXKET GHITh
sakJoueHa B CKOGkH. 210 caenyer us [A;] u [A3] u ne tpebyer [A,].
Hanpumep, nycrb TpeGyercss mepefiTH OT

a0bOcOdQeOf=s5sk aOb(cCd0e)OFf.
Henonesysa kak onpefenenus [A;] u [A3z]l, mpt nauumem:
s=[(a0b0c)0Od0Oe]Of=[(a0b0Oc)O(d0e)Of=
=[(@0b)OcOd0Oe)]Of=
=[(@a0b)O{cO([d0Oe)}Of=a0b0{c0O(d0Oe)}Of=
=a0bO0{c0dOe}Of.
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[C;]. Monunass KOMMYTaTHBHOCTSH., Moxuo pacro-
JIOXXUTb YJIeHbl B HPOH3BOJLHOM MOpPSJKE.
3o crenyer us [A,], [4;], [A,]. lokasarenbctBo pasoGbem Ha JBe

YacTH.
1. Moocro menames mecmamu 08a NOCACO0BAMEAbHBIX YAEHA.

Il purwmep. Ilepefitu or
§=a0b0c0d0O0eOfOg Kk aObOcQeOdOfOg.

Mrbl Hcnmosb3yeM ompegenenne, a sateM [Ag]l u [A4,].
§=[(e0b0c)O(d0e)]OfOg=
=[(@0bOc)0(e0d)]OfOg=a0b0c0e0OdO}fOg.

2. MookcHo 3anucoieamo 4ieHsl 8 nPOU3BOAHOM NOPaOKe.

B camom jnesie, MOXKHO MEHATb MeCTaMH TOC/ef0BaTebHbie UIEHH!
TakuM 06pasoM, uToObl WICH, 3aHSIBIIHI NpeIHasHAUEHHOE MECTO, He
nepemelnajcst GOsiblle B JasibHelilleM; AJIsl 3TOrO AOCTATOYHO Mepe-
MECTHUTb Ha Hajjlexallee MecTo TOT YJEH, KOTOpPBIH NOJXKeH GbiThb Iep-
BLIM C OJIHOTO U3 KOHIIOB (HallpuMep, cJieBa), 3aTeM MOCTYMHTh aHaJo-
THYHO CO CJNEAyIOIHM ¥ T. A. JIeTrKO NOJACUHTATh YHCIO HEOGXOTHMBIX
NepecTaHoBOK. ‘

[C;]. Tonunass acconuuartHusHOCTb. MoxHo crpynnupo-
BaTb KaKHe YIOAHO 4JeHH B OJHUX CKOOKax. JTO BhITEKaeT U3
ceoifictB [A], Tak Kak corsacHo [C,] MOXKHO pacHoOJIOKHTH HY:KHLIE
uyleHs BHayaJe CJeBa.

Hrak (BaxHO IJ51 NOCAEIYIOUIeTO ), BCSAKHA pas, KOTJa HMEKT
Mecto cpoiictBa [A], Bomosusiores caencrsus [Cil, [C;], [Csl.

Onpeneaenne. Heldmpasvuoim  34emeHmom  Ha3biBaeTCs
KaXkJblil 5/7eMeHT 7, IJs KOTOPOI'o

Va:aOn=a, nOa=a.

OTH 7Ba yCJAOBHS CJEAYIOT OZHO H3 APYTOTO, €CJIH ONepanus KOM-
MyTaTHBHa. Ec/IH 3TOT 3JeMeHT CYILIECTBYeT, TO OH €AHHCTBEHHbI
corsacHo [A,;], Tak xak

MO =nunOn =n}= [n=n]

[Tpumepn. Jaa ciaokeHus uyuceja HeHTPANbHBIM JIEMEHTOM

SBISETCH HYJb, NAA YMHOXKEHHMS] 3TO €IAHHUIA.

Bropas rmaBa

YuCnA
®

DeMeHTsl MHOMKECTBA YacTO HA3LIBAIOTCA MOYKAMU, TOTOMY HUTO
HX CYHTAIOT HeleIuMbIMH. EcM BO MHOMeCTBe ONpefesieHhl BHYTPEH-
HUe orepaiyuyd, TO ero 3JeMeHThl Yallle HAa3LIBAT 4uCAGMi, UCTOJb-
3ys CJIOBO YHCJIO, PaHee NPHMEHsIEMOe TONBKO K HATYpPATbHBIM YHCJAM.
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§ 1. HaryparnbHbie 4sucna

Korza Mel cuutaeM NpeaMmeTsl, TO HCTNOJNb3yeM HATypa/bHble YHCJA.
OnnT noKasbiBaeT, KaKOBLI Te NpPeIMeThl, KOTOpbleé TaKUM 00pasoMm
MOXKHO COCUMTATh: OHM He JOJIKHBI TasiTh, HCNAPSTHCH, CKJIEHBATHCA
H 7. A. Harypanabnble yuc/ia HaM XOpOLIO CJAYKaT NOTOMY, YTO OHH
00J1a1aI0T HEKOTOPBIMM XOpPOILIO H3BECTHHIMH CBOHCTBaMH.

Mn1 cefiyac onpemenHM 5TH HHC/IAa aKCHOMAaTHYECKH C IOMOIIBIO
MHOKeCTBa CBOHCTB, AOCTAaTOYHBIX, YTOOBI M3 HHX BBIBECTH Ipyrue.
{3ameTtumM, uTO M3BecTHasi cBOGOAA B BEIGOpe 5THX AKCHOM IIO3BOJAET
[ath B JApYyTHe aKCHOMATHYECKHE H3JIOKEHHSH.)

AKCHOMBI, Onpegena:ouMe MHOMECTRO N HaTypanbHbiX yucen

1. Cnomenne

Bo wMuoxecrse N onpenesieHa BHYTPEHHAS oOnepalus — CA0XKe-
HHe (o603Hayaemas ), KOTOpasl CONOCTAaBJseT KaxJao#d nape (a, b)
37eMeHTOB H3 N 3JeMeHT a -+ b, HaspBawiluicsd HX cymmol. Ira
onepays o6aanaer ceoicrsamMu [A] u3 nepBofl riaBel, KOTOpBIE 3A€Ch
BaNHCHIBAIOTCS TaK:

(4] l[a=a u b=0b'] = la+tb=a }b']
(4] [ [at+b=a+b] = [a=a"]
2 I
(4] Llatb=a+0b] = [b=0"]
[4s] a-+bdc=a-t(b+c)
k [Ad a4+ b=b+a.

Orciona BhiTekaloT ciaefctBusl [C): noanas KOMMYyTaTHBHOCTh
# TOJHAs accOlHATUBHOCTD.

Il. OrHowieHue nopAAHa

Onpeneaenue. [lycrb Mel umeem napy (a, b) sneMeHToB
#3 N, eciu cymectByeT 3jeMeHT d u3z N, Taxkoll, uto a + d = b,
TO Mbl TOBOPHM, UTO @ MeHbiue, yem b, n nuinem: a<< b, TakuM oGpasoM,

la<<b] = [Ad:a+d=0].

Axcuoma [{7] Tpuxoromun. [na xaxkao#l napei (@, b) 3JAeMeHTOB
U3 N mu6o a = b, mu6o a << b, auGo b < a, npuueM 3T cCiaydYaH
HCKMoyaloT Apyr Apyra. Orcioga BeITeKdeT, YTO 3TO OTHOLIEHHE eCTh
omHowenue nopsdka (ynopspodeHHocTd) Ha N, npuueM mnOpsiIoK
sABJsteTcA cmpoeum. B camoM jene, 3TO OTHOLIEHHe He pedIeKCHBHO
¥ He cuMMeTpnyHo. JlOKaxeM, 4TO OHO TPaH3UTHBHO:

a<b < Ad:b=a+4d <>
b<c < Ad :c=b+d’ } (cornacuo [A])
cllefjoBatesqbHO, a < C.
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B bl B 0 1. MHOXKecTBO N 1eHKOM YyNOPSALOYEHO OTHOLIEHHEM <.

YenoBuMmes nucath & >> @ BMecTO a < b; OTHOIIEHHE > Ha3bLBAETCS
obpamuoim OTHOIIEHUEM K NMPENBIAYLIEMY; OHO SIBJISIETCS TaK¥ke OTHO-
IleHHeM CTPOTOro HOpPsilKa, KOTOPoe uMTaeTcs: «OoJblle ueM», HJIH
«IIPEBOCXOLHUTY,

OtHomenue < YHTAETCs: «MEHblLIe MJIH paBHO» (HecTporas YIo-
PANOYEHHOCTR), a > UHTaeTcsi: «0OJblle HJH PABHOY.

a<b ¥ u>> v Ha3LBAOTCH HEPABEHCTBAMH N POMLBONOACHCHBLX
CMblCN08.

CneicTBHA.

a) Pasnoctb. [lyctb a <C b; utoGel Bepasuth 3d, b = a + d, Mbl
numem: 3d, b —a = d.

Onepauus, KoTOpas 3sjiech conoctasiaser d nape (a, b), HasbiBaeTcs
soumanuem. Ona onpeleneHa ¢ N, Ho He #a N, notomy 4to He Bee
napsl 3hech JONYCTHMBI: Oflepamnus b — @ onpeleseHa, TOJBKO €CaH
a<<b.

CeoiicTBa pasunocTeit. Oun BuTekator u3 [A] u [IT].
EnuHncTBeHnHOCTE.

lb—a=d] <« |b=a+d] )
b—a=d] < [b=a+d] |

CeoficTna.
Uucno d HasbiBaeTcsl pasHOCTbIO MexAy b u a.

Dl b—a=({b+m)—(a+m), YmeN.

[Tpenaoxenue. Eciu npuGaBuTh ONHO H TO e YHCIO K OGOMM
Y/JeHaM BbIUHTAHUSl, PA3HOCTb He MeHsieTcs.
Jpyrue ¢dopmbl 3TOl Teopemsl:

D] [p<<a<<b] = [b—a=(b—p)—{a—p)];

D] a+(b—c)=a+b—c;

D] a—(b+c)y=a—b—c¢;

D) a—(b—c)=a-+c—b, a Takke =a—b+c¢ B ciyuae b<<a;
[Ds] (b—a)+ (b —a’) = (b+b) — (a+a).

[Ipunuoun RKoKasaTeuabcTB. Ymobor Jokasame Heko-
mopoe pasenHcmso, mbl Moxcem 00KA3vieamo dpyzoe pABEHCMB0, NOAY4EH-
Hoe npubasreruem cOHO20 W MO20 ¥ce HUCAQ K 00eum 4acmsam nepeozo
pasercmsa. B camom nene, corjacuo [A]

[u=0] <= [ut+k=v+k]
Takum o006pa3oMm JROKaswBIBAIOT
{Di1, B3sB  k=a-+m, [Ds], B3sB k=c,
[Ds], mpunsiB k=b--¢, [D,], nonarasa k=b—c
# ucnoabsys (D], [Dy1, BasB k=a + a’.

= d=d’ (HO [Az]).
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b) CsoiictBa HepaseHCTB.
[Ny] f[a<<b] = [a+m<<b+m], VmEN.

[Ipepnoxkenue. Eciu npubasuM K o6eHM YacTsM HepaBeH-
CTBA OJHO U TO XK€ YHCJO, NOJyyYaeM HePaBeHCTBO TOTO XKe CMBIC/A.

[N]] [p<<a<<b)] = [a—p<<b—p],
(Nol [a<<b u @’ <<b'] = [a+a < bLb]

[Ipennoxenue. CkaamblBas MOYIEHHO JBa HEPaBEHCTBa
OIHOTO W TOTO XKe CMbIC/Ia, MOJydaeM HEPABEHCTBO TOTO ¥Ke CMbICTa.
Hoxkasateabcrso ¢ nomoulsio [D,]1 u [Djl.

Ili. BhonHe ynopspouYeHHble MHOHECTBA

Cucrema, ompefenennas axcuomamu [A] u [IT], eme canmxom
obmas.

1. Mbl JO/IXKHDI e YTOYHUTBL CJeLYIOIEed aKCHOMOIi:

[I1]]] Axcuoma mnodHoit ynopsinoueHHocTH. Bceaxoe Henycmoe nod-
MHOXCECMBo MHoscecmea N coOepacum HAUMEHbUULLL dAemenn.

B uactHOCTH:

Axkcuoma nepsoro ajementa. Mruomecmgo N umeem Haumervuiuil
aaemenm. OH Ha3blBaeTCsl «e[UHHLelH» W ero o603HAyaloT 3HaKoMm .

CuencrtBd e BnogMHOXKecTBe, 06pa30BaHHOM BCEMH TAKHUMH
37eMeHTaMl X, 4To @ <  x, TO €CTh TakuMH, 4yTo 3y :x = a -+ y,
CYLIECTBYeT HAUMeHBLIHH 3/eMeHT. ITo a -+ 1, NoToMy 4TO

[1<Lb] = [a+ 1< a+b] cornacHo [Ny].

Mbl oTcrofa BLIBOJMM [OC/]€JOBATeNbHOCTh HATYPa/bHBIX YHCE]
1,1+ 1, 1+1+1ur x (CioBa u T. I., KOTOPhEE 3aMEHAIOTCH
B MaTeMaTHKe CHMBOJIOM ..., O3HAU4lOT, YTO ONepanus JOJMKHA
HEOTPAHHYEHHO MOBTOPATHCH.

[TocnienoBaTe/IbHOCTE — 3TO  MHOXKECTBO, 0003HauaeMoe, BooGile
roBOpA, TaK: iy, Uy, Uz . . ., TO €CTh HAXOAAIIEECS BO B3AaHMHO OIHO-
3HAUHOM COOTBETCTBHH C MHOMKECTBOM HATYDPAJBHBIX YHCES.)

2. UrobBl MOAYYHTH BHIBOA, BEPHBI AN 400020 saemerma ua N,
MBIl [OJB3YEeMCA CJAeAVIomeH Ype3BhIYAaliHO BaXKHOH TeopeMOH:

Teopema o pekyppeHTHOM JoKa3areabcTBe *. Peun uuer o cBOHcTBe,
KOTOpOe A1 urcaa a € N moxeT ObiTh JIHG0 HCTHHELIM, JH60 JOXKHEBIM.
Mer xotenmu 6Bl OKa3aTh, UTO OHO BepHO Miaa jwboro a € N. Kaxkue
NPelNoOKEeHHS T03BOJIAT HAM CHeNaTbh 3TOT BLIBOA?

PopMyaupoBKka Teopembl. Ecau u3gecmHo, 4rmo

1) paccmampusaemoe csolicmso gepro 0as @ = 1,

2) uecau OHO 8epHO Oast @ = p, M0 OHO 8epHO makwce diaa = p + 1,
u 3mo ymeeprcOerue umeem mecmo 0an 100020 p U, 8 HACMHOCMU, 0A4R

p =1

* DT0T BHA JOKA3aTeJbCTBA, HA3bIBaeMBH ualle ZOKA3aTeJbCTBOM IO PEKYp-
CHH, H3BeCTeH elle NoJ HMeHeM MaTeMaTuuecKod Huaykumu.— [Tpum. peo.
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To020a MONCHO 3QKAOLUINE, HIMO MO CEOLCMBO 6EPHO 045 6CEX Huce
us N,
Dro 3anguiercd Tak:

1. [ Bepro ans a=1 ]
2. VpeN [[BepHo Jias a=p] = [BepHO A1 a=p+ 1]]
= [BepHo 11 Va g€ N]

HdoxasarteanbcrtBo. PasbuBaeM asjemeHTol M3 N Ha 1Ba
flofMHoXKecTBa: V, colepxaliee Bce yucaa u3 N, AJsi KOTOPBIX CBOH-
CTBO BepHO, H F, cozepxamee Bce uncaa U3 N, J1s1 KOTOPHIX 5TO CBOH-
CTBO He BepHO. Mel cefiuac fokaeM, YTo M3 npednonoxenuil 1) u 2)
BBITEKaeT, 4TO F — mycro.

IleiictBuTeIbHO, ecau F He 1ycTo, TO corstacHo (/1111 oHo copepuT
HaWMeHbUIHHA 3JeMEeHT ¢. DTO YHCIO ¢ He DaBHO 1 B cusly mnepBoro
npennoloXKeHnsi. 3HauuT, ono Goaplle 1 M, cjaefOBaTe/NbHO, CyHiecT-
syeT uncno g — 1. Torma B cuny onpepesneHHsi ¢ 5TO 4uciao g — 1
OpUHaLIEeXUT V; HO TOrza npeianosioxkenue 2) NPUBOAHT K BEIBOAY,
gro (¢ — 1) + 1 Toxe npuHamiexuT V, a 370 HaXOAHTCA B APOTH-
BOPEYHH C OMpejesieHUeM YHcia ¢. 3HauuT, ¢ He cyllecTByeT U F mycTo.
Huaue roBopsi, mofoe YHCJAO NpUHALIEXKUT V U T. I.

C moMmomipio 3TOH TeopeMbl JOKAa3plBAeTCA TNPeANoJioKenue: .awoboe
qucao a € N ecme cymma 4uces pagueix 1: JNeHCTBUTENBHO, e€CJIH 3TO
TaK A8 @ = p, TO 3T0 UMeeT MeCTo M 1jas & = p -+ 1.

3aMeyaHue OIra TeopeMa I[O3BOJAET MPOBOJHUTE IPOBEPKY,
oTblckanue ¢opmyna. Hanpumep, mpaBHIBHOCTL CACAYIOMHUX (GODMYI:

Sn=1424...+n=—pn(ntl),

Zp=124224 —{—nz:%n (n+1) (2n-+1), Vn HatypanbHOM,

ZIOKasLlBalOT, ycraHoBue, uro S;=1, Z;=1, S= S+ 4 1),
2ot = Zp+ (n + 1)~

3) KapaunajbHoe YHCJI0 MOAMHOKECTBA MHOXeCTBa N

Mol yxXe Onpenesuan 63auMHO OOHOSHAYHOE COOMEeMCmeue Mendy
J8YMAL MHOJCECSAmMU: 3TO COOTBETCTBHE MEXIY KAaMKAbIM 3JEMEHTOM
OIHOTO M KaXKIbIM 3/1€MEHTOM IPYI'OrO MHOMKECTBA, NMPHYEM KakKIOMY
37IeMEHTY COOTBETCTBYET TOJIBKO OJHH 3JeMeHT. ECIH HeKoTopoe
MHOXKECTBO HaXOJUTCA BO B3aUMHO OJHO3HAYHOM COOTBETCTBHH C MHO-
JKeCTBOM [V, TO TOBOPAT, YTO 5T0 MHOXKECTBO €CTh HOCACO06AMEALHOCHTLL
(C4eTHOE MHOJKECTBO). IJIEMEHTHI TAKOTO MHOMKECTBA MOXHO 00603Ha-
YUTD Ug, Us, « « - Un, . - . 1 OBOPAT TAKKE, UTO OHO UMEET MOU{HOCHIL
ciemnoe0  muoscecmed. Hanpumep, TAKOBBIM SIBJAAETCS MHOXECTBO
YeTHBIX uHces a + a (@ € N), noToMy 4TO @ - @ B3aMMHO OJHO3HAYHO
COOTBETCTBYET @; HHIIYT: U,= 2n.

ITonmHOKecTBO MHOKecTBa N HA3BIBAETCH KOHEHHbIM, €CJIH OHO
obsiazaeT HauGOJBLINM 3JEMEHTOM; HANpPHMEp, IOAMHOMKECTBO 3Je-
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MEHTOB X, ONpeJleleHHbIX HepPaBeHCTBOM Xx < 6, ecTb KoHeuroe nod-
MHOMCeCmeo. er0 HauOONbIIHH 3JemMeHT ecth 6 — 1 = 5. Ho nox-
MHOKECTBO YeTHBIX YHCEN He HABJSETCS KOHEUHBIM.

[Tycte A — Korneuroe Henycmoe noOMHOXCECMBO MHOMXKecTBa N.
OHo BrlOJHe YNOPALOYEHO, KaK U MHOXKeCTBO N, H €ro 3JeMeHTH:
MOTYT GHITb PacliOJIOKEHBl B MCPsiIKE BO3PacTaHHUs

a<<b<<c<<...<<p<qg.

MoOXKHO NOCTaBHTb B COOTBETCTBHE JIEMEHTY 4 YHCIO 1, 3aeMeHTy
b—uncio 1 41, c—muueno 1 -+ 1 + 1 u 1. 1. Yueny ¢ coorser-
CTBYET BIOJHE ONpeJeeHHOe YHCIO 71 (NOTOMY 4TO MOXKHO IPHUMEHUTH

PEeKYPpPEHTHOe JI0Ka3aTeJbCTBO K MHOXKECTBY 3JeMeHTOB &, b, ¢, . . ., q)
U [CHO, 4TO n He OGosbllle, yeM ¢+ 1 — a (paBeHcTBO 2 = ¢+ 1| —a
UMeeT MecTo, eclu a, b, ¢ ..., ¢ ClIeLyIT HelOCpPeJCTBeHHO JpYT

3a ApyroM B N). 3TO 4HCJIO 71 HAa3bIBAETCA KAPOUHANbHBIM (KOAUHECEEH -
HbIM) HUCAOM, COOMGEMCMBYOWUM MHoXcecmay A, TOBOPAT Takxke,
UTO N — 3MO YUCAO IAEMEHMOB MHONHcecmsa A.

Boo6lrie, ecin J1aHO HEKOTOpOE MHOMXKECTBO B M MOXKHO YCTaHOBHTH
B3aUMHO OJIHO3HAYHOE COQTBETCTBHE MeXAY 5 M HCKOTOPLIM KOHEYHBIM
noxMHoxecTBoM A MHOXKecTBa N, TO KapIHHAJIbHOE YHCIO . OIMHO-
}KecTBa A Ha3bIBAETCH HUCAOM IAEMEHMO8 MHOXecTBa B. B HasbiBaercs
ToTAa Habopom (collection) o6vexmos W n ecmo 4uCi0 06BEKMO8 3Mo20
Habopa. Camble Ba)KHBle M3 TaKUX HabopoB — 3T0 HabOp CHMBOJIOB
Hallefi nucbMeHHOHl Hymepawuu 1, 2, 3, 4, 5, 6, 7, 8, 9, O u nHaGop
CJIOB, KOTOPBIMH MBI IOJIb3yeMCHl B YCTHOH peud 1Js1 0OO3HauyeHHst
OPOH3BOJIBHBIX YHCEJ.

OtHolenHe MexX1y ABYMsI MHOMKECTBAMH: «HMeTh OJIHO H TO Xe
KapAMHAJbHOE YHCI0» — €CTh OTHOLIEHHe 3KBHBAJEHTHOCTH (u6o
CYLIeCTBOBAHHE B3aHMHO OAHO3HAYUHOTO COOTBETCTBHSL TPAH3HTHB-
HO); 3TO OTHOLUeHHe HasbIBaeTCsd pasHomowyrocmoto (cM. Kuura II,
ra. II).

[IpunoxeHune K oO6GbeAHHEHHI0O H Hepecede-
HHI ABYX KOHeuYHH X MHOXecTB. [lyctb A u B — nBa
KOHEUHBIX TOAMHOXecTBa MHOXKecTBa E, n M m — HMX KapAHHalbHbe
yncia. Eenn A u B He nepecekaiorcst, To HX ofwpepuHeHHe R HMeeT
KapayHaabHOe YHCJIO ¢ = N -+ m (MBl Y3Ke TOBODHJIH, UYTO B 3TOM CJYy-
Yae yacTo ynoTpebJsioT C/IOBO «CYMMa» BMECTO CJIOBA «O0BefMHEHHEeY).
Ecau, mao6opor, nepeceuerne J noxMuoxecTs A u B He nycTo, TO OHO
HMeeT KapAuHaJbHOE YHCJIO | H

nt+m=r—4+j.

Eciu B Braioueno B A, To INlepeceueHHe ecth B, Tak 4T0 j=m,
r = n; MHOXKecTBO D) sjeMenTOB A, KOTOpHE He TpHHajlexar B,
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COAepKUT d = n — m 3JeMeHTOB; [) Ha3RBAOT pA3HOCMLIY TIOA-
muoxectB A u B. Taxkum o6pasom,

AcE
B« E
[ANB=g] <= [nt+m=r];

[BCc Al < [j=m, n=r, d=n—m].

[TosToMy ecau XOTAT WMCTOJIKOBaTb CYMMY [BYX HarypaJbHbIX
ghce] onepauMsiMi Hal HaGopaMH, TO HYKHO OpaTh HelepeceKalonyecs
MHOMKECTBa; YTOOBl HCTONKOBATH PasHOCTb, HYMKHO B3ATb JIBAa MHO-
JKECTBA, M3 KOTOPHIX OIHO BKJIOUEHO B IpYroe.

Ta6bnuua caoxedus. BospMem B KauecrBe ofpasa HaTy-
panbHBIX 4YHCes [Oc]efOBaTefbHble OTPe3KH CTPOKH M crosfua mjioc-
Koctd. O6pasoM NpoH3BeleHHs] 3THX MHOXKECTB SIBJSETCS MHOXKECTBO
KJIETOK pelleTKH; KaKIOH KJeTKe, Haxojisulefici Ha NepeceyeHUH
cronfua ¢ HOMepOM @ H CTPOKH C HOMepoM b, Mbl IOCTaBUM B COOT-
BETCTBHE UYHCIO a - b.

Herpynno Bupmers, kak axkcuoMbl [A] ocyuwiectBasioTess B 3Tof
tabauue.

= [n+m=r-+j];

1 2 a
1 2 3 a+1
2 3 4 a-+2
b a-t+b

1IV. YMHOM{EHHE

I. Mnl nokaeM, 4TO HMeeTCA BO3MOKHOCTb ONpENedHTh B H3yda-
eMOM MHOMKecTBe N, yxKe cHaGKeHHOM oOliepaiueid CJIOXKEeHHS H OTHO-
IIeHHeM TMNOPSIAKA, ellie BTOPYIO ONEPaluio, YAOBJIETBOPSIOUIYIO YCJIO-
BusaM [A] u 1AByM akcuomaM, BHIpaXawoUiUM CBsi3b 3TOH oOnepaluu
€O cioxeHneM. Mel Ha30BeM 3Ty OIEpaAlMIO YMHONCEHUEM, W B 3aliCH
OyleM 0003HauaTh ee TOYKOIl, KOTOpasi, BIPOYEM, YaCTO OHYCKAaeTCs.
Iumyt: @-b wau ab. Pesyanrar ectb 4YHC/I0, HA3bIBAEMOE HPOUIEE-
Oexuem, @ U b — coMHOMCumesu TPOU3BELEHUS.

AKcCHOMB YyMHOXEHHH

[A]] [e=a’ 8 b=b"] = [cb=0a'b'];
[As] [ab=ab'} = [b=0b"]; [ab=a'b] = [a=2a'];
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[A3] abc=a (bc);
[A] ab=ba;
[My] a(b-+b")=(ab)+ (ab’) — iucTpUOYTHBHOCTL  YMHOMXKEHHUS
OTHOCHTEJIBHO CJIOXKEHHsI ABYX YJEHOB.
My] a-1=1-a=a.
Huco 1 aBaseTcss HedmparoHoim IMeMEHMOM YMHOKEHHS.

BaMmeuanue, (ab) -+ (cd) numerca 6Ges CcKOGOK ab - cd;
COIJIACHO JIOTOBOPEHHOCTH OyjeM ONnycKaTb CKOGKH, cOjepiKallue
TOJBKO TIPOU3BE/ICHHE.

CanencrBue. AucTpUHGYTHBHOCTDE ILJAA N YJe-
nos M) a(b+c--...4+k=abt+a+ ...+ ak.

JloxaskiBaeTcs PeKyPpeHTHO; JIeHCTBHTEJNLHO, e€Ccad auctpuby-
THBHOCTb BepHa s p WIEHOB, OHA BePHA Takxke LA p -+ 1 wieHoB
B cuay acconuatuBHocTH cioxeHusi. Orcioga ciaenyeT dopmyaa ajis
YMHOXEHHS CYMMBl Ha CyMMY.

2. HaM HyXHO Temeph NOKa3aTbh CYWECMBOBARUE U E0UHCIMBEHNOCHTb
BO MHOMXKECTBe N oOnepanuu, MMeIOlleH KesaeMble CBOHCTBa.

Uro6bl moJgy4uTh npousseieHue ab, pacemorpum b kak cymmy b
uleHoB, paBHBIX 1, W Hcnoabsyem Ml u [M,].

b=14+14+14...4+1 = ogb=atat+a+t+...+a
(b unenos) (b unenos)

Credosamensvro, eQUHCMBEHHOE 3HA4eHUe, KOMOpoe nodxodum Oas
p = ab,— smo cymma b uucen, kaxcooe u3 xKomopeix pasHo a. Ocraercs
J0Ka3aTb, YTO 3TO YHCIO p YAOBJETBOPSET BCEM MPUHATHIM aKCHOMAM.

dro Bupno cpasy misa [A,;] u [M,]. AccouyatuBHOCTD cAOKEHHS
naer mememienno [M,;], ormoimenwe mopaaka maet [A,l.

[4;] Buitekaer u3 [M,]l, u6o

(@ab)yc=ab+ab+ ... +ab (¢ uaeHOB);
abe)=a(b+b+b+...+b) (c uneHOB).

JoxasatenbctBo [A,] Tpe6yeT pasioxenus a 1 b Ha CyMMY YJIeHOB,
paBHbIX 1:
ab=(a+at+...+ta)=(1+1+...+1)+

(b uneHoB)
+4+1+. D)+ AR ]
(@ uneHoB B KaxKIoi ckoOKe).
Ipyras rpynnupoBka 4jeHOB [aeT MO b WjeHOB, PABHBIX EANHHIE

H PacnoJOXE€HHBLIX B KaxKJIOM H3 a4 pPANOB, 3aKJIOUEHHLIX B CK06KI/I,
TaK 4YTo noJyqyaeM

b-tb+...+b=ba

(a 4neHos).
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MoXKHO TaKkKe NpPOBECTH H PeKyPPeHTHOe pacCyXjeHue, MO0 s

b = 1 mmeem, oueBHgmo, a-1=1.a u
lap=pal = la(p+1)=(p+1)al
JleficTBHTENBHO,
a(p+l)y=apt+a=patli-a=(p+p+...+p)+

LA+l D)=p+D+E+FD+. o D) =(p+1a

UcToaKOBaHHE NPOH3BeLeHHUS, KakK NPOHS3-
BeJleHHS MHOMKECTB.

PaccMOTpHM Liesble Yncaa @ B b, Kax uucaa 06beKToB AByX Ha6opoB,
HanpuMep HA60OPOB YepPHbIX TOUEK H GesibiX

Touek. UHCI0 3/€MEHTOB NPOH3BEJEHHS STUX ololefele
MHOMKECTB yIOBJIETBOPSIET, OUCBH/HO, MPHHHI-
THIM aKCuOMaM. K TOMy e JIerKO IIPOBEPHTD, OIX|X|X|xX[X
YTO OHO YJIOBJIETBODSET HALleMY Te€HEeTHYECKO-
X

My OmpexeNeHHIO: © ol Ball Bl o

gb=a-ta-+...+a (b uzenos). O XX |X|X|X

Hememenso mnposepstorea 14,1, 1A, Yepr. 2

(M1

[M,] Buitekaer u3 Toro, 4ro GbLIO CKa3aHO 06 00BbelHHEHHH pas-
neJbubIX MHOXKeCTB. [A,] BHTeKaeT U3 OTHOLIEHHS NOPSIAKA. Hasa [Asl,
OUEBHHO, HYXKHO PACCMOTPETb HE Naphl, a TPOHKH. MoKHO 3TO npef-
crTaBuTb B NPOCTPaHCTBe: MOJACYHTaTh (ab)c HIH a (bc) — o3Ha-
yaeT NOJCYUHTATb UHCAO KYGHKOB BCEro MHOXKeCTBa Uepes OGBelH-
HEHMs] eT0 pAasJe/bHBIX MOIMHOMKECTB, COOTBETCTBYIOWMX TOMy HJA
HHOMY pa3CMeHHio (HanpuMep, Ha TOPU3OHTANbHBIE M BEPTHKAJBHBIE
CI/I0H).

DT0 HCTOJAKOBaHHE MNOMOraeT u36exaTb YTOMHTEJNbHON 3aNHCH.

CxasagHOe Bbille ONpaBAbiBAeT BHIPAXKEHHE «MHOKECTBO-NPOH3-
BelleHHe», NOTOMY YTO IJIA KOHEUHBIX MHOMKECTB KapAMHA/JIbHOE HHC/IO
MHOKeCTBA-NIPOM3BENeHNs eCTh NPOU3BeJeHHe KapIHHAJIBHEIX HHCE]
nepeMHOMKaeMbIX MHOXKECTB.

Ta6nauma Iludaropa. Tabnuua yMHOKEHH:, KaK H Tab-
MWL CJAOKEHHT Hau TabaHna GUHApHOH OINepalyH, cOCTaBIdeTCs, KaK
Tabauua ¢ AByMs BXoiamu. OHa YJOBJICTBODSET BCEM CBOMCTBAM (Al
u [M].

3. YMHOKeHHe M OTHOMmenune mnopsiaka M3
cBoficTB N HepaBeHCTB, OTHOCAIIMXCS K CJIOMKEHHIO,” Mbl BbIBEAEM
CBOHCTBA, OTHOCAIIYECT K YMHOXEHHIO.

[NM,] Eciu b==1, 10 a<<ab.
INM) [a<< bl = [am<<bm, VmeN]
(yMHO)XeHHe OGeHMX yYacTefi HepaBeHCTBa Ha HEKOTOpOe YHCO0).
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[NM;] [a<<b n a’'<b'] = [aa’ < bb’)
(mouneHHOe YMHOXKEHHE IBYX HEPABEHCTB ONHOTO M TOTO e CMBICIA).
JHokasareuasbcTBso. [NM,] BuTekaer u3 CBOIHCTB CI0KeHHd,
a [NM,] Buitekaer us [Nyl. Jaa seBoma [NM3] 3anuceiBaeM:

l[a<<b] = [aa’ < ba’]
[a’ < b’} = [ba’ << bb]

3ameuanue. Croxenne He siBjIgercss AHCTPUGYTHBHBIM OTHO-
CHUTeNIBHO yMHOXeHHst. [efcTBUTENBHO,

(a--b)-(a+c)=aa+tac+ba+bc>aa+tbcza-be.

V. MHOMeCTBO N HarypanbHbIX YKCen ABnAeTCa
apxXyMeAOBbiM MHOMHECTBOM

[To onpezenenuio, HepaBeHCTBO b < @ ofecnednBaeT CYIMECTBOBAHHE
Takoro umeaa d, uto a = b - d.

B ofmeM ciydae He CyLIeCTBYeT TakOe UHCIO ¢, YTOOH! BHIMOJHS-
JIOCh paBeHCTBO a = bg (370 BuIHO u3 Tabmuuw [ludaropa). [Tocie-
IoBaTesbHOCTD b, 2b, 3b, . .., KpamHsix b, HE COTEPXKHUT BCEe UHCAA;
€C/Id @ He SIBJAGTCS 3JEMEHTOM 5TOH MOC/]IelOBaTeJbHOCTH, TO Mbl
NOKaxkKeM, YTO BCeTAa CYLIECTBYIOT 3JIEMEHTH 3TOH NOCAEeN0BaTENbHOCTH,
npeBHIIAIONIAE YHCIO 4.

ApxumenoBo cBoiicTBO (HaskiBaeMoe HWHOTHA axcuomold Apxumeda,
MOTOMY 4TO NIPH APYTHX crnocofax H3J0XKeHHA 3TO CBOHCTBO NpHHH-
MaeTcsl B KauecTBe aKCHOMEI).

Has awobozo a, Goavuiezo uiu pasroeo b, aubo cywecmeyem makoe
qucao q, umo a = bg, aubo cywecmsyem maxoe 4ucio ¢, 4mo

J = [aa’ < bb'].

bg<<a<<b{g+1).
Wnaue rosops,
(Hq:a:bq
Va, Vb, a>b:i HJIIH
dg:bg<<a<<b(g-1).

SIcHO, 4TO 3TH JABa CIyYas HCKJIIOYAIOT APYr JApyra H YTo, €ClH ¢
CYIIECTBYeT, TO OHO — eNHHCTBeHHOoe. [IPUCTYyMUM K [0Kas3aTeNbCTBY
pPEKYpPPEHTHBIM DacCyXKAeHHeM, 4TO Jio6oe YucIo f u3 N YIOBJIETBO-
pseT CBOHCTBY «GhHITH TPEB30HAEHHBIM TOCHEJOBATENBHOCTHIO KpaT-

HHIX b».
QOueBuino, yucao 1 o6siagaer 3THM CBOHCTBOM, TaK Kak

1<<b -+ 126,
Ilycrs Tenmepp p — unci0, 06Jajaloniee 3THM CBOHCTBOM:

Ak : p < bk.
W3 storo- caenyer:

prl<bh+1i<bbt+b=b(k+1),
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Tak uto p -+ 1 Takxke obnajaeT 3THM Xe cBOHcTBOM. Mrak, moGoe
HaTypaJibHOe YHCJIO @ GyAeT NpeB3OHIEHO KpaTHBIMH umcaa b. O6o-
3Hauas yepe3 bk HauMeHblllee KpaTHOe YHCJAA b, KOTOpOe NPEBOCXOIUT
YHCJI0 @, HMEeM:

[a>b] = [k>1]

bk—1)<a<<bk.
TakuM o6pasoM, 4ucI0 ¢ = k — 1 yIOB/IETBOPsET HepaBeHCTBY
bgLa<<b(g+1).

ODra TeopeMa siBJseTCs HCXOQHOH IJISi TOCTPOEHHs! TEOPHH HATy-
panbHbeiX uncea (cM. kH. I, Apudmernka).

SaMeuanue Kaxioe GeCKOHeUHOE NOIMHOXECTBO MHOXKECTBA
HATYpAJbHLIX YHCeN SIBJSETCS apXHMENOBLIM.

Onpepneaenue. Eciuyucio m He MeHblle A1060TO 3JeMeHTa
YIOPSNOUEHHOTO MHOMXKeCTBa, TO M HA3BbIBACTCS MANCOPAHMOL  51mo2o
MHOXCECmBa; TOBOPST, YTO MHOXKECTBO MaXKOPHPYETCS 3JeMEHTOM /1.
EciH MaxopaHTa NPHHALIEXKUT MHOXKECTBY, TO OHA SBJIAETCS HAaHGO/b-
LIMM 3JIEMEHTOM MHOKecTBa. MBI TOMBKO 4TO YORHJIHCE, YTO nocaedosa-
MEALHOCNE KPAMHbIX HEKOMOPO20 HAMYpPAIbHo20 4qucsa He obiadaem
MQHCOpAHMoil.

H

§ 2. OTHOCHTEnbHbIE YKCna *. CumMeTpH3aUKA

Mol oxapakTepusopaJH HaTypasabHble uHcaa. [Ipumensst cBoero
polla yABOeHHe, Has3blBaeMOe CHMMeTpH3alued, Mbl NPHXONUM K pac-
CMOTPEHHIO IOJIOXKUTEIbHBIX M OTPHIATEJNBHBIX LEJABIX YHCe, KOTOphie
BMeCTe C HYJIeM COCTABJAIOT MHOMKECTBO UEAbIX OMHOCUMEAbHbIX HUCeA.
HarypanbHele uncna, B OTJIMUKE OT OTHOCHTEJNBHBIX, HAa3bIBAIOT abCo-
JFOMHBIMLL.

Boofbiie sta cUMMeTpH3aUHus MOxeT OBITL NpHMeHeHA H K GoJlee
OOUIM MHOKECTBaM 3JIEMEHTOB, Ha3bIBAeMBIX aOCOTIOTHBIMH, HAIPH-
Mep, eCJIH OTKAas3aThCsi OT aKCHOMBI NOMTHOH YNOPSAOYEHHOCTH, TaK 4TO
STH pacCMOTPeHMst MOTVIM Obl HAlTH CBOe MeCTO M JaJjblue, Halpumep,
nocse BBeleHHWS DPAIHOHANbHLIX UHCcel.

Onpenenenne MHOXeCTBa MOJOXKHTENbHLIX YHCEJ He GyAET TeM XKe
caMbIM, YTO M -OnpejesieHHe MHOMKECTBA abCOMIOTHLIX YHCed, OAHAKO
BBHAY H30MODGHOCTH 3THX MHOMXKECTB HMX OTOXKIECTBJAIOT, AOMYCKas
HEXOTOPYIO BOJILHOCTL (TOBOPST 4 BMecTo -4). Pasymeercs, 310 HeJo-
IYCTHMO B HayaJle M3J0KEHHs paccMaTpuBaeMOil TEODHH.

I. MoHATKE K3OMOD(M3IMA ABYX CTPYHTYD

[Tycts MBI uMeeM 1Ba MHOXecTBa: E ¢ ajeMenrtamu a, b, ¢, ...
u E’ c snemenramu a’, b’, ¢’, .. .; NYCTb MeXAY 3JIEMEHTAMU 3THX
MHOXKeCTB YCTAHOBJEHO B3aHMHO OJHO3HAYHOE COOTBETCTBHE: GyIeM

* B namefi auteparype NpHHAT TePMHH <LeJble uncaas.— [Ipum. nepesod.
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TOBOPHUTBH, 4YTO a'— o6pas a, b'— o6pas b u T. A. Eciu B MHOKecTBe
E onpenenena onepanus O, TO MBI MOXKEM ONpPELEJHThL B MHOKecTBe E’
onepanuio O, 06pas onepauuu O, C HIOMOWIBIO YCJIOBHS, YTO PE3YALTAT
onepanuu O, BHIIOJHEHHOH HAJl KaKOR-1H60 napoli (m’, p’) 611 06pasoM
pesyabrara onepaudu O Haj napon (m, p). Jlioboe cBoiicTBO onepauun
O (KOMMYTaTHBHOCTb, aCCONHATHBHOCTb) IIePEHECeTCs ¥ Ha onepa-
nuo Q.

Takum ob6pasoM, MEHOxkecTBO E u E” 6yayT o6nanarh, OTHOCHTEJLHO
5THX Onepauuii, AHAJOTHYHBEIM CTPOEHHEM, SBJSISICE OXHO 0GpasoM
APYroro, M OTJIMYAsiCh TOJAbKO 0G03HaueHHsMH. MoxkHO 6blio Gl gamke
0003nauuTh onepaudd O H Q" ONHHM H TeM Xe CHMBOJOM, eC]H
He 60s1ThbCA BHECTH NYTAHHLY, H BLIYHC/IEHHS TOTAA GOPMaabHO GbLIH Gbi
TeMH ke caMbiMi B E 1 B E'. MBI GyieM FOBOPUTB, YTO 5TH ABE ONEpauH
uaayuupyor Ha E u E’ usomopreie cmpyxkmypet, uasu oce, wmo E
u E’ usomopgpuul ommuocumeasro onepayuil O u O°.

Ananoryuso, ecaM HeKOTOpasi CTPYKTypa MOpsiIKa ONpejesieHa
B £, a npyras B E’ Tak, yT0

[m nepen p] <> [m' nepexp p’l,

TO 5TH JABa MHOXKECTBA H30MODPGHBEI OTHOCHTENBHO 3THX OTHOLUIEHHH
nopsKa.

fl. PacluupeHne nyreM CHMMETPH3IaUHH

Hama meab — mOCTPOMTbH MHOXKeCTBO Z, Hoctatouho Goratoe,
4TOGE OZHO H3 €r0 MOAMHOMKECTB ObIO H3OMOPGHO MHOXKeCTBY N
HATYPaJbHBIX YHCEJ OTHOCHTEJBHO CJIOXKEHHS ¥ OTHOLIEHHs NOPsIKa,
C/IeI0BATENBHO, W OTHOCHTEJLHO YMHOXKEHHS H NIPHTOM TAKOe, YTOGHI
BLIYHTAKEHE B HeM ObLIO 6Ce20Q BO3MOXKHO. DTO W HA3LIBAETCH pACUil-
peruem N nymem cummempusayuu.

YTOUHHM HCMOJMb3yeMble AKCHOMBI; aKCHOMa MOJIHOH yHNOpAAOUYeH-
HOCTH BCTPETHTCS JIMIIb B KOHIE.

AxcMOMDI, onpeaensoLMe MHOMECTBO Z

0) AxcHoMbl, OTHOCAUIMeCH XK NepBOH OnepaluH, Ha3biBAeMOH cao-
®eHHeM (o6o3HavaeMoll ).

1) Axcuomnt [A], orkyna cnenyor [Cl.

2) AKCHOMEI, NMOPOXKAAIONINe HOBLIE 3JEMEHTHI:

[S, ] CyuiectByeT HeHTpaNbHBI 37€MEHT VISl C/IOXKeHHU S, Ha3bIBaeMbifi
HYysrem u o6osnayaembiii 0.

CrenoBaTesbHO,

0¢Z, a+0=0+a=a, VacZ.

[S,] Kaxjomy aneMenty a w3 Z CONOCTaBJEH 3JeMeHT a’, T4KOH,
uyto ¢ + @’ = 0. 3aMeTuM, YTO 3JEMEHT, COMOCTABJeHHBIH HYJIO, ecTh

HYJb H YTO
[@'=b] < [b'=a], T0 ecTb (a') =a.
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ToBOpST, 4TO @ H Q' CUMMEMPULHBL OMHOCUMENbHO CAONCEHUS WITH
e, UTO OHH NpomusonosoxcHel. [ HeKOTOpol omepanuM, oBo3Ha-
gyeHHo#t O M HMelolleli HefiTpajbHBIH 3J1eMeHT Vv, JBa dJeMeHTa a U a’
TaKHe, 4To

aQa =a' Qa=w,

Ha3bIBAIOTCA CUMMeTpUYHbLIMU. CJIOBO «IIPOTHBOIOJOXKHEIY COXpaHseTcs
ISl oneparyu, ofo3HayaeMOH aJiUTHBHO (B BHJE CJIOXKEHHS).]
CanencrtBue (onpaBabBaiolllee BHIOOD ITHX aKCHOM).
Kaocdodt nape (a, b) us Z coomeemcmsyem 4ucio x, makoe, 4o
a-t+ b= x.
© Jle#ictBuTesbHO, X = a -+ b” dABAsieTCs TAKUM YHCJIOM COIVIACHO
[4] n [S:].
GoJiee TOTO, 3TO pellleHHe eIHHCTBEHHO, 16O

b+x=anbty=a = [b+x=b+yl = [x=yl.
[MumyTt: x = @ — b, omepanus Ha3bIBAETCS BLIMUMAHUEM, 8 X HA3BI-
BAETCH PASHOCMbIO MeXIY a H b.
Teopema.
[x=b—0qa] = [a—b=x"],
TaK Kak
b=a+xua=b+y] = [x+y=0].

Taxum 06pa3oM, B Z CYLIECTBYET acCOLMATHBHAA ONepanus, KOTopas
HMeeT HEeHTpaJIbHBIA 5/IEMEHT, ¥ KaXK/blH 2JIeMeHT HMeeT CUMMeTPUUHLIH
3JleMeHT; FOBOPAT, UTO TAaKOe MHOXKECTBO O6JIalaeT 2pynnosvim crpoe-
Huem. Tak Kak omnepaius K TOMY e KOMMYTaTHBHA, TO 3TO KOMMYyma-
MueHas epynna, HasblBaeMasl Takxe abesesol epynnoil mo MMeHU 3Ha-
MEHHUTOTO HOPBEXKCKOro MaremaTtuka Abenss (1802-—1829). Tak kak
onmepaiys HasBaHa CJIOXKeHHeM M of03HaueHa 3HAKOM -, TO 3TO addu-
rmuenas epynna. (Mel 6yZeM BCTpeuaThbCs C MOHSATHEM TPYNNHB Ha BceM
NPOTSIXKEHUU 3TOH KHUTH.)

b) AkcHOMBI, OTHOCSIIHeC® KO BTOpPOH omepanud, HasblBaemoii
YMHOXEHHEM.

1. MBI HOMKHEL HEMHOTO H3MEHHUTh aKCHOMEBI, OTHOCSIIIHECS K HATY-
pPaJbHLIM YHCJIAM:

Axcuomst [A]. Coxpausiiorcsi, kpome [A,], Koropass Gbuna Gbl
HECOBMECTHMOH ¢ JHCTPUOYTHBHOCTBIO.

Ee saMensiior gepes

[A%] a=£0:[ab=ab’} = [b=b"];
[ba=b'al = [b=0b"].
SHauuUmM, MONCHO COKPAWQMb HA JACMEHIM, OMAUMHLIL OM HYASA.
Arkcuomu [MI
[M;] coxpausiercsi: pacnpefeuTeJbHOCTh M0 OTHOUIEHHIO K CJIO-

KEHHUIO.
[M,] samensiercs wepes [M;]:
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Jan YmHooceHus cyuwiecrmeyem Heumpanoroil siemenm. Mol ero
0603Ha4uM M. 3HAUHT,

VaeZ, dpeZ:ap=pa=a.

2. TeopeMbl 00 YMHOXEHHH.

Teopewma 1. Ilpoussedenue KaxcOozo 31EMENMA HA HYAb DABHO
HYA0.

JeficTBuTeNIBHO, 1O onpefenenuio a -+ 0 = a. 3HauuT, B cuay [A,]:

a(a+0)=aa
u B cuay [M,]
aa+ a0 =aaq,
3HAYHT,
aa+a0=qaa-}+0,
OTKyZa npuBejeHneM nojydaercs a0 = 0. Auanoruuno Og = 0.
Teopema 2. Ecau npoussedenue Osyx comuoscumeneti pasHo
HYAM0, Mo xoms 06l 00UH U3 HUX PAGEH HYAO.
JleficTBHTENBHO,

[ab=0mn a=%0] = [ab=a0 1 a#40] =
= [b=0] (B cuay [A%]).
Teopema 3. Cpasuenue ab, ab’, a'b, a'b’.
b+b'=0] = [a(b-+b)=a0=0].

3uaunt, ab + ab’ = 0.
Takum obpasoM, (ab)’ = ab’. AHanoruyHo

(ab) =a’b, (ab’) =a’'b’ =ab.
Urak, ykasaHHble NpOU3BeJeHHS IONapHO PaBHEl M MOMApPHO NpPo-
THBONOJIOXKHBI:
ab=a't', a’b=ab" = (ab)’.
Teopema 4. Juempubymusrocme YMHOMEHUR NO OMHOWEHUNW
K 8bMUMAanur.
cla—b)y=c(a+b')=ca+cb'=ca-+(cb) =ca—cb.

CanenpcrtBiue JduempubymusHocmes YMHONMEHUA NO OMHOUEHLIO
K 10000 nocaedocamenbHoCL CACKHCEHUE U soiumanull.

MHoxecTB0 Z cHaGXeHO Telepb CTPYKTYPOH IPyNmsl OTHOCHTEMBHO
CJOKEHHSA H HeKOTOpOH Ipyrofi onepanuei, AUCTPHOYTHBHOM OTHOCH-
TEeJIbHO [IEPBOH: B 5TOM ¢JIy4yae FOBOPST, UTO Z HMeET CHpYKMypy Koasyd.

Tak Kak yMHOXeHHEe KOMMYTAaTHBHO, TO TOBOPAT, UTO 5TO KOMMYMQ-
musHoe koavyo. (B MareMaTHKe M3y4YaloT Takke 60Jee o6liue KOJbLA,
oTGpackiBasi, HalpuMep, akKCHOMY cokpatlenust [A;] unn xomMMyTartuBs-
HOCTb YMHOXeHHs. Mul B jajbHeHIleM H3YyYHM H HEKOTOpOe Apyroe
KOJIBIIO: KOJIBLO MHOTOwIeHoB [ku. 11].)

3aMeTHM, YTO BO MHOXKeCTBE Z YMHOXKEHHEe He HHAYIHPYET CTPYKTY-
py rpynnel, 6o He @penmoJaraercs, YTO KaxIbiii 3JIEMEHT HMeeT
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CHMMeTPHUHBIH cefe MO OTHOLIEHHIO K YMHOMXKEHHIO (Mbl 6yaeM ero Haskl-
BaTh 00pamMHbiM).

¢) AKcHMOMa TPHXOTOMMH.

MroxecTBO Z ellle He BHOJHE OXapakTepU30BAHO; MBI JOJKHBI NPH-
0aBuTH CIEAYIOILYIO aKCHOMY:

1. Agcuoma [T'). Diemenmer muoocecmsa pasbusarwmcs Ha mpu
Kaacca:

1y Knacc, comepxkamuit Tosibko uucio O.

2) Knacc, 3aMKHYTHIl OTHOCHTENbHO CJOKEHHA H YMHOXKEHHS.
Ecan P ectb 3TO NOAMHOXKECTBO, TO €ro ONpefieieHue cielyomee:

Va, Yo:la€¢P u beP] = [a-+b€EP u abePl.

3) Kunace, cofepxauiufl Bce 3JeMeHTb!, NOPOTHBOIOJIOKHBIE 3Jle-
MentaM u3 P. Mel HasoBeM 3T0 noamHoxecTBO P’. HasoseM noaoocu-
MeAbHbIMU WucAaMU 3JEMEHTBl U3 P, ompuyameisvrbimy — 31€MEHTH
us P’, uysem — uyneBofi sneMeHT. AKcHoMa (OPMyJNUpYeTCs Tax:

Kaowcdouil 3aemerm uz Z ecmo aubo Hyab, Aubo NOAOKHCUMEALHOE YUCAO,
Aaubo ompuyameabHoe YUCA0, NPULEM dMU CAYHAL B3AUMHO UCKAIOYAIOM
Opye Opyea. [sa npomueoOnOLONCHbIX INEMEHMA, OMAUYHbIE OM HYAA,
ABAAIOMEA 00U Nooxcumesoroim, Opyeold ompuyamesvrvin. Cymma
U npoussederue 08YX NOAONCUMENbHOIX INEMEHINO8 NOAOHCUMEAbHbL.

Cauencrsuda (Ecmu npunucaTs HEKOTOPHIH 3HAK ISt XapakKTe-
PUCTHKH NOJOXKUTENbHBIX Yucel U APYIO#l 3HaK A OTpHUATEJbHBLIX
qucesI, TO 3TO CJeICTBHE HAa3bIBAaeTCs npasuiom 3rHaxos. Mol BriGepeM
3TH 3HAaKH HEMHOTO Jafee.)

CorsnacHo TeopeMe 3 06 YMHOXKEHHH Mpoussedexue Osyx ompuya-
meabrolx ducea nosoxcumensno. Boollue, npousBesieHHe (6e3 HYJeBLIX
MHOMKHTeJEH) MOMOKUTENBHO, €CIH YHCJAO €ro OTPHIATENbHEIX MHOXKH-
TeJled 4eTHO, OTPHUATeJbHO,— eCJU 3TO YHUCAO HeyeTHO.

B wuacTtrHocTH, KakoB GObi HH Obl1 a 5= 0, aa — noaoxcumeavHo.

Hetimpaasuoui 3iemenm | yIOBJIETBOPSIET PpaBeHCTBY MM =
3HAYUT, OH NOL0NCUMEANEH.

2. Teopema mnopsaka. BpeleM oTHOLleHHe, OO0O3HAaYaeMOe 3Ha-
KOM < H O[pelieficHHOEe uepes

a<< b <« [b—a nonoxurennHO).

Byzer nn ato otHowenueM nopsaka? Ouo He pedsekcuBHo. OHO Takke
He CHMMETPHUYHO, TaK Kak

b=a-+d < a=0b+4d'.

Ecnr d — nonoxutenpuo, 10 d” — OTPHIATENBHO.
[IpoBepuM Tenepb TPaH3UTHBHOCTL:

{a<Cb] <> [3d nogoxuTENbHO : b =a - d]
{b <<c¢] < [3d’ nonoxurenpHo :c=>b-4+d’]
#0 d + d’ nonoxureseH, 3HauuT,

[a<<bu b<c] = [a<c].

= [c=a-+(d+d)),

39



CrniefoBaTesIbHO, € TOMOLIBIO TAKHM 0OGPa3oM BBEIEHHOTO OTHOLICHHS
MHO%CECmeo Z yeauxkom ynopadoueno.
CanencTsua.

Tak kak a—0=a, 0<<a <> a NoJOXKHUTEJbHO,
Tax kak 0—a=a’, a<<0 <> a orpunarejbHO.

CrnenoBatenbHO (0 TPAH3UTHBHOCTH), KAsCO0e OMPULAMEAbHOe YUCAO
MeHbUE KAN0020 NOAONCUMENLHO0 HUCAL,

3. OnpenencHue aGCOMOTHOH BeJHYHHB.

A6comornas BelMYUHA | @ | YMcaIa @ OnpefenseTcs Tak:

la|=0 < a=0
la]=a <> a NoJ0XKHTeNLHO
|a|=a’ <> a oTpuuaTe/NbHO

CrnenoBaTe/lbHO, | @ | HeOTpHIATENBHO.
Teopema 1.
lab|=|al-|b].
Teopewma 2.
(lal+[b) <a+b<|a|+]b].

310 caenyer H3
la'<a<]|al
<

bI'<b<|b]

d) Haum ocraercs eme oxapakTepu3oBaTh Z KaK MHOXKECTBO LieJBIX
wyCcel NOJOKHUTENbHBIX, OTPHIATEbHBIX H HYJIS, 1Js 3TOTO HAJ0 BBECTH
aKCHOMY MOJHOH ynopsimoyeHHocTd (bonne ordonnance) B NMOAMHOKe-
ctBe P noJIOKUTEJILHBIX YHCeJT.

UTIT]” Kaxdoe wenycmoe nodmuodxcecmso muoxcecmea P umeem
HAUMEHbUIULL 3AeMEHMTL.

UII1,) Camo muoscecmso P (paccmampusaemoe kax nodmuoxcecmseo P)
UMeem HAUMEHbUIULL 3AeMEHM.

Teopewma. Haumenvwun ssemenmom mroxwecmsa P asasemca
HelimpaabHbill OMHOCUMENbHD YMHONERUS INCMEHNT .

JelcTBUTENBHO, NYCTh p — HAKMEHBIIHHA 3JeMeHT; MeXIY MOAOKH-
TeJIbHBIMH 3JIEMEHTAMH p U (L CYIIECTBYeT OTHOIUEHHe MopsAfka p < [.
CJiezoBaTe/IbHo,

p—pp=pw—pp=p(p—p)>0.

Ho HepaBeHCTBO HEBO3MOKHO, IIOTOMY YTO NOJIOXKUTeNbHOE YHCIIO pp
Obl10 Obl MeHblIE p, YTC NPOTHBODEUUT ONPEACJEHHIO p; 3HAYHT, BO3-
MOXKHO TOJIBKO PABEHCTBO U p = [t. 1[eJIEIMU MOIOKUTEIbHBIME YHCTaM
ABJSAIOTCI TAKKe P, W + W, 0 + w +— W HT. L

B bl B 0 1. MHOXecTBO Z, OTBeuawlilee 3TUM YCJIOBHAM, TaKOBO,
YTO €ro NOAMHOXKeCTBO P H30MOpP(HO MHOXKECTBY HATypPaJbHBIX uH-
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cesl N 1O OTHOLIEHHIO K CJAOKEHHIO, YMHOXKEHHIO, aKCHOMaM NOpAiKa,
TO €CThb II0 OTHOLIEHHIO KO BCeM CBOHCTBAM, KOTOphle XapaKTepH3yoT M.
3HAuHUT, 8ce MHOodKcecmea Z byoym usoMop@HbL momy, KOmopoe mbl celiuac
nocmpoum.

B kauectBe P BO3bMeM MHOXKECTBO HaTypajbHHIX uucesd. Kaxknomy
HaTypaJbHOMY UHCJHY @ CONOCTABHM 3JeMeHT, O0O3HaueHHbIH HOBBIM
cumBosioM a’. [Hanpumep, uncay 4 conocraBum cumoa (4)"]; kpome
TOro, BBeZeM CHMBOJ O M MORYMHHM 3TH CHMBOJLI akcHOMam, ¢hopMy-
JIHPOBAHHBIM BBIILIE,

HeliTpanbHblil 3/leMEHT YMHOXKEHHSA €CTh HAUMEHbIIee HATypasibHOe
4YHCJI0, 3HAYHT, 1.

AGCOJIIOTHBIE  BEJIHUMHBL  SIBJISIIOTCA HATYyPaJbHBIMH UHCIAMH *.
OGwenpunaroe oGosnavenye Ans yucia a’ ecTb —a, HaMMCaHHOe ¢ [0~
MOIIBIO 3HAKA BBHIYHTAHMS. DTO He MOMXKeT NOJaTh MOBOJ K HeLOopasyMe-
HHSAM, K60, KakKoB 6bl HU Obla1 3jaeMeHT m, m + a’ = m — a. Ciejo-
BaTeJbHO, COTJIalleHHe CBOIUTCA K TOMY, YTOOHl OJOXKHUTD

m+(—a)=m—a.

D10 coTJlallleHHe COXPAHSETCd U TOT/a, KOTa @ OTPUATebHO  TOIAa
o' = — @ — [OJOXKHUTEJBHO,

st MHOXKecTBa, H3OMOPGHOIO TOMY, KOTOpPOe Mbl IOCTPOMJIH, NOJ0-
WKHTEJbHEIE YHCIA, HaXOAsmMecs BO B3aUMHO OJHO3HAUHOM COOTBET-
CTBHH C HAaTypaJbHBIMH 4HCJAaMH, GYAYyT cHaGXKeHBl 3HAKOM -+ NpH
yeaoBuu m + (+ a) = m + a.

C/1e0BATENbHO, MHOXKECTBO Z OTHOCHUTEJNbHBIX LEAbIX ynce] ** 3anu-
CHIBAETCS:

.9 _4’ _'37 _—27 _17 07 +17 +27 +37 +47 se e

Baxunoe sameuaHue Pacmmpenne myreM cCHMMETPH3aLHH,
HCHOJIb30BAHHOE BbIlE, PABHO KAK M COIJAlleHHe OTHOCHTENBHO 3Ha-
KOB + M —, OCTaHeTcs B CHJe, KOTAa Mbl 6yJeM BBEINOIHATb CHMMETDH-
3alHI0, OTHPABJASCH OT MHOXKeCTB Cojee GOraTblX, 4eM MHOKECTBO
HaTypaJ/bHEIX YHces (IpoCH, HPPaLHOHANbHbIE YHCIA), HO TaM TPHIeTCs
OTKa3aTbCsl OT &KCHOMB! [OJHOH YIOPAJOYEHHOCTH H ee CJeACTBHH.

§ 3. Rpo6u ¥ pauuoHanbHble YMcna

Mrbl 3naeM, 4TO LEJBIX YHCeJ, JaiKe OTHOCHTeJbHBIX, HEeAOCTATOYHO
3
IJisl HYXKA M3MepeHUs! BeJHUHH; NPakTHKa BBOIHT IApoGb 4 ¥ pac

3
CMaTpuBaeT — H KaK SKBHUBAJICHTHBIE ¢ TOYUKH 3pDE€HHA H3MEPECHH.

478
Kakue uncna BBomsaTca TakuM oGpazom? Ml MX cefiuac ompelesnm
yepes Xopoulo H3BeCTHhle OCHOBHEIC CBOﬁCTBa, HeOﬁXOI{HMHe JJId HX
HCIOJIE30BaHHA.
* Kpome abconoTHOf BeJHYHHB HYJS, KOTOpas paBua Hynw.— I[Ipum. ped.
** B Hamelf muTepaType ynorpeGasercsa TepMUH « MHOMKECTBO LeAHX YHCed», —
Hpum. nepesod.
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MateMaTHnyecKkas NOCTaHOBKa BOONpOCa.

Onpepenenre HaTypadbHBIX YHCEJA MO3BOJNSET PEIHTb YpaBHEHHE
b -+~ d = a (oTHocuTesbHO d), TOJBKO KOrZa @ npeBocxoiut b. B mpo-
THBHOM CJ/lyyae HUKAKO€ UHCJIO M3 3TOT0 MHOMKECTBA HE YIOBJETBOPUT
ypapHeHHIO. Mpl BHAMM, YTO paciiipeHHe, ¢ MOMOLIbIO KOTOPOTO MBI
CO37laNd MHOXKECTBO MEJBIX YHCEJ, INOJOKHTEIbHBIX, OTPUIATENBHBIX
4 HYJEBBLIX, YCTPaHHJO OrPaHHUeHHe H 00ecleddBaeT CYIIeCTBOBAaHHE
pasHoctu d, KakoBbl Obl HY GbUIM @ U b u3 2TOro MHOXKectBa. s atoro
GLIJTO OCTATOYHO BBECTH HYJb H CONOCTABHTH KAXKIOMY 2JIEMEHTY @ CHM-
MeTPHYHBIH €My OTHOCHTENLHO CJOXKEHHS 3JeMeHT, T. €. NpPOMmuUeono-
AOKHCHBIL €MY JIEMEeHT.

[lepexons k yMHOMXKCHHIO, Mbl 3HaeM, YTO ypaBHeHHe bg = a (OTHO-
CHTENBHO ), BOOOLIe TOBOPS, He MMEET pellieHHs, KOrga a U b JaHsl
BO MHOXKeCTBe [HeJblX 4uHced (HATypasbHBIX HJIH OTHOCHTEJBHBIX).
Uucno g cyllecTByeT TOIBKO J/Isi HEKOTOPBIX nap (a, &). Mel 310 BhIpa-
3UJH YTBeDXKIEHHEM, YTO MHOMXKECTBO HeJbLIX HUCe] He HMeeT I'PYMNIo-
BOH CTPYKTYPbl OTHOCHTENBHO YMHOMKEHHS.

Uro6el chenatp OGPaTHYIO YMHOMKEHHIO ONepanyio BCerja BbIINOJ-
HUMOH, MOXKHO NOCTYNHUTb, KAaK W IPH CJIONKEHUH: BBECTH B3JIEMEHT,
HeHdTpaJbHLI OTHOCHTENIBHO YMHOMKEHHS, H KamJOMY 3JeMeHTy coro-
CTaBUTb CHUMMETPHUHBLIH €My 3JeMeHT, KOTODbI Ha3oBeTcs o6pamubim
eMy osnaeMeHToM. HeliTpaibHbili 3MEMEHT HA3LIBACTCH «CAHHUYHBIMY
u ofo3HayaeTcd uepe3 e. IT0 | MHOXKeCTBA LeJbIX HUCEA. DJIEMEHT,
ofparublil b, 0603HaUNM, Hanpumep, depes f. 3uauut, bp = e, u pemre-
HHe ypaBHeHHA bg = a ecTb ¢ = Pa.

Takum 06Gpa3oM, BBOAATCS aQ.AuKeOmHMsle Opobu: TONOBHHA, TPETh,
4eTBEPTh U T. M., KaK 3TO JeJady erHnTsHe.

OnHako MBI CTPEMHMCSl NMOCTPOHTh MHOXKECTBO, 3aMKHYTOe OTHOCH-
TebHO CNOKEHHHA, a CYMMa JIBYX aJMKBOTHBIX Apo0eil He ecThb alHKBOT-
Had apoOb. Pacmmpenue, KOTopoe MBI DPENJIONKHIM, CTAN0 OBITh, HEIO-
cTatoyHo Gorato. Mul BBeeM Gosiee Goratoe MHOXKECTBO: MHOMXECTBO
Opoberi. Ho Mbl yBUIUM, YTO OHO CJIMIDKOM $Oraro; H B KOHIE KOHIOB
Mbl NpHAEM K MHOXKECTBY HaWMeHee 6OraroMy H3 BceX NOAXOASILHX
JJIs1 HallMX uenefi: MHOXKECTBY payuUOHANbHbLX YHCe/L.

1. ApoGnu

Mul Ha3bIBaeM Apo6BI0 Kaocdyio napy a, b yeavix wuces A06bLX 3HAKOG
{MOXHO Obl10 OBl TaK}Ke OTPaHHYHTBLCH CHAyasJa HATYPAJbHBIMH YHC/Ia-
Mu), npuueM b omautHo om Hyas. Jpo6b o6o3maualor a/b, MOAUHHAS
3TOT NpeABapHTEIbHBIH CHMBOJ CAEIYIOIHM aKCHOMaM:

a) OTHolleHUe 2KBUBAJEHTHOCTH. B pacliupeHHH, K KOTOPOMY
MBI CTpPeMHMcs, U3 bg = @ IOMKHO CiefoBaTh mbqg = ma; mnostomy
ecu g o6o3HayaeTcst dyepe3 a/b, TO OHa JOJMKHA TaKke OCO3HaYaThesA
uepes ma/mb, u ec1u g oGosHadaercs yepes a/b u a’ /b, TO OHa NOMKHA
TakkKe oOO3HayaTbes uepe3s ab’/bb" u a’b/bb’. 10 onpabibiBaeT
HMHTYUTUBHO CJelyiollee COIVIalleHue:
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B paccMaTprBaeMOM MHOMKECTBe CYIIECTBYeT OTHOLIEHHE 3SKBH-
BAJIEHTHOCTH
[E] [a/b=a'[b’] <= [ab’ =a'b].

[TpoBepuM, 4TO 5TO JAEHCTBHUTENbHO OTHOLIEHHE SKBHBAJEHTHOCTH.
PednekcUBHOCTh H CUMMETPHSI OueBHIHBL. [{OKaKeM TPaH3HTHBHOCTb:
[a/b=a’/b'] <= [ab’=a'b]

[al/b' = a/’/bl/] [albll :a”bl]

Tag kak b, b", b” oTAMYHBE OT HYJSI, TO ab” = ba” (maxke ecau

a’" = (), motToMy 4TO B 3TOM caydae a = a” = 0.
CnenpcrtBiue.

= [aa’b’b" =a'a"bb’}.

a/b = ma/mb.

[Ipunoxenmune. IlpuBegenne k oblieMy 3HaMmeHaTesa0 (U3Be-
CTHOe NPaBHJIO).

b) Cnoxenue. [Mbl XOTHM BBECTH HpPABHJIO, KOTOpOE INPHBENO Obl
K b(¢g+qg)=a+a'l

1. Onpedeserun caoxenusn O0syx Opobedi:
C OJIHUM H TeM Xe 3HaMeHaTeseM: a/b-a'[b= (a + a')/b, ¢ MmoGbIMH
3HaMeHaTeJsIMH: 10C/Ie pUBeleHHs K OOIEeMy 3HaMEHAaTeJi0 U 3aMeHEl
Jpo6u 3KBHUBAJIEHTHOH ell

alb--a' /b’ = (ab’ - ba')/bb.

Onpenedaesue. Beagaa n1po6e, 3KBHBaJIEHTHasA LPOGH, MOMY-
YeHHOH nocje NpUBefieHHA JNAHHBIX JApoGell K oOleMy 3HaMeHaTedqio,
CJIOKEHHS YUCAUTeNell ¢ cOXpaHeHHeM OOHIero 3HaMeHaTessi, Ha3blBaeT-
csl cymmoti danubix Opobed.

Takum o0pasoM, cymma onpefeneHa ¢ MOYHOCHILIO 00 IKBUBAAEHIM-
Hocmu.

2. Beedennas onepayus ydosiemeopsem ceoticmeam [A]l B cuay
CBOHCTB IeJIBIX YHCeJ, KOTOphle (GUIYPHUPYIOT B YHCIUTENSIX HOCHe
npuBeleHuss K ofuemy 3sHamenatemo. Ona yzpoBiaetBopsier  [S,],
HO 37eChb HeHiTpa/jibHBIMH 3J€MEHTaMH SIBJSIOTCH BCE 3KBHBAJEHTHBHIE
MexxLy co6off JApobH, YMCIMTeJb KOTOPHIX HYJb, a 3HAMEHaTeab —
Jo6oe YHCNO, OTIHYHOe OT HyJsA. Jlpo6u O/p HAa3bIBAIOTCS HY.esvimu
opobamu.

Ora onepanusi ynonaeTsopsieT H [Spl, mpuuem ApoGsiMH NpoTHBO-
NOJIOXKHBIMA K a/b siBasiorcs apobu (—a)/b, a/(—>b) u Bce MM 3KBu-
BaslenTHble. O1cl0fa BLIBOAUTCS INPABU/IO BBIUHTAHHSA

(a/b) —(a’/b’) = (a/b+[(—a’}/b'] = (ab’ — ba") bb’.
¢) ¥YmHoxenue., [Mbl KesnaeM BBeCTH MNpaBUJIO, KOTOpoe Beso Obl
K (bb") q¢" = aa’.]
l.Onpenenenmne. (a/b) (@'/b)y = (aa’)/(bb").
Kaxzaasi n1pobp, 3KBUBajJeHTHAs] APOGH, HMeIOLIeH CBOMMH YJeHAMH

1pOU3BeJleHHST COOTBETCTBYIOIIMX YJIEHOB AAHHHIX ApoGefl, Ha3bIBAETCS
npoussederuem daumolx Opobeil.
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2. Cpofictea [A] u [M] npoBepsitorcss npuBeleHHEM K O6lIeMy
snamenaremio. ast [A,] Gepercsi ectrecrBenno dopma [A;]: cokpa-
lIleHHe JO3BOJIEHO TOJNBKO Ha HEHYJIEBOH 3JeMEHT.

[M,] umeer gpopmy [M;]: cymectByeT a/eMeHT, HeHTPaNbHLIH OTHO-
CHTEJIbHO YMHOMXKEHHSI, KOTOPBIH 3/leCh ONpefeseH TOJABKO C TOUHOCTHIG
JIO 5KBHUBAJIEHTHOCTH: 9TO p/p, KAKOB Obl HU ObT p OTJAWUHBIH OT HYJIA.

3. HefiTpa/sibHblii OTHOCHUTENBHO CJOKEHHS 3J1eMeHT KaK COMHOXH-
TeJb IPOU3BEIEHIHS

1) (a/b) (0/q) = 0/p;
2) a0 u (a/b) (p/q) = 0/n] = [p=0].

@opmyanuposK u. [lpoussenerue MmoGofi Apo6H Ha HYNEBYICG
Ipo6b ecTb HyJeBas HpOOBb.

Ecnu npousBefeHHe ABYX [LpoGeil ecTb HyJeBas ApoOb, TO XOTH
6bl OJlHa U3 ApoGell ecTh HyJeBas APOOBh.

d) Teopema, KoTOpas onpaBibiBaeT BBejieHHe 1pobefi. Bo mrooce-
cmee Opobell Oesenue, onepayus, 0OPAMHAST YMHONEHUN, 603MOJNCHO,
ecau MoAbKO Oeaumeib He ecmy Hyaesas 0podo.

JefictBuTeNIbHO, Kaxas HeHyJeBad ApoOb HMeeT 06paTHyO Apolb,
onpeleseHHYI0 C TOYHOCTBIO 10 3KBHBaNeHTHOCTH: ecau a =% U, To
(a/b) (bla) = n/m (HedTPaNbHBII OTHOCHTENBHO YMHOMKEHHS 3]€-
MEHT); 3HauuT,

[a’s50 u (a’/b") (u/v) = alb]l = {u/v= (a/b) (b'/a’)].

1. PayunoHanbHbie Yyucna

Jlns ofecrieyeHust eAHHCTBEHHOCTH BO BBEAEHHBIX BHILE OIl€pauisx,
JOCTaTOYHO DPAacCMOTPeTh HEe MHOXKECTBO CaMHX JIpo0ell, a MmHomecmeo
Kaaccos axsusasenmuocmu. JIpoGb 6VheT sABAATBCA TOTJA JHIUb Npej-
cTaBuTeseM KJacca, KOTOPOMY OHa npusajiexur. O6GpaTHO, KamIbilk
KJacc XapakTepHayercsi OJHOH U3 NOpHHAMIEKANHX eMy Jpobeil.

KaoicOotit kaace Haszuleaemcs palMOHAJNbHBIM YHCaAaM.

Kaace #yaeBrIX apo6edl — 5TO palMOHAMBHOE YHCJIO HYJb, Apel-
cTaBuMoOe, HampuMmep, ApoGoio 0/1.

Kaacc npobefi, HeATpadbHBIX OTHOCHTEJNbHO YMHOXKeHHS, 6yler
HeHTPANbHEIM OTHOCHTEJbHO YMHOXEHHS DAlMOHAJBHBIM UUCJAOM W,
NpejiCcTaBIseMblM, HanpuMep, Ipobeio 1/1.

Ecnu o u P — paunoHaspHble uyucaa, T0 o = B GyaeT 03HAYaTh,
4TO O K P ABASIOTCA OLHHM U TEM K€ KJACCOM SKBHBAJIEHTHBIX ApOGeil.

Y CTaHOBHB 3TO, Mbl HafiieM, 4TO BCe CBOHCTBA, cOpPMYJIHPOBAHHBIE
A5 Apofel, COXPaHAT CUly H I PalHOHAABHBLIX UHCE], HO YXKe
€ eJHHCTBEHHOCTRIO Pe3ysbTAaTOR Onepanuil. DTO BHIPAXKEHO B CAENVIO-
IleM 3aKJIOUeHHH.

MHoocecmeo payuoHasbHbLx duces o06pasyem KOMMYMamugHyro apyn-
ny no OMHOWEHUI K CAOHCEHUrD; YMHOXeHHe, TUCTPUOYTHBHOE OTHOCH-
TEJbHO CJIOXKCHHUA, NpPULAeT 3TOMY MHOMKECTBY CHIDOEHUE KOAbyd.
K Tomy ke moGo# sneMeHT, KpoMe HYJIEBOIO @, HMeeT o0pamuoiti 346~
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Meum (CHMMETPHUHBI OTHOCHTEJIbHO YMHOMKEHHs). ITO IocieiHee
©O0CTOATENLCTBO TIPe0bPa3yeT CMPYKMYpY KOAbYA 8 CIPpYKmypy meaa
{corps) *.

Baxunoe 3ameuanue. Ormerum oOwmue onpejeseHus
CTPYKTYD.

OnpenedeHune MHOXKeCTBO HasLlBaeTCs epynnoi, ecJd OHO
cHaOXeHO BHYTpDEHHell accolMaTHBHOH onepauuefi, uMewlled Hell-
TpaJIbHBIM JieMEHT U TaKOH, UTO Kax bl 3/ieMeHT HMeeT CHMMETPHYHBIA.

MHOXeCTBO Ha3LIBAETCS KOAbYOM, €CJIU OHO CHAGXKEHO NBYMS BHYT-
TPEHHHMH ONEPAUHAMH, H3 KOTOPBLIX NepBas NPHA2ET eMy CTPYKTYDPY
KOMMYTATHBHOII . TPYIINLl, a BTOpas accOLMATHBHAa M AHCTPHOYyTHBHA
OTHOCHTEJIbHO TepPBOil.

Konb11o Ha3LIBAETCS MeAoM, eCIU BTOPas Onepauust NPHLAeT MHOXKe-
€TBY HOBYIO TPYIIOBYIO CTPYKTYPY, €CJHH TOJBKO YIadUThb H3 MHO-
JKecTBa 3JeMeHT, HeHTpaJbHbI OTHOCHTE/BHO NepBOH onepaiyi.
{lepBast omepauus KoOJblla HAU TeJa oOO3HAuaeTcid AaAAWTHBHO; ee
HefTpaJbHLIH 3/7eMeHT €CTb HYJb.

Bropasi omepauusi o6o3HauaeTcsi MYyJbTHIIMKATHBHO; OHA MOXKeT
f#e OnTb KOMMYTATHBHOH **, HO TOrZa AHCTPHUGYTHUBHOCTH OTHOCH-
TeJbHO CJIOMKEeHHSI NOMKHA ObiThb ofecneyeHa Kak clipaBa, Tak ¥ CJeBa.

3amMeuanue. Mol He HCIIOJIB30OBAJH BCe CBOHCTBA LEJBLIX UHCE,
B YaCTHOCTH, aKCHOMY NOPSAJAKA; CJAeJ0BaTesNlbHO, MBI MOTJIH Obl NIpO-
Y3BOJHTDL OMNepanuy Haj Napamu 3JeMeHTOB GoJsee o0lero MHOXKECTBA,
yeM MHOXKeCTBO IeJbX uuces. Mul TOTZa HMenu bl CTPYKTYpPY Tesa
Ha MHOMXKeCTBe, OTJIMYHOM OT KOJIbLA PalHOHAJBHBIX yuced. MMmenHo
MHOT0O3HAYHOCTh W3YUECHHOTO DacIIUPeHHUs] OTpaBAbiBaeT ynoTpebieHHe
STHX O6IIUX TepMUHOB. Tesa, onpejiesieHHblE TaK, KAK MBI Cieslasik BhIIIe
fIyTEM BBeJEHHS OTHOIIEHHS 3KBUBAJECHTHOCTH MEXKIY 3JeMEHTaMH,
HA3LIBAIOTCS MeAaMU 4acmHbix. Mbl BCTPETHMCS ¢ IPYTHM TPHMEPOM
Takoro pojla, KOTAa nepeiieM OT KOJblla MHOTOYIEHOB K TNy paluo-
HaJIbHBIX Apo0ed, wieHaMH KOTOPHIX SIBJAIOTCA MHOT'OUJEHBI.

{il. MHOMECTBO paUMOHaNbHbIX uYMcen
HaK pacCliMpeHue MHOMEeCTBa Lenbix uucen

MHOXKecTBO Z 1esblX uHces U30MOP(HO, MO OTHOIICHHIO K CJIOKEHHIO
¥ YMHOXEHHWIO, HEKOTOPOMY NOAMHOMXKECTBY MHOMXKecTBa Q pamuoHalb-
HbIX YHCeJl.

B camoM jene, comocTaBMM palMOHAJbHOE UHC/IO, NPENCTABJIEHHOE
JApOoGhIo a/l, nesoMy 4ncay a. ATo COOTBETCTBHE B3aHMHO OJHOSHAYHOE
Y COXPaHseT CyMMY M OpPOH3BeJeHHEe 3JeMeHTOB. Mul mosyuaeM, ciefo-
BaTe/JbHO, MOJEJb MHOXKECTBA Z, B34B IIeJI0e YHC/IO @ KaK PeACTaBsIO-
mee cuMBoa a/l.

* Teno ¢ KOMMYTATHBHBIM YMHOIKEHHMEM HAa3bIBAeTCA moJeM, TaK 4To 34ech
caefoBasio Obl TOBODUTB 0 cmpykmype noif.— Ipum. ped.

** [IpuMepoM HEKOMMYTATHBHOTO TeJla MOXKET CJYKHUTb aarebpa KBaTEpHHO-
goB (cM. A. T. Kypom, Jlekuuu no ofmeit anrebpe, Pusmarrus, 1962,
crp. 266—268).— Ipun. ped.
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Kak pa3 sty Mojespr ¥ DPHMEHSIOT Ha NIPaKTHKe, TaK YTO ML GyaeM
nucats O BMecTo @, 1 BMECTO W, 4 BMecTO KJjacca IpoGeil, SKBHBaJEHT-
HBIX Apobu a/l, To ecTh cozepxkailero 1po6u 2a/2, 3a/3, ...

Ho Ttorza

(b/1) (a/b) = a/1
3anuIeTcsd: )
bla/bl=a,

ecnu o6o3naunth uepe3 [a/b] paumonanbHoe 4HCNO, MpeicTaBHTeIEM
KOTOpOrO siBasiercs a/b. CrneloBaTeNlbHO, PAYUOHAIBHOE HUCAO, NpPed-
cmasasemoe dpobero alb, ecme wacmroe om Oeqerun a Ha b. Ero sanuchl-
BalOT % W YCJIOBJIMBAIOTCSH HCIOAB30BATh 3TOT CHMBOJI % Kax JJIs npe-
CTaBJIEHHS YaCTHOTO OT ReJIeHHA @ Ha b (palMOHaJbHOrO YuC/Ia, npet-
CTaBHTEJIEM KOTOPOTO ABJsieTcs Apo6hb a/b), Tak U AJds npelcTaBJeHHst
camoit ppoGu. 3jech DPOSBIAAETCH ONpele/eHHOe 3J0ynoTpebienue
B 0603HayeHUsIX, HOO CMEUIHBAIOTCH JABA MHOMXECTBA C H30MOP(HBIMY
CTPYKTYpaMH.

st Toro 4tobl H30MOPGH3M MEXKAY MHOMKECTBOM HeJbIX YHCeN
U MHOXKECTBCM PalHOHAJbHBIX YHCeJd @/1 pacmpoCcTpaHUTh Ha OTHOLIE-
HUS NOPSIAKa, HYXKHO ONPEE/HTb 5TC OTHOIUEHHE BO BTOPOM MHOXKECTBE
CJelyIOHHM 00pasoM:

%<—[l’— <> aqg<<b.

Mbl cobupaeMcs pacnpOCTpaHUTb OTHOLIEHHE TOPsLKa Ha BCe
MHOMKECTBO PAIHOHANBLHBIX UHCe.

OTHOWEeHKE COBEPLWIGHHOr0 NOPAfRKa BO MHOH{ECTBEV Q
palyuMoHankHbiX Uucen

a) 3uak payuonaisrozo ducaa. Ecau nse npodu al/b u a'/b’ sken-
BaJeHTHH, TO pPaBeHCTBO ab’ = ba’, BeIpa)kamollee 3Ty SKBHBAJEHT-
HOCTb, JOKa3blBaeT, 4To @’ W b” W/l OJHOTO M TOTO XKe 3HaKa, HJH pa3s-
HOTO, B 3aBHCHMOCTH OT TOTO, MMEIOT JIH ORMH H TOT Ke 3HaK @ U &
uad HeT. Kpome TOro, moAMHOKECTBO, 06pasoBaHHOE PalHOHANbHBIMH
YHCTAMH Q, NPEICTABUTEISIMU KOTOPLIX ABJISIOTCSA ApOGH a/b ¢ uneHaMu
OJIHOI'O ¥ TOTO Ke 3HAKa, 3aMKHYTO OTHOCHTEIbHO CIOKEHUS H YMHOXKe-
Hus. Yncnamu, NPOTUBONOJNOXKHEIMH 4YHCIAM Q, SBJAIOTCH APOGH
— a/b = a/— b ¢ wieHaMd TIPOTHUBONOJOXKHBIX 3HAKOB. ITO ONPaBibl-
BaeT cjaelyillee ONpeleseHHe:

Payuonaasroe 4ucio HA3bIBAEMCA NOAOKCUMEAHOIM, ecau Opodu,
emy npUHadedcaujue, UMeom YaeHsl 00020 U moeo sce 3naxka. ¥l camu
Ipo6H B 3TOM CJydYae Has3bIBAIOTCS MNOJOKHUTeNbHBIMH. [lpolH, Kak
W pauUHOHAJbHBlE YHCJIA, KOTOpPHIE OHH INPEACTABJSIOT, HA3LIBAIOTCH
OMPUYAMeAbHoIMY, €CTTH YJeHbl 3THX JIpoOell HMET NPOTHBOIOJOX-
Hble 3HaKH.
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b) Onpedeserue ommuouienus nopadka, o0O03HAUEHHOEO <.
[a/b << c/d]<=[(c/d) — (a/b) monoxuTENBHO]
H /s PAlHOHAJbHBIX YHCEJ
[@ << 0] <=>[0—Q MOJOXKHUTENBLHO].

[TyreM npusenennst fpoGeil K OCLIEMY NOJOKUTENBHOMY 3HaMeHa-
TEJI0, HEMEUIEHHO NPOBEPSETCS, YTO 3TO €CThb OTHOIIEHHE MOPsIIKa,
MOCKOJIBKY OHO He pedieKCHBHO, He CHMMETPHYHO ¥ TPAH3HTHBHO.

JeiicTBUTeIBHO, TOT/@ NOCTaTOYHO CPABHHBATh YHCIHTENMH. Kpome
TOTO, NMPOBEPSIETCS TaKkKe, UTO

0 << g <='¢ NOJIOKHTENBHO,
0 << 0<> 0 oTrpunarensHo.

CeoiicTBa MHoKecTBa Q
Teopema 1. Mroscecmso payuOHAAbHLIX ROLOHCUMENLHBIX HILCEA AP X L~
Medo8o, mo ecmo

Vo, Vo, 0€Q, 0€Q
0<o<o

CyliecTBOBaHHE 3TOTO HEJNOTO MNOJOXKHUTEJNBHOTO 7 BEITEKAeT H3 aHa-
JIOTHYHOI'O CBOHCTB2 MHOXKECTBA HaTypaJbHLIX UHCeJ, KaK 3TO CJIeyeT
[IoC/e NPUBEJEHUA K OOIEeMY MOJOXHTEJNbHOMY 3HAMEHATEIO.

Ortcioga 3aka104aeM, YTO, KaK U JJI HAaTypasJbHBIX UHCEJ, NOCAe00-
BAMEALHOCINL KPAMHbIX 0, 20, 30, . . . ROACHCUMEABHOZO PALUOHA.IL-
HO20 HUCAA HE MAKNCOPUPYEMC.

Teopema 2. Meocdy Osyms A00bIMU PAYUOHAALHBIMIL YUCAAMU CLLie-
CMeYrm payuonasbHele ducad. (3Ta TeopeMa NPOTHBOPEUHT NOJNHOH
YOOPSAJOUEHHOCTH HATypPaibHBIX YHCET.)

1) MeocOy O u xaxum-aub0o NOAOHCUMENLHBIM PALUOHAAOHOIM YUCAOM I
CYWECmeyrom payuonaisHsle 4ucaa. JeficTBuTenbHO, 0yCcTh a/b ectb
Ipo6b, mnpunamsexamast r. [lo npexmosoxenuto, @ W b — ORHOTO
H TOTO K€ 3HaKa; MOXKHO HX CUHTATh NOJOMKUTeJbHBIMH. [lumem:

a/b = (na)/(nb).
Ecan r” — knace npoGel, 3KBUBaJeHTHBIX 1po6u a’/(nb), To HepareH-
ctBo 0 << r” <<r ofecneunBaercsi HepaBeHcTBom 0 << a’ <<na. Ho
TaKHe 3HaUeHHS U1 @’ CYLIECTBYIOT, KOTa 7 BbIOpaHO GOJbIINM, ueM 1.

2) O6mas TeopeMa BBIBOAHTCHA OTCIOLA, MOTOMY YTO HEPaBEHCTBO
ry <<r' <{r, DaBHOCHJbHO HEPABEHCTBY
0<fl—'r1<r2—r1.
CrnenoBaresbHO, HYXKHO IPHHATE ¢’ = ry -+ S, TJle S 3aKJII0UeH MEXIY
On Ve — Iy
Apyras dopmymupoBka. Ecau dano Hexomopoe payuoHAAbHOE HiCAO

r, mo 0an 00020 NPOUBGOALHO BLIBPAKHOZ0 NOAONCUMENbHO20 HUCAQ
CYUECMBYION DALLOHAAbKIE HUCAQ, 3AKAOUCHHble MEXCOY r — e U T —+ B,
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TO €CTb
Vr, Ve>0, Jo:r—e<<o<<r-te.

PaccMaTprBaeMoe CBOHCTBO BHIPaKalOT B BHAE YTBEPXKICHHS, 4TO
MHOMXKeCTBO ( paLlOHaJbHBIX YHCeJ 6cwody naomro. OTCIOAa clelyert,
YTO pandOHAJbHBIX YHCea XBaTaeT g XapakTepHCTHKU pe3yJnbTrara
JII060TO U3MEPEHHA, KaKoBa Obl HH Obla XKeJlaeMasi, BbiOpaHHasA 3apaHee
TOYHOCTb.

3ameuyaHnue MaoxecrBo  paunoHaJbHBIX uyucesn Gojee 6o-
raTo, 4eM MHOKecTBO Z IeJbX yuces. Ho MBl He MOXKeM CKas3aTb, YToO
B Q GoJsibllle 3JIEMEHTOB, 4eM B Z; B 0G0HX cJy4asX Mbl HMeeM JieJio ¢ Oec-
KOHEYHOCTbIO. Ecii XOoTAT yTOYHUTL cpaBHEHMe ABYX GecKOHeuHOCTefl,
TO 3TO NPHBOIHT K NOHSTHIO, 3aMEHSIOLEMY IOHATHe KapAHHAJIBHOTO
yuciaa Habopa (KOHEYHOTO MHOMKECTBA). JTO NOHATHE MOUYHOCIU MHO-
owecrigd. Mbl O HeM cKamxeM HeCKoabKo c¢1oB B maBe [I1, kuurm 1.

§ 4. NonaATHe 0 BeweCTBEHHbIX uYUChax

MbI TONBKO YTO BHAEH, UTO MHOMXKECTBA PALMOHANBHEIX THCeJ 10CTa-
TOYHO JUIsl TMPAKTHKH W IJIs] SKCTEPUMEHTAJbHBIX HayK. Ho nayuenue
TEOPETHYECKOH TeOMeTPHU NPUBENIO KONy mudaropefineB K ClIeayio-
{IeMy YTBEpPKIEHMIO: eCld CTOPOHA KBajpara NpHHATA 32 eNHHULY,
TO €r0 J¥arOHAJb H3MepsieTcs TaKuM uuciaoM x, uyrto x? = 2. Oxpuako
HUKAKOe PAalHOHAIBHOE YHCJIO He VAOBAETBOPSET 5TOMY YpPaBHEHHUIO.
JleHcTBUTENIBHO, MOXHO apu(pMeTHYeCKH 0GOCHOBATH ClEAyIollee pac-
CYKJeHHe: ecn Obl CylecTBOBa/a TaKast Apo6b, KOTopas YAOBAETBOPSIET

2
YPpaBHEHHIO (—Z—) =2, TO 3Ty Apo6b MOXKHO CUHTATh HECOKPaTHMOH.

Ho paccmatpuBaeMoe paBEHCTBO MOXKET GbiTh 3aMHCaHO Tak: p? = 247,
OTKyla cleiyeT, YyTo p — 4eTHO, TO ecTb p = 2p”, g — HeueTHO. Ho
PaBEHCTBO Jadblile CTAaHOBUTCA cjepyommMm: 4p'2 = 2¢%, TO ecTb
2p'? = ¢?, uto Tpebyer, 4YTOOLl ¢ GbIAO WETHBIM. MBI MPUOLIA K NpoO-

THBOPEYHIO.
Cornacuo ceufieresnibetBy [Tnatona (V B. 10 H. 3.), 3TOT caMblil BEIBOJ
HEBO3MOXKHOCTH Oblil H3BecTen aasa x2 =3, x2 =05, ..., 22 =17,

34 MCKIIOUEHHeM, pasymeercd, x2 = 4, x2 = 9 u x® = 16.
MatTemMaTugyeckKxas NDOCTaHOBKa Bompoca.
[TopoGHO TOMY Kak MBI IPOBOAHJIH pacllEpeHne MHOXKecTBa N HaTy-

PAJIbHBIX YHCeT 10 MHOMKECTBA Z IJIsl TOTO, YTOOL ypaBHeHHe b +- x =

= @ uMeJO BCerha pellleHHe, a 3aTeM paciliypeHye MHOXKecTBa Z 10

MHOXKeCTBa () panuoHaJBLHBEIX YHCeJ, YToObl ypaBHeHHEe bg = a uMeso

Bcerjia pemeHne (KoHeuHO, MpH ycaoBHd b == (), TOUHO TaK e Mb

JIOJIKHBE OCYHIECTBUThL DacllipeHue MHOMKecTBa Q HJsf TOro, 4rolbt

ypaBHeHn#e x? = g MMeJO BCerja pelleHHe, eCJd TOJBKO & IOJOXKH-

TEJLHO; TIPH 3TOM CJIeflyeT OTMETHTh, YTO KamAoe M3 NpeilecTBYyIo-

X MHOXKECTB OKa3hlBaJOCh U30MOP(HEIM HEKOTOPOMY INOIMHOXKECTBY

BHOBbL 0Opasyemoro MmHoxecTBa. ONHAKO MHOTO JPYTHX YpaBHeHHi
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TaKXKe He UMEIOT pellleHH BO MHOXKECTBE PALlHOHAJIBHBIX YHCeJ;, IO3TOMY
pacuiipeHre, KOTOpPOe MBI npejJjiaraeM, MOXeT ObITh GoJiee WM MeHee
HIHPOKHM. Mur OrpaHHYUMCs BHadaJjie KBaApaTHbIMH pajuKa/JaMH.

I. BBefeHue KBaApaTHbIX HOPHe#

PaccMoTpiM, 4TO HaM JaeT MHOXECTBO ( palMOHAJbHBIX YHCEN
Ans usyueHus: ypasHenus x* = q. OrpaHHYHMCS ClydaeM a — yeaoe
NOAONCUMEAbHOE YUCAO.

Ecan ypaBHeHue HepaspelIEIMO BO MHOXKeCTBe Q palOHaNbHBIX
uKCesl, TO 5TO MHOXKECTBO pa3GuBaeTcs HA ABa Kjaacca: Kjaacc Q' umcern
¢’ CTULIIKOM MaJleHbKUX, TaK uTo ¢'% < a, u Kaacc Q" uucen ¢” caunmi-
KOM GOJIBLIKX, TaK 410 §"* > a.

a) Mruoocecmeo §' He umeem HAuOOAbUIE2O 3ieMEHMA. DTO 3HAUMT,
UTO, KaKOB OBl HH Obl1 ¢' € ", CYIeCTBYIOT JpYyrHe 3JeMeHTH M3 Q’,

GoJiblife, 4eM BbIOpaHHBIA 3/1eMeHT. B camoMm pene, mycThb q”:%.

“mN\2
[To npeanosoKeHHIO (—p—) < @. 3Hauur, ap® — m®>*=d ecrp mnoJo-

KUTENbHOE UdC/IO, NpuueM d > 1.

km--1
PaccMmoTpuM Tenepp pauyvoHaJbHOE YHCIO kj , OUeBHJHO, 60.b-

wee, yeM ¢’. Mel ceifuac yGeXuMCs, YTO €CJIH B3SITh K JOCTATOYHO 60Jb-
KM, TO 3TO YHCJO OCTaHeTcs B kJacce Q', To ecTb, uTo GyaeM HMeThb

ak?p? > (km+1)%, 10 ectb k*d>2km 1.

JocraToyHo B3sATb, HanpuMep, 2 = 2dm, nOTOMy 4TO MXKeJaeMoe
HePaBeHCTBO 3alHIIeTCs TOTAa

4dm? (d2—1)> 1,

uro ofecrneuuBaercst npu d > 1.
Ecmu d = 1, HyxHo B3aTh £ > 2m.
b) AnanoruuHo mroocecmso Q”, Bce 3JEMEHTHI KOTOPOro 6oJblie

IIPOKU3BOJILHOIO YHC/Ia q”, He umeem Haumewsieco 3semerma. Ecuu

m km—1
" = 5 Ml OyleM HCKaTb H2 3TOT pas —p B Kuacce Q". Hyxmo,

mr—apt=d>1,

ofecrieduts 3aTeM HepaBeHCTBO (km — 1)® > ak?p?, orkyma k%d >
> 2km — 1.

U cuoBa MOXHO B3siTh & = 2dm.

c) Moocro naidmu wucro q' € Q" u uucao q" € Q" maxum obpasom,
umobos. pasrocme q" — q” Obiaa menoie 100020 NPOUSBOALHO BHIOPAH-
HO20 MNOAONCUMENbHO20 PAUUOHAABHO20 HUCAQ €.

Ve>0, e€Q, 3¢°€Q u 3¢"€Q":¢"—¢" <. \
JleicTBHTENILHO, MOMKHO BbIOpATh HATYpaJbHOE YHCIO p, TaKoe, YTo

OTIIPABJAACH OT

0<-Ip—<e
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(st 3TOTO JOCTATOYHO, ecad & = a/B, B3aTh p > P/a). Idocratouno
Gyzer Toraa Ba3ate ¢° = m/p, q” = (m -+ 1)/p, Bbi6paB HarypanbHOe
YHCJIO M, YAOBJETBOPSIOUIEe HEPABEHCTBY

m \2 m-+1\2
(5)'<a< ()"
Ho 310 4uClI0 m, HaBepHOe, CYHIECTBYET, IIOTOMY YTO NOCJIENOBATENb-
HOCTh KBaipatoB 12, 2%, 3%, ..., n® ... He Maxopupyercs, OHa
TNPeBOCXOIHT Jitofoe HaTyPa/bHOe YHCJO £ (OTOMY YTO CONEPKHT k2),
3HAUMT, YHCIA TOCIEAOBATENbHOCTH TIPEB30HAYT U ap?.
CBOUCTBO ¢ BBIPAXKAIOT YTBEPKICHHEM: MOXKHO HafTH napu ¢,
q" Tague, uto ¢" — ¢" cmpemumes k Hyao (eM. T 1V).
Me! Tenepb B COCTOSIHMM YCMOTDETb CYLIHOCTH AKCHOMBI, NOPOXK-
Jarouiell HOBOe 4UCJI0, KOTOPOe HaJIeXKHT BBECTH MeXIy ¢" U ¢”.

Il. AKCMOMA NOMHOTDI

[T] Kaowdoe mascopuposarroe noOMHONCECIBO umeen HAUMEHbLLYIO
maxcopanmy *.

a) MHoxecTBO, yI0BJIETBOpsIOLIee CBOACTBAM MHOXecTBa @ panuo-
HaJbHBIX THCea H, KpoMe Toro, akcuoMe [I'l, HaswiBaeTca mwoscecmeom
gerecmeenHblx 4ucea U 0603Hauaercss uepe3 R.

B neficTBATENbHOCTH 3Ta aKCHOMa COIEPIKHT JBe aKCHOMBI, KOTOpbIe
MBI MOXKeM cOPMYJHPOBATH Pa3JIENbHO:

[[y1 Kascdoe mancopuposarnoe nodmuoxcecnieo mroscecrmsa Q umeem
HAUMEHBUIYIO  MANCOPAHMY, KOMOPAs NPURAOIeoHum muoxcecmsy R,
a unoeda (6 eude uckatouerus) mroxcecmey Q.

[T21 Kascdoe masxcopuposartoe nodmroocecmso R umeem Haumero-
wyio  mancopanmy, npuxadaescauyyio R (6e3 TOro uroln! BHIIEIATH
B 3TOM CJyuae NOAMHOXKeCTBO  MHOMKecTBa R). DTy MaKOpPaHTy Hasbl-
BaIOT MOYHOU eepxHell epanuyeti MOJMHOXKECTBa. |

Mot Oonyckaem CoBMECHIHOCMG QKCUOM, OUPENENSIONMX AeHCTBH-
TeJNbHble 4HcIa. MHOXKeCTBO 3THX uHCesN CHaGXKeHO, CJIel0BaTesbHO,
JNeHCTBHAMHU COKEHHS H YMHOMEHHS CO BCeMH CBOMCTBaMH, chOpMYJ/IH-
POBaHHBIMH AJS (, M TO MHOXECTBO YNOPSIOUEHO; KAMAOEe BElecT-
BEHHOE YHCAO IOJIOKHTENbHO, OTPHLATENbHO WJIH SBJISETCS HyJieM.

b) B 3THX yclOBUAX JOKaXKeM CYHIECTBOBAHUE ACHCTBUTENBHOIO YHC-
Ja r, YIOBJIETBOPSIOLIErO YPaBHEHUIO X2 = a (@ — HATypaJbHOE UHCJIO,
OTJIMYHOE OT KBajpara pallOHaJbHOrO YHCJIA).

BepreMcs x pa3fuenuto Muoxecrsa () Ha 1Ba Knacca Q" u Q7. Tak
Kak kjaacc Q" MaXXOpHPOBAH, TO OH HMeeT HAUMEHBIUYI0 MaXKOPaHTy
B R, nyctb 310 6yfet r (MBI 3HaeM, uTo r He npuHagiexut Q). Ho xax-
noe uicito ¢" € Q" ectb Maopanra Q’, cTaso 6biTh, OHO 6OJbIIIe, YeM .
Jpyrumu cnoBamu, r siBAsfeTcs MuHOpaHToll Q. 3HauuT,

Vi eQ u V9'eQ', ¢ <r<y".
* B Hame#l guTepatype OOBYHO 3TO YTBepMAeHHE HMeeT Takoll BHI: Bcaxoe

02PAHUHEHHOE CBEPXY MHNONCECIMBO UMEEN HQUMEHbULYIO 8epXHION 2paib.— lTpux.
nepegod.
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CylecTByeT JIH JApyroe 4HCAO s, NMPHHAJMIexalee R, YAOBJETBOPSIO-
iee HepaBeHCTBY ¢ < s < ¢"?
Hs3 storo cnenosano Gl

Vq/EQI U Vq”EQ"ZO<IS—rl<q”—ql,

3HAUHT, KaKoB Obl HH OblJl IOJOXHTEJNbHBIl €, ONpellesleHHble YHC/a
S U 7 yIOBJETBOPSIJIH Obl HEPABEHCTBY

0L s—r|<e,
OTKyHa CJeLyeT § = f.
Takrum o6paszom, cymectByeT B R YHCJIO r, IPUTOM €JIMHCTBEHHOE,
Takoe, 4YTO

Vq’ E QI H Vq” E Q/I : qlz < r2 <q”2.
Ho mbr umeeM Takke ¢'2 << a << ¢"%, 3nauurT,
0<la—rt| << g —q'* << 2eq", Ve,

OTKyJa caenyeT r? = a. Htak, r ecTb pellieHde ypaBHeHHS x* = a; 3T0
eJMHCTBEHHOE NOJIOXKUTeNbHOe pemenue, [lumyt: r = l/a. Enuncr-
BEeHHOE OTpHIAaTe/JbHOE pellleHHe — Va. 1/ a uuraercs Kak «KOpeHb
KBAJpaTHBIA U3 a».

¢) Mnbl j0Kasafny, IONyckasi COBMECTHOCTb aKCHOM, CYILECTBOBaHHE
NOJIOXKUTENBHOIO KBAaAPATHOTO KOPHS U3 HATYPaJbHOTO UUCAA; OTCIOLa
BHIBOASIT CYLIECTBOBaHHE TMOJIOXKHUTEABHOTO KBaJpPATHOIO KOPHA H3
J060r0 PanvOHAJbHOTO YHCAA; MOXKHO OblJIO Obl aHAJOTHYHBIMH MeTO-
JlaMH [0Ka3aTb CYHUIECTBOBaHHE KBaJpPaTHOI'O KOPHA M3 J0OGOTO MO0JO-
JKUTEJLHOTO BellleCTBEHHOTO YUCJa, a TaKKe CYIecTBOBaHWE KODHeH
KyOHYecKHX, YeTBEepPTOH cTemeHH, n-H cTeneHd. AHaNOTHYHO MOXKHO
BBECTH H MHOTO IDYTHX YHCe/: NyCTh, HapHMEpP, HAJ0 H3y4YUTb ypas-
HeHHe

fx)=x"—x—3=0

g 0 <Tx<T2. Mel MOXeM MNOpOBEpPHTb, UTO H3 Xy < Xp cJeayeT
f (x1) << f(x2). Bo MHOMXecTBe BeHIECTBEHHBIX UHCEJ, 3aKJIOUEHHBIX
mexny O u 2; Beinenum MuoxecTBo X° uncea x', Takux, uto [ (x) << 0,
U MHOXecTBO X" uncen x”, Takux, u4To f(x”)>0; 370 Hac mpHUBeZeT
(cM. cTp. 49) K yTBepKIEHUIO, YTO CYILECTBYeT JeHCTBHTeNbHOE UHCIO
r, TaKoOe, YTO

f(r)=0.

Takoe wunc10, KOpeHb YpaBHeHHS, MOJYYeHHOTO IPHPaBHHBA-
HieM O MHOToOuJIeHa ¢ HesabiMy KosddhullHeHTaMy, Has3biBaeTes aqzebpait-
YecKum 4uciom. MHOKeCTBO ajreGpaHd4ecKHX YHCEN COAEPKHT, CTAJO
ObITb, MHOMKECTBO PafMKAaJIOB U3 PAlHOHAJBHHIX YHCEJ CO BCEMH HaTy-
panbHBIMH MokazaTedsiMi. Ho 3To He Bce. TeopeTHueckoe HCCIEIOBAHHE

" IJIUHB] OKPYXKHOCTH NPHUBOLUT K PACCMOTPEHUIO BELIECTBEHHOTO YUCIA T
(xn. 1, ra. V). A mareMartuk JIlungemaH, IONOJMHSAS pe3yJbTaThl, NONY-
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yenHble JIamGepTom (1761) u dpmurom (1872), nokasan B 1882 roay,
YTO 7 He eCTb ajreGpandyeckoe yuc/o. Takue YUC/Ia HAa3BLIBAIOTCH MPAHC-
LEeHOCHMHbIMU HUCIAMU.

11l. CBOWCTEBA MHOMECTBA BEMECTBEHHbIX vYMcen

Ml BuJuM, clIeJoBaTeNbHO, 4TO akcuoMa [I'] BBOguT cMech BecbMa
pa3HooOpa3HBIX YHCEJ, HeOOXOAHMBIX JIJIf TOrO, UYTOGH MHOMKECTBO
6bL10 noaneim. Ho, HecMOTps Ha 3TO, B MareMaTuke GblJIM BBEJIEHLI €lile
U JpyTHe 4yucia, HarnpuMep, A paspelluMOCTy ypaBHeHus x* 4+ 1 = 0.
Utobe 1x 00pa3oBaTh, HEOOXOAUMO OTKa3aThCsl OT HEKOTOPHIX AKCHOM,
HarpHMep OT akcuoMm crpororo nopsaka (kuura 111, ro. VI. Kommexke-
HBle 4YHCIA).

Mel, ornpaBiassch OT MHOXKeCTBA PalldOHANBHBIX YHCEJ, TOCTPOHJIH
MHOXeCcTBO R BelecTBEeHHBIX YHCEJ, OMNUPAsCh HA NOPOKAAIOLLYIO
akcuomy [I'l, koTopyio Teneps copmynupyeM yxe co Bcell TOYHOCTbIO:

[T] Axcuoma nonuotsi. JTro6oe mascopuposarnoe nodmHoncecmeo A
MHOOMCECBA R umeem HAUMEHOWYO MANCOPARINY, HABLIBAEMYIO MOLHOL
sepxreti epansio nodmroscecmea A u obosrauaemyro Sup A. (Cynpe-
MyM A.)

Anajyiornuso, paccMarpuBas oOpaTHBIH NOPSLOK, ONPENeNsIOT 710Y-
Hyo Husicrtoo epany Inf A (Undumym A) n060ro MHHOPHPOBAHHOTO
nogMuoxectsa A. D10 HaubogabIlas MHHOpAHTA.

Teopemni.
a) MHoxCecmso 8euecmeeHHbLy Yiuces apxXumedoso.
HeficTBUTRNBHO, MNOCAEAOBATENBHOCTE £, 2r, 37, ..., Af, . . .,

KPaTHBIX 7, He MOXKeT OLITE Ma>KOPHPOBaHa, NOTOMY UTO HMeJa Opi
HaUMEeHBLUYIO MAXKOPaHTy § U s — ¢ Obwia Obl NpeB3oiiieHa, 3HAUUT,
U s Gb10 Gbl NPEB30HICHO (pacCykAAlOT PeKYPPEHTHO LIS HATypaib-
HOTO 4HCIa H).

by Teopembi 0 6AOHCEHHBLX UHMEPEAAAX.

Onpenenenue. Hamepsaiom (a, b), rie a u b npunaiexar
R, naspBalOT MHOXKECTBO BellleCTBEHHBIX YHCeN, 3aKJIOYEHHBIX MEXAY
a 1 b. Bosee TOYHO pasnHYAIOT, €CIH 3TO HEOGXOAUMO:

samxnymoul unmepear* la, b] — MHOXKeCTBO uHcesn x, TaKHUX, UTO
alx<Lb;

omkpoumslll unmepeas la, b, MHOKECTBO ymcesa X, TaKHX, 4TO
a<<x<b

HHTEepBa/J, 3aMKHYTHIfI ceBa, OTKpHITHE cnpaBa [a, b[, MHOXKe-
CTBO X, TaKHX, UTO @< X< b, H aHAJOTHYHO HHTEPBaJ, OTKPHITHIH
c/leBa M 3aMKHYTHIE cripaBa.

CumBosnamu

la, +oof 1 la, + oof
0003HayalOT MHOXKeCTBa qyceJsi, g KOTOPBIX COOTBETCTBEHHO
ag<x ua<<x.
* Wau cermenr. — [Ipum. ped.
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AHanorMYHO CHMBOJIBL
|—o, a] u | —oc0, a]

0603HaYalOT COOTBETCTBEHHO MHOXKeCTBA YHCeJl X, AJIs KOTOPHIX
x<Laux<a.

IlocaedosamenbHOCMb 8AONCEHHBIX UHMEPEAA08. DTO MO OlpeleIeHHIO
Takad NOCTeJ0BaTENbHOCTh HHTEPBAJOB (@i, by), (as, bs), . ..
e (@, by), ..., uTO
A < Qo< <y <. < by <. .. < by by,

npuueM HEKOTOphble U3 3THX HepaBeHCTB MOrYT MEPeXOJUTb B PAaBEH-
CTBa, HO HEPABEHCTBA JOJXKHBI BCTPEUATBCH M TNOCJE CKOJAb YIOIHO
60JIBLIOTO 1.

Teopema. Ecau Odana nociedosamesbHOCHb 3AMKHYMbIX BAONCEHHBLK
UHMeP8aos, OAUHQ KOMOPbLX CMPEMUMCS K HYMO, MO cyuiecmsyent,
U NpUMmom €0UHCIMBEHHOE, BEULECMEEHHOE HLCAD, AeH Qe BHYMPU 6CeX
amux uHMmMepsasos.

Hano:

{ [@, bl D lay, bl >Dlas, bl >...Dla,, bl >D...

Ve>0, AN:n>N=b,—a,<¢

[TocnenoBatenbHoCTs @4, Q3 . - -, Qn, . .. SIBASACTCS HEYOBIBAIO-
mel U MaXopupyercsi KaxAbIM UHCIOM b, clelloBaTeJqbHO, OHA HMeeT
TOYHYIO BEPXHIOID TpaHb, KOTOpas INPHHAMMEKHUT IlePeceueHHIO Bcex
uuTepBajJoB. Ho mepeceyeHne MOIKeT COZepKatbh TOJBKO OLHO UHCJIO
(moToMy YTO pPasHOCTb JBYX TaKHX uHcesJ Moraa Obl GbITh MaXKOpH-
pyema €).

CrenoBaTesbHO, TNepeceueHHe HHTEPBAJNOB CBOJUTCA K eIHHCTBEH-
HOMY 4Hcay §. Mpt GyzieM roBOpuUTh, UTO 3Ta OCJAeI0BATEJbEOCTD HHTEP-
BaJIOB ABJAETCS «3amajineli», Kotopasd onpejedser E.

[Ipumep mnpusoxednus CyllecTBOBAHHE KBaJPaTHHIX
KOpHeil, KyOW4eCcKHX KOpHeH H T. I

IV. MHOecTBO Q pauMOHanbHbLIX YUCen

HaH NOAMHOHECTBO MHOMecTBa R

BeLleCTBeHHbIX yHuCen

ITycmos r — Oedicmeumenvroe 4ucao; kaxum Ool Hu 6b6ia0 NOAOKCU-

meabHoe 4ucio €, 8 uHmepease (r — €, r + &) cywecmsyrom payuo-
HaavHote yycaa. Kak 6bl HU ObLJIO MaJio TIOJIOXKHUTEJNBHOE YHEJIO &, a cJie-
J0OBaTeJbHO, KaK Obl MaJl HH OblJI HHTEPBAJ C CEPeJHHOH r, 3TOT MHTEP-
BaJl COIEPXKHT PpalMOHaNbHbIE UYHCHAA

VreR, Ve>0, JgeQ:r—e<<qg<<r-te.

Teopema nOKasbiBaeTcsl ¢ NOMOIIbIO MHOXKecTB Q" H Q" pamuo-
HaJIbHBIX YHces, KOTOphle SABJIAIOTCH NPUOIHKEHHBIMH 3HAYEHHSAMH 10
HeJOCTaTKy M 1O H3CHITKY YHCJAA r, KaK MBI YKe 3TO JeJajiH, YTOOkI

onpenenuts |}/ 2.
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TakuM ofpas3oM, KamkIplfl uHTEpBad (KakKuM Obl MajbiM Mbl €TO
HH BbIOpasi) COLEPKUT PAIHOHAJBHOE 4YHCAO H Ja¥Ke GecKOHE4HOe
MHOXKECTBO PAalOHAJBHBIX YHCeJ. DTOT (akT BhIPAXKalOT yTBepKIe-
HHEM, UTO MHOXCECEO () PAYUOHAABHLIX HUCEA NOBCIOOY NAOMHO HO OMHO-
wienuto Kk muoxcecmsy R sewjecmsennvix uuces. XoTA HCCIelOBaHHe,
BALIMOTHEHHOE BHIIIEe, KOPOTKO H HEMNOJHO, VISl HalIMX HYXKJI ero AoCTa-
TOYHO.

Korzaa Mbl GyjieM TOBOPHUTDb «4uCI0» B anredpe, B aHajlnu3e, B TeoMeT-
pHM, peub OYAET HATH BCerja O BelIeCTBEHHOM YHC/Ae, eClH TOMbKO
MBI HE YTOUHHM: HATypasbHOE YHCJO, IeJ0e YHCI0, PanHOHAIbHOe
HJIM HppaludoHajibHOe uucio. HanpotuB, B apugmemure, TO ecTb
B meopuu 4uces, Mpl OyIEM H3yuaThb IOC/AENOBATENbHO HEKOTOphle
CBOHCTBA 2JIEMEHTOB KasKIOTO H3 MHOoxecTB N, Z, Q, R B OTAeNbHBIX
T/1aBax: 5TO COjepKaHHE BTODOH KHHTH.

Tperrsa raaBa

BEKTOPHBLIE NPOCTPAHCTBA
®

PaccmaTpuBas TeJo NeHCTBHTENIbHLIX UHcesd KaK MHOXKECTBO OIepa-
TOPOB, MBI IIOCTPOUM TJIaBY a/Jre6phl, MOJENBIO KOTOPOH fABJAAETCH TakK
HasbiBaeMas aduHHAsA FeOMeTDPHs, TO eCTh Ta FeOMeTpHUsI, KOTopas oIpe-
JensieT (PUIypel ¢ HOMOUIBIO TNOHATHA Hapaljenu3Ma H OTHOILIEHUS
napaJ/inie/bHbLIX OTPe3KOB, cIeA0BaTeNbHO, H3ydaeT (PUI'YPHl C MOMOLIBIO
napajilefibHEIX [EPEHOCOB M TOMOTETHH, SBJIAACH B KOHEYHOM CYeTe
reoMetpueil mapasasenorpammMa u teopeMel Paneca *.

AKCHOMBI, TIPHHATHIE IJIS OCYLIECTBJIEHHS 3TUX CTPYKTYP, NOpOX-
JaoT abCTPaKTHYIO MHOUO3HA4HyI0 Teopuio. M3 mnpuBbluHON A1 Hac
reOMETPUYECKOH MOJEAH Mbl COXPAHMJH TePMHMHOJOTHIO, B YACTHOCTH
CJIOBA «BEKTOPHI» U «Dapajiiesu3M», KakK ONOpy IMAs HalKX HArAfA-
HBIX [peACTaBIeHHH.

1. BexTOopbl. BeKTOpHbLIE Oonepauuu

Paccmorpum MHOXKecTBO R feliCTBUTE/NIbHBIX UHCeJl U MHOMXKECTBO

V snmementoB v, v, ..., @, ..., KOTOpHe Mbl GylIeM HAa3LIBATb

gekmopamu. UYUtob6p u36exkaTh HeAOpa3yMeHHH, Mbl OyleM MHCATh

cTpeniky Hal OyKBOH, KoTopasi o003HauaeT BEKTOp, W OyAeM 3ammuchi-
- -

Batb v, ¥, ..., @, ... 0O KpaililHeli Mepe B HauajJe H3JONKEHHUS.

(B reoMeTpuyeckoi MoJesu 3TH aGCTpaKTHbIE BEKTOD Bl GYIAYT HMETh
B KauecTBe OOpa30B TO, YTO HA3LIBAGTCH CBOOOOHOIM U BEKIMOPAMU.
Onnako B Apyrux Mofenax ux obGpassl GyayT Ipyrue: Hanpumep, V

* Tlop Teopemoit Paneca aBTOp, I0-BHAMMOMY, NMOApasyMeBaeT NPeNJIOKe
HHME O IPONOPHHOHANBHOCTH TPETbHX CTOPOH TPeYrOJAbHHKOB, €CAH JBe CTOPOHH
ONHOTO TNPONOPHUOHANABHH JBYM CTOPOHAM APYroro, a Yribl, B3aK/IIOYeHHHE
MEXAY 3THMH NapaMH CTOpPOH, paBubl.— [Ipum. ped.
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MOXeT OBbITh MHOXKCCTBOM MHOTOUJIEHOB HJIM MHOMKECTBOM JIMHEHHBIX
{yukuuit. CyuiecTBeHHO BaXKHBIM SIBIAETCS NpUMep, Korga V Oymer
MHOxKecTBOM ( (pH3HUeCKUX BeJHUYMH, LJIHH, IJOmaleif, MacC, B KOTO-
poM Mbl onpezensieMm G, + Gy u rG. (B 3Toii TyiaBe MBI OTpaHHyYHMCS
TEOMeTPHUECKHM H300paKeHueM.)

a) CymecTByeT OTHOWEeHHE 3KBUBAJNEHTHOCTH,
ofo3HayaeMoe = (mo3xke, Koraa He OyleT GOJbLIE ONACHOCTH Hexopa-

- -

3yMeHHusl, Ml ero 6yfeM 0003HauaTh =); U = W:. YUTAETCS <BEKTOP U
KBUBAJIEHTEH W» WJIH ¥Ke «BEKTOPHO PaBeH w»; M03kKe Mbl 6yJeM roBo-
PUTL «paBeH w». (B reoMeTpu4yecKOH MOJeJH 3Ta 3KBHBAJEHTHOCTb
HA3BIBAETCS IKBUNOANCHITHOCHILI ),

b) BextopHoe caoxeHHue Bo MHOxecTBe V ompejne-
JleHa BHYTDeHHSISl ONepalus, HasblBaeMas «CJAOKEHHeM», KOTopas
yloBaerBopseT akcuomaMm [Al:

Al o=0 u o=0]=[vtw=0+0]
(04w =0v+tw]=[w=w]
[AZ] { - - - - - -
(4] llvtw=0vtwl=[v="0]
[A3] 171+172+;35_51+(32+53)
A] ofe=w+v

- = —
KaKOBbI Gbl HH ObLIM 3JeMeHTH 0, ', w, ... us V.

(B reomerpuueckoil MOIeJNH NpPH NPHUBEIEHHH BEKTODOB K OJHOMY
¥ ToMy e Hawany A cymma H3o0paikaeTcs AMArOHaJblO MapaJlJiesno-
rpamma, nocrpoennoro na AB u AC. [A,] osnayaer, 4To 5Ta KMaroHa’b
OCTaeTCs SKBHNOJICHTHOH camoii cefe, eIl MEHSIIOT NOJOXKeH e TOYKH A,
YTO HEIOCPeJCTBEHHO cJelyeT H3 WHTYMTHUBHOH TEOPHH mapaJiieso-
rpamma. [A,] u [A;] cranoBsiTcs Torza OYEBHIHBIMH, PaBHO Kak
u [A,]. Mer BuauM, TakiM 06pa3oM, YTO STH aKCHOMBI XOpOLIO BhIpa-
KAIOT Te CBOMCTBA, KOTOPblE Mbl XOTeM BBECTU B HAIy IeOMETPHIO.)

Caepctsue. [Cl: nosnas KomMmymanmusHoCe 1 QCCOYLAMUBHOCMb,
KaK B nepBol IvaBe. (MOxHO HpoOCTeIUTh 32 J0Ka3aTelbCTBAMH Ha
yepTeke. )

AKCHOMB CHMMETpPH3AINHHM

Meur mpumem eiite (kak B riase II, § 2, ana mMuoxectsa Z):

[Si] Cywecmeyem wetimpanvroui asemenm 0as croxnenus, 0O603Ha-

-

yaeMblii O: b s o s s
Vo, 04+ 0=0+0v=v0.
(B narasanoi reomerpun 310 AB, ecau Touku A u B coBnagamr.)

* B nauell nuTepaType TEDPMHH «3KBHIOJJNEHTHOCTD» ynoTpebaserca peako.
OO6LIYHO TOBOPAT NpPOCTO O PAaBEHCTBE BEKTOPOB HJIH O DaBEHCTBe CBOOOJHEIX
BeKTopoB.— Ilpumn. peod.
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- -
[S,] KasicOout aremernm v, omausrout om 0, umeem coomeemcmeennuitl,
-
obosrauaemoul uepes —uv, mMAxod, 4mo

— - -
v+(—ov)=0.
JlBa CHMMETPHYHBIX OTHOCHTEJBHO CJOXKEHHS BEKTOPA Ha3LiBalOTCst
NPOMUBONOAOKCHBIMY. DTO OTHOLIEHHE CHMMETPHYHO:

— -— —
—(—v)=v, YveV.
CnexactBue Bexkmopras paznocme. BekTOpHOE ypaBHeHHE

- - -
vx=w
JONycKaeT pelleHHe
- - —
X =w- (_ U)v
YTO 3allHCLIBAeTCs

- — -

X=w—0.
Pemienne eIMHCTBEHHO € TOYHOCTBIO JO0 3KBHBaseHTHOCTH. (B Ha-

- -
I IHOH TeoMeTpuu, ec1d AB ecTb o6pa3 v, T0 BA ectb o6paz —uv.)

TakuM o6pasoM, MHOXKeCTBO V HalleJleHO CTPYKTYpOil aleseBoi
TPyINNbl NO OTHOLIEHHMIO K STOH Ofepaiuy.

c) YMHOXeHHe BeKTOpa HAa BeU[ECTBEHHOE
YU CJO0. IMo GHEWHAA ONepayus, Komopas Cmasuin 8 COOMEemcHn-
eue Kaxcdod nape, cocmoaujeil U3 6ELUECIBEHHO20 HUCAQ T U BEKMOPQ
— —

U, 6EKMOp w.

BeliecTBeHHOE YHC/IO NUIIYT BIEPERH: @ = rv.
IlpunuMaroT, 4To 3Ta ONepauusl yAOBJETBOPSeT CAEAYIOLIUM aKCHO-
MaM:
m] {r=r"u U—v ]=>[rv rv]
- -
( [m;] Ecnu r=£0, [rvzérv 1= [v=2v]
[mg] 3 ¢t Cokpamenue.

[ [m ] Ecan U#O, [rv Er’v]@ [r=r]
[ms] (rr’) U= r(r';) AccounaTuBHOCTB.
! Im] 3 ( ma (7 -7 )v =ru+rs ]? JIHCTPHOYTHBHOCTD.
L [m ]r(v—i—v)—rv—l—rv
[m] Vo eV: 1o
[ms) { [m!] VoeV:00

{mg'] VrE R: )

IH

P .

| Heiirpanbnsie
0 9JEMEHTH H
-
0

Il

YMHOXKEHHE.

IH

56



-
[TonTBep:kaeHue B HarAAHON reoMeTpuu: ecin AB npeicraBaseT v,
10 AC, KOoTOpHIl noayyaercst u3 AB romortetuell ¢ ueHTpoM A H K03¢-

- -
(hunMeHTOM NoAO6HS r, IpeACTaB/AseT @ = rv; CBOHCTBA, COOTBETCTBYIO-
e aKCHOMaM, pacilosHaloTCs HeMeyteHHo. [m;] coorBeTcTByeT Teo-
peme Daneca.

CaencrtBus. AcconuardiBHOCTb AJd JOOOTO uHCaAa BellecT-
BEHHBIX umces r, +', r”, ... BeiBOAuTCA u3 [mgl. JIHCTPHOYTHBHOCTD
/i M060ro YHc/aa BelleCTBEHHBIX YHCeJN H JIsd JI00ro d4ucia Bek-
TOPOB BbIBOxuTCS M3 [m,].

3aMeuyanue Muo He BBoAUM B V oTHOIeHUe nopsiaka. [Tosxe
(V rmaBa) MBI BBefeM APYToe OTHOLUEHHE KBHBAJIEHTHOCTH, M MeXAY
KJaccaMUu 3SKBHBRJIEHTHOCTH (AJHHA BEKTOPOB) BBeJeTCA OTHOIIeHHE
aopsiika. OJHako 3TOr0 BONIpPOCA B HACTOsIMeH IJlaBe MBI He OyjleM
KacaThCH.

[IpuMeuanune OTHOCHTEJBHO TepPMHHOJO-
i d. Mbl TONBKO YTO ONpejesqHJM BEKTODHOE MPOCTPAHCTBO Hal,
noseM R BellleCTBEHHBIX YHCeN. Boobuje mosicHo onpedeaume eexmop-
Hoe npocmpancmeo Had aoboim mesom K, TOTHa 3TO TeslO Has3LIBaeTcs
IMeAOM CKQASPOB, COOTBETCTBYIOUIHM BEKTOPHOMY NPOCTPAHCTBY, HJIH
e meaom onepamopos. EcCIM MHOXKeCTBO ONEpaTopoB HMeEEeT JIMUIb
CTPYKTYPY K04bYyd, TO aKCHOMEL [m ] onpenensior mody.s.

1l. BeKTOpHbIE NpPOCTpPaHCTBA

Mer 3HaeM, uTO Ha TJIOCKOCTH BEKTOP OMpele/seTcss CBOMMH IIPOEK-
UMM Ha JIB€ OCH; B NPOCTPAHCTBE HYKHO 3alaBaTh €ro MPOEKIMH Ha
TPH HEKOMIJIaHAPHEIE OCH. DTH CBOHCTBA MBI NPEACTaBHM B aKCHOMa-
THuecKoll hopMe, 4YTOOH ONpeJe/IMTh a6CTPAKTHBIE BEKTOPHBIE MpPO-
CTPAHCTBA C JIOOBIM YHCJIOM H3MEPEHHH.

a) AKCHOMBI 72-MEPHOTO BEKTOPHOTO NPOCTPAHCTBA.

—> - —

CyiecTByeT cucTeMa M3 A1 BeKTOPOB Ui, Uz, . .., Up, TAKHX, UTO
HUKAaKoe MHOMXECTBO i BEIIECTBEHHBIX YHCEN Iy, 2, - « ., I'n, KOTOPbLIE
He Bce PaBHBI HYJIO, HE MOXKeT YJIOBJETBOPHTb BEKTOPHOMY paBeH-
CTBY:

- -> — -
r0y+roUs - ... v, = 0.

3ra cucTeMa BEKTOPOB 06pasyeT 6a3uc BEKTOPHOTO INPOCTPAHCTBA.
[B1] Akcuoma 6GasHuca.

. - - e d = d - —>*
F(Uy, Usy ooy Up) iV (ry, Ty vy T), FiU - raUs - oo 10y 52 0%
* Ecau TOJNBKO HE BCE 7y, . . ., Ip PABHE HYJIO, YTO MOXHO BHIPA3HTh H TaK:
2
r} - r3- ... 4 rn# 0, ¥ ecan He cymecTBYeT GOJbLIIETO YHCIA BEKTOPOB ¢ TAKMM

XKe CBOHCTBOM.— [Ipum. ped.
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B} AkcmomMa XomnoneHTOB., Ecad Jan 6asuc, TO
-

KaXJIOMy BEKTOPY U COOTBETCTBYeT MO KpaiHeH Mepe OIHO MHOMKe-
CTBO A BEIECTBEHHBIX YHCEN Xy, Xg, . .., X, KOTOpoe oGecneynBaeT
BBIIIOJIHEHHE BEKTOPHOrO paBeHCTBA

- - — —
X0 XoUs+ .. L XU =0,
3Haupr,

- — — — -
VoeV, 3 (xy, xop o« Xn) X0+ XoUp+ . . . + XpUp = U.

TeopeMa eIHHCTBEHHOCTH.

- - — — — —_
XqUp b XoUa - o+ = XpUn = XU; - X004 . .« - X00,
PaBHOCHJIBHO

-

- -
(xy—xq) vy~ (Xg—Xp) Vo . .. + (X —Xn) U, =0,
3Hauyut, corsacuo [f4]
X; =Xy, X;==X, .. x;lzxn
Onpenenedusda Kaxibi BEKTOP xlv, (i— HaTyPalbHOE < < n)
HA3BIBAETCH KOMMOHEHMOU BeKTOpa v, a UMeHHO KOMIOHEHTOH U Mo

N
U;, 4 X; — 8eaudunol (mepod) 3mot KOMAOHERNbL.

Taxum o6pasoM, eciau BLbiOpaH 6a3uC B BEKTOPHOM NpPOCTpPaHCTBE, TO
Kax/blfl BEKTOP HMEET CUCTeMY Ollpefle/IeHHBIX KOMIOHEHT IO OTHOLLe-
HHIO X 3TOMY OGasucy.

Npenynpexnenue. I'lo npuunnam THMOrpadckoro xapaxkrepa Bek-
TOPHl B MEUYaTHBIX TPyJAax 4allle BCEro M300paxkaioTcsl KHPHBIMH OyK-
BaMH, a He OYKBaMH CO CTPEJKOH, TaK KaK 3TH NOCJeIHHe CAyxkaT
TOJBKO JJsI HAIOMHUHAHHS O TeOMETPHYECKOM HJH KHHEMaTHYECKOM
ITPOUCXOXKJIEHHH 3TOTO aGCTPAKTHOTO MOHATHA. Mel mocjenyeM 3TOMY
0o6BIYaIo. HoaTomy B HOCJIeI[yIOHLEM 6yJaeM mosnb30BaTbcst 0603HAYEHHEM

v BMecto 0 M AB BMecTo AB. B PYKOIIHCHOM TEKCTe DEKOMeHIyercs
NPHMeHSITh HCXORHBle O603HAyeHHUst, YTOOH M36eXaTb HelOpasyMeHH.

b) lpoGaema u3MeHenus OGasmuca.

Kak MbBl YBUAUM, 5Ta 3aJaua NPUBOAUTCH K PelLICHHIO H HCC/eJ0Ba-
HUIO CHCTeM YypaBHeHHiH mnepBoit creneHd. CaMble NPOCTHIE CJAyuan
CYHTAIOTCS M3YYeHHBIMH B anrefpe, Kak MpPHJOXKeHHe CBOHCTB AeHCTBH-
TeabHBIX unces (cM. KH. 11). [TosToMy, yTOGE! HCONL30BATL 3TH CUCTEMBL,
KOTOpEIE MBI INpeinoJaraeM yiKe HemoCPeACTBEHHO H3YYECHHLIMH, MBI
OTPAaHHYUMCS NPOCTPAHCTBAMH OIHOIO WJH JABYX HM3MepeHuil. Hampo-
THB, OPU O6OJblLIeM 4YHUCJIe H3MEDPEHHH HelOCpPe/CTBEHHOE H3yueHue
BEKTOPHBIX MPOCTPAHCTB MO3BOJSIET HCCAeN0BaTb OOIIHE CHCTEMBI JIH-
HelHBIX YpPaBHEHHUU. JTO UCCNENOBAHUE COCTABJSACT COAepKaHUe Auxel-
HOU aaeebpoi, KOTOPOH Mbl He OyIeM 3aHHMaTbcsl. JluHeidHas ajrebpa
BBOAHT MATPHIBI U ONpEAeNHTENH.

Ecan panm 6asuc BeKTOPHOTrO INpOCTPAHCTBAa, TO 3a/ladya COCTOUT
B ONpeJeseHHH YCJa0BHH, 4TOOH ApPyras CHCTEMa H3 1 BEeKTOPOB TOXe
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o0pa3oBhiBajsa 6a3uc, a TakkKe B ONpelelleHHH KOMIIOHEHT JI060ro
BEKTOpa IO OTHOLIEHHIO K HOBOMY 6Gasucy, e€C/JH H3BECTHBI €I0 KOMIIO-
HEHTBl OTHOCHUTEeJBHO cTaporo Gasuca.
) I[TpocTpaHCcTBO OZHOTO M3MepeHUSs n=1.
basuc cOCTOUT U3 eJMHCTBEHHOTO BEKTOPa ¥,. [10 OTHOLIEHHIO K 3TOMY
6a3ucy Ja000H BEKTOp ? ompejeseH yepe3d ¥ = x,0;. J11060# BeKTOp, 34
HcKmoyenveM 0, Takxe obpasyer 6asuc. B camom jese, eciu

Wy =a,vy,
TO BBIBOJHM OTCIOJA
V= X, W = XT;.

3HaqHT, COTJIaCHO TeopeMe ¢AHHCTBEHHOCTH

xi = aix]lg
OTKyZa
’ Xq
X, = a; N

YTO BCErja UMeeT CMbIc/, H00 a4 5= 0.

2) IIpocTrpaHecTBO JABYX uU3MepeHUBR n=2
Basuc cocTOuT M3 maph BEKTOPOB (¥, Ug).

a) Ycaosue mozo, umo napa (W, Ws) 06pasyem Gasuc.
ITosoxkum (4TO6B H36eKaTh ABOHHBIX HHIEKCOB)

W, = av; 4 bv,,
Wy = a'v; 4 b'v,,

4TO BO3MOXKHO, U0 (74, V) 06pa3yeT 6azuc. Mbl NOMKHBI BBIPA3UTh, UTO
He CYUIeCTBYeT HeHYJEBLIX pellleHHH BEKTOPHOTO ypaBHeHHs

w4 rw, =0,
KOTOPOE 3aIMILETCS COIVIACHO AKCHOMAaM TaK:
(ary+a'ry) v+ (bry4-0'ry) v, = 0.

Corsacno akcuome [B;] 3To paBHOCHABHO cHCTeMe YpaBHeHHH
MEXKY YHCIAMH

ary+a'ra=20;
| bry - b'ry=0.

HsBectHO (cM. ku. 11, AnreGpa), uTo yc/I0BHE, KOTOpOe BhIpaxaeT
€IMHCTBEHHOCTDb pelleHus ry = r, = 0, TaKOBO:

8=ab' —a'b==0.

B 3TOM M cocTouT yC/IOBHE TOTO, UTO (W, Wj;) COCTaBJAIOT Gasuc.
Ecaun, wHaoGopor,

§=ab'—a’b=0,
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TO cucTeMa JaeT Gecunc/ieHHOe MHOMKeCTBO HeHYJIeBBHIX PeLIeHHH BHJa:
ry=ka’;
[o—= — ka,

CJIENIOBATeNbHO, @' Wy = AW,.

B atoMm ciyuae w, B Wo NpHHALIEKAT OTHOMY H TOMY 3Ke NOAMHOKe-~
CTBY OJHOTO H3MepeHHA. B 3TOM ¢/yuae TOBOPST, YTO OHM KOAAUHEAP-
Hole WIH napaaseivrvie. TakoBO B HamleM JIBYMEDPHOM IPOCTPAHCTBE
YCJIOBHe, BEIPaxKalilee, YTO BEKTOPH He 006pasyloT Gasuc.

B) Boiuncnenune HOBH X KOMUOIOHEHT BEKTOPp a.

IMycre HOBBIA 6asuc (Wi, W) 3alaH IO OTHOIICHHIO K CTApOMY
paBeHCTBAMH

Wy = a{vi + b‘vz , ,
w?_‘:a"vi'}‘b,‘vz ab’'—a b#O.
[Tonaraem
V= 30 -+ YU = Xw, +Yw;.
Uckmouas w; U Wy, NONyYaeM:
X0 - yvy = (aX+a’Y) v, + (X +b'Y) ..

TeopeMa €INHCTBCHHOCTH JaeT Torza.

x=aX+a'Y,
y=bX-+0b'Y,
OTKyJZa B cuny ab" —a'b =0
_bx—a'y
{f X=a—an
_ —bxHay
t Y= ab’—a'b

3) B TpexMepHOM NPOCTpPaHCTBe BbUHCAEHHUA aHa-
JIOTHYHBI, HO GoJjiee IJUHHEIE, TO3TOMY MBI UX He OyleM BHIIOMHATH.
Haem Ge3 noxasare/bcTBa pe3yJsbTaT: YCJAOBHE TOTO, YTO TPH BeK-
TOpa Wi, Ws, Ws 00pasyor 6as3uc, 3ak/a0yaeTcs B TOM, 4TO HEKOTO-
pbIl MHOTOYNeH A OTHOCHTENBHO IeBSTH BeJHYHH (KOMIIOHEHT 3THX
BEKTOpPOB) He paBeH HyJsi0. Eciu ke A = 0, oHH He 06pa3yioT 6asuca;
TOrla TOBOPAT, YTO 3TH BEKTODPHl KOMAAAHADHSL.

C DOMOIIBPIO TEODHH OnpefeuTeNell MOXHO OGOGIIUTD 3TH Pe3yJib-
TaThbl Ha NMPOM3BOJbHOE YNCAO H3MEPEeHHIT MPOCTPaHCTBa. BO3MOXKHOCTL
HalTH (QOpPMyJ/bl, COOTBETCTBYIOIIME H3MeHEHUIO 6a3yca, MOKasbiBaerT,
qTO CROUCMEO 08Yx 8eKmMopos Obimb IKGUBRAEHIMHbIMU HE 3Q8UCUM ONt
svibopa 6a3uca, UTO H BLIPAXKAIOT, HA3LIBAA €TI0 8HYMPEHHUM CBOUCMBOM.
Uneno BekTopoB Gasuca onpele/eHO LISl KaXkIOrO BEKTOPHOTO NPO-
CTPAaHCTBA. 3TO 4UCAO €20 usmepenutl (pasmeprocmes).
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c) OpueHTauus BEKTOPHOTO MPOCTPAHCTBA.

1) OnsoMepHOe HUpPOCTpPaHCTBO. Bexmopv = kv,
HA3bI8ALITICSA MO20 HCe HANPABAEHUSL, YIMO UV, ECAL HUCAO k NOAONCLLMENbHO.

OTO OTHOLIEHHE TPaH3UTHBHO, [IOTOMY YTO COTVIacHO (opMmyJe mpe-
ofpasoBaHusl 6asuca, ec/lid ¥ MMeeT TO XKe HalpaBJeHHe, 4TO Ty, H ¥y
TO e HalpaBJieHHe, YTO Wj, TO NPABUJO YMHONKEHMs JEHCTBUTENb-
HBIX 4YHCeJl NMOKAa3bIBAeT, UTO ¥ UMeeT TO XKe HallpaBJeHHe, UYTO W;.

3anare GasUCHBLIH BEKTOp — O3HAUAET OPUEHMUPOBAMb NPAMYI,
J000H BEKTOp TOTO K€ HalpaBJIeHHS, KaK H GasHCHBIL, Ha3BIBAETCS
NOAOIHCUMEAbHDIM.

2)IIpocTpaHCcTBO ABYX H3MepeHHUIH.

Ecau 6asuc (v4, v2) BHOpaH, TO, KAK Mbl BHIEJAH, Hapa

W, = avy - bVy;
Wy =a'0, 4+ b0,

obpasyet 6a3uc Npu ycIoBuH, uto § = ab” — ba" = 0.

Ecay Mbl OpefnoIoKuM Yucaa a, b, a’, b’ H3MeHSIOUUMUCS Henpe-
pPBIBHO, TO napa (w;, W) He nepecTaeT o6pa3oBLIBATH 6asuc, €CJH
TONBKO uuciao 8 = ab’ — ba’ coxpanser 3Hak. Mpl GyleM TOBOPHTE,
UTO 3TOT 3HAK XapaKTepuayer opuexmayuio Gasuca.

Hcxonublit 6asuc

9, =19, + 00y;
‘vz:O‘vi -+ 1‘02

COOTBETCTBYeT 3HaueHHIO ab’ — ba' = —+1.

Mgl cKaxeM, YTO BCe Maphbl BEKTOPOB (W4, Ws), TAKHX, uTo ab’ — ba’
NIOJIOKUTEJIBHO, UMEOM MY de OPUERMAYU, YTO (T4, Us).

[TpoBepUM mMPAH3UMUBHOCMb 9MO20 OMHOUEHUS, TPEINOJOKHUM,
uTo mapa (#y, M) UMEET Ty Ke ODHEHTAlHIO, 4TO (Wi, Wj), KOTOpasd
B CBOIO OYepeJIb UMeeT Ty e OPHeHTauuIo, 4To (Uy, Up). SHAYHT,

(@ =av, + bv,; (w= Aw,; + Bw,;
{ Wy = a’'v; + b'0y; = A'w, | B'w,;
| ab’ —ba’ >0; AB'—BA’ >0.
Mei BuAMM, YTO (GOpMYJBl peo6pa3oBaHHa 6asuca AaloT:
u, = av, + sz = (aA "I_ a’B) D + (bA + b’B) Vo3
iy =0a'0, - pvy= (@A +a'B’)v, + (bA"4-b'B’) v,.
Ho aff” — pa’ = (ab’ — ba’) (AB” — BA’) TakKe INOJOXKHUTENBHO.
TakuM o6pasoM, 8 Kawcdom OBYMEPHOM NPOCHIDAHCMEE, Onpedener-
HOM HeKOmopbim Oa3UCOM, CYUECmeyom 08e 63QUMHO NPOMUBONOA0MNC -
Hote opuenmayuy. Kaxapifi 6asuc, ¢ TOH e OpHeHTanyel, 410 H 6asuc,

BRIGPAHHBIH 1JIs1 ONpelesleHHs] IPOCTPAHCTBA, HA3bIBAETCS NOAOXKCUMENb-
HBIM. :
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EctecTBenHo, B3auMHas 3aMeHa IBYX BEKTOPOB (a3Hca MEHSIET €ro
opueHTalH. Tak xKe MeHSeT OPHEHTALMIO H 3aMeHa OJHOTO W3 BEKTO-
poB 6a3nca Ha NPOTHBOMOJIOXKHBIA eMy.

3) TpexMepHOe NpOCTpaHCTBO. Bruuc/ieHHe noka-
3bIBAeT, YTO YCJIOBHE TOTO, YTO TPH BEKTOPa, 3aJaHHBIX 1O OTHOIle-
HHIO K HEKOTOpoMmy O0asHcy, Takxke o6pasyroT 6asuc, 3aKJIRYaercs
B TOM, Y4TO HEKOTOPHIH MHOTOWIeH A OT IeBSTH BEJIHYHH (KOMIIOHEHT
STHX BEKTODOB) He paBeH HYJIO. DTOT NMOJHHOM, KOTOPHIH IJIS Tpex-
MepHOTO NPOCTPAHCTBA HTPaeT Ty XKe pojb, uto 8 = ab” — ba’ ans
JBYMEpPHOro, COXpaHfeT TOT XKe 3HAK, KOTZa BeKTOPbl MeHAITCS, He
nepecraBas o0pasoBbiBaTh 6asuc. Ero 3ak XapakTepusayeT OpueHTa-
nui0 6asuca. BrluncienMsi, aHaJOTHYHBIE BHIIOJNHEHHBLIM BHIIIE, HO
Gosiee IJHHHBblE, [TOKA3BIBAIOT, YT OTHOMIEHHE «UMETH TY XK€ OpHeHTa-
IIUIO» TPaH3UTHBHO.

Mgl nprMeM Ge3 10Ka3aTeJbCTBa TOT Pe3yJbTaT H JeJaeM CJenylo-
LA BBLIBOA:

3adanue basuca opuenmupyent GeKmMOpPHOE MpPexmepHoe RPOCHpaH-
cmeo. KamcOoui 6Oasuc, xomopeul umeem my e OpueHmayuro, 4mo
U 300QHHbIL, HA36IBOEMCS NOAOXCUMEAbHbIM. B3auMHasa 3aMeHa 08Yx
H3 TpeX BeKTOPOB 0asHca MeHSeT er0 OpPHeHTAlHUIo; TO XKe UMeeT MecCTo,
€CJIM 3aMeHHThb 00uH U3 BEKTOPOB Gasuca NPOTHBOIOJOXKHEIM €MY.

1. ToyeuHoe NpOCTPAHCTBO HaH o6pas
BEHTOPHOro NpoCTpaHcTBa

a) Mbl ompenennM cefiyac MHOXKeCTBO &, 3JIEMEHTH KOTOPOTO
OyLyT HasBaHbl MO4KAMIL H KOTOPOE IIOCTABJEHO B COOTBETCTBHE MO-
CTPOEHHOMY BEKTOPHOMY TPOCTpaHcTBY V.

TIpennonoxum, uro V n-MepHo. Mbl paccMOTPHM 3J1€MeHT, KOTOPHIR
Ha30BeM HQYQAbHOL mo4Kot U KoTopelii 6yleM oObIYHO OGO3HAyaThb

6ykBoit O, a takxke n tTouek Ay, A, ..., A, COOTBETCTBYIOUIHX
BekTOpaM Gasuca. 3amucChiBAIoOT:
0A1 = U1, OAZ =Ty e as OAn = Un.

Kaxpasa tougka M, gapasomiascd 37eMeHTOM &, COOTBETCTBYeT BeK-
Topy v H3 V, uTo 3anuceiBaloT Tak: OM = 2.

Haxkonen, kaxao#i nape M, P ToueKk CTaBAT B COOTBETCTBHE BEKTOpD
u3 V coryiacHo cleayomeMy YCIOBHIO:

Ectu OM =9 u OP = 9", mo npunumaemes MP = 0" — v.
1o 3nauuT, MP = OP — OM (popmysa Illars). CumBon MP B Toueu-
HOM MPOCTPAHCTBe & TaKkKe Ha3biBalOT BEKTOPOM, CHOYThIBad €ro
¢ cooTBeTCTBYIOIMM 06pa3oM B V. (3mech UMeeTcs TO ke 3J0yNnoTpebie-
HHEe B TEPMHHOJIOTHH, KaK, HAalpHMeD, MpPHU OTOXKAECTBJEHHH HAaTypalib-
HOTO YHCJIA C [EJIBIM TOJIOKHTENBHbIM. ) DTO 6eKMOP NOAONCEHUS mouKy P
OMHOCUmMesbHo mouku M.

B cuny cBOfCTB BEKTOPHOTO NPOCTpaHCTBA V 3KBHBAJNIEHTHOCTH
(MM 5KBHIOJJMEHTHOCTh) ABYX BEKTOPOB M3 & fBJAAeTCS BHYTPEHHHUM
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OTHOLLUEHHeM, He3aBHCAMMM OT 6a3uca, a TaKxKe OT Hadasa O, KakK 3TO
MOKa3blBaeT BbIYHCJCHUE:

MP = OP—O0OM=(00'+0'P)— (00 +O0O'M)=0'P—O'M.

b) BerxTopHas cyMMa, mapaajejorpamMm.
MmuoxkecTBO uetnipex Touek A, B, C, D takux, uro

HasbiBaeTcsi napaasesoepammom ABCD wunu, B cUNy CHMMeTPHH OTHO-
HIEHHA 3KBHBaJIEHTHOCTH, napainesnorpammom DCBA. Ho

[AB = DC|<>[AB+BD = BD-+DCl<>[AD = BC| (2

BestenctBue Gopmydsl [ans *. 3naunur, mapannesorpaMM MOXeT Ha3bl-
Batbcsl Takke ADCB u BCDA. 3amena paseHctBa (1) mocieqHHM
paBeHCTBOM (2) uaM 06paTHO BeipaKaeT OCHOBHOE CBOMHCTBO NapaJijeno-
rpaMMa. Mul €ro Ha30BeM nepecmarosKoli CPEOHUX MOYEK @ IKBUBAACHIM-
Hocmu.

[IppumMeyaHHue OTHOCHTEJBHO HNepecCTaHOB-
KH cpeldHux. ConocraBuM pasauuuble (OPMYJH, KOTOPbIC
OynyT Berpeyathed B atoft [ Kumure.

Bo mnoxcecmee yeavix quces umeem:

a—b=c—d<=a—c=0b—d.

Bo mnoocecmee dpobed uau omrowerull:

a__¢ a &
b d < T d
Bo mnooicecmee sexmopos:

AB=CD<=AC

Bo mroxcecnee yeaos (ra. V, § 3)

(@, by = (c, d) (mod 2nt) <= (a, c¢) = (b, d) (mod 2x)
TaK¥Xe M [0 MOAYJIO T.

c) YMHoOxXeHune Ha uyuncJao. llpamoe. Teopema
Paneca.

l)Pacnonoxenune Ha OZHOH mnpaMoi. Tpn
Toukd A, B, M ** HasBIBAIOTCS pACNOAONCEHHbLIMU HA OOHOL npamoll,
eCJIH CYIIeCTBYeT YHcIo k, Takoe, uto AM = kAB.

Ecau k npoGeraer MHOXecTBO R BellleCTBEHHEIX 4HHCeN, TO MHOXe-
cTBO Touek M omnpenensier npamyro. D10 3HAUAT, UTO ecnn A U B panbl,
TO HMeeTCsl B3aHMHO OJHO3HAYHOE COOTBETCTBHE MENAY MHOMKECTBOM
R BellecTBeHHEIX 4HCeJ M TOUKAMH NPSIMOH (seujecmsennoll npamotl).
A coorBetcrByer 3Hauenuio £ = 0, a B 3nauenuio k& = 1.

HYCTb My v M; — xBe pasiuunbe TOUKH npsmoii D, onperesen-
Holl yepes (A4, B).

BD.

i

* Qopmyay Ulans MoXHO npeicTaBuTs B Buie: OP = OM 4+ MP.—
pum. peo.
** Tne A u B — pasnyuuuble TOUKH.— [Tpum. ped.
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Hs
AMy = k)AB, AM, = Fk,AB

caenyer
VYMeD, MiM=rM;M,,
rIe
_ k—ky
h_——ki_ko .

TakuMm o6pasoM, 0se ar0bble pasautHble MOUKL NPIMOL ONPEdeASION ee.

Beskuit Bektop ¥ = AAB sABaAeTcss, COMVIaCHO BBEIEHHOH yiKe
TEPMHHOJNOTHHU, TIapaienbHbIM WIH KOJAMHHEapHBIM BeKTOpY AB u Bek-
TOpY MM 1751 it060H Mapel TOUEK TOH NPAMON; ero Ha3LIBAIOT HANPas-
Asrotium sexmopom npamoil AB. Bee npsMBle ¢ OIHUM H TEM XKe HAMpaB-
JISTIOIUM BEKTOPOM HAa3LIBAIOTCH NMAPAAICAbHbIMI, OHH JIHO0 COBIANAIOT,
Ju60 He UMEIOT HU OJHOH ofIlefl TOYKH.

B uwacrHOCTH, n TPSAMBIX, NPOXORALIMX 4Yepe3 Hayajo KOOpAHHAT
{ UMEIONIMX Hanpab/sfIONIUMH BeKTODAMH COOTBETCTBEHHO # Ga3uCHBIX
BEKTOpPOB, HA3HIBAOTCA OCAMU KOOPOUHAM.

2) JuctpuGyTHBHOCTL YMHOMXEHHS MO OTHOLIGHHIO K BEKTODHOMY
C/IOKEHHIO JFaeT

kEAB=FEAC -+ kCB.

dra dopmyna 6yAeT HasbBaTbhea opmyrol Paseca.

3) AmanurtHuyeckass reomertpud Ecan nano Hauano
O ¥ n GasuCHBIX BEKTOpOB, TO akcuoma [P,] comocraBisier kaxmoit
Touke M npocrpaHcTBa E MHOMKECTBO M YHCENT Xy, Xa, . . ., Xp C IO-
MOLIBIO paBEHCTBa

OM=x,0;+ X305+ . . . -+ X, p.

OTH yKcaIa COCTABISIOT A KOOPOUHAM MOYKU.

CymecTByeT B3aHMHO OJHO3HAUHOE COOTBETCTBHE MEKJY TOUKOMH
MPOCTPAHCTBA M TAKUM YIOPSAOYEHHBIM HAGOpOM 71 AeACTBUTENbHBIX
quces], TaK YTO H3y4YeHHe IPOCTPAHCTBA § MOXKHO 3aMEHHTb H3yue-
HHeM MHOXKeCTBa TaKHX HaGOPOB Yuces. JTa 3aflaua NPeACTaBISET COGOH
aHaaumudeckyry eeomempuro. Mel najuM mepBble TEOPEMBI aHAJHTHYE-
CKOfl TeOMETPHH LJIS1 IIPOCTPAHCTB ABYX H TpeX H3MepeHHi.

B o Boxa VeeaenoBsanue npocrpaHcTBa € ecTb ceomempus. Ecnu
He BBOJHTH APYIMX CTPYKTYP, KDOME TeX, KOTOpPHe Mbl ONpEeleNuIH,
TO €IMHCTBEHHHIMH OCHOBHBIMH TeopeMaMH siBasgiorcsl dopmyda Illans
# popmyna Paneca. CooTBeTCTBYIOIAsA IeOMETPHST Ha3bIBaeTcs ahhun-
Hoti eeomempuedi. Ee Mbl pa3oBbeM B nepBoit wactd kuurd 1V (. ).

3aMeuanune B nocnexyomem Mpl GyaeM 0603HAyYaTb 3SKBH-
BAJIEHTHOCTb BEKTOPOB C MOMOIIBIO 3HAKA PaBeHcTBa (=). MBI HaleeMcs,
UTO TIPeAIIeCTBYIOIIHe MOHATHI HACTOJABKO XOPOLIO MNOHSATHBI, YTO BCS-
KOTO pofa HelopasyMeHHs He OyAyT HMeTb MecTO. B ciyuae coMHeHMs:
MOYKHO BCET[A BepHYTBCH K CHMBOJY = H COXPAHUTb = TOJBLKO AJI
BELIEeCTBEHHBIX YHCeJI.
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YerBepTasa rJaaBa

OTOBPAEHME OQHOIr0 MHOMECTBA B APYrOE.
TOYEUYHbIE NPEOGPA3ZOBAHUA. YUCNOBLIE ®YHKUHUMH
[ J

Anre6panvyecHass TOUKA 3peHuUN

§ 1. C6wee noHATHE 06 OTOGpaMHEHMM

I. OnpepeneHne

[lyers £ u F — fBa pasjuuHBIX WX PaBHBIX MHOXKecTBa. Omo-
opasiceruem muoxcecmsea E 80 muoocecmso F Ha3bIBAIOT 3aKOH, KOTOPBIA
CTaBUT B COOTBETCTBHE KaXKJIOMYy 53JeMeHTY u3 E OIMH H TONBKO OIHH
sneMeHT U3 F. Ecav 3T0T 3aK0H 0603HAUUTDL yepe3 L, uepes ¥ — KaKoil-
Ju6o 3jgeMeHT H3 E, TO COOTBETCTBYIOLUIHI eMy 2JeMeHT y Ha3blBaeTcs
ero o0pasom. OG0O3HAYAIOT 5TO COOTBETCTBHE TaK:

X Y
N\_L /7 (o6Go3uauenue mnpeobpa3oBaHHs)
HJIH XKe

y=0L (x) (bysrkunoHanpHoe oGO3HayeHHe).

MuoxecTBo 06pa3oB L (x) 3/1eMEHTOB X HEKOTOPOrO IIOAMHOMKECTBa
X < E ofosnagaercs uepes L (X).

O6pas L (E) Bkawouen B F. Ecnu L (E) = F, to rosopar, uro L
ecTb OTOOpaxeHHe MHOXecTBa E Ha MHOXKecTBO F; 3T0 oTOGpaxeHHe
CIOPBEKTHBHO, 3TO CIOPBEKIHS *.

OueHb BaxeH cayuait, korja KayJeli sneMent u3 L (E) ectb o6pas
JINILL OAHOTO 3JeMeHTa u3 E. Torna oro6paxeHHe HA3bIBAETCA UHBEKMUB-
Hoim WK unvesmrom ** E B F. B aToMm ciiyyae roBopAr, 4T0 § = L (x)
caedyem 3a x, KOTODHI npeduecmsyem y. Haxownel, ecin HHBEKUUS
SIBJIIETCS B TO 3Ke BPeMs oToOpaxkeHneM Ha MHOXKECTBO, TO €CTh CIOpBheK-
[Heli, OHA OIpeae/sieT 63aumMHO O0HO3HAHHOE coomeemcmeue Mexny E
U F U ee HaspBaoT buexmusgnod ***. O6paTHO, 63QUMHO OOHO3HAHHOE
coomgemcmsue onpefiesisieT GUEKTHUBHOEe oToOpamenue [ MHOXecTBa E
Ha MHOXKecTBO F 1 OHeKTHBHOe OTOOpa)KeHHe MHOXKecTBa F Ha MHOXKe-
crBo E, KoTopoe HasbiBaeTcss oOpaTHbIM oTOOpameHnuio L u ofosua-
gaerca yepes L~l. 310 o6o3HaueHHe GyieT ONpaBiaHo B AajbHediuem:

L_
x€E / / yeF.
L
*CiopbeKIHS— orobpaxkenue Ha... — [Ipum. nepegod.
** TepMHH <«HHBEKUHS» (BODHICKHBAHHE, BJHBaHHe) 0603HauaeT «B3AHMHO
OJHO3HAuYHOe oToOpamenne B».— [Ipum. ped.

“** BneXxTHBHOE O0OTOGpaxXeHHe— B3aMHO OJHO3HAUHOE OTO-
OpaxKeHue Ha...— [Ipum. ped.
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Kaxnast uHbeknust L Muoxecrsa E B MuoxectBo F ecTb GHeKIHs
MHOXecTBa E Ha MHOXecTBO L (E). DT TeXHHYECKHE TePMHHBI, yTOY-
HSAIOLIYE CI0BO «pYHKIMA», SBJSIOTCS OYeHb MOJNE3HBIMH AJs COKpallle-
HHA (GOPMYJHPOBOK HEKOTODEIX OOILETeOPeTHUECKHX pacCyKIeHHH
(cM., wanpumep, B k8. 11, ro. 111, 9 I).

Heck0oldbKO nmpuMeDpOB.

IIpumep 1. Eu F aBnsioTcs KaxJ10e MHOXECTBOM BelECTBEH-
HBIX HHCEMI X\ | AX + 3. B stom cayuae L (E) = F.

ODpumep 2. Eu F aBisioTca Kaxk/0e MHOXKECTBOM BeIIECTBEH-
HBIX WHCEI! X~ /zxg. Ha srtor pas f(E) ecTb MHOXKECTBO IOJIO-

JKHTEJBHEIX HJIH HYJeBLIX uncesa. Kaxablil y, OTIHUHBEI OT HYJA, ecTh
o6pa3 JBYX 3JEMEHTOB X.
[Tpumep 3.

ANV

370 GyleT OTOOpaxKeHHEM TOJNBLKO B TOM C/lydae, eC/H YTOYHEH 3HAaK
y. Vcxonnoe MHOXKecTBO E MOXKET GBITh TOJBKO MHOXKECTBOM IOJIOKH-
TEJBbHBIX UM HYJEBBIX UHCEN UJIH XKe OXHUM H3 €T0 MOAMHOMKECTB.

IIpumep 4. Ilyctb E — MHOXKECTBO Iap BeLIECTBEHHBIX UHCEJE
(x, ¥), a F — MHOXeCTBO BelileCTBeHHBIX yHcea u. OrofpaxkeHue onpe-
JeJIEHO uepes

(x, y)\ s /,u:x+y.

[Tumryt Takxe, Kak yke GBUIO CKasaHo, # = s (X, y), MOJABb3ysACh
o6o3HaueHHeM QyHKYUU 08Yx NEPEeMEHHbIX.
TaxuMm o6pasom,

s(x, y)=x+y.

[Tpumep 5. E u F coBOajaor, ABASSNCH KakAOE MHOMXKECTBOM
TOYEK IJIOCKOCTH; OTOOpaxKeHue X\_g Y Onpeseeno yCoBHeM, 410

BEKTOp Xy SKBHBa/JCHTEH JaHHOMY BeKTOPY ¥. OTOOpaKeHHe Has3biBaeT-
¢l mapaJiieJIbHbIM neperHocom (TpaHC/sinues) Ha BEKTOP V. DTO MOUeYHOe
coomeemcmeue MeXIy TOYKAMH IJIOCKOCTH.

[Ipumep 6. [lyctb E — MHOKECTBO BCeX TOYEK HEKOTOPOH
OKpPYXHOCTH, F — MHOXeCTBO BCeX IpSMBIX IVIOCKOCTH. Kaxuoi
TOYKe x MHOXKeCTBa E CTaBAT B COOTBETCTBME KacaTeJNbHYIO K OKDYXK-
HOCTH B TouKe x. MuoxectBo L (E) ecTb MHOXKECTBO KacaTeJbHBIX
K OKPYXKHOCTH, KOTOPOe TaKiKe HasbBAlOT (TaHICHLUHUAJBHOH OKpyXK-
HOCTBIOY, ABJsOLIeHcst 00pa3oM «TOueuHOH OKpYKHOCTH» E.

[IpoussBegenune aABYyXxX oToOpaxeHuil.

[Tycte nasnl MuoxectBa E, Ey, E, u nycTb oto0paxenue L; Kaxk-
nomy x € E craBut B cooTBerctBHe 00pa3 x; € Eq, a orobpaskenHe L,
CTaBHUT B COOTBETCTBHE Xx; 06pa3s x, € E,. Oro6paxkenne L, xoropoe cra-
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BHT B COOTBETCTBHE KaXJIOMY x € E ob6pas x, € Ly, HasbiBaeTcs npo-
u3BejieHveM oToOpaxenuit L, u L. Mul HenosbzyeM cxemy:

Vx, X\EE\ Ly /XieEi\_Iiz_//{flzeEz-

L

Tak kKak x4 = L (x) B X9 = L, (x(), TO mumyt: x, = L (x) =
= L, [Ly (x)] (o6o3nauenue ¢yunrxyuu om ¢ynxyuu). Ho orobpaxke-
Hue L, ecJIH ero paccMaTpuBaTh Kak pe3yJabTaT OMepalHy, HasbiBalo-
meHcst YMHOKCeHUes B MHOXKECTBe oToGpaxenuil, OYZeT Takxke 060-
3gavyatbest L = Ly X Ly, wd paxe L = L(L,. HMuorga taxxke, 4To6bI
HANOMHHUTL 00o3Hauenue QyHRUMM OT QyHKuuH, numyr L= L, L,,
YTO HYKHO 4UMTaTh CHpaBa Ha/leBO (cHadana L,). Ho stum nociaennum
oGo3HaueHueM Mbl He OyleM I0JNb30BaThCA.

CBollicTBa mnNpoHU3BeAeHHUS ABYX o0TO0O0Da-
)k e H ¥ #. OTMETHM cHauasa, 4TO MBIl YHOTpeGJsieM 3Jech CHMBOJI =,
o6o3Hayad 3TUM, 4TO A/iA JOGOTO 2/eMeHTa U3 E MBI IIOTY4UM TOT 3Ke
o6pa3s, BHIIOJHSA Kax10e U3 JAByX orobpaxenuil. OIHAKO HYXHO 3aMe-
THTb, YTO 3TO OTHOIIEHHE 3KBHBAJCHTHOCTH UMEET CMBICJ JIHIIb 110 OTHO-
IIEHHIO K MCXOAHOMY MHOxecTBY E. Hanpumep, B IVIaHUMETPHH M
YBHAHM, YTO ecii E €cTb MHOXKECTBO TOYEK HEKOTOpoH npsamoit D,
TO CHUMMETPHUS S MO OTHOIIEHHIO K MPAMOH A H HEKOTOpPOe onpeleseH-
HOe BpauleHue R JaloT Te ke o0passl, TaK 4TO MOXKHO HAamucath S = R;
HO 37O He OYJIeT CIpPaBeAJHBLIM, €CJAH PACIIHPHTh HCXOIHOE MHOMKECTBO
JI0 MHOMECTBAa TOUeK BceH MJIOCKOCTH.

IIpoBepuM Tenepb akcuome! [A] ansi omepamuu ymuoxenus. O6o-
CHOBAHHE CJENYIOUIUX YTBEPKACHUN BHITEKAET U3 PACCMOTPEHUA CXeM:

Al L=LuM=M=LM=LM

L M
Vi, x < >\x1 < >x2

L’ M’

[A3] AcconuaTtuBHOCTB

Vx, x\ Ly /x1\\ Lo /XZ\ Lg /rxs
/!

LoLg

[A;] Cokpamenue caesa LM = LM =M =M’
M
/
Vx, x\ L Ak < >x2
YO
Ho cokpaueHHe cnpaBa He Bcerjga paspelleHo.
{A]] LM = L'M coBmectso ¢ L 5= L’
L
X4
Vx, Ny Ny
X, X g x; M /,xz

I
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Coxpaiuenne cnpaBa paspeluaeTcs, eCIH Xz HMeeT JIHLIb OIMH
npefecTBYIOMHUHE B oTOGpamenun M, To ecTb eciuM oOToOpakeHue
E, M /M (E,) sBaseTCcs B3aHMHO OJNHO3HAYHBIM *.

ITpuwmep. PaccMoTpuM BO MHOMKeCTBe HIeHCTBHTEJNBHBIX YHCe,
OTJIMYHBIX OT HYJfA, OTOGPaXKEHHA:

NIV SN e SN ALy
OueBnano, LM = L'M, omuako L == L°. Haxonen, [4,] (xommy-
TATHBHOCTB), BOOGLIe TOBOPS, He MMeET MeCTa, KaK 5TO IMOKa3bIBAlOT
NpUMEpHI.

Vitak, c0BO «yMHONKeHHe» O3HAYaeT SJeCh ONEPAlMIO, He 0bJa-
Jalolyio BceMH cBofictBamu [A ]

Il. Fpynnb oToGpameHuii MHOMECTBA Ha cebn

(Mbl HamOMHH2EM, 4TO MHOMKECTBO, CHa0XeHHOE acCOMHAaTHBHOH
onepanuel, HasLIBaeTcs TPYMNIONH OTHOCUTEJbHO 3TOH Onepanuu, eciu:

1) npoussenenue ABYX 3J€MEHTOB MHOMKECTBA TIPHHALJIEXKHT 3TOMY
MHOMECTBY;

2) cylecTByeT HeATpaJbHLIH 3JeMEHT IJs1 onepaly;

3) KaxkIblfl 3/1€MeHT HMeeT CHMMeTPHUHBIH 3JeMEeHT, TO eCTbTaKoH,
uTO TIPOM3BEJEHHE 3TUX 3JICMEHTOB PaBHO HeHTPaNLHOMY 3J€MEHTY.)

B oroGpaxenuu MHOXKecTBa E Ha ceGsi MOXKeT CAYYHTBCSH, YTO HEKO-
TOPBI} 3JIEMEHT COBIajaeT cO CBOHM 06pa3oM. I'oBOpAT TOTAa, 4TO TaKok
3JICMEHT UHBAPUOHMEeH OTHOCHTEJNBHO OTOGpa:KeHHMS.

Oro6paxKeHue, OTHOCHTENBHO KOTOPOI'O KaXKIblil 9JIeMEeHT HHBapHaH-
TeH, Ha3bIBACTCH MONCOECMBeH UM OMobpasceruem. 3TO, OUEBHIHO,
HeATpalbHBIH 3JeMeHT YMHOXeHus oroOpaxenuii. Ero wusobpa-
KaT gepe3 [J.

ITo ompegenenuio, mpousBefeHHe ABYX OToOpaykeHWH ecTh oTo6pa-
KeHHe H OHO acconuatuBHO. Hakonen, Mbl TOBODHJH, YTO OTOOpaxKe-
HUe HMeeT OOpaTHOe, ecsM OHO YCTAaHABJMBAeT B3aHMHO OLHO3HAuYHOE

COOTBeTCTBUEe MHOXecTBa E Ha cefs.
L

s -1
[Vx, xeE, x\ >y]©[LL1,3].

L—l

Crie0BaTeIbHO, MHONCECTBO 83AUMHO 00HO3HAUHbIX omobpadcenuil E na
cebs obpasyem zpynny.

[ToaMHOMXKecTBO TakHX OTOGpaXKeHHH MOXKeT TaKkKe 06pasOBhIBATh
FpyNNy: HalpHMep, BO MHOXKEeCTBe JBHMKEHHH npocTpaHcTBa E MHOXKe-
CTBO MAapaJJIeNIbHBIX NMEPEHOCOB (TpaHclsAnui) ofpasyeT TpPyniy: MHO-
JKECTBO TOMOTETHH H mapajieIbHBIX IePeHOCOB TakxKe obpasyer
rpyillny. 210 Gyner noarpynna rpynnsl nogobuit (eM. kH. IV, ra. I,
gy, 1I).

* Moxkuo 6ns10 66 cka3aTh, <ecau M sapasiercs uabekuuei».— [Tpum. ped,
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Oto6paxeHnHe Ha ceb6sfg KOHEUHOTO MHO-
KecTBa. HyMmepys sieMeHTHI KOHEYHOTO MHOXeCTBa (Habopa),
MBI U3 HHX COCTABJISIEM KOHEUHYIO NOCA006AIMENbHOCHY:

Xy Xoy oo ey Xno

OrobpaxkeHue MeHsIeT JIUIIb HHIEKCH, U €TO HA3LIBAIOT NepecmaHoeKol.
MHoOXecTBO HepecTaHOBOK, OUeBUAHO, 06pasyeT rpynmy.

Cpellu mepecTaHOBOK PasNHUaiOT KpYao8yio NepecmaHosKy, KOTopas
MeHsIeT KaxIblii MHAEKC [ Ha { + 1, a mocneaunil n Ha nepBbIil.

PaccMoTpuM mocsieiloBaTe/bHBle CTENEHH KPYTOBOH IiepecTaHOBKH.
Ee n-s crenenb ecthb, OUeBHIHO, TOXKJIECTBEHHOE Mpeobpa3oBaHue, U 3TO
MHOXECTBO CTeleHell KPYTOBOH NepeCcTaHOBKHU
of6pasyeT Tpynmy. DT0ii Tpymiie COOTBETCTBYET Ay
HEKOTOPHIH MOPSJOK 3J1eMEHTOB, pa3MelleHHBIX  Ap-1
Ha JIMHUM, AHAJOTHYHOH OKpPYKHOCTH. YTOOH!

ONpEeeJIUTh HCXONHYIO KPYTOBYKO NepeCcTaHOBKY

P, HyxHO BRIGpaTh HampasjieHue o00Xola Ha X,
JIMHHAH, HO TakK Kak Pnl = P! 1o cMpICT Ha-

NpaBJieHHst He BXOAUT B TPyNny cTeneHeHd. Ita Xn X1
Tpynna XapakTepH3yeT yukA U3 1 3JeMEHTOB. Yepr. 3
Hanpumep, ecau uMmeeM ueThipe 3/eMeHTa, TO )
CyILIeCTBYeT TPH LUKAa. Ecau 3TH 3/1eMeHTH —
geThblpe TOYKH IJIOCKOCTH, TO MHOXKECTBO HA3BLIBAETCSl YEMblpeXmOoedHUuK
Han 6ojee ynoTpeGUTENbHO, HO HE B COOCTBEHHOM CMBICTe, uembipex-
YeONbHUKOM; KaXKIblii U3 TpeX UHKJIOB ONpejlefIfieT 4embipexchopoHHUK
(uepTek IMOKa3bIBaeT, 4TO OHU SABJSAIOTCA OJWH BHINYKJABIM, a JBa
CaMONEpeCceKaOUIUMHCs, HJH 3Ke BCce TPH HEBLINMYKJBIMH).

Opyrofi npuMep HNOATPYNNB TPYHOHOBE Iepe-
CTaHOBOK.

[Tycre E — MHOXKeCTBO UeThIpeX JeHCTBHUTeNLHBIX yHcesx a, b, ¢, d.
PaccMOTpUM Bece IE€peCTaHOBKH, KOTOPhIE COXPAHSIOT 3HAYEHHE BbIpa-
XKeHust ab + cd. Takux wuMmeeTcsl BOCeMb, BKJIOUAs TOXKIECTBEHHYIO
nepecranoBky. OGpasoM rnoc/jenoBateabHOCTH {a, b, ¢, d} MOXKeT
OLITh:

{a, b,c,d}; {a,b,d,c}; {b,a,cd}; {b,a,d,c};
{c,d,a, b}; {d,c, ab); {cd, b, a}; {d,c b,a}.

(B mepBoii CTPOKe INepecTaB/sIOTCH JHGO NEpBhiE [ABa JeMeHTa, Jubo
Ioc/ieiHke [Ba; MIOTOM OTCIO/la BLIBOAAT BTOPYIO CTPOKY, MEHSS MeCTaMu
[EePBYIO Napy cO BTOPOH.) STH BOCEMb IIepPeCTaHOBOK 06pasyloT, OUeBH -
HO, Tpymiy.

Taxoro posa rpynmsl HrpalOT BaKHYIO PONb B TEOPHH YpaBHEHHUM
(rpynner Tanya).
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§ 2. ToueuyHsie npeobpasoBaHunA

(obuire NOHATHUR)

1. TepMunonorua

Toueunoim npeobpasosaruem Ha3bIBAETCs OTOODAXKEHHE TOUEUHOTO
IpocTpaHcTBa Ha cebs, Ju00 B adpuHHON reoMeTpuu ABYX, Tpex (Hau
#) u3MepeHHH, JH60 B MeTPHYECKOH [eOMeTpPHH, KOTOPYIO MBI BBEIEM
nozke. [TpeoGpasoBaHue 4acTO NPHUMEHSIOT K HEKOTOPOMY MOAMHOMKe-
ctBy I MHOxecTBa £, HasniBaeMoMmy ¢pueypoi. OOpas durypet F ects
¢urypa F’. Ecau oro6paxkeHne o6o3HaueHo gepe3 &, TO

F\ % /F'HJIH eme F'=%€(F).

OrpaHuyuMcs clyyaeM, Korja npeo6pasoBaHue YCTaHABAHBACT MEXKIY
durypamn F u F’ — B3aUMHO OJHO3HAYHOE COOTBETCTBHE, KaKOBA
Obl HU Obl1a urypa F; B 3TOM caydae npeoGpa3oBaHHI0 ¥ COOTBeT-
cTByeT ofparHoe npeo6pasoBanue €~!. B srom ciaydae mMoJesHo pac-
CMOTpeTh MHOXKeCTBO IOJIOXKHTEIbHBIX H OTPHIATeNbHBIX  CTeleHeH
npeobpazoBanuss € U HU3YUATh TIOC/ENOBATENbHOCTh TIOCHEAYIOMUX
U TNOC/eJ0BATeAbHOCTh NPEAIECTBYIOUINX TOYEK A KaKOH-Iu00 TOYKH

...A_2\ é /Avl\ é /A\ € /]A’\ € /A” e

JTa 1nocIef0BaTeJbHOCTh MOMXKeT ObiTh OeCKOHEUHOH HJH KOHEUHOH:
B NOCJEJHEM cJIyuae OHA MOBTOPSETCSl NePHOAUYECKH H TOXIEeCTBEHHOe
npeo6pasoBanue fABAsgeTcs creneHblo ¥. ([Ipumep: BpaleHue
Ha npaMoli, yroj Bokpyr uentpa 0.)

Ecan npeo6pasoBanue 06paTHO caMo cefe, TO ero KBajipar ecTb
TOKJIECTBEHHOE TIpeo6pa3oBaHUe: TOTrJa HOCAEeJOBATeJbHOCTL TOYEK
CBORUTCS K mape Touek. [Ipeofpa3oBanue HaswBaeTcsd TOTLA 830UMHO
06pammsim I CUMMEMPUUHBIM, WU UHBOAOMUBHbIM (OO CUMMETPHS
IO OTHOILIEHHIO K TOYKe, Nu00 NMpsiMOi, 16O MJIOCKOCTH, a TAKXKe COOT-
BETCTBHE, Ha3pBaeMOe HHBOJIIOIUEH, ABASIOTCA NPOCTEHIUMMH IpHMe-
paMH TakOro INpeoGpasoBaHuUs).

Mgl 3HaeM, 4TO TOUKa, HHBApHaHTHAHd OTHOCHTe/IbHO NpeobGpasoBa-
HUSI €, sBAsIETCS CBOMM COOCTBEHHBIM 0OGpasoM (HAmpHMep, LeHTp
BpANICHUsT); JJIST TaKO# TOYKHM IOC/ENOBATENbHOCTh MPeNIlecTBYIOMNX
U TIOCTEAYIOIHX TOYEK CBOAMTCH K Hell caMoil. MHOMXKeCTBO HHBapHAaHT-
HBIX TOYEK 06pasyeT modeuHo uHBapuanmnyo gueypy (HanpuMep, IJIo-
CKOCTb P OTHOCHTEJIBHO CHMMETPHH [0 OTHOLIEHHIO K 3TOH IJIOCKOCTH).

HyXHO OTJIHYATL 3TO NOHATHE OT NOHATHS (hueypot 2406aA6HO UHBO~
PUGHMHOL Ul UHBAPUAHMHOL 6 yesom: 3TO Takas Qurypa, Koropas
oToGpaxaercs Ha cebs Tak, YTO KaxAas Touka u3 F umeer cBofi ofpas
B F, HO 3TH TOYKH He O0M3aTeNbHO JOJ/KHBI GbITb HHBAPHAHTHEIMH
(TakoBa, HanpuMep, IJIOCKOCTh F, nepneHauKy/adapHas K ILIockocTu P
B OPTOTOHAJILHOH CHMMETPHH IO OTHOIIEeHHIO K P). 310 oT06paxkenne F
Ha ce0s1 HA3LIBAETCS 02PAHUMEHUEM NPEoOPA30BAHUA NO OmHoweRu K F.
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EctecrBenHO, 4TO 3T0 OrpaHuyeHnue MoxeT ObITb ONpeeeHO Ha caMol
¢urype F. (B Hawem npumepe, 5TO CHMMETPHA IO OTHOHIRHHIO K NpSi-
MOIA. )

Mur ckaxeM, 9TO HEKOTOPHIH 3J1€MeHT: AJHHA, yroJd, o6beM U T. 1. —
WHBapHaHTeH OTHOCHTENBbHO MPpeo6pa30BaHMsl, €CJIH OH COXPaHAeT CBOe
3pauenue (HanpuMep, coXpaHeHHe YIVIOB HpPH BpalueHUH). AHAJOTHYHO
¥ HEKOTOPOE OTHOWMIEHHE MOMKeT ObiTh HHBAPHAHTHLIM (HamnpHMep, OTHO-
IIeHHe Tapajyiend3Ma coXpaHdercs INIPH BpallleHHH).

Mruoocecmeo ecex npeobpasosarutl, KOmopbie COXPAHANM HEKOMopoe
OMHOLUEHUE IKBUBAACHMHOCI, 00pA3Yem epyYAnY B CHILY TPAH3UTHBHOCTH
OTHOLIEHHS] 5KBHUBATEHTHOCTH,

Haxonen, npu H3yueHHH MHOMKECTBA peoOpa3oBaHuil Bcerla HY:KHO
OyIeT BBISICHHTb, KOMMYTATHBHO HJIH HET YMHOMKEHUe,

il. KnaccuuKauma TovyeuHbix npeobpasoRaMuil

B adgdunHOK reoMeTpHH oOnepauyy Hal BEeKTOPaMH NO3BOJAIOT Onpe-
IeJINTh TOYeuHble NMpeoGpasoBaHMsI, Ha3plBaeMble apduuHbMH. MeTpu-
uyeckasi TeOMeTPHS II03BOJIAT BBECTH MeTPHUeCKHe npeo6pa3soBaHHsA
(Hanpumep, Bpallende). AHaJOTHUHOE IOJOXKEHHe HMeeT MecTo H
JUIST TIPOCKTHBHOH ¥ KDYroBOH TeOMETPHH, O KOTOPBIX Mbl CKaxkeM
O3J(Hee HECKOJBKO c/I0B. MHOXKeCTBO BceX TOUYEHHBIX IpeobpasoBaHuil
HEKOTOpO# reoMeTpuu oGpasyeT TPymmy, KOTOpass xapaKTepU3yeT 3Ty
TeOMEeTPHIO; 3Ta IpyINa MOXET CIYXKHTL JJIA Olpefe]eHUs STOH rec-
METPHH.

Mul H3yYuM W He B3aMMHO OJHO3HAYHBIE TOUEUHHE NpPeo6pa3oBaHus,
a TakxKe OTOOpaMeHusl HeTOUeUHBIX MHOXKeCTB, I'le, Hamnpumep, obpa-
30M TOUKH fBJSIETCA NpaAMas JHHHUS HJIH IJIOCKOCTh.

lil. TpauchopmuposaHme OAHOro ToOYeYHOroO
npeo6pa3oBauuna ppyruM
Ilycte € — Toueunoe mnpeoGpasoBaHue, MPH KOTOpoM ¢urypa F

HMeeT o6pasoM durypy F' Toro xe npocrpaHcrsa §. [Ipeo6paszyeM Bce
[IPOCTPAHCTBO § WJH Mo KpaiiHe# Mepe oObeluHeHHe F u F’, ¢ IOMOLIbIO
oroOpaxeHus of, H nyctb o6pasoM ¢urypsl F sBurcs durypa @, a o6-
pasoM ¢urypnl F’ sasurcsa ¢urypa ®’. DBuaromaps stomy mexay D
n @’ ycraunaBnuBaeTcs TOYEYHOE COOTBETCTBHE, TO €CTh BO3HHKAeT
HEKOTOpOe Ipeo6pasoBaHHe 4~ COIVIACHO CXeme:

VMeF 4 M eF

/ N N

¢ |
Y 4
NeD & ,N'ed

210 npeobpasoBaHHe .2 Ha3bIBaeTCHs npeobpasoeanuem 6, mpaucgop-
muposannsim nocpedcmeom . IIpH 5ToM cxeMa sICHO OKa3bIBAET, YTO of
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NOJIKHO MMeTh o0paTHOe npeobpas3oBaHue, YTOOH a1eMeHT N COOTBET-
CTBOBAJI TOJBbKO OJHOMY 3JleMeHTy M; TakuM 06pasoM nosydaem

X=F1xExL,
TO €CTb

& (N) =L {G[FL(N)]).

Ecin € u & npuHanmexar oguoil u TOH XKe rpynne mnpeoGpasoBa-
HUl, TO % npHHaLJIeXHT TOH ke rpynne. TakuM obpasoM, Tpancdopmu-
poBaHHE ecTb OTOOpPaXKEHHE MHOMKECTBA TOUEUHHIX mpeo6pa3oBaHHM
B cebs. ([Ipumep: ma miaockoctH, TpaHchOPMHPYS BpalleHHe Ha YroJ o
CHMMeTpHell 1O OTHOIIEHMIO K HEKOTOPOH HPAMOMH, NOJydaloT Bpaile-
HHe Ha yroa —a.)

§ 3. YucnoBble (YHKUKUU OAHOK nepeMeHHOi

(o6iHe MOHATHA)

I. Onpepenenune

Uycnosast GyHKIMA ONHOH IepeMeHHOH fABJsSeTcsl OTOGpaKeHHEM
MHOXKeCTBa R BellleCTBEHHBIX umnces B cebsi. MuoxectBo X C R sieMeH-
TOB X, KOTOpPHE HMelOT 00pas, HasbBAOTCA 00A0CMbI0 (MHOMCECTBOM)
onpedenenus ¢pyuryuu. Muoxectso Y, HaspiBaeMoe o6pasoM X,— 3mo
o6aacme (mroscecmeo) sHaveruill pynxyud. OToOpaxeHne 0603HaYaeTcs
gacTo OYKBOH [, TaK UTO HMILYT:

Vx,xeX,x\ / /er,

WJIH KOpoue
Vx, xeX, y=Ff(x).

X Ha3bIBAETCSl NEPeMEeHHOU uiu apeymenmom. 3HaK = IOKa3biBaeT
3/lech JIHIIb TOJbKO Ha3BaHHe y, HaHHOe o6pasy nepeMeHHOH x. Ecau
NIOAMHOXKecTBO X He YTOUHEHO, TO paccMarTpPHBAOT HaHOOJbLIee TOA-
MHOXECTBO MHOMXKecTBa R, B KOTOpoM (YHKIHMS onpefeleHa (Hanpumep,
ecnu OYHKUMS eCTh KOPEeHb KBAIApPaTHHIH, TO 00j4acTb ONpeleseHus
€CThb MHOXKECTBO MOJIOKHTENbHBIX W HYJEBBIX HHCEJ).

paguk. Urak, kaxaomy x u3 X COOTBETCTBYET OQHO Y H3 Y. I10
MOZKHO PacCMaTPHBATh KAK HEKOTOPOE COOTHOLIEHHE MEXKAY X H Y M BbLje-
JIUTh YTOOpsiOUeHHble Naphl (¥, y), YAOBJAETBOPSIONIHE 3TOMY COOTHO-
[IEHUIO. DTH Maphl NPeACTaBUMBl TOUKAMH HEKOTOPOH IJIOCKOCTH, HMEL0-
UMK KOOPAHHATH x 1 Y. Booluie, yTo66l MMETh BO3SMOKHOCTb TIOCTPOUTH
METPHYECKYIO aHAMUTHUECKYIO I'eOMETPHIO B 3TOH IJIOCKOCTH, HCIOJb-
3YIOT OpPTOrOHAJbHLIE OCH C PaBHBIMHU €IHHHUIEAMH, HO 3TO COBCeM He
CYUIECTBEHHO: YaCTO WCHOJAB3YIOT U PA3JHYHbIE eMHHIEL Ha JBYX OCAX,
He Tpe6ysl K TOMY e COBIIaJeHusl Hadasa sTuX ocedl. Bo Bcex stux ciy-
yasX MHOMXECTBO TOUeK, KOTODEIe IPeICTaBJSIOT Naphl, YAOBJETBOPSIO-
IIMe AaHHOMY COOTHOLIEHHIO, 06pa3syeT epagux QyHKUUH.
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[Tpumeps.

1) ®axkmopuarenas ¢pyukyus y = 1-2-3. .. x, ONpeleNeHHas Ha
MHOKECTBE HaTypaJbHLIX unces. Ee o6osnauaioT y = x! ['paduk artoit
GYHKIMH COCTOMT H3 CYETHOI'O MHOXKeCTBa TOUeK.

0o 1 X 0 1

~¥

g=2 y=0
Yepr. 5 Yepr. 6

2) Adpunnsie pynryuu, 1155 KOTOPBIX TPahUKOM ABJSETCS HpaMas
JTHHUSA.

yl
Qe ——g
el
T
L 1 1 Il P
O 7 2 3 4 X X
Uepr. 7

3) Dynxyus keadpammoui kopensb. PYHKIHA oOnpejeseHa Ha MHO-
3KECTBE BeIIECTBEHHBIX HEOTPHIATEIbHBIX Ynces. Ecan Mbl IpHMeM B Ka-
4eCTBE UCXONHOTO MHOKecTBa X MHOMXKECTBO HATYpalbHBIX 4Hced, TO
¢Gyuknua OyleT NPUHUMATL CBOH 3HAYEHHS B MHOXKECTBE, OTJIHYHOM OT
HCXOIHOIO.

4) [ToctpouM eie rpapuku GyHkuuit y = x* u y = sin x.

Y
1| o~ I
\\3/0{%7 2/;

Yepr. 9

O6parHasn ¢ynkuus. Mcnonb3yeM Tenepb rpaduk MIA paccMoTpe-
wust obpaTtHEIX nap (Y, x). UM cooTBeTcTByeT OTOOpaKenue y N Jx

€CJ/JIH COOTBETCTBHE X\ /y B3aUMHO OJHO3Ha4yHO, TaK KaK 3TO

II03BOJISIET OMpelesauTh obpaTHoe oroOpaxenue. OnpenesseMoe B 3TOM
cayuae ofpaTnHoe oto0pakeHue HasbiBaeTcsi obpamwoll pynxyueld Kam-
HOH ¢yHKIMU f U ee 0603HAUAIOT, KaK 3TO AeJaloT AJsA Joboro ob6par-
HOTO OoTOGpaeHust, [~!, ecau TOJNBKO obpaTHasg (QYHKIMS He HOJNydaer
CHenualbHOTO HA3BaHHs, COOTBETCTBYIOIIETO HA3BaHHIO GYHKUHH [.
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Hanpumep, ¢yHkImua «yABoeHue» Yy = 2x W QYHKUHS «AeJeHUe IONo-
JaMy U= L—; ABJISIIOTCH «B3aUMHO OOPAaTHBIMUY.

Gysknua «xsBaapary y = x? He uMmeeT o6paTHOR ¢yHKUHH B R,
TIOTOMY 4TO KaxJ0€ MOJOXKHTENBLHOE YHc/o Y ecTh 00pas dsyx 3HaueHHH
x’, x” aprymenra x. [oBopsT, 4TO 3Ta Iapa CocTaBjseT npoobpas 3Ha-
ueHHa Y. ['0BOpAT TakKe, pacliMpsisi 3HAYEHHE CJI0BA «(PYHKIUS»,
uto 06paTHas KBajpary QYHKIMS ABJSETCS 08Y3HAYAHOL, CTPOTO TOBOPS,
peds miet o aByX GyHkKumax: v=} u u v = —)/ u, OnpereTeHHbIX
ana 0< u.

Ecan paccmoTpeTs mosyualoinyecst rpaduKu, COBMENAsl OCH X H i,
a Takxe Yy M v, TO obpaileHue (PYHKUHH COOTBETCTBYeT CHMMETDHH HO
OTHOIUEHHIO K GHCCEKTPHCE NEPBOTO H TPeThero KOOPAUHATHOTO YIJIOB.

Kpuso#i ¢ ypaHenuem P (x, y)=0, rae P —MHOrouseH, HalpuMmep,
x* — y* = 1, Henb3si, BOOOIIE TOBOPS, CONOCTABHTb 00HY-0UHCMGeH-
Hyro QysRIn0 Yy = [ (x) uin xe oxny dyukuuo x = g (y). Ho yacro
paccMaTPHBAIOT TaKOe ypaBHeHHe, KaK ONpeendiollee HessHo as2ebpau-
HECKYIO QYHKYUIO Y Om X U QyrKyuro x on y. IT0 paciypsier ynorpebie-
HUe CJI0BA «DYHKIHUAN.

Hasi mpueonomempuneckori ¢pynKkyuyy, Haupumep A1d y = sin x,
obpaleHHe NPHBOAHT K OECKOHEHHOMY MHONCECTBY BHOMEHUIL, 3aKJIIO-
4YeHHBIX B CHMBOJe v = arcsin u. B 31OM ciyuae, BbIGpaB 1esoe yHc-
JI0 Rk, MOXKHO ONPELENUTh eduHCMEeHHY GYHKIHUIO 0 CJAEAYIOIHM
JOTIONHHTEIBHBIM YCJAGBHSIM!

— /24 2kn Lo n/2 + 2km.
B uwactHOCTH, IVIaBHOe 3HaueHue GyJeT ONpefe/]eHO HepaBeHCTBOM
— /2L oL 2.
I'naBHOe 3HayeHHe 4yacTO 0603HAUAETCS ¢ OMOIUBIO 3ariaBHON GyKBbl A
v=Arcsinu*
B nocnenyomem Mel GyjieM MOHHMATh CJIOBO «pYyHKUHS» B €ro CTPO-
TOM CMBICJ/Ie: OfHO3HAUHAA (PyHKUHS.
3ameuanus He HyxkuHo cMemwnBarh o6paTHble Uucaa 2= 7(17)

d obpatnyo ¢yHKmuo v = f-1 (1), Koropas of03HadaeTcss HHOTAA BO
—1

u3z6exanue HefOpasyMeHHH uepe3 f (u).

AnanoruyHo nmpousBefieHue YHCES g (x)-f (x) — 3TO He ecTb NPOH3-
BeJleHHe OTOGpaXkeHuH, KOTopoe Mbl OyjaeM 0GosHauath AIA GoJbluei
BEDHOCTH Kak (pyHKyuto om pyHryuu

P =glf(l, x\ s Y~ g%
/

@

p=gOf
* B Hamefl quTeparype yamie MHOTo3HauHoe ofpamenue sin x ofo3nayaerca
uepes Arcsin x, a riasHoe 3HauenHe yepes arcsin x.— [Tpum. peo.
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1l. Bo3pacranue u yGbiBaHue yucnoBsoii
byHxyun B oGnacrv ee onpegenenus

ITycts X — MHOXKeCTBO, Ha KOTOPOM ompelesieHa GyHKuus f (x).
DyHRUUA HasbiBaeTcs gozpacmarowyelt na X, ecau OToGpakeHHe coxpa-
HSeT MOPSAOK, HHAYE FOBOPS, €CJH IS KAXKIOH Hapel (x;, X.) sHaue-
HUH X, npuHaiitexamux X, pasHocTh [ (x) — f (x;) MMeer TOT XKe
3HaK, YTO H Xs — X;. Haobopor, ecyu, KakKOBHl Obl
HU ObUIH Xy ¥ X ¥3 X, pasuHocTdb f (xo) — [ (x;) ume-* y}
eT 3HaK uucaa —(x; — X3}, TO (DYHKIHS Ha3L-

Baercd ybuwearowed na X. Hakownen, ¢yukuus
HA3BEIBAETCH NOCTOAHHOH Ha X, ecqtu [ (Xy) — [ (x4) =
=0, KakoBbl Gbl HH OBLIH X5 H Xx; H3 X.

Boobiie roBopst, HM OAHH M3 5THX TPeX CIAy4aes
He OCYIIeCTBJIseTca Ha Beeil 06JacTd onpene/eHus; 0
TOTAa WUIYT, HeJAb3st JH pasbutb 3Ty 06JacTh H4
KOHeUHOe uJIH GECKOHEUHOe YHC/O IOJIMHOMKECTB, B
KOTOPBIX HMEEeT MeCTO OAHH H3 JTHX CJIYy4aes,
IIpo xaxknoe TaKoe MOAMHOMKECTBO X; MHOMKECTBA
X roBopAT, uTO (YHKIUA MOHOMOHHO HA HeM,
TOrJa omnpejesneHa u obpaTHas (YHKLHS, 3a HC-
KJIOUEHHEeM cJydyasd, KOra (PYHKIHS [OCTOSHHA.

Ha rpaduke Bospacranue Bhpaxkaercs TeM, 4TO Bce Xopiasl M, M,
napansenbHel BeKTopaMm { + Rj, rne £ >0 ({ u j — elAuHHYHblE BEK-
TOPHl Ha OCsiX KOOpPJAHHAT).

JlelcTBUTENBHO, HMeeM:

MM,= (x2“x1) i+(!/2“y1)j: (xz_xi) (i+k./)’

Uepr .10

rae k:il_——)yc1 — MOJIOXKUTENBHO, COIVIACHO OINpeJeJeHHI0 BO3pacTa-
27— M

HUSI. DTO YHCJIO & HA3hIBAETCA Yea08bim Koapguyuermom xopder My M.
Ananoruuno y6niBanue QYHKIMH Ha X XapaKTEPH3YeTcs TeM, UTO
BCe XOpHbI, COSAHHSIONINE IBe TOUKH rpaduKa, UMEIOT OTpHLATesbHbIE
yIJIOBbIE KO3(OHLIHEHTEL.
[Tpumepsn. 1) k nocrosinen. YpaBHeHue rpaduka:

A=k, wmn y=kx+ (g1 — k%),

X —Xg
YpaBHEHHE HepBOﬁ CTElieHH, KOTOpOe HPEJICTaBJIHeT MIpAMYIO. chHK'
g TakKoBa:

x NN /kx+ (Y1 — kxy),

uro 0603HauaeTcsH eile W Tak: Yy = kx + (y, — kx;). Ee uasmpawor
agppunrol ¢ynrkyued. VI3-3a cTaporo cMmemleHHs HOHATHH «JIHHHAY
U «IpsiMasi» ee Ha3blBAJU TakkKe JUHEHHOH QyHKuueH, TepMHH, coXxpa-
HeHHBIH B Hacrosillee BpeMs 151 QYHKUUH y = kx.
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2) QPynkuusa y = x® BO3pacTaeT Ha MHOMECTBe NeHCTBUTENLHBIX
yuces, TaK Kak

Yo — Y1 = (X3)® — (x4)3 = (%2 — x1) [x5 + X122+ x1],

HO KBajpaTHas CKoOKa MOxeT OBITh 3aMHCaHa H B CJIEAYIOUEM BHJE:
3 1 .

k=1 (xs — x1)2+~4— (x2 — x4)%, 3HauuT, YNIOBOH KO3bdUUUEHT Kk —

NOJIOXKHTENIEH.

TononoruvyecKas TOYHA 3pPEHHRA

§ 1. 06wMe NOHATHA: OHPECTHOCTH, NPEAEnDbI

Tonosnorust — 370 HaykKa, Jalomasi MaTeMaTHYeCKy©0 (GOpMYy HH-
TYUTHBHBLIM NMOHATHEM, BBEIPAXKaeMbIM CJIOBAMH «OBITh COCEHHUM?®, «MaJio
OTJIHYATBCSHA», «CTPEMUTHCS K...». OTH NOHATHS NOABJISIOTCS B QU3HKE
npu npubJHKEeHHBIX H3MEPeHHSX BeJHUYMH H B IeOMETPHH Ha OCHOBE
HHTYUTHBHOTO TOHSATHSI HENPEepPHIBHOCTH.

I. OKpecTHoOCcTR *

) OkpecTHOCTH BO MHOXecCTBe R BemecT-
BeHHB X uHceda Ilycre mano umcio a: Mbl GyleM HasbIBaTh
OKPeCMHOCMbI0 4ucia a nopsadka o u o6o3HavyaTh Vi (@) MHOXecTBO
yHcea X, YAOBJAETBOPSIIOIIUX HepaBeHCTBY

a—o<x<la-+a, TO ecTb, X€la—a, a+af.

CylIecTBEHHO 3aMeTHUTb, 4TO Mbl MPEANONaraeM o MOAOHCUMEAbHbIM.

VurtepBan saBAsercss omxpeinoim, [TO ofecleuuBaeT cledyoLiHe
cBOHCTBA:

(V4] Haa moboeo uucra b us oxkpecmuocmu wucia a cyujecmsyent
OKDECIHOCIY, BKMOMEHHOS 6 OKPECHIHOCIb YUCAL 4.

Hocrarouno 6yIneT NPHHATb 332 NOPSIOK OKPECTHOCTH UHKCIO,
HauMeHblllee H3 yucen @ + o — b u b — (@ — a).

To, uTO yucnO a ABAsSeTCs CePefHHON HMHTePBasa, HeCylleCTBeHHO,
OKPECTHOCTBIO UHCJA @ HA3LIBAOT TaxxKe JOOOH OTKPHITHIH HHTepBa
la — B, a+ vyl, tne uncina f U y NOMOKHUTENLHBI: HefCTBUTENBHO,
TaKOH HHTEPBaJ CONEPKHUT OKPECTHOCTb NOPHAAKA «, I/le & — HaHMeHb-
utee u3 unces P u y. OkpecrHocTbio ynena a (6e3 yTOUHeHHS NOPSALKa)
Ha3LIBAIOT TaKXke BCAKOe NOAMHOXKECTBO, COAepIKalilee OTKPBIThIH HHTEp-
BaJl, KOTOPOMY NPHHAIEKHUT @. Mbl OrpaHnyYHMCs HCNOJNb30OBaHHEM

* TepMHH «OKPECTHOCTb» (voisinage — COCEJCTBO) NMOAUYEPKHBAET, YTO peyb
NJAeT O MHOXKeCTBe 3JIEMEHTOB, HaXOAAIIUXCSA B ONpefeeHHOM CMbIC/e B COCe/CTBE
¢ BAHHLIM 5JIeMEHTOM, TO eCTh GJuU3KuX K Hemy.— [Ipum. ped.
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B KauyecTBe OKPECTHOCTH JIHIIb HHTepBaJa, IpuueM OObIYHO @ OYUeT ero
cepeauHoil. JIerko ycMoTpeTh JBa CJelyIOIIMX BaXHBIX CBOHCTBA:
[Vy] Obwedunenue u nepecederue O0syx oxpecmuocmell 4ucia a
ABASIOMCS CHOBR OKPECIMHOCMAMU HUCAA Q.
[V3] Ecau dsa wucaa a u b pasausnol, mo cywecmsyom pasoens-
Hbie (HenepeceKarouyiecs) OKPeCIHOCIYL AMuX 4uce (TO eCTb OKPECTHOCTH
6e3 ofmMX TOUEK). ITO CBOHCTBO OTAeNHMOCTH. JlOCTAaTOUHO B3ATh,

Hanpumep, Vi (@) u Vg (b), tie a = 33— (b — a).

2) OkpecTHOCTH JAWGOro MHOXKECTBa.

[TycTh @ — 2/1eMeHT MHOXKeCTBA E; HyKHO ONpefeIuTb MHOXKeCTBO 7~
NOAMHOXKeCTB V (@), comepallux @, KOTOpHE VAOBJAETBOPSJIHU Obl
ceofterBam [Vil, [V,], a ecan Bosmoxuo, u [V5]. Muoxectso 7° 6yger
YVOOPSIKOUEHO OTHOCHTEJIBHO BKJIOUEHHS.

a) Bo MHOXecTBe BelUleCTBEHHBX YHCEJJ MH
Jajqy onpejesieHHe B COOTBETCTBHH C TIOHATHEM pPacCTOAHU A
MeKIY IBYMS TOUKAMH NeHcTBHTENbHOH npamoi: MM, = |x3 — x4 .
Bo MHOXecTBe TOUYeK UpsIMOH okpecmHocmu moukuy A ¢ abeuuccolt
a SBJSIOTCS OMKPLIMbIMU OMpe3Kkamu, copep:Kamumua A, TO ecTh
o0pa3aMHi OTKpBITHIX HHTEPBANOB, cOlepxKamux a. Mol OyneM Opar:
BOOOLIE OTPe3KH C cepelllHOl B A U OyJieM Ha3bIBaTb TaKHe OKPECTHOCTH
Vo (A) n Vy, (a). Onu onpesiesiensl, cilefoBaTeIbHO, YC/I0BHeM | x — a | <Za.
Takum o6pasoM, ec/H 3aMeHHTb YUCJIC a 3aeMeHToM x € V, (@), To 370
3HAYHUT COBEPIUHTb OTHOCHTENBHO @ abcomommuyn ouwubky |x — af,
MEHBIIYIO UeM d.

MoXHO YCJIOBHTBCS HPUHATDH JIPYrOe ONpejiesieHne OKPecTHOCTH BO
MHOMKeECTBe BellleCTBeHHLIX YHCe/I, CBI3aHHOE C MOHITHEM OMHOCUIMENb-
Hotl owubku: x OyIeT JiexaTb B OKPECTHOCTH @, €CJIH x/a J€XKHUT B OK-
pecrroctu 1. Toraa okpectHocts Wy (@) OyAeT MHOXKeCTBOM TaKHUX X, UTO

0<l—p<x/la<<l-P, 10 ectb |x—a|<<P|al

Ecaun a gaHo, To BKJIoyeHue Wy (a) = V, (a) obecnieunBaercs Hepa-
- BeHcTBOM P << a/|al.

Ecnu B nano, To Brmouenue V,, (a) = Wp (a) obecneunsaeTcs Hepa-
BeHCTBOM ¢ < f | @], 4TO BO3MOKHO TOJBKO B OTPaHHYEHHOM HHTep-
Base (a;, as), He coiepxameM 0. Bo MHOXKecTBe BellleCTBeHHBIX YHCeJ]
Ha BeIeCTBEHHON INPAMOH 3TH JABa ONpelefeHHsl NaT pA3AULHbLIE
mono.aoeuu.

b)) Touku mnDpocTpaHCTBA [JBYX HU3MepeHHH
(MM Tpex, WIH 1 H3MepeHHH).

B addunHo# reomerpun Touka A onpezenena yepes QA =ai-}-bj.

Msl onpefeuM ecTecTBeHHBIM O6pa3oM OKpecTHOCTh Vi g (@) Kak
MHOKecTBO ToueK M, OM = xi -+ yj, yIOBJIETBOPAIOUMX YCIOBUSAM:

x€la—a, at+al uyelb—p, b+PpI,
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TO €CThb HaXOAALIMXCH BHYTPH MapaJjiejorpamma, KOTOPHIH 3aBHCUT
ot 6asuca; HO ecyiM npeobpasywr 6asuc, TO O6epyr nepeceueHHe 06OHX
COOTBETCTBYIOIHX NapaljienorpaMMOB. '

B Merpuueckoll TeoMeTphH (CM. CJAeAYIOUYIO IVIaBy) MPHHHMAIOT
ompejeJieHne, COOTBETCTBYIOIIee MOHSTHIO PACCTOSHHA MEXIY IBYMS
Toukamu. OKPECTHOCTBIO NOpSAJKa @ TOYKH A 31ech OYIeT MHOXKECTBO
Toyek M, nast Koropueix AM < a. 3ro omxpeimeti kpye. B Gosee olimeM
clyuae n-MEpPHOrO NPOCTPAHCTBA TAKOTO POJAa NOAMHOXKECTBO Ha3LIBaeT-
CS1 OMKPBIMbIN WAPOM.

¢) OKpecTHOCTH NPpAMOHN BO MHOXKeCTBe D NpsiMbix D
niockocth. IlpaMast D 3aBHCHT OT ABYX napaMeTPOB: ee ONPeleJsioT,

Hanpumep, ypaBHEHHEM Yy = mMX -~ p, ycTaHaB-

M B JIMBAIOIIMM B3aMMHO ONHO3HAYHOE COOTBETCTBHE
r MeXIy TapamH (m, p) MHOXKeCTBa R® U HPAMBIMH
M’ D. WMnu xe BBOAAT mapel TOYEK, B KOTOPBIX Mpf-

T Mast mepecekaer KOOpJHHATHBIE OCH, HJIH e OCHO-

BaHHE NEPNEHANKYJAApa, ONYIIEHHOrO HA NPAMYIO

A D u3 BuiGpanuoil Touku. JIBe mpsAMble OYAYT Hasbl-

Yepr. 11 BaThcA coceOHuMu, ecId 0ob6a mapamerpa, KoTOpHIe

HX ONnpefessioT, UMeIOT CcOCelHHe 3HayeHHs. ITH

omnpenesedus yuoBaersopsitor yeaosusm [Vyl, [V,

[Vi]. Besikasg OKpecTHOCTb OZHOTO BHAA CONEPHKUT  OKDPECTHOCTH

IPYTHX THIIOB, TaK 4TO pa3JHYHbLIE IIpeJOKEHHDIe ONpeieIe s 3a1al0T
OJHY H TY e TOMOJOTHIO,

Crenyer OTMETHTB, YTO HA JBYX COCELHHX NPSIMBIX HEBOSMOXKHO ycCTa-
HOBMTbH COOTBETCTBHE 4epe3 cocelHHe TOUKH, TaK KaK TONOJOTHSA JIHHel-
9aTOH IJIOCKOCTH * He cBsizaHa ¢ TomoJsorueil Toueynoi nicckoctu. OGe
TOYKH 3PDEHHSI MOTYT OLITh CBA3aHBI, €CIH PACCMOTPETh OFPAHHUYCHHYIO
00/1aCcTh MIOCKOCTH H OTPE3KH MPSIMBIX.

d) OkpecTtHOoOCTH oOTOoGpaxeHus PaccMorpum, Ha-
OpHMep, MHOXKECTBO BpallieHHH B IIaHMMeTpHH. Bpallenue r onpefe-
JIEHO NOJIOXKEHHEM LIeHTPa U 3HaUYeHUeM yIJia, TO €CTh BCEro Tpems napa-
meTpamu. IBa Bpamenus r* u r” GyLyT HasbiBaTbCsi COCEIHHMH, €CJIH
napaMeTpel NPHHMMAIOT cocefHHe 3HaueHHUsl. COOTBETCTBYIOLIHE STHM
BpallleHusiM 06pa3ul M u M ” ogHoit u Tofl e TOYKH, Booblle rosops,
He SIBJSIOTCS COCeIHHMH; OHH GYAYT COCEIHHMH JHIIbL B ¢Jlydae, KOria
paccmatpuBaeTcsl orpaHHueHHas o6saacTb, COJeprKalllas LEHTPH Bpa-
I[eHHS.

) OKpecTHOCTH KPpHUBOIHA Bo MHOXeCTBe KDHBBLIX JBE
ayru I u I'', coepunsontue A ¢ B, MOTYT HasbBaTbCsl COCEIHHMH, eclH
MOKHO YCTAaHOBHTb Takoe oToGpawkenue I Ha I'", uTO Kaxjaas TOuUKa
M € lueroobpas M’ € " 6yAyT HAXOOUTHCS HA PACCTOSHHH, MEHBIIIEM
uyeM o APYT OT Apyra. Takoe cocelcTBO NpUEMIeMO M H3YUEHHS MJ10-
IAAK, HO, OUEBHIHO, AJIsl W3YUeHHs! AJIMHBI HYXKHO 6yleT morpeGoBarh
60JIbIIeTO, a HMEHHO CJIeyeT, KpOMe YKa3aHHOro, noTpe6oBaTh, YTOOH!

* To ecTs TOMOMOTHS MHOMKeCTBA BCeX NPAMEIX, JeXaluX Ha IJIOCKOCTH.—
Ipum. peo.
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KacarelbHbie K OGOHM KDHBbIM B COOTBETCTBYIOUIUX TOYKaX HMeJH
cocelHue APYT APYTYy HanpaBJeHHs: UCCJAeJOBAHHe IJIUH AyTr Tpe6yer
6JI130CTH He TOMBKO TOUeUHOH, HO ¥ TaHTeHIHAaJbHOH.

Ecnu xpuBble siBAAOTCH TrpadMKaMH YHCIOBBIX (YHKUHH OAHOM
U TOH Xe MepeMeHHOH, TO MOXKHO OyIeT cuMTaTh (GPYHKIHH COCEIHHMH,
OJU3KHMH, eClH HX Tpaduxu OAM3KH, ¢ MeHee WM GoJlee CHJbHBIMU
TpeGOBaHHSAMHU: TOYEYHOH OJNH30CTH MJIM TaKKe H TaHTeHHHaJbHOH
Gsn3ocTH (MOC/eHss 3aTparuBaeT OJIM30CTb NTPOU3BOAHBIX (PYHKHHH).

1l. Npepenbt

Ilycts B AByX MHOxkectBax E U F 37€MEHTOB X U Y OlpeleseHbl
oxpecTHOCTH V,, (x9) 1 Wp (yo). HerkoTopoe otoGpaskenue f MHOKeCTBa £
B MHOXeCTBO F CTaBHT B COOTBETCTBHE 3JIEMEHTY X ero ofpas y = [ (x).
CienlyeT H3y4UTb, KaK COOTBETCTBYIOT ApPYT APYLy IpH 3TOM oTto6pa-
JKEHHH OKpecTHOCTH. [lokaxkem Ha mpuMepe.

IlpuMmep KacaTedbHOH HOpPpAMCH K OKpPY X-
HOCTH B HeKoTopol ee Touxe. (Mo ucnonbsyem
XOpOUIO H3BecTHEle CBOHCTBA, BHITEKAIOlHe H3 OlpejeseHHs.)

Hrak, nycere E — muoxecTBo Touek M okpyxuoctd (OM = R)
u nyctb A € E. Mui paccmarpuBaeM OKPECTHOCTH NOPsiika ¢, OIpefe-
JIEHHBlE Yepes

N
MeVy(4) <= AOM << «.

C apyro#t cTopoH»!, NyCcTh F — MHOMXKECTBO NPsMbIX D, NpoXoasitiux
yeped A. Mul onipenesisieM OKPECTHOCTbL MOpsfka & nmpsaMod D, yepes

DEeW, (D)) <> DoD<ce.

Haxkonen, xaxaoi Touke M MBI CTaBUM B COOTBETCTBHEe Npamywo D,
npoxoasuiyio uepes M. Jra npsamas AM omnpeznenena, ToJIbKO eciau M
He coBnanaer ¢ A, Tak uTo 0TOGpakeHue onpeleneHo juus B £ — {A}
(MaoxkectBo E, u3 koroporo yaanuaud Touky A). O6pas MHOKeCTBa
Vo (A) — {A} ectb MHOXKeCTBO TPAMBIX D, I/ KOTOPBIX

by 8 a TN T
&5 — 5 <<A0, D<+ .

[TosToMy ecnu pacemorpers mnpsamylo 1), mpoxoisuryio yepes A
U NepneHiukyaspuyio K pamuycy OA, To BHAHO, 4YTO 3TOT OGpas
apasiercss okpectHocreio W, (T) mpu & = /2, W3 Koropoil yiajena
npsMas T.

O6parno, masi npoussoabroro & >0, W, (T) — {T} saBasercs
obpazom V, (A) — {A} npu a = 2e.

(Orcroa BBITEKaeT HHTYHTHBHOE paccyXICHHE: €C/IH COIVIaCUThCHA
npene6peub YIJIOM €, TO MOXKHO 3aMeHUTb npamyo AM npamoir T,
npu ycroBud, uto M jpocratouno 6iuska K A.)

[Tonyuennoe ofpaTHoe TNpeisOXKeHHe 3aMHIIeTCsl Tak:

Ve, Ja: [MeVy (A)—{4}] = [DeW.(T)].
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310 MOXKeT ObITh BHIPDAKEHO OAHOH U3 crAeAylomuX ¢pas:
«D crpemutcss Kk T, korga M crpemurcst Kk A»,
«D umeer npenen T, Koraa M crpemutcs K A».
[MTuiyT (¢ TMOMOLIBI0 NMPSIMBEIX CTPEJIOK):

«D — T, wxorga M — A», usm eme D —T.

M — A

OTMeTHM, 4TO 3TH BHICKA3LIBAHUS UMEIOT CMEICH, JIUIIb B3SThHIE LETHKOM,
TaK 4TO KaXKAas 4acTb BbICKA3bIBAHHA B OTJEJBHOCTH HHUYETO He BhIpa-
XKaeT.

§ 2. NlosanbHOe MCCNEROBAHME YUCNOBOH (PYHHLUUM

a) Mer npexnosaraeM, uro GyHKUMS y = f (x) olpeneteHa B Kax-
JIOli TOUKe HHTepBaJa ]a, b[; NOCKOIbKY HHTepBAJ OTKPHIT, OH SIBJIAETCS
OKDEeCTHOCTBbIO JI060# cBoeil Touku. Bce oxpectoctn V, (xy), KoTo-
pbie Mbl OyleM paccMaTpuBaTb, CYHTaeM colepxkauluMucst B Ja, b[;
3TO 3HAYHT, YTO Mbl BO3BMEM € JOCTATOYHO MAJbIM, YTOOH OGECIEUHThH
BLINIOJIHEHHE 5TOTO YCJIOBHS. ’

Mrak, nycTb x¢ € 1@, b[; MBI MOJOKUM Yo = [ (o). O6GpasoM oxpecrt-
Hoctl V (x¢) sIBAsieTCS TOAMHOMKECTBO BeILeCTBEHHEIX UHCEN, COHep-
JKallee Yo, HO €CJIM He JesaThb HUKAKHX JONyHmeHH#l o ¢byHkuuu f, 1O
HEeT YBepeHHOCTH, 4YTO 3TOT 00pa3 OKPEecTHOCTH TOUKH Xy fABJSETCH
OKPEeCTHOCTBbIO TOUKH Y. Hac HHTepecyer cienyomuii ciayuaii.

HenpepnBHOCTDb B TOUKE X

®yHKuMS HA3LIBAETCS HENpPepLIBHOH B TOYKE Xo, €CAM AJIS MPOU3-
BOJILHOTO € > 0 MOXHO o6ecnedutsb, uTobsl ¥ € W, (Yo), 1ist 1106010 x,
B3ATOr0 U3 OKPeCcTHOCTH Vi (Xy), Ille NOMOXKHTeNbHOE YHCAO o MOMKET
ObITb  ONpEeNeJIeHO uepes &.

v

vt 9 /5//7/7/57/7}?/?' K} e 1)

.

NN
Vet

Ny |

Wuaye roBops, ¢yukyus, onpedeseHnas™wa la, b], wenpeposra
8 MOUKe X¢ 3020 UKIMEPsAad, ecal, KAKoeo 6ol Hu Gbla0 NOAOHCUMENbHOE
HUCAO €, eMY MONCHO COROCMABUMb NOAONUMEAbHOE HUCAO G, HAKOe,
4mMo Hepasencmeo | x — xo | << a eqewem Hepagercmeo |y — yo | << e,
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TO €CTb
Ve>0, 3a>0: [x—x, | <<a = |y—yo|<<e.

310 o3HayaeT, Kak NOKa3biBaeT U rpaduk, uro o6pa3 OKPEeCTHOCTH
Vo (xo) mpunaniexut okpectHocTH We (o). [Ipu 3TOM OTHIOAB HE HIYT
o6s13aTe/IbHO HamboJblliee YUCIO @, KOTOpOe YIOBJIETBOPSET YKas3aH-
HOMY YCJOBHIO.

ITpumep. PyHKUHS NepBOH CTENEHH Y = mx |+ p HelpepbIBHA

B KaXKJOH TOUKe, HOO HEpPaBEeHCTBO |y — Yy, | < & ofecneynBaeTcs
e
2im)| "
$icHO BHAHO, YTO @ 3aBUCHT OT &. Ecan dynkuus OykeT He nepBoOk
CTeNend, TO ¢, OYEBHAHO, 3aBHCUT TaKke M OT X.

Mkr1 3HaeM, Kak BBIPa3uTh YCJAOBHE HEIPEPBIBHOCTH B TOUKE C IIOMO-
Mbl0 TIOHSITHSI TIpefiesia: B TOM NPOCTOM Cjyuae HeT HeoGXOIUMOCTH
HCKJIOUaTh Xo. PopMyaupoBka 6yneT crenyioumiel: Pynxyusa, onpe-
Oeaennasn Ha la, bl, Hasvisaemes Henpepolerol 8 motuke xo IMO20 UHMED-
sasa, ecau f (x) empemumcs x [ (xq), Koeda x cmpemumesn K X

b) Dyukyua Ho3vI60EMCA ONPEOeACHHOL 8 OKpeCmMOCU Xo, €CAU
OHQ ONpPedeseHa & MO4YKAx, OMAUHHLIX OMm Xo 6 000l OKpecmHoCmU
Vo (xo), Karum Got maavis Hu GoLa0 4ucio .

Moxer clydHTbCs, YTO OHA He ONpejeseHa B TOYKE X, TOrJa cTa-
BUTCH BONPOC, UMeeT JIM OHa npenet L, Korja x cTpeMHTCs K X, TO €CTb
ecain X ecTb 06JacThb onpenenenus | (x), To cylecTByer au L Takoe, 410

Ve, da:[x€X, lx—x,|<<a] = [|f(x)—L|<e¢].

opu | x — x, | << e/ |m|. Ho MOXHO B3Th, HanpuMep, &=

Hau6onee nmpocTblM cnyyaeM, a OH GyJeT €AUHCTBEHHBIM, C KOTOPHIM
Mbl BcTpetuMes B KHuTe 111, sipasercsa cayuvali, KOrAa ¢yHKUus oripe-
JesieHa BO BceM uHTepBase la, bl, 3a mckimoyenueMm x,. Torma, ecau
hyHKUHA uMeeT npefesl L, Korjga x CTPEMHTCS K X, €6 MOXKHO clesath
onpedeeHHOt U HENPEpPbIBHOL 8 MOUKe X: HJIS 3TOTO NOCTATOYHO OyIer
npunucars 3Hadesne L o6pa3y TOYKH X,. B 3ToM ciyuae roBopsit, 4to
L ectb ucmurnoe 3uauerue QyHKyUL 8 MOUKE X

c)IllpoussoaHass B TOUKeE.

[TpeanonoxuM, 4T0 QYHKIMS ONpene/JeHa Ha OTKPHITOM WHTEpBaJje
la, bl u HenpepwiBHa B TOYKe Xy BriGpaB &, a 3HAYHT, U OKPECTHOCTH
We (yo), MBI eil MOXKEM NOCTaBUTb B COOTBETCTBHE OKPECTHOCTb Vi (Xy),
TaKyi, 4YTO

x€Va (x0) = y€EWe (yo).
Touka M c KoopauHatamu (x, y) rpaduka QyHKUHH 6IH3KA TOUKe
My ¢ KoOpAMHATAMH (Xg, Yo). IO MBI 3KestaeM ente yTOUHHTL, GJIH3KO JIH

HanpasJenue npsamoii MM xakomy-nu6o onpeneseHHOMY HalpasJe-
HUIO. MLl pacCMOTPHM TO3TOMY YIVIOBOH KO3(gbuiueHT npamod M M:

g<x):z—':z—gs
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TO ecTh (QYHKIHUIO, KOTOpas He oOInpefefeHa Vsl X = Xy, HO KOTOpas
onpeneneHa B o060 APYyrofi Touke OKpecTHOCTH Vi (Xo).
Ecnu g (x) uMeer npefien R, KOrAa X CTPEMUTCS K Xo, TO €CTh €Clu

Ve' >0, 3o’ 1| x—x|<a = %E;’/L —k‘<8’

X0

TO TOBOPST, UTO PYHKyUS [ umeem npoussoOHYIo 8 MOYKE Xy U YTO 3Ta
npousBojHas paBHa yucay k. Oto o3Hadaer, yro npamsle MM MHo-
JKeCTBa MPAMBIX IIJIOCKOCTH, NPOXOAALIMX uepe3 My, HaxoasTcs
B OKpPECTHOCTH NPOM3BOJMBHO Majoro nopsiaka &' npsmoit T, npoxo-
Isreft uepes My 1 uMeloniell yriaoBoil koapdunuenT £, xorga M Haxo-
JUTCS B OKPECTHOCTH JOCTAaTOYHO MaJoro nopsiika o Toukn M.
ITo onpenenenuto, sta npamas T' Ha3biBaeTcss Kacameavroli K rpaduxy
B Touke M, Taxkum o0pasom, yTBepkKzAaTh, uTo (PYHKIHS HMeeT Hpo-
H3BOJHYIO B TOUKE X MJH UTO ee TpadHK HMeeT KACaTe/lbHYI B TOUKe
Mg, — 370 oHO W TO XKe *, mpuueM 3HAuUeHHE NPOU3BOLHOH ABJASECTCS
YIJIOBBIM KO3(h(MHIKEEHTOM STOH KacaTeJbHOH.

1) Baxuble 3ameuanusi. Mbl yxxe HEOJHOKPATHO NPEAINOJATANH, UTO
$hyHKUMS HMeeT npefen] I8 HEKOTOPOTO 3HAYEHHS Xy aprymenrta, Mol
JOKHBL JI0Ka3aTh Telepb TeopeMy:

EnnucrBennocts npenena. Ecau ¢pyriyus umeem npedes L, xoeda x
CmMpemMumes K xq, mo amom npedes €0UHCMEEH.

WMuave roBopsi, GyHKIUSA He MOXKET CTPEMHTHCA K ABYM PasjHUHLIM
nperenaM L u L, KOroa x CTpeMuTCS Xy ITO BhITEKaeT H3 CBOMCTBa
ortpennMoctt [Vs], KoTopoe cnpaBelsuBO M1 HAIIMX OKPECTHOCTEH,
ONpefieJIeHHBIX BO MHOXKECTBE BellleCTBEHHBIX 4HCeJ, B KOTOPOM (DYHK-
IS TIPHHEMaeT CBOM 3HaYeHHHA: ecau L = L, To MOXKHO pPaccMOTPeTh
IBe pasleJbHble (nenepecexarowjuecs) oxpectaoctn W, (L) u W, (L)).

1
Jna nocTHXKeHHUs PasiesibHOCTH JIOCTATOYHO B3ATH & < T L — Ly |

Torpa, eciu L ectb npefiedl, TO CYLIECTBYET @ TaKOe, YTO o6pa3 OKpPecT-
HoctH Vi (x¢) 3akmtoyaetcsi B okpecTHocTH W, (L), 3Hauur, 510T 06pas
He uMeeT Touyek B okpectHoctH W, (L;), u L, He MoxeT OwiTh mpe-
JeJIOM.

2) Teopema. Ecau Ose pynyuu [ u g, onpedeiseHuole 6 OKPECIHOCTIL
MOUKY X, NPUHUMAIOM 00UNMAKOBbe 3HaQueHus npu ecex x u3 la, bl
Kpome moocem Obimo X = Xg, MO, €Cau 00HA u3 Hux umeem npedea L,
Koeda X Cpemumecs K Xo, Opyeas (pyHKyus umeem 3mom sce npeded.

Jra TeopeMa SBJSETCS HENOCPEACTBEHHBIM CJIELCTBHEM Olpele-
JeHHsl npelefa. B uyacTHOCTH, eciM OZHAa M3 HHUX, Hanpumep g (x),
HeNpepLIBHA B TOYKE Xo, TO Jpyras HMEeT B 3TOH TOUKe Hpefes, PaB-
HBIH g (Xo).

* Kacatennnyio B Touke M, rpaduka onpejensioT oObluHO Gosee WHPOKO,
Jdomnyckas, 4To npsaMass 7, B OKPeCTHOCTH KOTOpo# Jexar npsamsie MM,, moxer
6LITh mapassiensHofl ocH y. DTOT ciayuall NOJTYYHTCS, KOTAA OpH X — Xy Npeied
¥—Yo
X—Xg
IIpum. pel.

X—X
He CYIUeCTBYeT, HO 3aTo TpeleJ y_Z/Q CYIIECTBYET H DaBEH HYJIO.—
—Yo
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TIpumep. CpaBuuTs npu x = 3

f(x)= u g (x)=x+3.
DyHKkuHA [ CcTAHOBHTCH ONpeleJeHHON H HeNpPephIBHOH NpPH X=23, eCJH
Mbl el MpHIUIIEM 3HaueHHe g (3) =

3) Teopewmn!, kacawomuecs onepanuil Hajg NpefesaMd M Haj Hempe-
PHIBHBIMH  YHKLUHSIMYE, HMEIOIHMK IPOH3BONHYI0, OYAYT H3YUEHBE
B kuure IIl. Bce ke HaM mnoHamoOHTCA yKe B HacToslledl KHHTe
HCIIONIb30BaTh B TOCTEAYIOUMIEM HEKOTOphle CBOHCTBA, BbITEKalollue
HETOCPeACTBEHHO H3 ONpefeseHHH: Ipelesa CYMMBl KOHEYHOTO 4HCaa
pyukuui, Kaxias M3 KOTOPbIX HMeeT Npele, paBeH CYMMe 3THX
npenesoB. AHAMOTHUHO U JUIS1 MPOHM3BENEHHS.

d) Boszpactranue u y6nBanue B Touke. [Ilycts
nana ¢yukums f (x), onpenenennas B la, bl, u Touka xo B 3TOM HHTED-
Basie. Ecam cymectByer oxpectHocTs Vi {xg), B KOTOPOH QYHKUHA
YAOBJIETBOPAET YCIOBHIO

f(x f("o)

VieVa (x), g(x)= >0,

To QYHKINA HasblBaeTcsl eoapacmarouiet: @ mouke xo *. (Taxum o6pazom
CPaBHHBAIOT Kaxjaoe 3HaueHuwe u3 Ja, b[ ¢ omHuM BHIGpaHHBIM 3HAue-
HHUEM X,, B OTJIHUHE OT PaCCMOTPEHHUs BO3pacTaHHsl B HHTepBaJe, KOrjia
CPaBHEHHIO MNOJABEPraloTCs MO JBa NPOM3BOJBLHBEIX 3HAUEHHA X; U X
U3 3TOTO MHTepBaja.)

Ecan dyuguus umeeT B TOUKE NOAOHUMEAILHYD MpoussooHyrn k,
TO OHa BO3pacTawllasi B 3TOH TOYKe, TaK KaK TOTAA MOXKHO Onpeje-

JIUTh @ TaK, 4TO HepaBeHCTBO | g (x) — & ]<% k Gyner BHINOJHEHO,

oTKyAa g (x) > 0.

O6paruo, nyctb g (x) > 0 ans kaxnoro x u3 la, b[. Huuro ne noxa-
3bIBaeT, 4TO [ (X¥) HMeeT NPOHU3BOJAHYIO B X, HO €CJH 5Ta NPOU3BOAHAA
CYLIECTBYET, TO OHA He MOXKeT GhiTh orpuuaTensHoil. OTcioia clexyo-
e NpeJIoKeH s :

Teopembl. Ecau ¢ynkyus, onpedesennas e la, bl, nenpepeisra 8
x0€ la, bl u umeem 6 amoii mouxe npoussodryro k, mo

k>0 = [(x)— 603pacmaowas 6 x,,
k<< 0 = f(x)—ybusarwan & x,.

Ecau | (x) eo3pacmaem, & xy =

k>0
Ecau f (x) ybosaem, & xy= k< O.

* Onpegenenne youBaomes B ToUKe ¥g GyHKUHH ananoruuuo.— Ilpum. ped.

6* 83



§ 3. Mepexop, OT NOHGNLHOr0 MCCNEROBAKUA
H rnobSanbHoMy

B sToM naparpacde Mbl npeanosnaraem, uro ¢yHRuud f (x) onpee-
JleHa Ha OTpeske |a, b] u HenpepbiBHA B Kam 0¥ TOUKE 3TOTO OTpe3Ka.
Peub uzeT o nepexoje OT OAHOH TOYKM X; K APYroH TOUKe Xy uepes
[eNOYKy OKpecTHOCTeil.

I. OcHOBHbLIZ TeopeMbl

a) Teopema o paBHOMepHOH HeNpepLiBHOCTH

CornacHO onpeJieNleHHIO HeNpepLHBHOCTH (PYHKUHH B TOYKe, eCIH
BoIGPaHO NOJNOXKUTETBHOE UYHCAO €, TC KaXKIOH TOYKE X, HHTepBajia
la, bl cooTBeTcTBYET UMCAO Gy, TAKOE, UTO

XE€1Xy—ag XoF o [= |y—y,|<e.

B xaxnoit okpectHoctd Ve, (Xo) AMuHB 20, rpaduk QYHKIHHU annpo-
KCHMHPOBAH € TOYHOCTBIO J0 & OTPE3KOM INPSIMOH Y = y,o. Ho, utolht
MOXHO OBLIO YTBePXKAAThb, YTO 3TO JaeT MOKPLITHE WHTepBana la, bl
KOHEYHbIM YUCAOM TAKUX OKPeCTHOCTel, HeoOXOIMMO 3HATb HEHYJIeBOM
MHHOPaHT 3THX IJHH 20, JJIA Pas3iUYHLIX TOUEK Xo. ITO TpeboBaHHe
[OPHUBOXUT K HOBOMY HOHSTHIO!

Onpenenenue paBHOMEpPpHOIH Herlnpep ol B-
HOCTH.

®yukuus, omnpegeneHHas Ha OTpeske [a, b], Ha3pIBaeTCA pAsHO-
MEPHO HEnpepoisHoll, ecsill, KakoB 6bl HU bl € => 0, eMy MOXKHO TI0CTa-
BHTh B COOTBETCTBHME UHCJIO d, TaKoe, YTO AJs Ji06OH Napel TOYEK Xy,
X5 3TOTO OTpe3Ka HepaBeHCTBO

| x; — Xy | << d obecrieunBaeT BLITIOJHCHHE HEPABEHCTBA |y — Y| <&,

TO eCThb
Ve, Vx; u x€(a, b}, 3dd>0:|x—x|<d = {y,—y| <e.

10 yCIOBHE Kamercsl 6osiee CHJBHBIM, YeM HeNpepblIBHOCTb B KamkIOH
TOYKe, OJJHAKO OKa3biBAETCS, UTO B CIy4ae YHCJIOBBIX (PYHKIUH Ha OTpe3-
Ke JeHCTBHTENBHBIX uHcesl o6a MNOHATHS COBHajgaioT. IJTO CJeNyeT
U3 TEOpeM:l: .

TeopemMa o paBHOMepHO#l HempepbIBHOCTH. Beaxas Gyuxyus, onpe-
OeAeHHAs HA OMPE3KE U HENPEepbiBHAs 8 KAucool eeo Mmo4Ke, ABASEMCS
PABHOMEDHO HENPEepPbIBHOL HA IMOM OMmpesKe.

(danee Mbl OpHBOAUM JOKa3aTeJbCTBA PAasJHUHBIX TeopeM. 3TH
JIOKa3aTebCTBa NMPH NEPBOM YTEHHUH MOMKHO NPONYCTHUTH.)

CaencrtBu s Ecid nokpbiTh OTPe3oK |a, b] KOHEUHBIM YnciOM
MOCe0BaTeIbHBIX HHTEPBANOB (ip) IJHHBI d, TO MOMKHO, BHIGHpas
IIPOU3BOJBHO 3HAUCHHE X, apryMeHTa x B KaXJIOM HHTepBase (ip),
annpoOKCHMHPOBATh C TOUHOCTBIO JI0 € JAHHYIO QYHKIMIO ofbeJHHeHueM
OTPe3KOB MNpPAMEIX, H300paXKAOLIMX IIOCTOSIHHBIE QYHKIHH Y =y,
B Ka)JOM U3 HHTepBa/OB (ip). BBeneHHas ¢yHKIUS g (X) — «KYCOUHO
TIOCTOSIHHAS» — HA3bIBAETCH CIynenuamoil ¢ynxyued.
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Takum ofpasom, ecau f (x) paBHOMepHO HenpephiBHa Ha la, b,
TO OHA ANNPOKCHMUPYETCH C TOYHOCTBIO 10 € GeCKOHEYHLIM MHOMKECTBOM
crynendarslX Gyskuunii. O6patho, ecau Aas moboro uncna &€ >> 0 cyiie-
cTByeT pasCuenne orpeska la, bl Ha HHTepBadbl AMHHBI He MeHee YeM
d, a Takxe cTyneHuaras QpyHkuus g (x), KoTopas Ha KaxjiOM M3 3THX
HHTEPBAJOB TOCTOSIHHA M  YAOBJETBOPAET

YCJIOBHIO g4 ’r—'_
Vxela, b, [[(x)—g(x)|<e/2, I

TO HenpephiBHas (QyHKuusA [ (x) sBasdercs T—i b |

paBHOMepHO nenpepsisHOit Ha [a, b, moto- BEEE

MY H4TO P >

x| <d = [[(0)—g ()| <e.

Jpyrumu QyHKOUAMH, TOxe annpokcumu- 4 Mp
PYIOHIMMH € TOUHOCTBIO A0 € JAaHHYIO (DYHK- ]
LU0, fABJASIOTCA «KYCOUHO JUHeHHble (QYHK- |

MKy, KOTOphle OGYAYT yiKe HelpepHBHBIMH. '
- o v T ! -
Tax nasbBalT QYHKORH, TpaUK KOTOPHIX 2 % 6

npencrariaser coboi ofbefuHEeHHEe OTPE3KOB,
(543 nocJaefoBaTeNbHbBE TOYKH
COe U EAIONUIAX T} J Uepr. 13

Mp (xlh yp) " MP+1 (xp+1v yp+1)-

Ipaduk vy (x) (ua BrOpOM pHCYHKe) H300paxaeT Takyl (YHKIHIO.
b) Teopema ¢ rpanuuax.

MHroscecmeo Y snavenutl pynxyui y = f (x), onpedeserroti u Henpe-
PLIBHOLL KA OMpPe3Ke, CePAHUMEHHO CEepXY U CHU3Y. IMmu eparuysl npu-
HAOAeHcam YKA3QHHOMY MHOXMCECMEY, TO €CTb OHH SBJSIOTCS 3Haye-
HHAMH QYHKLIME NPH ONpefieseHHLIX 3HAUEHHAX X HAa OTpe3Ke.

¢) TeopeMa 0 OPOMEKYTOYHBIX 3HAUCHUSAX.

Bcee snadenun Qynkyuu, co0epacauiuecs Meucoy epanuyamu MHoxMce-
cmea Y, npuradaexcam mroxcecmsy Y.

[Tocnennue nBe TeopeMbl BHIDAXKAIOT, UTO 00pasoM OTDe3Ka MHO-
KeCTBa X CJYMKHT OTPE30K BO MHOXKecTBe Y *,

JoKkasareancTsa.

Mul GyneM onpenefdaTb AeHCTBHTEJbHBIE YHMCIA Uepes «3aHafHH»,
onpenenenusle B ryiase 11, § 4, n. 111, 10 ecTb yepes nocnenoBarennb-
HOCTb BJIOKGHHBIX OTPE3KOB, IJIMHA KOTOPBIX CTPEMHTCH K HYJIO:

la, b1 [ay, il 2 las, bl > ... Dlas, bl D ...
Ve, AN:n>N = |b,—a,|<e.

[Tycre & — uncio, onpenesneHHOe 3T0# MOC/e10BATENLHOCTEIO. 3aMe-
THM, 4TO BcsKxasi OoKpecTHOCTh Vi (E) uucna § coiep:KMT OTpe3OK 3TOH
[OCJe10BaTeIbHOCTH

Va, IN:n >N = Vu(E) D lan, bl

* Opnako 3To oTobpaxeHHe He 06A3aTeNbHO HHBERTHBHO. OHO 6YAET HHBEK-
THBHEIM JIHIWb IAd MOHOTOHHOH ¢yukuuu (cM. u. Il B).— IHpum. ped.
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a) Teopema 0 paAsHOMEPHOU HenpepolBHOCHIL.

1) Ecnin dyukuua f HenpeprlBHA B Kaxjuo# Touke orpeska la, b]
IuHBl b — a = 0, TO oHA OYIeT U DPABHOMEPHO HENPEPLIBHON Ha TOM
OTpe3sKe, eciu Jo6omy € > 0 coorBercTBYyeT Takoe d =0, uro [ (x)
aNMNpOKCHMUPYIOTCA € TOYHOCTBIO JIO & IIOCTOSIHHBIMH (YHKHHSMH
Ha KaX/IOM OTpPe3Ke, BKJAIOUEHHOM B [a, b] u uMeloleM IJIHHY He Gosiee
yeM d. 3TO no3BoJsieT BBecTH AAs1 x € [a, b] oaHy U3 CTymeHYaTbiX
GyHKIUA g (x), GMU3KHX K [ (¥) ¥ NPHHUMAIOMHX KOHEYHOE YHCJIO R
3HauYeHH .

Ecau orpesok [a, b] paséur na p yacTHbIX OTPE3KOB C IMOMOUIBIO
p — 1 npoMexyTounslX 3HaueHud @ <Ca’ <<a"<<...<< a’1<C),
TO paBHOMEpHAsl HENPEPHIBHOCTh HA KaMKJOM YaCTHYHOM OTPE3Ke BJe-
yeT 3a coGoii paBHOMepPHYIO HelpephiBHOCTh Ha la, 0], moromy ToO
f (x) okasblBaeTcst anmpOKCHMHPOBAHHOHN yepe3 cTymneHYaTble QYHKIHH,
KOTOpLIe TIPUHHMAIOT

kithat .ty
NMOCTOAHHLIX 3HaueHWid. (O4eBHAHO, JOCTATOYHO PACCMOTPETH OIHY
M3 3TUX QyHKIHA g.)

2) Eciu 6b1 ¢yHKIMS [ He SIBASAJACh PAaBHOMEPHO HeNPEPLIBHOH
Ha [a, bl, To npu pasGueHHH 3TOro0 OTpe3Ka HA YaCTH IO MeHbLIeH
Mepe B OJHOM M3 YacTHUHBEIX OTPe3KOB HENpPepLIBHOCTb 3TOH YHKIHH
He Oblia paBHOMepHOH. YCJAOBHUMCSI, uTo OyleM pasbHBAaTbh OTPe30K
[a, b1 Ha nBa paBubIx oTpeska yauHb (1/5) & u 0603HauaTh uepes [ay, b1
TOT U3 HHX, Ha KOTOPOM HeNpepHBHOCTb (DYHKIHH HepaBHOMepHA.

[ToBTOpsisi pasbueHne, Mbl NOJYUYHM «3ai1a[HIO»:

- [a, bl Da;, il D ... D la,, bl D ...
bp —a,=06/2".
D10 6YAET NOCAe]0BaTeIbHOCTh OTPE3KOB, HA KOTOPLIX HElpepPLiBHOCTD
He siBJsieTcsi paBHOMepHOH. Ho 3Ta mociefoBaTenbHOCTL OMpesaessieT
ypcso &, npu KoropoM [ HempepblBHA. CielloBaTesbHO, JIIOOOMY YHCHY
&€ > (0 COOTBETCTBYeT OKpPeCTHOCTh Vy(E), B KOTOPOit PYHKIHUSA ANNPOK-
CHMHPYeTCS ¢ TOYHOCTBIO JI0 & nocrosinHoi gynkuued f (). Ho nockosb-
Ky 3Ta OKDECTHOCTb COfepkHUT la,, b,], To monyuaerca mpoTHBOpeuHe.
CreoBatesbHO, HempepelBHOCTH Ha [a@, b] HeoGxomuMmo sBJsfeTcA
paBHOMEPHOH.

b) Teopema o eparuyax.

Ecnu e BeiGpan, To, 61arofapst paBHOMEDHOH HENPePBIBHOCTH, MEI
anmnpoKCUMUpyeM (QYHKLMIO [ (X) ¢ HNOMOLIBIO CTYINEeHYaTOH (YHKIMH
g (x). Dra nocsenHAs NPUHHMaeT JIMUIb £ 3HAUeHMH, CJI€l0BATENIbHO,
OHA 02PAHUMEHa; OTCIOfA CJeAyeT, 4uTo W [ (x) ABJIsieTcA OTPaHHYCH-
Ho#t Ha la, b]l. Dro 3mauut, YTO MHOXKeCTBO 3HaueHuil f (x) B Y — R
HMeeT TOUHYIO BEPXHIO TI'paHb M M TOUHYIO HMIKHIOIO TPaHb M.

PaccmorpnM, nanpumep, M.

B pas6uenuu orpe3ka [a, b] Ha 1Ba paBHBIX OTpe3Ka, KOTopoe
Mbl y2Ke BBIMOJIHSH, KaXKIbli H3 5THX OTPE3KOB J4eT CBOK BEPXHIOI
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rpanb, ¥ nauGojiblllee 3HaYeHHe ITUX TpaHel paBHO M. ITO 3HAUWT,
uto M siBJseTcs BepXHell IpaHblo (DYHKLHH [0 MeHbLIEH Mepe B OLHOM
H3 YaCTHYHBLIX OTPE3KOB, KOTOPLIE Mbl M 0Go3nauuM lay, by ]. [ToBTOpSAS
pasbuende, Mbl NOJYYHM «3amafHio». B KaxXAOM OTpeske 3TOH mocie-
LOBaTeJBHOCTH TOYHON BepxHeil TpaHblo sABasgeTca M.

[Tycts & — uneno, onpexgeseHHoe 3ToH  «3amafneity. OueBHAHO,
f (&)< M. Ho nepasencrso [ (§) << M HeBO3MOXKHO, TaK KaK OTCIOfa
c1en0Basno Gbl, UTO CYILECTBYET OKPECTHOCTb Vi, (§), Iie TouHasi Bepx-
Hsif rpaHb MeHblle M, XOTS 3Ta OKPeCTHOCTb H COAEPKHUT OTPE3KU
la,, b,

TaguM of6pasoM, ofosnauas & = xjr, uMmeeM: [ (xp) = M. Amnano-
THYHO JIOKA3LIBAETCST CYLIECTBOBAaHWE WHCAA X, € la, b], Takoro, 4To
[ (x,) = m. Pasnocte M — m HasbiBaeTcs Kosebanuem GyHKIHH
Ha la, bl.

c) Teopema O NPOMEHYMOUHbIX BHOHEHUSNX.

[lycrp p 3axatoueno Mexny m u M. [lpeanonoxum Asas onpeResieH-
HOCTH, YTO X < Xpr U NYCTh J# — MHOXKECTBO X € Xy, Xapr], AT KOTO-
puIX [ (x) > p. DTO MHOXECTBO He NYCTO, MOTOMY YTO OHO COAEPIKHUT
X3y OHO MHHODHPOBAHO uepe3 X,, CJleloBaTelbHO, HMeeT TOUHYIO
HHMIKHIOIO TPaHb X,. JTO 3HAYUT, 4TO:

1) x, ABJiseTcs MHHOPAHTOR J¥:

XeH = 2z Xy,
2) 570 HanboJbllas MHHODAHTA:
YW (%), Ve (xp) N K+ &

Toraa [ (x,) > ¢ HEBO3MOXKHO, HOTOMY UYTO CyllecTBoBana Obl
okpectHocTb Vo (x,) © &#, 10 ecthb Vg (x,) cojepxana Obl x < Xy,
4TO NPOTHBOPEUHT IMPEABIAYLIEMY INYHKTY 1).

Ho [ (x,) << p TakXe HEBO3MOXKHO, [OTOMY UYTO TOTAA CYLIECTBO-
Bajia Obl OKpectHOCTb Vg (x,), 3JIeMEeHTHl KOTOPOH YIOBJIETBOPAJH OB

F(x) <<pu nmenu 6ol
VOL (xll) n C% == @v

YTO MPOTHBOPEYHT NYHKTY 2).

Taxum obpasoM, HOMKHO OBITH [ (x,) = -

3amMeuanmue MoxXHO BHPa3uTh cBoicTBa b) u ¢) Tak: [pu
OMoOPAXCEHUU € NOMOWDbIO HENPEepuiGHOl (YHKLuL 06pasom ompesxa
la, bl ssasemca makxxce ompesox.

11. NMNpUnoO:HEHUS H HenpepbiBHbLIM
AuddrepeHyupyeMbiM DYHRUMAM
[MpennonoxuM, 4TO GYHKUMsE y = f (x) He TOMBKO ompejeseHa
W HelpepEIBHA Ha OTpesKe la, b1, HO, KpOME TOTO, HMEET H TIPOM3BOAHYIO
%k B KaxIOH TOUKe X, 9TOro oTpe3ka *. MHomxecTBO 3THX uuces k obpa-

* B sTom ciyuae OYHKHHIO HaseBawT jguddepeHuEpyeMoll Ha oOTpeske
{a, b).— IIpun. ped.
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3yer npoussodnyrw gyuxyuro f* (x). Mel ZonosnHsieM TeopeMy O TpaHsx,
or™euasi, 9to [ (xm) U [’ (Xpr) PABHSIOTCS HYJIO, €CIH X, U Xar HAaXO-
IATCH 6HYMpPU OTPe3Ka, TO eCTh eC/HH 3TH 3HAUEHHS TNPHHALIeKaT
OoTKphiTOMy HHTepBany la, b[. IelicTBUTENbHO, OTHOIIEHHE

—m

g=10m

HMeeT 3HAK PasHOCTH X — X, CJAeJOBATeJbHO, OHO He HMEeT [OCTOSIH-
HOT'O 3HAKA B OKPECTHOCTH TOYKH X,. [Ipesien atoro otdomenus [ (X)),
KOTOPHIA 10 HDEANOJNOKEHHIO CYIUeCTBYeT, MOMET DaBHSTHCS JIHILD
Y0, AHajoruuHo Wiast [ (xap).

Mpasuno.

Ecau [ (x) onpedesena, nenpepoisna u dughpeperyupyema Ha ompesxe
la, b1 u ecau ona Oocmueaen: c60UX MOutbLX epaHel 8 Xy 1L Xay, NPUHAD-
aeocauiux la, bl, mo npouseodnas 6 smux MoUKAX POASHACMCA HYAO.

Caencrsue,

Teopema Pouana Ecau wrenpepuisuas u 0npedeacHHasn
na la, b] dynryus umeem npoussodnyro ¢ kaxcdold mouke la, bl u ecau
f(a) = [ (b), mo cyujecmseyem no menowell mepe O0OHO 3HAUEHUE
E € la, bl, 0aa womopoeo npouseodnas pasHa HYyo.

HeficTBuTeIbHO, ecnd QYHKIMA NOCTOsiHHA HAa [a, b, To ee npo-
#3BOJlHAS paBHA HYJIO B KaxKAOH TOUKE; €C/IH OHA HENOCTOsIHHA, TO OHa
uMeeT JuGO TOYHYIO BepXHIOlO rpanb M, pocruraemyio na la, &[, nu6o
TOUHYIO HMKHIOIO TpaHb m, focTuraemylo Ha la, b[, nu6o ofe rpauu.
Hanpumep, ecnu oHa npuHuMaer 3HadeHus Goablie, ueM [ (a) = [ (D),
TO cyinectByeT M, oTKyna xa € la, b6l u [" (xa) =0.

Caepcreue. TeopemMa © KOHEUHHB X OpHpaoIe-
HH g Xx. [lycte Tenepn [ (a) == f (b); Torna npsamass AB, rae A —
TOYKa ¢ KoopiuHatamu {a, f (a)} u B — Touka ¢ Koopuunatamu {b, f (b)},
yKe He mapajdielbHa OCH X = b. 3ra npsiMasi, KakK Mbl BHIEJH,
sBJasferca rpadpukoM QyHKIUH

¢ (x) = kx4 [ (@) —ka, tne h—LO=1@

b—a

©Oynkuusa F (x) = f (x) — @ (x) nenpepbiBHA U HMeeT POU3BOIHYIO
BHYTPH paccMarpHBaeMoro oTpe3ka * M Ha ero KOHIAX paBHAeTcs
HYJIO; N03TOMY K HeH MOXKHO NPHMEHHTb Teopemy Poussi; cieioBa-
TeJbHO, cyulecTByer uuciao & € la, o[, Takoe, uto
F (E)=0;
HO
FE=F®—-¢E@=[E—k,

sunauurt, " (§) = k.

* To ectb Ha uutepBane la, bl.— MHpun. ped.
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Hrak, napu yxasarHoix Ycaosuax cywecmeyem mouKka UHMEPSAIR
la, bl, 8 komopoil kacameavnas k epaguxy QYHKYUL NAPAAIENLHG
xopde AB. D1oT BHIBOI 3aNHCHIBAETCH TaK:

B fO)~F@="E)(b—a)

(CnoBo «koHEUHOE» B BLIpAXKEHUH «KOHEUHOE NpUpAaLIeHney yrnorpet-
JisieTcss B TIPOTHBOBEC «0ECKOHEYHO MaJIOMY NPHpPAINEHHIO», KaK Hasbl-
BaJH paHbllle TPH ONpeleleHUH TNPOH2BOLHON TNpHpALIEHHS b— &
H [ (b) — [ (a), crpemsaumecs k 0. ¥ celiuac uHOTHA ellle HA3LIBAIOT
TAKOTO POJa MNpHpalleHust «0eCKOHEUHO MaJbIMH», KOHEUHO, B Heco6-
CTBEHHOM CMEICHIE.)

Uccaenosanue Bo3pacTanusi (yHKHUM Ha OTPe3Ke C MOMOUIbIO
APOK3BOJHOM.

Dynem npexnojsiaraTb B jadbHeRmeMm, uro ¢ynruus f(x) ompege-
JeHa M HelpephiBHA Ha oTpe3ke la, bl ¥ UMeeT MPOU3BOAHYIO B HHTep-
Bane la, bl.

a) Ecam dyHKUUA NOCTOAHHA Ha OTpE3Ke, TO MbI 3HaeM, 4TO €€
IpOH3BOZHAsl paBHa HYJIO B JIOGOH Touke wHTepBata. G6paTHO, mpel-
MIOJIOKHM, YTO €€ NIPOU3BOJHAs paBHa HYJIO B Kaxio#i touke la, bl.
Torga corfacHO TeopeMe O KOHEUHBIX MpMpAalleHHAX KayKAas Xopha
rpagrka liapajjiebHa OCH X == b, 3HAUWT, (PYHKUHS [OCTOAHHE
Ha orpe3ke. Orclona ciejyeT JBa OUeHb BaKHBIX 3aKJIOUEHHS:

Ecau pynkyus umeem npoussodnyro, moocOecmeeHHo PABHYO HYO
BHYMPU OMpPe3Ka, Mo 3MA PYHKYUS NOCMOAHHA HQ OMPEe3Ke.

Ecau Ose ¢hynxyuy umerom o0RY u my sice npoussoonyo ¢ (x) eHympu
HEeKOMopo20 OMpPesKa, mo Imu GyHKyuL omaunaromes Opye om Opyea
AULLL  NOCMOAHHbLM . 4uciom. (HeHdCTBUTeNbHO, HCUHCTEHHEe TPEeesoB
NOKa3nlBaeT, YTO IPOM3BOAHAA PAa3HOCTH €CTh PAa3HOCTb INPOU3BOA-
HbIX.) Mel 6yzeM nosb3oBaTbest 3TOH Teopemoll B raape VI xuuru 1.

b) Ecan dyukurs, HMewmas NPOU3BOAHYIO BHYTPH OTpe3Ka, BO3-
pacraeT Ha 3TOM OTpe3Ke, TO OHa TaKxKe BO3pacTaeT U B KaxJOH TOuKe
3TOTO OTpe3Ka, IpUYeM ee NPOH3BOLHAS [OJNOXKHUTENbHA WHJIH paBHa
HYJIO.

OG6paTrHo, npeAnoNOKMM, UTO NPOM3BOAHAS CTPOTO NOJOXKHTETbHA
B Jo0oii Touke uHTepBasa. CoryacHo TeopeMe O KOHEWHbIX NpHpauie-
HHSX, BCE XOPABl HMEIOT NOJIOXKUTENbHbIe HAKJOHLI, CJIENOBATENbHO,
GbyHKLIHA ABJseTcs BO3pacTalomied Ha 3ToM HHTepBasie. Bospacranue
0003HayalOT CHMBOJIOM /7; TaK 4TO:

['(x)>0, Vx€(a, b) <> [(x) / (a, b);
Fr(x)<<0, Vx€(a, b) <> [(x)\i(a, b).

Orcrofa BHITEKaeT, YTO AJsl OHpelesleHMs HWHTepBaJoB, IJe Hempe-
pbiBHaa QyHKUHA, HMEIOWas NPOH3BOAHYI0, BO3pacTaer WJH YObiBaeT,
JOCTAaTOUHO M3YUHTb 3HAK 3TOH NPOU3BONHOH. Bo BCSKOM HHTepBale,
rje 3HaK NPOU3BOAHOH He MeHfAeTcs, PYHKIUUS SBJAETCS BO3pacTamouleit
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{npu 3Hare --) unM yOblBawowe#l (npy 3Hake —). B KaXXIOM H3 3THX
c/lyuaeB (QYHKLHS HasbiBaeTcsl MOHOMoHHOU B uHTepBane. CoOTBeT-
CTBHE MeXAY X W Y B 5TOM cJydyae B3aMMHO OAHO3HAYHO M, COIJIACHO
TeopeMe O NPOMEXKYTOYHBIX 3HaueHHAX, obpaTHas QyHkuus [~! ompe-
JeneHa H HelpephiBHA Ha oTpeske [m, M.

Onpeaenenns HenpepuBuad (QyHKIHS HMeeT MAKCUMYM
B Xg, €CJIM OHA HBJSIETCA BoO3pacTawulell B uHTepBale {a, Xo) U yObl-
Baionieil B uHTEpBase (xo, b); ciaenoBatenabHo, f (X,) ecTh TOUHAS BEpX-
HAA TpaHb QOYHKUMH [ (x) Ha (@, b). Ecan dyHKIus uMeeT IpouU3BOA-
Hyw, T0 [’ (xo) = 0. [TopoGubM Xe 06pa3oM ONPENeRAIOT MUHUMYM.

1ll. Paciuvpendue NOHATUH OHPRCTHOCTM M npepgena

Boznukaer HeoO6XOAMMOCTD NPUCOCAVMHUTL K MHOXKECTBY JelicTBH-
TeJbHbIX YHCEJ 1Ba 3JeMeHTa, 0003HauaeMbIX uepes —+-o00 n —0, KOTO-
pbie OHpelesIsAaroTCda KaK TOYHAA BePXHAA H TOUHAA HUXKHAA FPAHH MHO-
JKeCTBa JAeHCTBUTENbHBIX qyuceJ, TakuM 06p330M, OT OTKPBLITOTO MHO-

kecTBa R TNepexolsT K 3aMKHYTOMY MHOMXKECTBY R, Ha3biBaeMOMY
«3aMKHYTOH IIpSMOM».

B orpeske [a, b] KoHIB! @ B b He UMEIOT, €CTeCTBEHHO, OKPECTHO-
crefi, BKJIOUEHHHIX B OTpe3ok [a, bl, npuxomurcs paccmarpuBath
«npapble NOJYOKPECTHOCTH» IS @, TO eCTh NOAYHHTepBaau la, a + ol
U JIeBble 0 YOKPECTHOCTH MJIsT &, TO ecTh moayuutepBajol 16 — f, b1,
AHaJIOTVYHO ONpefeisiTCsl MpaBble MOJYOKPECTHOCTH VIS — co: TOJaY-
HHTepBaabl [— oo, A, U JieBble MONYOKPECTHOCTH AJIS - 0o: MOJYHH-
tepBasbl JA, -+ co]. B COOTBETCTBHM C 3THM BBOSITCS OIlpelesieHusi
[paBoro WJH JIeBOTO Mpefesa, a TakKkKe MNpejesa, paBHOIO —- oo HJH
-+ co. Hanpuwmep, « {x) crpemurcs K L, KOTZa X CTPEMHTCH K -}-co»,
‘03HAYaET:

Ve>0, 34A:x>A = |f(x)—L|i<e.

AHanoruuHo «f (x) CTpeMHTCS K - 0o, KOTLA X CTPEMHUTCS K X9, O3HAYAET:
VA>0, Ja:jx—x,|<a = [(x)>A.

OcHOBHBIE TeOpPeMbl CHPaBeANUBLL JUIIb AJS OrPAHHUEHHBIX MHTEp-
BagaoB (a, &), To ecTb /i HeGeCKOHEUHBIX HHTePBaloB. DYHKUHS B HUX
CuMTaeTCs ONpeleNeHHOl, Korida oHa He OeckoHeuna. Bce e ecnu
HYHKIMA CTPeMHUTCS K GeCKOHEWHOCTH NpU x = b, Hampumep, TO Teo-
peMa O IPOMEXKYTOYHBIX 3HAUEHHUSAX OCTaeTcst B CHJe.

Ecnu B Touke xo QyHKIHUS He HMeeT HPOH3BOAHOH, HO ec/JIH OTHOIIe-
HHe TpupameHuil uMmeer npasblfl npexen £, To GyleM TOBODUTH, YTO
ky sBJsiETCS] MpaBOH moaynpousBofHoil. MoxeT cliyuuThest, 4TO QyHK-
118 HMeeT B TOYKe Pa3/IHUHBIE [IPABYX0 U JICBYI NOJYIPOU3BOJHBIE:
TOTZA F'OBOPSIT, 4TO rpaduK NpeAcTaBasieT cOO0H yeaosyto mouky ¢ noay-
racameasromu Ipumep. y= | x| B x = 0%),

* [ipn x = 0 JneBas noaynpousBofuHas (yHkuHH y = | x| pasua — 1,
npaBasi NoJaynpousBopHast paBua --1.— Ipum. ped.
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OTMeTHM, HaKOHell, UYTO HENpEePHLIBHOCTD B TOYKE BhIPAXKaeTcs
COeJMHeHHeM JABYX YCJIOBHH:
Ve, Ja:|x—xol<a = f(x)>f () —¢; (1)
Ve, da:|x—x,|<<a = [(x)<<f(x)+e. (2)
YcnoBue (1) XxapakTepH3YeT HUJICHIOND ROAYHENPepPbiBHOCHTb, a YCJIo-
BHE (2) — 6EPXHION NOAYHENDPEPLIGBHOCHLb.

1V. MpuMeHeHne NOHATUA HENPEpPbLIBHOCTH

[ToHsiTHE HENIPEePHIBHOCTH, H3YUEHHOE 1151 YHCAOBLIX (PYHKIMI, nepe-
HOCHTCS M Ha JpyTHe oTo0pameHHUsi. B reoMeTpUHU 3/ieMeHTH MHOXKeCTBa
TOYeK, MPSIMBIX, KPYTOB... MJH MHOXKeCTBa NpeoOpa3oBanuil, napas-
JIeNIbHBIX TEePEeHOCOB, TOMOTETHH, ... MOTYT 3aBHCeTb OT 3HA4YeHHH
JVIUHBI, YTJa..., KOTOpHle MBI HasblBaeM napamempamu. Henpepris-
HOCTb MOxeT OblThb paccMOTpeHa, eCJH B 3TOM MHOMKeCTBe BhHIOPAHO
onpejeieHre OKPeCcTHOCTH. Toraa roBopsT, YTO B 3TOM MHOMKECTBE
BbIOpAaHA HEKOTOpasg mMonoo2us.

B knnemarnke napamerpoM siBaseTcs gpems. Purypa MoxeT Hellpe-
DBIBHO HU3MEHSIThCS € TeueHHeM BpeMeHH. Ec/in gurypa ocraercss paBHO#
caMOi cebe (MOHATHE METPUYECKOH TeOMeTpHUM), TO I'OBOPST, YTO OHA
NOABEPTAETCST  O8UINCEHUIO.

Ecau koopAuBaTel TOUKM M SBJAIOTCH HENPEeDPLIBHBIME (YHKLUAMHU
napamerpa ¢, npoGerawomero aureppan (fo, f;) MHOXKeCTBA BelleCTBEH-
HBIX umces, TO O6yaeM TOBOPUTh, uTo A mopoxnaer dyey kpusoti. Ecau
COOTBETCTBHE, YCTAHOBJEHHOe TaKuM 06pasoM Mexny ¢ u M, aBaserca
B3aMMHO OAHO3HAUHBEIM, TO Oyed HasbiBaeTca npocmod. (Takas nyra
He MOXKeT camollepeceubcsi, 00pasysi ABOHHYIO Touky.) Kpubas, KoTo-
pas CTaHOBHUTCH NPOCTOH Iyroif, KOrja ee JIMILAIOT Kakod-audo H3 ee
TOUEK, HA3LIBAETCS NMPOCIMOL 3aMKHYmol Kpueold wuau xpusol Kopdana
{IpUMep: OKPYKHOCTb, KOHTYp MapajjejorpaMma H T. I.).

Ec/nu yianuTh [Be TOUKH MPOCTOH 3aMKHYTOH KPHBOH, TO MHOXKe-
CTBO TOUEK pacnajaeTcs Ha JBe NMPOCThie AYTH 6e3 ofliuX ToueK. 21O
MHOKECTBO OOJIbIlle VKe He SIBJISIETCS CBA3HLIM. IDTH TOHSTHS, Oue-
BUIHO, CYHIeCTBEHHb! AJI5 H3yueHUsl pasOHeHME npocTpancTBa Ha obJaa-
CTH KDHUBBIMHU H NOBepXHOCTAIMH, O YeM Mbl 3J€Ch JIUIUL YIIOMHHAEM.

IlsTaga raaBa
BBEJAEHUE B METPUYECHKYIO TEOMETPHIO
o

§ 1. OnpefeneHne €BHAUAOBbLIX METPHUECKUX
NPOCTPaHCTB

Mgl ceifyac MOCTpOUM TeOMeTPHIO, HA3EIBAEMYIO €8KAUC060L Mempu-
ueckotl eeomempueii. Mel ee nojiyuuM u3 adUHHON reOMETPUH IIPUCOe-
IHHEHHeM HOBBIX aKCUOM. DTO 3HAUUT, YTO MBI COXpaHseM, KaK cylle-
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CTBEHHOE, NOHATHE napaJjJennsMa. CaMoCTOSITeNbHOE aKCHOMaTHYECKOe
NOCTpPOeHHEe MeTPHUYeCKOH TIeOMeTPHH MO3BOJMIO OBl NOKas3aTh NpPH
6oslee MO3JHEM BBEIEHHHM aKCHOM HapalJeNbHOCTH, YTO 31eCh BO3-
MOXKHO pa3BeTBJeHHE U MOsBJeHHe APYIHX TeOMeTpHil, B YaCTHOCTH,
reometrpuH Jlo6auesckoro (cm. kH. 111, ra. 11I). Hau6osee cyiectsen-
HBble CBOHCTBA BEKTODHOI'O €BKJUAOBOIO METPHUECKOTO MPOCTPAHCTBA
NpHBeAyT Hac K BLIOOPY TPeX aKCHOM, O4eHb HAZASOHbIX W JOCTaTOYHO
CUJIbHBIX, YTOCBl HeMelJIeHHO NOJY4UTb CBOHCTBA pPaBHOGEIPEHHOTO
TpeyroapH¥Ka H TeopeMmy lludaropa. Onu mo3BosifOT ObICTPO HalTH
Te OCHOBHbIE IIOJIOXKEHHsI, HA KOTOPBIX JIETKO TIOCTPOHTh JEMEHTapHYIO
reOMeTPHIO, HA3bIBAEMYIO CHHTETHUECKOH, B MPOTUBONOJIONKHOCTE Teo-
METPHUU AHAJUTHYECCKOH.

DyzneM HCXOANTB M3 BEKTOPHOTO NpOCTpaHcTBA GOJee ueM OLHOTO
H3Mepenusl. BeKTOpsl pacmpelie/ieHsl Ha KJacChl 3KBHBAJEHTHOCTH
C MOMOIIBIO OTHOIIEHHA MNapajiienusMa. ECAH BEKTOD ¥ nNapasiefen
BEIOPAHHOMY BEKTODY &, TO, KaK Mbl 3HaeM, CYIIECTByeT YHCJIO £,
Takoe, YT0 ¢ = ku. EcJd cYMTATh BEKTOp 1 eIUHHYHEIM BEKTOPOM
JAHHOI'O HAIpPaBJeHHs!, TO k €CTb OTHOCHTeNdbHAast Mepa (OTHOCHTEAbHAA
BesiMuuHa) Bekropa ©. Uucno | & | GydeM maswiBaTh AJMHOH BeKTOpa ¥
u o6o3HadaTh |v |. HakoHen, ycnoBuMcs o6o3nadaTb, Kak 3TO HpHU-
HATC, 3HAKOM = 3KBHBaJICHTHOCTb BEKTOPOB, KOTOPYIO Mbl paHee

H3 IPeJOCTOPOKHOCTH ofo3nayanu =.

i. BeepeHue METPUKH

BuecTd B BeKTOPHOE HNPOCTPAHCTBO METPHKY — 3TC 3HAYHT CleJaTh
BO3MOMKHBIM CpaBHEHHE JJIMH HeNapaJsielbHbiX BeKTOpoB. Hyxkuo, cie-
JIOBATEJILHO, NPEINONOKHTh, YTO HEKHH HHCTPYMEHT, KOTOPHH Mbi
HA30BeM «IIEPEHOCHTE/Ih JJIHHBY, [IO3BOJSIET ONPEIENHTh HA MHOXKECTBe
BEKTOPOB HOs0e OmHOWeHue 3KsusareHmuocmiy. JlBa BeKTOpa, 3KBUBa-
JIEHTHEIE COTVIACHO 3TOMY OTHOHIEHHIO, OYIAYT CUHTATLCS HMEKOIHMHU
OJNHY H TY e 1nuHy. HMuave roBops, AJIHHA eCThb HEKOTOPBI KJacc
3KBHBaJeHTHOCTH. Dygem nmcate: | o [= |w | (Wcnonb3ysa cHOBa
3HaK =).

Axcuoma L; neperoca anuubt. Ecau Oan eexmop m HanpasieHus &*
1 Hekomopoe Hanpasienue 05, MO cyujecmsyem eOUHCMBEHHAs Napa
NPOMUBONONOKHCHBLX BEKMOPOB8 U U —V, UMeou{UX KancOoul my ace 0auny,
umo u 1, u HanpasieHue 0O,.

Ecnun # B3aT Kak eIHHHYHBIH BeKTOp HampaBjieHud 0, TO ¥ HAd
—¢ ToXKe Oymer paccMaTPUBATBCH KaK €IHHHYHBIH BEKTOp Hampas-
nendsn §;. TakuM o0pasoM, KaxAbIA BeKTOp umeerm OAuxy, H3Mepsie-
MYIO 4HCIOM | £ {, U, 06paTHO, Kaxk/Joe HeOTpPUUATeJbHOE YHCIO €CTh
Mepa JJIMHBI BEKTOPOB HEKOTOPOTO KJacca 3KBHBAJEHTHOCTH. Meul GyieM
TOBOPHUTb KPAaTKO, 4t0 | B | ectb dauna amux eexmopos. Yucno 0 ectb

* Ilpeanonaraercsi, 4TO # He SIBJSETCS HYJb-BEKTOpoM. JJsi HYJb-BEKTO-
pOB aKCHoOMa MonodHseTes TpeGoBaHHeM, 4To Yuciao 0 ecTs ANHHA HYJb-BEKTO-

pa.— Hpun. ped.
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AJUHA HYJIeBbIX BeKTOpOB. UT0GB! pacCMOTpeHHOE BBIIIE IOHATHE MOXKHO
©OblJI0  HCMOJB30BaTh, HYKHO BBECTH AKCHOMBI, YTOUHAIILME CBS3b
MEXKIY pas3JHYHBIMH, HO DABHLIMH IO JJHHE e€JMHHYHBIMA BEKTOpaMH,
TO ecTb MeXJAYy €AHHHYHBIMU BeKTOPaMH pas/HYHLIX HanpaBJeHHi.
Mb1 n3GepeM akCHOMEI, CBfI3aHHBIC C BEKTOPHON CyMMOM.

Axcuoma (p) nepneHAHKYJIAPHOCTH., KaKIOMY elUHHUHOMY BEKTOPY
I CTaBUTCSI B COOTBETCTBHE eIMHMUHBIL BeKTOp [, Takoi, uTo lBa
Bektopa § =i+ j u § = —I -+ j HUMeOT ONHHAKOBYIO JUIHHY *.
D10 3anuckeBaeTCH TaK:

_— _
i+ Jl= =i+ ]l

ToBopsiT, uro BeKTOp j mepnendukyaaper BeKTOPYy [; fCHO, 4TO
OH TakXe NepueHAuKyJsipeH BeKTOpY -—i. 3aMeTuM, 4TO BeKTop j
He MOKeT ObITh NapajiensbHbiM BEKTOPY £, HOTOMY YTO B 3TOM CJyyae
Ob110 Gbl j paBHO £ WM j paBHO —I, 4TO HeBO3MOXKHO. JleficTBHTEAbHO,

[4i]=|2|=2, a |i—i[=0.

CnenoBarennHo, mapa BekTopoB (4, j) obpasyer 6asuc. Takoit
6asKC HA3LIBAETCS OPMOHOPMUPOBAHHbIN (U OPMOHOPMANBHBLM).

Axcuoma (I) usorponHocTH (MJH 3KBHBAJEHTHOCTH OPTOHODMAJb-
HBEIX OasucoB). [lycme (I, j) ecme opmonopmaasroul 6a3uc U mycTh
@ = xi -+ yj;, Torra AAMH2 BeKTOpPa ¥ eCThb CHMMeTDHuHasd (YHKIMA
yucea |x | u |y |

[o|=8(x, »)=28(y, x),

rpuyeM & He MeHseT 3HaYeHHs IpH M3MEHeHHMH 3HAKa YHCJA X HJIH
qUCIa Y. DTa PYHKYUS 308UCUIM MOALKO OM 4uces X U Y, TAK 4TO Bek-
TOPH, HMEOIHe Te e KOMNOHEHTH II0 OTHOIUEHHIO K KaKuM-au60o
OpPTOroHaNbHbIM 6a3ucaM, UMeOT Ty Xe Aaudy. B uactHoctn, 8 Bek-
TopoB =+ xi * yj, Lyl = xj uMeor Ty XKe HIHHY. DTO COBMECTHMO
¢ akcuoMoil (p), UGO M3 3TOTO YTBEPKIASHHS BHTEKAET

i+ Jl=1—i+Jl,

HO, KpOMe TOro, H3 Hero cijenyer takke |i-+j|= |i— j|, uro
BLIPaKaeT NePHeHIUKYJAAPHOCTb BekTOpa I K j. 3Ha4uT, AIS JABYX
€JHHUYHBIX BEKTODOB OMHOWEHUE NEPREHOUKYAAPHOCHIL CUMMENLPULHO,
Takum 00pa3oM, KamxIbld H3 BeKTOpOB i meprneHAHKYAApeH K KawkK-
JOMY M3 BEKTOpPOB =+ j u ofparHo.

Otrnckanue GyHruuu L (x,y).

ITycts MB!I HMeeM opTonOpMasbHBIR Gasuc (I, j) B IBYMEpPHOM BeK-
'TOPHOM NDOCTPAHCTBe U e0uHLMAbIE 8eKMOp i, OTIPEJeJeHHbIH M0 OTHO-
WeHHI0 K 3TOMy Gasucy: # = af + Pj. Mbl mo/kHB HMeTb, clefoBa-

* B oToff aKcHOMe eXMHCTBEHHOCTH COOTBETCTBYIONIETO BeKTopa j He Tpe-
GyeTca. Muaue roBopst, eciyt faH NpOH3BOJbHBIH eIMHUUHKI BEKTOp £, TO CYIECT-
BYeT 1o MeHbWeHd Mepe OfANH eAHHHUHBI BEKTOpD f, YZOBJETBOPAWOMHA YKazan-
HBIM ychnoBuaM.— [Ipum. ped.
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Teapo, £ (a, P) = 1. Cpean 8 emunuunbix BekTopoB ai * Bj
u * P = of uMeioTcsi 1Ba MEpHEHIUKYJSPHBIX K #:
V=0f—aju —v=—Ppi+aj,
[IOTOMY YTO BeKTODbI
#+0=(a+B) i+ (B—a)jn #—v=(a—p)i-+ (a-FB)

OUYeBHJHO, UMCIOT OAHHAKOBYIO AnuHY. MHaue rosops, (#, v) ofpasyior
OpTOHOpMaJbHbIH Gasuc. Brlpasum Tenepb { ¢ HOMOLILIO BEKTOPOB
storo Gasuca, HcKaouas J; mosayuaeMm:

(0 +p?) £ = on | po.
[TosToMmy, onpelensia LJIHHY 3TOTO BEKTOpa, HANPABJACHHOIO 10 £,
NOJyYaeM:
(0 +p?) = L(a, f)=1.
3nauuT, ecad eIHHUYHBIN BERTOP # OTHECEH K OPTOHOPMAJbHOMY
Gasucy, to ectb # = of + Bj, To ¢® 4 B2 = 1. Orciona nis He elu-
HHYHOTO BEKTOpPA HMEeM:
U=ku=xi+yj, x=ra, y=~p.
Orkyna ero mJjuHa €cCTh
|\Ul=k|=V 2+ (1)

[Tostomy edurcmeennolt pyuxyueld £ (x, y), yaog/zemgopmouwﬁ

nOCMABACHHbLI MPebosanuam, moxcem Obims moavko & (x, y) =V x* + y*
Herpynno mnpoeepHTh, uTO 3Ta (GYHKUHS YIOBJETBOPSIET 6CeM HAJNO-
YKEHHBIM YCJIOBHAM, B YaCTHOCTH,

|2 il=V2
Cnencreue. EduncmeenHocms napo. eOuHUYHbIX 6eKmopos j u —.f,
NepneHOUKYAAPHBLX BEKMOPY L 8 O8YMEPHOM BEKIMCPHOM APOCHPAHCITEE,
[Iycrs MBI HMeeM eXHHHYHLIH BEKTOD 3TOTO IpPOCTPaHCTBA:
n=qal4-pj, rae a®+p*=1.
Torna

le+ii=Y (e+1)2Fp=)a2+p*+1+20;
la—i|=)(o—1)2+p=}a+p+1—2a.
ITH ABe NJAMHBI PaBHH TOJABKO jis1 o = 0, f = *1, snauut, BekTO-
pOM &, TepPIeHAHUKYJSPHBIM K £, OyAeT TOJALKO j uau —j.
CrneoBaTeIbHO, €CAH JaH eIMHHYHBIH BekTOp # = of -+ Bj, TO
€JMNCTBEHHbIMH E€IMHUYHBIMH BEKTOPAMH  ABYMEPHOIO BeKTopHoro
[IPOCTPAHCTBA, IEPHEHAHUKYMSPHBIMH K  BeKTOpy # == af -+ Bj,
ABJISIOTCA

v=3i—ajun —v=—Ppitaj,
KOTOphle HAMH YKe OblJH BbIAEJEeHb.
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HanpaBienusi IByX eJHMHHYHLIX B3aUMHO MEPIEHAHKYJ/SPHLIX BeK-
TOPOB HAa3bLIBAIOTCS NEPHEHOUKYASAPHOIMU HANDABACHUAMU, A BEKTOPHL,
HMeEIOLHe TaKHe HanpaBJeHHs, HAa3LIBAIOTCH B3aHMHO MEPNEHIHKY-
JAspHbIMA. TaKOBHI BEKTOPBI:

U=ka=xityj, V=FRo=x'i+y j,
riae
n=ai+pj, v=0pi—aj, a2-f2=1.
Orciojla BBIBOAUTCS:
{ x = ko; x'=kp;
y=kp; Yy =—Fka,
O6paTHo, nYyCThb
Usxit+yj=kn, V=x'i+y j==~kv,
rjle # U ¢ — eJHHHYHBI, cooTHOWeHHe xx" -+ yy' = 0 BJeuer 3a coGof
NEPNeHANKYJsIPHOCT BEKTOPOB # M ¥. JlefiCTBHTENbHO, Nosaras
n=oai-+Pj, v=0ai+ Py, nomyuaem:
aa’ + Bp’ =0; o  —p

oTKyZa xx’ -yy =0. 2)

- a’z»irﬁ’zzl, TO €CTh F= o =0
rae .
CrenorartesnHO,
o==*x1mu [a’:[:‘) , Wi a’:-—ﬁ.
B'=—a p=ua

Buion. B 0symepHOM 6EKMOPHOM NPOCMPAHCMGE, K020Q BEKHIOPbE
OMHECEHbL K OPIMOHOPMAAbHOMY 0a3ucy, OIUHA 6eKmMopa onpedeasiemcs
Gopmyaoi

WU =V, (H

a ycaoeue nepneHOUKYAAPHOCMU Osyx 6eKmopos (ero 'HasbiBAalOT TaKkKe:
YCA08UEM OPHIOZOHAALHOCIMY) BBIPAXKAETCST TaK:

xx' 4+ yy =0. (2):

Il. MpuwnoMeHNA K TOUEYHOMY ABYMEpHOMY
NpoOCTPAHCTBY

ITpocTpancTBO OTHECEHO K OpTOROPMasibHOMY Gasucy (£, j) ¢ nHaua-
jom B O. Kaxpas touka M onpenesiena uepes OM = xi + yj.

a) Paccmosinuem mencdy Osyms mouxamu M, M" HashiBalOT LJIHHY
| MM’ | = | M'M |, xoropyio o6o3HauaiorT uepes MM’. Takum o6pa-
30M,

MM =V G—x 7] =7 P
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b)) CoorHomeHnuss B TpeyroabHuKe. [lycts pan
tpeyronviuk ABC, AB=cun, AC = bv, b >0, ¢> 0, rue #
U ¥ — ejuHuyHble BekTOphl Ha AB u AC. Ilycte #' — epuuuuHbIA
BEKTOD," epNeHANKYIIPHBIA K &, TAaKOH, 4TO B BBIPAKEHHH BEKTOpa ¥
10 OTHONIEHHIO K [TOJYYEHHOMY OPTOHOPMAJIBbHOMY Gasucy:

o=an+pu’ (®+p2=1),

yucsao P OblJI0 NMOJOXKHTEIbHBIM. Mpl TFOBOPHM B 3TOM CJaydae, UTo
BEKTOP #' HAXOZHUTCSI C TOH 2Ke CTOPOHBI, UTO H BEKTOP ¥ MO OTHOILIE-
HHIO K HOCHTeNI0 Bektopa #. OTCiofa BEIBOAHM:

BC=AC—AB=bv—caz=(boa—c)n+bpu’.
[Tonaraem | BC | = BC = a, oTKyaa
%= (ba —c)? -+ (bP)2 = b% - 2 — 2bca. (3)

CrenoBatenshno, o= 0<=>a?= b®+c? Dro cayuail, xorga AB nep-
meaukyasipuo K AC. T0BODST, 4TO mpeyeosoHuK npamoyeorbHpiil
8 A; cropoHa BC Ha3biBaeTcs THIOTeHY30H TpeyrosbHHKa. [losyuen-
HbIH pesyabTaT — meopema [Tugpazopa.

B ofmem caydae

a>0 &« <<ttt ua<<l < a?>024c2

Yucso o, BBeJleHHOE 4epe3 ¥ = au + Pu’, Ha3bIBAeTCs] KOCUHYCOM
napor BeKTOpoB (¢, U) U NHIWYT: a = cos (#, v). Yncao P HaswiBaercs
CUHYycom 3TON Ke mapel H MHIMYT: sin (2, ¥). Mpi H3yunM 3TH yHCIA
B JaJbHedmieM. 37ech 3aMETUM JIHUIb, YTO KaXKJA0€ U3 HHX 3aKJIOUEHO
Mexay —! ¥ +1, HMOTOMY UTO OHM YIOBJETBOPSIOT COOTHOIIEHHIO
a? + p? = [. [Tostomy u3 Qopmyanl (3) BhTeKaeT

(b—c2<a < (b+c)?, suaunt, |b—c|<a<b+oc, (3"

THe paBeHCTBAa MOT'YT HMETbh MecTo Juub Aisa ¢ = +1, § = 0, To ecTb
B CJyuae, Korja Bce TpH TOUKH A, B, C HaxofsATCs HA ONHOH NpSIMOH.
CoorrotiienHe (37) Ha3bIBACTCH HEPABEHCMBOM MPEYeOAbHUKA. DTO YCJIO-
Blie, JOCTATOYHOE IJS TOTO, YTOOBl TPM MOJOXKHUTEIbHHX YHcia a, b, ¢
ABJAAHCH [JHHAMH TPeX CTOPOH HEKOTOPOTO TPEYTOJbHHKA, HO0
KOria b W ¢ JaHBl, TO €CJH O [PUHMMaeT BCce 3HAYEHHA OTpPe3Ka
[—1, 411, To @ npuHKMaeT Bce 3HaueHus Mexay | b —c|u b},
COrJIacHO paBeHCTBY (3).

¢) Ecau dana npamas d, mo uepes kawoyio mouky A npoxodum
LOUHCMBEHHBIL NEPNEHOUKYAAP K 9moll npamoli, HOTOMY UTO ero Harpas-
JIeHHe OoIpefiefleHO €IMHHYIILIMA BEKTOpaMH j W —jJ, NepneHjuKyJasp-
HBIMM K HANpaBJdIONEM BeKTOpaM i B —i npsmon d.

Meduampucord oTpe3Ka Ha3bIBaeTCs NEPIEHJUKYJAP K HanpasJe-
HHIO 3TOTO OTpe3Ka, NMpOBEAEeHHbIl yepe3d ero cepeiuHy. VI3 akcuoMbl
({) BbITEKaeT, YTO KaxkJasl TOYKAa MeJHAaTPHCBl OJMHAKOBO yjaJjeHa
OT KOHLIOB oTpe3ka. Boobme Teopema Ilndaropa mnokasmiBaer, uTo
paccTosiHpe OT 3aJaHHOH TOYKH JO NepeMeHHOH TOYKH M HeKoTopoit
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NpPsIMO¥ eCTh Bo3pacraoman GyHKIUS PACCTOAHMA TOUKHd M OT OCHO-
BaHMS NepHEeHAMKYJsipa, ONYUIEHHOTO H3 TOYKH A Ha 3Ty mnpsaMYyo.

Teopema. Fcau Oana wekomopas npaman d, mo kamdod mouke
M modxcro nocmasume 6 coomeememeue mouxy M, maxyro, ume d seisem-
ca meduampucoli ompeska MM'.

B camoMm jese, 3To ycoBUe BHIpaxKaeT, YTO cepeiuHa H orpeska
MM’ ecTs OCHOBaHHe MepNeHAUKYJsIpa, ONYUEHHOTO M3 TOUYKH M
ua npsmywo d. CrenoBateabHo, 3Ta Touka H omnpegneneHa, u M’ noay-
qaeTcs OTCIOAA MOCTPOEHHEM:

MH 1 d, Hed, MM =2MH,

Tjie HCII0/1b30BaH OGLMHEI CHMBOJ |, 0603HAUAIOIIUH OPTOTOHAIBHOCT.
OrnpefieneHHOe TaKUM 00pa3oM ToueuHoe npeobpasoBanve M\ __ /M’
npu 3ajaHHOH npsaMoil d HasbiRaeTcs nepesopadusaruem 6okpye d
(usH emte cUMMETpHEeH OTHOCHTENIbHO d; TOBOPAT TaKke, obpalueHue
BOKpYT d) *. [IpsaMas d HaswlBaeTcs 0coto cummempuy (RO CJOBO «OChY
ynoTpe6ieHo 37eCh B HeCOGCTBEHHOM CMbICJIE, TAK Kak Ha mpsMol d
He BHIGpAHO MOJOXKHTEJNbHOE HampaBJieHHe, KaK 3TO AejaeTcs o6GbIYHO,
KOTZa HCHOJB3YIOT CJOBO «OChHY).

Teopema. Paccmosnue mexoy OBYMs MOMKAMU UHBAPDUAHMHO OMHO-
CUMEAbHO CUMMempul,. DTO BHITEKAeT W3 aHAJHTHUECKOTO BhIpAXKEHHS
CHMMETDHH: NYCTh £ — eIHHHYHBIN HanpaBJgIOIKI BEKTOp npsMoH d,
J — NepueHIuKYJsIpHBIE eMy eAWHHUYHHIH BeKTop M O — HexoTOopast
Toyka npsimolt d. PaccMarpuBaemoe COOTBETCTBHE ONPEHE/IEHO TakK:

VM, OM =xi+ yj, OM’' =xi—y}j.
[ToaroMy Ass napel Todexk U mjsi UX o6pas3oB HMeeM:
MMy= (x3—x,) i+ (Y2—y1) Jy MiM,=(x2—x)i—(y2—y1)J

u paccroanue }/ (x; — x1)® + (y2 — y1)® coxpaHseTcs.

ToueuHoe npeofpaszoBaHHe, KOTOPOE COXPAHSIET PACCTOSHHE, HA3bI-
Baercs usomempueti. OTCIOAA cummempus AGAAEMC usomempuers.

d OKPYXKHOCTDb. ‘

1) TlycTte nansl Touka O U NOJTOXKHTENbHOE HHCIO R, IpHYEM B METPH-
YeCKOH [JIOCKOCTH €JUMHMYHBIA BeKTOD CUHTaeTcsl BbiOpaHHbIM, Pac-
CMOTDHM MHOMECTBO eIMHHYHBIX BEKTODOB ¥. MHOXKecTBO Touek M,
onpefe/eHHbx Yepes OM = Rov, HaspBaeTcs oxpyscHocmoero. O ecTb
ee weHTp M R — pauna ee pajguyca. AHaJHTHYUECKH €CqH o H P —
napa AeHCTBUTEJBHLIX YUCEN, YAOBJETBOPSIOUIMX COOTHOLUEHHIO o -
~+ P2 = 1, TO OKpPYyXKHOCTb €CTh FEOMETPHUECKOe MeCTO Touek M, ompe-
JeJeHHbIX yepes OM = xi-}yj= Rai 4 RBJ, T0 ecTb KOOpAHHATH!
KOTOPHIX YIOBJIETBOPAIOT ypaBHeHHio x* 4 y* = R2

Teopema. Kaxcdas npamas, APoxXoOALAs HePe3 UeHMpP OKPYICHOCTLL,
ecmes 0cb CUMMEMPUL, OCMABASIOWET OKDYNCHOCMb UHBAPUAHMHOLU
8 YenoM.

* PyccKkHfl TepMHH «CHMMETpHS, HAHM 3epKajilbHOe oTpaxenHe». — [Tpum,
nepeeod.
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HeficTBuTeIbHO, KaxaplH BekTop OM coxpaHsieT cBoe Hadamio
U CBOIO JJIHHY B TaKOH CUMMETPHE. JTH OCH HasbIBAKOTCS duamempamu
oxkpyxHocTH. OGpaTHO, ghusypa, ocmaowQaca UHeaApuUanmnol 8 awbodl
CUMMEMPULL OMHOCUMEAbHO OCU, npoxodaued uepes mouxy O, ecmo
MHOsceCmB0 8cex oxkpyxcHocmer ¢ yenmpom 6 O.

HefictBuTenpno, nycts M — mio6Gast Touka 1ot (urypel. Torma
BekTOp OM’ Toli :Ke anuuel, uTo OM, cUMMETpHYEH eMYy MO OTHOLe-
HHI0O K Mejuatpuce oTpeaka MM’, npoxousiel uepes O; NOITOMY
BCS OKPYXHOCTh C LeHTpoM B (), mpoxoiasmas 4yepes M, saBjsercs
COCTABHOH YacTbi0 HCKOMOH (PUIYPHI.

2) BoabmeM Tenepb Touky M OKpyKHOCTH ClieHTpOM B O ¥ pajguyca R.

OM =R (¢i -+ Bj), a®-+p2=1,

1 O6yieM paccMaTpuBaTh o M f§ KaK IepeMeHHble, CBSI3aHHbIE HAIMCaH-
HBLIM PaBEHCTBOM M HM3MeHsIoHecsl Tak, KaK 3TO NOKas3blBaeTcs B CJe-
Jytolen Tabaunie:

a [—1/'0/+1\ 0 N\ —1

5'0/1\0\4/0

[lepsass yacTb TaGAHUBI, KOTOpas COOTBETCTBYET HEPAaBEHCTBAM
—l<a<1, B>»0, no3Bo/asieT YCTAHOBHTb B3aHMHO OJHO3HAUHOE
COOTBETCTBHE MeXLYy TOYKaMM M H JeHCTBHTEJbHBIMH YHCJaMH A
orpeska [—1, +41] ¢ momompio paBenctBa A = a.

YCTaHOBJIEHHO® COOTBETCTBHE HENPEPLIBHO, NMOTOMY UYTO OKpeCT-
HOCTH M Ha OKPYMKHOCTH COOTBETCTBYeT OKDecTHOCTb L Ha peHcTBH-
TeJbHOH NpsMOH. (31eCh OKPECTHOCThIO TOYKH M B IIJIOCKOCTH SIBJSETCS
MHOXECTBO TOUYEK, pAacCTOSHHE KOTOPBIX OT M MeHblle HeKOTOpoH
3aJaHHOH BEJIHUHMHBL.) DTOT Pe3y/bTaT BEIPAMKAIT CAEAVIOLIHMM YTBep-
JKJEHHEM: TOBOPAT, YTO COOTBETCTBYIOIAS] 4HaCTh OKPYXKHOCTH €CTb
npocmas Oyea. Jra Iyra Ha3blBAETCSH HOAYOKPYICHOCIMbIO, TIOTOMY UTO
ee oOLeJHMHeHHe C AYTrofi, el CHMMETPMYHOH 110 OTHOLIEHHIO K HajJe-
Kalum o6pa3oM BLIOPAHHOH NP IMOH, COCTaBJSIET OKPYKHOCTD B IEJIOM!
3Ta NIpsMast ecTb JHAMETp, COeNHHIOUIMUEA Jdsa KoHua Oyeu, KOTOpHIE
ABJSIOTCA 00pasaMH KOHIOB otpe3ka [—I, —+1].

PaccmoTpuM BTOpylo uwacTh Tabauilbi (He TOBTOPSIA 3HAYEHHe
a = +1):

+1>a0> —1, pK0.

OHa 103BOJIAET YCTAHOBUTb HeNPepHIBHOE B3aHMHO OJHO3HAUHOE
COOTBETCTBHE MEXJy OCTa/bHBIMH TOUKAMH OKDYXKHOCTH H JeHCTBH-
TeJbHLIMH YHCIaMH moayHHTepBajia ]--1, +4-3] ¢ nomompio coot-
HOILIEHH I

A=2—aq.
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Touku BCeli KpUBOH HaxomsTCs, CJeA0BAaTeNbHO, B HENPEpLIBHOM
B3aUMHO OJIHO3HAYHOM COOTBETCTBHH ¢ JCHCTBHTEJNLHBIMH YHCJIAMH
orpeska [—1, 3}, ecaH TOABKO NMpPHHSATh 06a KOHIA 3TOTO OTPe3Ka
3a OJHY TOYKY. ITO BBIPAXKAOT YTBEPXKAEHHEM, YTO OKPYXKHOCTH
ABJSIETCS 3aMKHymol npocmod Kpusod. $lcHo, uTo oTpesok [—1, 3]
MOKeT GHITh 3aMeHeH JIOGHM APYrHM OTpeskoM * (cpaBHHTH rii. V).

3) 3apauue okpyxkHOCTH (¢ HeHTpoM B O u ¢ paguycom R) ompe-
JlesisieT TPH TOYEUHBIX MOAMHOXKECTBA, 3JIeMeHTHl M KOTOPHIX XapakTe-
PH3YIOTCS CACAYIOWUM 00pPasoM:

OM = R — OKpYyHOCTb,
OM << R —of6acTb, BBYTPEHHAs IO OTHOLIEHHIO X OKDYKHOCTH,
OM => R — o61acTh, BHEIUHSIA [0 OTHOUIEHHIO K OKPYAKHOCTH.

Ilycte A 1 B — 1Be TOYKH, pacloNO}KeHHble BO BHYTpeHHeH ofJa-
ctu. Torga orpesok AB UenHKOM pacrnosoeH B 5TOH 06JACTH, Tak
KaxK OH 3aKJoYeH B XopZae, onpeneeHHOH npsiMoi AB. B takom cay-
yae roBoOpsAT, YTO 3Ta 006/1aCThb 86iNYKAAA.

Ecau A u B pacnojioxeHsl o6e BO BHeIIHeH 06JaCTH, TO HX TAKKE
MOXHO CORRMHUTBL IIPOCTOH AYTofi, He HMelolUell O6IUX TOYEK C OKPYXK-
HOCTBIO: HanpuMep, paccmatpusaioT otpedox AC noaynpsmoil OA, Tre
C npHHaJJEXHT OKPYXKHOCTH, uMmeiolied uentp B O M mpoxoasuie
yepes B, u GepyT NOTOM OfHY H3 YT 3TOH OKPYKHOCTH.

Hao6opot, ecan ToukH A W B npuHanjexaT ojHa, Hanpumep A4,
BHyTDeHHeH obJacTH, a Apyras, HanpuMmep B, — BHewne#, 1o jaobas
npocrast Ayra, coepussomast A u B, HMeeT 1no KpaHHeH Mepe OAHY
06LIYI0 TOUKY C OKpYXKHOCTblo. JleHCTBHTENbHO, TOUKa M, nopoxKaaio-
Hlast AYry, HaXOJHUTCH BO B3aHMHO OJAHO3HAYHOM HeNPEPBIBHOM COOT-
BETCTBHH C UHCJOM f, npoberaroluM HeKoTophifl orpesok la, b], cie-
JOBATe/TbHO, KOOPAMHATHL X M Yy TOUKH -M ABJASIOTCH HENPEPHIBHBIMH
(OYHKUHMSMH NIEPEMEHHOT0 4HcJ/a f, a 3HAUHT, HelpepuBHOH (yHKIHEH
ot ¢ sBagercss u paccrosnue d = OM. Ilostomy d npusumaer Bce
npoMexKyTouHble 3Hauenus Mexay OA u OB (corsiacuo Teopeme r.1. V),
3HAYMT, B YaCTHOCTH, d NpPUHHMaeT TaKxKe 3HaueHHe R,

IlepBrie nBa pe3yJbTaTa BblpaKaloT, UTO KamAasi U3 obuacTel, Kak
BHYTPEHHSA, TaK H BHeWHsd, cea3axa. MoxXHO 10Ka3aTh, 4To TpeTHil

* B opHruHane BTOpas NOJYOKPYXHOCTh B3aHMHO OZHO3HAYHO OTOGpaxKaer-

3 1
ca Ha noxyunrtepBan] 4-1, -F2] ¢ noMoubi0 COOTHOWERNA A = 5 —g% , e
AOBaTeNbHO, BCH OKPYKHOCTH HA oTpesok [—1, 2], ecsau npunats o6a XKomia
3TOro OTpe3Ka 3a OZHY TOUKY.-MBl NMpeANOYIH YNPOCTHTh PacyeThl.
B opuruHalle roBopHTcst 06 OTOGpaXKEHHM BCefl OKPYXKHOCTH Ha OTPe3ok
[0, 2], uro sBAseTcst, NMO-BHAHMOMY, ONHCKOH HJM OMEYATKOH, ONHAKO, BO3-
MOXHO, UTO aBTOp IpeAnoNaral lNepBYIO MOJYOKDPYXKHOCTh OToOpaxaTh Ha OTpe-

30k [0, 1] ¢ nmomomplo COOTHOWEHHS h=§+—2—a, TOrJa, AeAcTBHTENbHO, Bl

OKpYXHOCTb 0ToOpasuTcs Ha orpesok [0, 2).— IIpum. ped. u nepesod.
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pesyJbTaT BbiTeKaeT M3 (pakTa, YTO OKPYKHOCTE €CTh 3aMKHYTasd 0po-
crast KpuBas.

4) PacctossHue TOYKH OT MHOXECTB a.

[Tycte A — Touka, qH6O npudangexamas, Ju6o He NMpUHAAJIEKA-
mas MHoXecTBY Touek E. MuoxectBo paccrosuuiit AM, xorma M
npoGeraer £, HMeeT TOUHYIO HHKHIOIO IpaHb d (aKCHOMa HOJIHOH yro-
PSIZOYEHHOCTH), KOTOpasi HasblBaeTCs paccmoanuem modku A 0o mHo-
acecmsa E:

A¢E = d>»0; AeE = d=0.

Teopema 1. Paccmosrue om mouku A do npamoii A — smo paccmos-
Hue om mouky A 0o ocHosanus nepnerdukyasapa K A, npoxodauiezo
yepes A.

Ecau npsivMas onpejeseHa ypaBHeHHEM

MeA <= OM=hi
H ecJqmu
OA=ai+bj,
TO
d? = Inf [(@— A)2-+ b?),

oTkyla d = | b |, nonyuaemoe mpH A = a.

Caencreue. MHoocecmso modex, paccmosHue KOMopblx Om HeKomo-
poli npamoid A sadarno, ecmb 00BeOurnerue 08yx naparsesvbHux k A
npAMbLX.

Teopema 2. MHoxmecmso mouex, pasHOOMCMOAWUX om 08yx nepe-
CeKAIOUUXCA NPAMBIX, ecrb 00Be0uHeHue 08YX NPAMbLX.

[Tycts naHbl ABe mepecekatomuecss npsambie Ay H A, OKpyXKHOCTB
C LeHTpoM B Touke A;{] A, mepecekaer Ay, Au A’,aA,BBuB.
Menuatpuca p otpeska AB H OTJIHUHAS OT Hee MequaTpuca U’ OTpe3Ka
AB’ sBASIOTCS ABYMS OCSIMH CHMMETPHH, nepeBoisiuuMu Ay B A,,
3HaYHT, BCE TOUYKH o0nenuHeHust W |J |’ yAOBJIETBOPSIOT YCJOBHIO.

Hpyrux TOueK HET, TaK KAaK KamJOMy paccTosiuio d COOTBET-
CTByeT napa npamelx 0y, §;, napa/aiejbubX K Ay, ¥ mapa npameix 8,
u 9, mapannennEbIX K A, OTKyZa no/ydaeTcs MHOMKECTBO HeTbipex

NOAXOOANHX TOUYEK
(6:Ud) N (81U 6y,
KOTOpOE MOXKeT ObITH TOJBKO MHOXKECTBOM YeTblpeX H3BECTHBIX TOUYEK

(8, Ud)Nnrun).
5) Tononorusg, cooTBeTCTBYlmasa MeTpHKE.
a) Kak Mpl yxe ormerssiy B rjaBe [V, OKpecTHOCTb mopsagka a
HEKOTOPON TOUKH A eCTh MHOMXKECTBO Touek M, oas Koropeix AB < a.
10 BHYTpPEeHHSA 00/aCTh OKPYXKHOCTH C LEHTPOM B A H PajuycoMm a.
Sra oxpecTHOCcTh V, (A) HasbiBaeTcs omkpoumneim Kpyeom. OHA ya0B-
JIETBOPSET OBHIEMY OTIPEJENeHHI0 OmKpoimoeo Mroxcecmea O:

VMeQO, da:V, (M) O.
Samkrymeul kpye onperensercs tak: AM < a.
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Touku OKPYKHOCTH HA3HBAIOTCS NPUHAJIEKAILUME 2PAHUUE OTKPHL-
TOrO KpYra, COIVIACHO CJIELYIOIEMY METPUUECKOMY OfpefieseHuio: epa-
HUlell MHOXECMBA HA3bIBALIMC MHONCECNBO MOUEK, PACCIOAHUE KOMOpbLX
00 mHoxecmaa, a maKxsce 00 QONOARUMENbHO2O MHONECMBA PABHBL HYMO.

O6benuHeHHe MHOKECTBA H €ro TPaHHIIbl HA3BIBAETCS 3AMKHYMbIM
MmHoocecmeom. JLONONHEHHE 3aMKHYTOTO MHOMKECTBA HE MMEET HH OJHOH
rpaHiyHol Toukd. OTKYAA BHTEKAeT, UTO OHO YJAOBJETBOPSET Onpeje-
JEHHIO OTKPBITOIO MHOMECTBA.

O6beauHeHHe OTKPHITOTO MHOXKECTBA W JiHUIb YaCTH €ro IpaHHIlbl
He OTKPBITO U He 3aMKHYTO. He HYXKHO AyMaTb, UTO KakA0€ OTKPHITOE
MHOXECTBO H €ro IpaHHWNa aHaJOTHUHbl 06JACTH, KOTOPYIO MOXKHO
3aKPAacHTb, U €€ KOHTYPY, KaK 3TO BHYIIAIOT JIEMEHTapHble NPHMEpHI:
KPYl H ero OKPYHOCTb, BHYTPEHHSIT 06JacTh TpeyrosibHUKa U JOMa-
Hasi, ero 3akJiouamouas.

b) KacartennHbe.

BBejieHHe TOMOJIOTHH MO3BOJIMJIO ONpeEJeqHTb KacaTeJbHble K KpH-
BeIM. HMccrenoBanue kacaTeqbHBIX K OKPYMKHOCTH ObLJIO BHIIOJHEHO
¢ noMoinbio nouaTHst yraa (ra. IV, u. II, § 1, o. 11). Ho mu BosBpa-
maeMcst K H3y4eHHI0 3TOrO BONpOCa ¢ HOBOH TOUKH 3peHHsl.

6) KacartespbpHbBEe K OKDPYXHOCTH.

a) KacatreawrHnass B Touke A. BrfepeMm opTOHOpMAJb-
HblH 6asuc (I, j), Takoil, uto OA = Ri. Jlobas Touka M OKDPYXKHOCTH
onpeaensesa uepes OM = R [xi - yjl, rne x* +y* =1, oTkyna
AM = R [(x— 1) i + yjl.

YTBepxaarh, 4To M HaXOLHTCS B OKPECTHOCTH MOpsiKa o TOYKU A
PaBHOCHJIBHO HEPABEHCTBY

(1 —x)?+y? <<a?
OTKyIa CJenyer:
[x—1|<<a u |y|<<a.

[lpsamasi AM napannenbHa BEKTOpY

Wi =5 4 .

BrlniosineHue HepaBeHCTBa
1 x—1

=<
—1

'

obecrieudBaeTcs npu o < g, TaK Kak

* BTopoe OTHOEHHE MOJYYaeTCsl M3 NepBOTO C TOMOUIBIO YPaBHEHHUs
2 2 —
x2 L yt=1

Urobbl  yAOBJAETBOPHTH TpeGOBaHHIO 4 \< £, JOCTaTOYHO HoTpebo-

Ix—}—l
BaTblT_T_—l—’< e, Tak kak | y | <a.

TakuM o6pasom, npH HeoTpHUATENbHOM X AocTaToyno norpefoBaTe o << &.
(910 TpeéoBaHne MOXKHO, KOHEUHO, 0C1abuTh, eIl yUecTh, uTo (¥ 4+ 1) > 2 —a,

OTKYlIa <m . Opnako npuBejieHHOE B ODHTHHaJe ycloBHe o < 3& HejocTa-

TouHo.) — Ilpum. ped.
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[Tostomy, koraa M crpemurcst K A, nanpasienue AM cTpemutes
K HaipasJ/JeHHIO j, NepneHAUKyJasapHOMYy K paguycy OA. Ilepnenau-
Ky1sap ¢ B A k npsimoit OA siBasieTcst, CJiefloBaTe/IbHO, COIJIacHO onpe-
JENeHHI0, KacaTeJbHOH B A K OKPYKHOCTH.

b) HenpepmBHag KacaTtTenfbHass B Touke A.
BosbMeM fBe NPOU3BONbHBIE TOUKH M; ¥ M, B OKPECTHOCTH rnopsjka
o TOUKH A M PACCMOTPHM NPSAMYIO, SBJSIOUYIOCS HOCHTEJNEM XOpAbl
M M,. dra npsiMasi HMeeT TOUKH B OKPECTHOCTH TOYKH A, ¢ JApyroit
CTOPOHBI, €e HaNpaBJeHHe COBHAJAeT C HampaBJEHHEM BEKTOPA

(xa—x1) L+ (yo—11) J
UJIM BEKTOpa

Xo—X1 5 | Yoty
Sl fe= — 2
Y2—Yq J Xo 1 Xy +J
rae
Y21t 2a
x| T2(1—a)’

KOTOPEIH MeHblIe €& MpH o< l»g—é

lloamomy, Koeda My u Mo crnpemamen K A no kaxomy-1ubo 3aKony,
mo npamas MiMs umeem npedeavHoe norodcerue, KOMopoe ABAAEMCA
kacameasrot At. TOBOpsIT, YTO 3Ta KacaTesbHasl €CTb HENPEPLIBHAS
kacamenonas ¢ A. (Hanpumep, ecan npsimas MM, Bpamaercst BOKPYyr
HEKOTOPOH TOYKH NJIOCKOCTH, TO BHIBOJ COXPaHSeT CBOIO CHJIY.)

lli. MeTpunyeckasn reoMeTpus B TPeXMEPHOM
npocrpaKcTee

o) [lBe npsaMbie MOTYT ObiTh IOCTABJIEHHl B H30METPHYECKOe COOTBET-
CTBHE ABaXJAbl OCCKOHEYHBIM HHCJIOM cnoco6oB. (MoxKHO BrIOpaTh Npo-
H3BO/bHO 00pA3 TOYKH Ha ORXHOH M3 NPAMBIX, a4 TAKXKE COOTBETCTBYIO-
Iee HanpasJeHHe.)

Hzomempuveckoe coomseememsue 08Yyx NAOCKOCHEd.

[TycTo B noockoctn P nana cucreMa KOOpIAMHAT, COCTOAIAS U3 TOUKH
O v oproHopmaspHoro Gasuca (4, j). HyxHo BuGpaTh B maockocTH P’
obpas touku O, oOpas BekTopa [ ¥ OpPHEHTANHIO, KOTOpAsl CTABHTCSH
B COOTBeTCTBHe opuenTaunuy (i, j). isomerpust torsa onpesesena paBen-
CTBOM KOODIMHAT: 3TO TaKOe JIAHEHHOEe COOTBETCTBHE, B KOTOPOM OPTO-
HOpMaJibHBIF (Ga3HC NEPEXOAHT B OPTOHOPMaJbHEIH. JTO npeobpasoBa-
HHUe ompeneseHo o6pasoM HEKOoTopoH Toukd O, o6pasoM HEKOTOopoH
noJdynpsimoil Ox 1 06pa3soM NOJYHJIOCKOCTH, OrPDaHHUEHHOH HOCHTEJNeM
nosynpsmoii Ox.

by Iaockocms, nepneHOUKYAAPHAS HEKOMOPOMY HANPABACHUID.

[ycts i — epunuuHBIl BeKTOp, OnpeAejsOWHi JaHHOE Hanpas-

Jgerune. Yepes HekoTopyw TOUKY O TpeXMepHOTO NPOCTPAHCTBa IIpo-
BOJHM

O0S=iun 08 =—Ii,
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3aTeM B JBYX ILIOCKOCTSIX, mPOXoisimux ofe uepes SS’, GepeMm coOT-

BETCTBEHHO €JHHHYHbBIE BEKTOPHI fi H Jo, IEPIEHAHKYISPHBIE K £, U pac-

cMmatpuBaeM Toukd A u B, omnpenenenunie uepes O4 = j;, OB = j..
B nuockoctsix SAS’ u SBS’, KaK Mbl 3HaeM,

SA=8A u SB=S8'B.

3HauuT, B U30METPHU, KOTOPAs CTABUT B COOTBETCTBHE IPYT APYTY
nonymiaockoctd ABS u ABS’, Kaxzaast U3 KOTOPBIX OrpaHHYeHa Nps-
Mot AB, S u S’ siBAsOTCH COOTBETCTBYIONIUMH TOYKAMH.

[Tycts Tenepr M — Hexortopasi Toyka npsmoii AB. Ona uuba-
pHAHTHA B 3TOH H30MeTpHH, caejoBatenpHo, MS = MS’. 310 noxa-
3BIBAET, YTO B MJAOCKOCTH SMS’ Touka M HaXOZHTCsS Ha MeLHaTpHUCE
otpeska SS’, Tak uto OM nepnenauxyaspuo K £. Ho tak kak Touka M
NpOU3BOAbLHA Ha npsmoli AB, To BekTOp J, Hanpasasouui aaa OM,
IIPOM3BOJIEH B TIJIOCKOCTH, ONpeJesNeHHOH BeKTopamH J;, j.. OTKyja
Teopema:

Ecau Hexkomopoe HanpasaeHue NEPReHOUKYAAPHO K OBYM BEKMOPAM,
CAYQUUUM  HARPABASIOWUMI 6EKMOPAMU  NAOCKOCHU, MO OHO hepned-
OUKYASLPHO K A1000MY 6EKMOPY, NAPAAALABHOMY IMOL NAOCKOCHIU.

O6parHo, mycTb BEeKTOD j; NEePHEHAHKYJSPEH BEKTOPY I B HEKOTO-
po#t mwiockoctu, orauunod or SOA u SOB. Tlpsimasi, A1 KOTOpO#H
BEKTOD 3 CAYKHUT HANpaB/AIINM BEKTOPOM H KOTOpas BBIXOAHUT
uz O, SIBJASIETCH €IUHCTBEHHLIM HEPIEHIHKYIAPOM K BEKTOPY B 3TOH
[JIOCKOCTH. 3HAuuT, OHA cOBmajaeT ¢ npsimod OM mnepeceuenHus 3TOH
IJI0CKOCTH ¢ miockocTeio OAB. [losTomy Bce BeKTOpel, NMepHEHAHKY-
JSIpHBIE K §, TIapaJjijiesbHbl OTHOH U TOH e IJOCKOCTH, ONpele/eHHON
MPOW3BOJBLHBIME JABYMS M3 5THX IePHEHAHKYJIAPOB.

[TapansenbHbie MeXAy coGoil IIJIOCKOCTH, OIpeleseHHbIE yKas3aH-
HBIM 06pasoM M 3aBHcAllHe o BbGopa Toukd O, HasbIBAIOTCH MAOCKO-
CMAMU, NEPNEHOUKYA[PHOIMU K HANPAGACHLIO, ORpPEOeIeHHOMY 6eK-
mopom i.

Ecnu Bui6paTh B TakOH TVIOCKOCTH JiBAa eNHHUYHBIX BEKTOpa, B3a-
UMHO TIepHeHIAMKYyJAsipHble j U B, TO TPH eINHHUHBIX BekTOopa i, j, R
OyAyT TONapHO NepHeHAHKYASPHBIMH. ['OBOPSIT, YTO OHU 06pasyrOT
OPMOHOPMANLHBILE 6a3UC NPOCMPAHCMEA.

BriGepem Touky O M BO3BMEM B KauecTBe OCell KOODAHHAT TPH OCH,
ONpefesicHHbIE HAMNpaBJAAOUMME BekKTOpaMH I, j, k, 00pasymouiuMu
OpTOHOpMaNbHBEIH Gasuc. Mul mosiyuaeM npamoy2osoHbul KOOPOUHAMHbIL
mpexepartruk (mpusdp), N0 OTHOILEHUIO K KOoTopomy JwoGas Touka M
NPOCTPAHCTBA OMNpefiessieTcsl CBOMMH KOOpAWHATaMu x, Y, 2

OM=xit+yj-+zk.
Jauna Bektopa © = xi + yj pasusierca } x2--y2. Ho Tak Kak v
HaXOJHTCSl B IJIOCKOCTH, ONpefieleHHOH BeKTOpaMu U j, TO 3TOT BeK-

TOp NEepNeHIUKYJAsPeH K BeKTOPY B, ¥, ClieoBaTebHO, AJIHHA OTpe3Ka
OM, coryacuo Teopeme Iludaropa, Taxosa:

OM =V x24 2+ 22
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Cuaeactsue. Popmyra 8aa paccmosnus mexcdy 08yma MouKami,
3a0aHHBIMU CBOUMU KOOPOUHAMAML:

MMy=V (X3 — %12+ (Y2 — y1)? + (22— 21)% (D)

3ameuanue. Tpu nmpsamble, onpeleieHHble NMONAPHO MEpPNEH-
JMKYJSPHEIMH BEKTOPaMM, HasblBAIOTCS OPTOTOHAJBHBIMH.

IV. OprenTayma MeTpuvyeCHnX NpoCTpPaHCTB

ABYX W Tpex W3MEpeHKi

a) IByMepHoe npoctpaHcTtBo. [lyere (, j)— opTo-
HODMaJbEBIH 0asHc; ApYyrofl 6asHc

{u:ai+l3j
v=a'i+pj

nMeeT Ty 7Ke OpHeHTalHIo, uTo U 6asuc (£, j), wiu HHYIO, B 3aBUCHMOCTH
OT 3Haka Buipaxenus aff” — Pa’, He PaBHOroO HYJIO MO NPEANOJOXKE-
uuo (em. 1. III). Tak kak npu ToXZecTBEHHOM MpeoGpasoBaHUN
a=fp"=1, B =a =0, To opueHTaLHua coXpaHsercss Npu

ap” —pa’ = 0.

Ecnu pan exmnnunbiii Bektop # = of 4+ Bj, o> + P2 =1 u xsa
NePreHAUKYJIAPHBIX €My €IUHHYHBIX BEKTOpa

Yy = _ﬁi+aj, Vg = — U1 = "}"ﬁi‘—aj,

TO OPTOHOPMaJbHBIE Gasuc (u, ¥,) UMeeT Ty 3Ke OPHEHTAUHIO, YTO
u (i, j), a (m, v;) UMeeT NPOTHBOMOJIOKHYIO OpHeHTauuw. Mel 6yneMm
FOBOPHUTb, HYTO BEKTOP ¥y NpAMO nepneHouxyasper (directement per-
pendiculaire) BeKTOPY B 1O oTHOWEHUIO K (£, f).

HccnenoBanye, BonoJiHeHHoe B IviaBe 11I, mokaseiBaer, 4To ecnd
(£", j') Tolt xe opueHTauHH, uTO U (£, j}, TO BEKTOD © NPAMO NepIeHH-
KYJpeH K BEKTOPY # TaKxke H Mo oTHowenuo K (I, j'). (310 MOXKHO
NPOBEPUTDb BLIYHCJIEHHEM.)

b) TpexMmepHoe npocTpaHcTtBso. [lycts 1an 0pTOHOP-
MaJbHbl Gasuc (£, j, k). YTo6pl HamucaTh ycl0BHE OPTOrOHAAbHOCTH
IBYX eJVHHYHBIX BEKTOPOB:

P s g | BERAY=1
u=ai kR, o=a'l+p jtv'k
+§J+Y a 6-’{\ [a'z‘ﬁ’z ,Y/2:1’
Mbl HamuiueM: | # + @ | = |#—v |. Me nomygyaeM, Takum oGpa-

30M, uto aa’ + Bp° + yy" = 0.

BbipasuM, uTO TpeTMH eIMHHYHBIH BekTop W = a"f-+P"j -+ y'k
neprneHgUKYJsipeH K KaKIOMY H3 NepBHX ABYX. s 3TOro K Tpem
NpeIbiiyIIHM pPaBeHCTBAM IPHCOEIHHHM

a’12+ﬁ/’2+Y1,2: 1, aa”—'—ﬁﬁ"—*—v’y”:o, a,a”—'—ﬁlﬁvﬂ—I—Y’Y”:O.
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Orciona noayuaercs *:
ﬂ." ﬁ/r ,YII :}: 1
7 e 7 T = 7 7 =§&- 1.
By’ —vp"  ya'—ay’ " ap’—po
Bropo#t 6asuc ToXKIeCTBEHEH IePBOMY, €C/IH .

a=1, f=vy=0;
=1, o' =y =0;
Y!/:l’ all___ﬁ”:().

Urto6bl NOAYUHTH 3TOT CJaydall, HYKHO B3sAThb & = -1, 3Haumr,
HOBLIH OPTOHOPMaJIbHbIH Gasuc 6yIeT ToH Xe opHeHTaUuH, uto U (I, j, k),
ecu B3ATh

n ’ ’ ” 7 ’ ” ’ ’
=Py —vp's B =vo' —ay’, y'=oaf’—fa’.

B cienyromeM naparpage mbl GyleM HCCIeZOBaTb TOJIbKO YTO BBe-
JeHHble BaiKHBIE BHIPAXKEHHS.

§ 2. NMpou3BeileHHA BEKTOPOB B TPEXMEPKOM
npocrpaHcree

B npeapinyieMm naparpacde A8 KaxIod napnl eIMHHYHBIX BEKTO-
pOB, OTHECEHHHIX K OPTOHOPMAJbHOMY 6asucy

n=aol+-pj+vk, v=0a'i+p' j+y'k,
BbIABHJOCbh, C OJHOH CTOPOHBI, YHUCJO
ao’ -+ PR -+ vy =0,
NpUpaBHUBAHUE KOTOPOTO HYJ/IIO BbIPAXKaeT OPTOTrOHAJIbHOCTDb BEKTOPOB
# H 7P, ac Jpyroii CTOPOHH, BO3HUK €IHHHYHLIH BEKTOP W, NEePIEeHINKY-
JAPHBIH K TJIOCKOCTH, HalpaBJeHHe KOTOPOH onpele/ieHO BeKTOpaMu

&, v, ¥ Takol, uto 6asuc (¥, ¥, W) UMeeT Ty WKe OPHeHTAUHIO, YTO
u (I, j, k). Dror BekTOp onpenensierca cieiyromel hopMynom:

w= (B —vB') i+ (va’' —ay’) j+ (af’—Pa’) k.

B anajguTHuecKofl TeoMeTPHH pPeIKO cjydaercs, UTOObl 3ajaHHbie
BEKTOPLl GblIM €ANHHYHBIMH. PaccMOTpUM II09TOMY 1Ba JIOOBIX Bek-
TOpa, OTHECEHHBIX K OPTOHOPMaJbHOMY Gasucy (I, f, k):

* TlosicHUM pacueThl.
M3 nByx nocsieAHHX ypaBHEHHH HaXOUMM:

u‘// _ 6/[ — ‘Y” :8-
By’ —vp"  vo'—oy’  ap’—po
PaccmaTpuBas KBajpaTel 5THX OTHOUIGHHH, mosydaeM:
a’24 B2+ y"2=e2 {(By’ — ')+ (va’' —ay’)? 4 (af’ —fa)?}.
JleBast yacTy pasua 1. Bripaxkenue B HrypHHX CKOGKax paBHO:
(@2+B2-v2) (@’2+B'24-y'2) —(aa’ + BB+ vv')%

TO ecTh Toxe paBHo --1. Takum o6pasoM, €2 = 1, e = 4+ 1.— [Ipum. ped.
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A, umetomnit juny a, A =xi-+yj + zk=an=a (af + Bj -+ vk);

B, nmetounit panny b, B =xi-+y'j+ 2k = bv = b (a'i +
+ B'J -+ V'R).

Ecau paubl uncaa x, y, 2, X', y’, 2’, TO NPOEKIIHH BEKTOPOB # K ¥ *
BBLIYHC/ISIIOTCS € MOMOMLIBIO TAKHX PaAHKANIOB, KaK @ U b, coryacHo Heko-
Topoit gopme TeopeMmul Iludaropa. Mwul u3beraem 35THX BHIpaKeHHH,
BBOJSI OTHOCHTeJNbHOE 4HCIO p = xx' +yy' - 22° u BekTOp Q =
= (yz' —2y) i + (" —x2) j+ (" — yx') k.

Hucno p HasbIBaeTCsd CKAAAPHOIM npoussederuem JIBYX BEKTOPOB
H oGosnauaercsi A-B.

BekTop Q HA3LIBAETCS BeKMOPHLIM NpouU3GedeHiiem BEKTOPOB U 0060-
3Havaercd: A A\ B;

A-B=ab(n-v); (1)
A-B=xx"+yy +zz". (2)
B uacrsoctu, A4 = a2

1. CHanspHOe npou3BepeHue

1) Y3 copmyasl (2) BhITeKaeT HeNOCPEACTBEHHO, YTO CKassipHOe
npoussejieHue Kommymamusro. CienyeT OTMeTHTb, YTO MOXKeT CTa-
BUTbCS BONPOC JIHIIb O CKAJSIPHOM NPOM3BEIECHHH IBYX BEKTODOB,
TIOTOMY 4TO 3TO NpPOU3BeieHHe ABASETCH YUCAOM, TAK YTO PeUb He HjeT
o BHYTpeHHel onepanuu. TakuM o6pa3oM, (4 - B)-C — 370 IpousBejierne
BekTOopa € Ha 4uCTIO.

2) HMa dopmyasl (1) HenmocpencTBeHHO ycMATPHBAeTCS CBOHCTBO,
CBSI3aHHOE C YMHOMXKEHHeM Ha [eHCTBHTEJbHOE YHCJAO m. ITO CBOH-
CTBO BLIpaXKaeTcsi PaBeHCTBOM

(mA)-B=m(A-B).

3) CraaspHoe yMHOMKEHHe OucmpubymusHo NO OMHOWEHUO K CA0-
JCeHUI0 88KMOPOR, YTO BHITEKAET U3 BeIpaxKeHus (2), UMelolero GuinHed-
Hy1o $opMy, TO eCcTh JIHHEHHYIO B OTAEJbHOCTH OTHOCHTeNBHO X, Y, 2
ux',y', 2, Tag 4TO

A-(Bi-+By)=(A-B;)+ (A-By).

Otciona BOOGHIE

i=1, 2, ..., n
(Z2A4)-(ZB)=Z%(A;i-By) . 7
i=12, ..., p

4) Craasproe npoussederue s6Asemcs eHympeHnum (intrinséque),
Mo ecmb OHO He 3asucum om 6vibopa OpMOHOPMANbHO20 0a3uca, ecau
moabko eduruya OAunb: ukcuposarna. MokHO HOKasaThb 3TO Cylde-
CTBEHHOE CBOICTBO, BBHIUHCJSS BHIpameHHs BeKTOpoB A U B B HOBOM
6asuce. Ho 6onee ussimuo U Gojee HHTEPECHO BBIBECTH 3TOT pPeE3yJib-
TaT W3 AHCTPHOGYTUBHOCTH IO OTHOLIEHHIO K CJOMXEHHIO M H3 CBOHCTBA

* Ipyr Ha Apyra.— [Ipum. nepesod.



KOTOpPOE HaM CJYKHJIO TOUKOH oTnpasieHusi: OpmoeoHAAbHOCMb 08Yx
B8EKMOPO8 BbLPANCALINCA PABCHCMBOM HYMO UX CRAAAPHOEO NPOUICEOCHUSL.
3ameTHM cHauasla, 4TO CKaJsfpHOe IpousBeleHue A-B He Mensiercs,
€c/1H 3aMeHHTb BekKTOop B ero oproroHaibHOH mnpoeknuedt By na A,
TaK KakK 3TO O3HauaeT NPUGaBHTL K BeKTOpYy B BekTop, NMepleHaHKY-

o b
aspubifl Bekropy A. Ho B, = - A, roe b, ectb anrebpauueckas Mepa
2 P

BeKTOpa B, 1O OTHOLIEHHIO K eJHHHYHOMY BEKTODY #, KOTODHIH HMeeT
TO Xe HampasJ/cHHe, uTo A.

Ilostomy A-B = A-By = ab,.

3HAUMT, CKAALPHOE npousgederue O8YX 6eKMOpos pasHO hpoussede-
HUO OAUHBL 00HO20 U3 HUX HO QA2e0DAUHECKYI0 MepY OPMOLONANbHOL
npoekyuu 0pyaoe0 6eKmopa Ha nepesiil.

Orctofa BhITEKaeT, YTO 3TO NPOU3BEIEHHE He 3aBHCUT OT IOJIOXKe-
HUS U JaxkKe OPHUEHTAIIMU OPTOHOPMAaJbHOIO 6asuca, ecjJd TOMBKO eIu-
HUIA JUTHHBL He H3MeHsieTcsl. Ectd e MEHATh eUHHILY JAJIHHBL H HOBYIO
eJHHUILLY NOJTYYHTh YMHOKEHHEM CTAPOH €IMHHULbI JJIHHBI HA YHCJIO A, TO
5TO NPHUBOAUT K JEJIEHHIO Ha A, uuces a U by, TO ecTh K JeJEHHI0 CKa-
JISTPHOTO TIPOM3BeNeHHst Ha AZ.

CJencTBH e 3HAKCKAIIPHOZ0 NPOU3BEOEH IS LJKABLIBREM HA NOPS-
dox A, B, A" unu, naotopor, 4, 4°, B KOMIIaHADHHIX BEKTOPOB A,
B u BekTOpa A’, nepneHIHKYJISPHOrO K A C TOH CTOpPOHBI, Ille HAaXO-
autcs B. 310 monoxeHHe Mbl BHIPA3WM B TpeTheM mnaparpade, Tie
OyAYT BBeJEHb! YIVibl, ¢jefyoliuM obpasoMm: yroa (ARB) OGyzeTr ocTpuiM,
MPAMBIM MJIH TYIBIM B 3aBHCHMOCTH OT TOTO, OYJAeT JH cKaldsipHoe
npousBefienne A:B NOJOXKHTENbHBIM, HYJEBBIM HJH OTPHIATENbHBIM.

[Ipumepns nNpHJIOXeHHH

B anamuTHYecKoil reOMeTpHH CKaAspHOE IIPOM3BeJEeHHE HCIOJb-
3yeTcst TOCTOSTHHO:

1) Ilnockocrs, Hanpumep, MoXKeT OLITh OXapakTepH30BaHa, Kak
MHOXeCTBO TO4eK M, TakuX, yTo eciH A — 3alaHHas TO4YKa, a ¢ —
3aJaHHBEIH BeKTOp, TO AM neprneHIUKYJspeH K BEKTOPY ?. JT0 3alu-
colBaeTcs Tak: v-AM = 0.

2) Cdepa, onpenenenHas cBouM ueHTpoM O 1 Toukoil A, sBiasercs
reoMeTpHYeCKHM MecTOM TodeK M, TakKHX, 4ToO

OM-OM =0A-04, 1o ectb (OM-OM)—(0A-0A)=0,

YTO MOXKHO 3aNHCaTh:
(OM—04) (OM -+ 0A) =0

COTJIACHO IUCTPUGYTHBHOCTH W KOMMYTATHBHOCTH. [109TOMY ecqu MEL
BBeJeM Touky A’, ompefenennyio paBenctBom OA" = —O0A, 10 omnpe-
Jdesenne sanuiercs AM-A'M = 0, orkyza Teopewma:

Kaoicdas chepa ssanemesn eeomempuueckum mecmom modex M, maxux,
umo ecau A u A’ — dse OuamempaibHO 1POMUBONCACHCHbIE MOYKU
Ha 3moti cgpepe, mo AM u A’M e3aumHO nepnenduKyAapHoL.
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3) Hucrpu6yTHBHOCT H KOMMYTATHBHOCTb IOKA3bIBAIOT HEMell-
JIEHHO, YTO 1/ J1I000H COBOKYIHOCTH uveThipex Touek A, B, C, D

HMeeM:
AB-CD+ AC-DB+AD-BC=0

(BBECTH BEKTOpPHl C HauasioM B A).

B gactHOCTH, ecu JBa U3 3TUX CKaJsAPHBIX NPOU3BejleHUs obpalia-
I0TCA B HYJb, TO U TPeThbe obpalaercs TaKke B HYJb, OTKYJa TeopeMa:

Ha naockocmu mpu 6bicompl MpeyeorvHUKa Nepecekaromes 8 00HOLL
mouke (ponb Touek A, B, C, D urpaior BepIlHHE TPeyTOAbHUKA H TOUKA
nepeceueHus IBYX BbicoT. OHH 06pasyloOT TO, YTO HA3BIBAETCS OpHIO-
HEHMPULECKUM HemblPeXYS0AbHUKOM).

Ecau e 0syx napax npomusonoacxcHelx pebep mempasdpa pebpa
OpPMOSOHAAbHBL, MO U 8 mpemoetl nape OHL Mogce opmoeoHasonsl. Tem-
pasop 8 oM CAYHAe HA3LIGAETICS, MempPAsOPOM C OPIMOSOHAABHBIMU RPO-
IMUBONOACHCHOILMU  peBpamU.

Mgl BUJMM, YTO BHIYUCJIEHHS CO CKAMAPHBIMU [IPOU3BEAEHUAMU aHa-
JIOTHYHB! BBbIYHCJEHHSIM C OTHOCHTENbHBIMH UHC/IAMH, SBJISIONIHMHCH
MepaMH BEKTOPOB B OJHOMEpPHO# reoMeTPHH: HO HHTEPIpPEeTAlsi 3aBH-
CUT OT YHCJA M3MepeHHil IPOCTPaHCTBA, B KOTOPOM OIepHpPYIOT.

B ¢usuke, Koraa oJMH M3 BEKTOPOB reoMeTpHYecKHU#l (usobpamxaeT
NpsAMOJHHeNRHbI NMyThb), & APYroil — TNpeacTaBasieT CHAYy, CKalspHoe
NpOH3BeJleHHe U3MepsieT pabomy, OTKYJa BBITEKAOT MHOTOYHC/IEHHBbIE
NPUJIOXKEHUS.

Il. BexTOpHOE npou3BefeHune
(3-mepHaf reoMerpud)

[TycTp Mbl MMeeM CHOBa ZiBa BeKTopa:
A=xityj+zk=an=a(ai-+pj+vk);
B=xity j+zk=b0=>b(i+p j+vk)
H HX BEKTOpPHOe NpOH3BEIEeHUE
ANB=(yz' —2zy') i+ (ax" —x2') j+ (xy" —yx') k=
= abw =ab [(By" —vp') i+ (va' —ay’) j+ (ap’ —pa’) KI.
B uactroct, AANA = 0.
1) Bexmoproe npousseferue HEKOMMYMAmMUgHo
ANB=—(BM\A).
ViHorna roBOpAT, YTO BEKTOPHOE NPOU3BENEHUE AMMUCUMMEMPULHO

(2aHTUKOMMYTATHBHO).
B uacruoctH,

INj=Fk, jNi=—Fk, j\k=1, R\ j= —i,
ENIi=J, iNk=—].
J1ast TOro 4To6BI MONTYYHTh BEKTOPHOE NPOU3BELEHHE, KPOMe BhiGOpa

eMUHHUB JJHHB, HeOOXOAHMO ellle YTOUHHTL OpHCHTAIHIO 6asuca,
KaK 3TO CJIeAyeT H3 onpeleseHus .
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2) KakoBo 6b1 HH OblJIO AEACTBHTENBHOE YHCAO 1M, HEMENJIEHHO
NpoBepsieTcsi, 4TO

(mAN\B)=m(A\B).

3) BexmopHroe npoussederue QucmpubymugHo nO OMHOWEHUIO K CA0-
JCEHIIO 6EKMOP0B. DTO BHITEKAET H3 JIMHEMHOCTH Mep BCeX TPEX KOMIIO-
HEeHT BEKTOPHOTO NPOU3BEJEHUS KAK OTHOCHTEJBLHO X, Y, Z, TAK U OTHO-

2’

curespHo x’, y', 2.
Takum o6pasom,

AN(By+ By) =(AN\By) + (A B2),
OTKYyJa
' (ZA)N\(ZB;)=Z(A; \Bj).

Ho B BhlUHCAEHHSX HYXKHO YYHTBIBATE HEKOMMYTaTHBHOCTD.
Hanpuwmep,

(A—B)N(A+B)=2(A\B);
(A+B)\N(A—B) = —2(A\B).

Takum o06pa3oMm, BHIUMCIEHHS 31eCh BBIIVIAAAT HHAUYE, YeM Te,
KOTOpblE Mbl HCCJAEIOBAJH JO CHX MOP.

4) Bexmoproe npoussedenue He 3asucum om 6a3uca, ecau MoAbKO
COXpaname eOUHUYY U OPUEHMAYUD NPOCMPAHCTSA.

Hcnosb3yeM MeTOn, aHAJOTHYHBIA TOMY, KOTODBIH OB HCNOJB30-
BAH MPH PACCMOTPEHHH CKaJsipHOTO NpOU3BeleHusi. B cuny aucrpu-
GYTHBHOCTH IO OTHOUIEHHIO K CJIOXKEHHIO BEKTOPOB U TaK KaK BEKTOp-
HOE TPOU3BEllEHHE IBYX KOJJIHHEaPHBHIX BEKTOPOB PABHO HYJIIO, Mbl
MOXKEM 3aAMEHUMb 8 8eKMOPHOM npoussederHuu A N\ B odun us eexmo-
pos, Hanpumep B, 4epe3 OpmMOSOHAAbHYIO NPOEKYUID 3M020 BEKMOpA
HA NAOCKOCMb, NepReHOUKYAAPHYI OpYysomy.

[Tycte BekTOoprl A W B HEKOJIMHeapHBI ¥ NYCTb B — €AHHUYHBINR
BEKTOp HampaBijeHus A, a #' —eIUHHUHBIA BEKTOP, KOMILIaHAPHbIH
BektopaM A 1 B * u rtako#l, yro Bekropul A A\ #" u A A\ B uMmeior
ONMHAKOBOE HanpaBienuwe. Mot umeem: A =an u B=bu -+ b.u',
rie b, — NONOKHTENbHO.

Orciona noayvaercs A \ B = aby, (uw \ B') = ab,w, toe W =
= u A\ u'. D10 BHIpaMeHUEe MOKA3BIBAET SICHO, 4YTO BEKTOPHOE IPOHU3-
Be/leHHe Orlpele/IeH0 He3aBHCUMO OT ©asuca, ec/Md eIMHULA [JHHBI
¥ OpPHEHTAIsl NPOCTPAHCTBA BLIGPAHBI.

Hanee, nonarasgs A" = an” v yuutsiBasi, uto #-#" = 0 (cM. BHH3Y
npuMeyaHue TmepeBof.), mnoiyuaeM: A’-B = ab,. Orcioga Baxuas
dopmyna

ANB=(A"-B)w.

5) [Mockoabky npuH BBHIOPAHHBIX eAMHHLE JJIHHBL H OpHEHTALUH
NMPOCTPAHCTBA BEKTOPHOE MPOU3BEJIEeHUE JIBYX COMHOKUTENEH sBJseTCS

* n’ — oproronanbuuit K #.— IIpum. nepesod,
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BEKTOPOM, TO MOXHO pacCMaTpHBaTh INpou3Belenue 3, 4, ..., n BeK-
topoB. Hanpumep,

ENDNT=kNj=—L.

Ho sexmoproe npoussederue HECKOAbKUX BEKMOPO8 HEQLCOYUAMUBHO.
3TO XOpolIo BHAHO XOTA OBl U3 NPHBEJEHHOTO NpHMepa, Hbo

INGNT)=EINO=0.
MoXHO TaKXKe paccMaTPUBaTh CMEIQHHbE NPOU3eedeHus, B KOTOPHIX

OJlHa W3 olepanyil — cKalsipHOe YMHOXKEHHe, a Jpyras — BEKTOPHOe.
Takum 06pasoM,

ENJ) k=k-k=1, i-(j\k)=ii=
ENJ)-(JN\k)=Fk-i=0

Ho Takoe Bripaxkenue, kak (A-B) /\ C, He uMeeT HUKAKOTO CMBIC/IA,
HOTOMY 4TO B CKOOKAX CTOHMT YHCJO.

[IpumMepn mnpuJAoOXKeHHH BekTtopHoe mnpousBegeHue
He sBJsieTcst OGBIYHBIM BEKTOPOM, HOO eC/JI BeKTOPhl-MHOMKHTEIN 3a1a-
HBEI, TO 3TOTO ellle HeAOCTaTOYHO. A HMeHHO HeOGXONHMO ellle 3ajJaTh
eJUHHUIy AJUHL H opHeHTanuio. Takoro pofa oObeKT HA3LIBAIOT HHOTAA
noaspreim eesmopom. OH BBOAUTCS B (DM3HKe MOJ HA3BAHHUEM BEKMOp-
momenm (HanpuMep, CHJBI). B reoMeTpuu 3TOT BEKTOP CJAYKHUT, 4TOOGHI
0XapakTepH30BaTh CBOUM HalpaBJ/eHHeM HaNpaB/eHHe H OPHEHTAIHIC
IJIOCKOCTH M YTOOH! CBOEH MePOH ONpefe/ATh MIOMALH IJIOCKHX (UTYD.
BekropHoe TNpOH3BelleHHe ONpefiesisieT TPeTH! BEKTOp OPTOHOPMAaJib-
HOTO 6asuca, IBa NEpPBBIX BEKTOpPAa KOTOPOrO 3ajaHHl.

[Tycts 3anana npaMas D, onpenenenHas Toukoit A H HaNPaBASIONIHM
BekTOopoM #. Torna kacarejpHasf B ToukKe M K OKDYXKHOCTH, HOJY-
YeHHOH BpauleHueM TOYKH M BOKpYr ocu D, umeeT HalpaBJieHHe
BEKTOpa

v=u\AM.

Ecmt M onuceiBaeT OKPY3KHOCTb € YIVIOBOH CKOPOCTBIO ®, TO QTKJA-
IbiBatoT Ha D B MOAXOASIEM HalpaBJeHHH BeKTOp £ Mephl ®, U Toraa
CKOpocTb TOYKH M ecTh

v=02NAM.

310 ocHoBHAs ¢opMyJa NPH H3YUYEHHH JABHUIKEHHS TBEPIOTO TeJa.

lil. TpuroHomerTpuuecHiue 06Go03HaAUYEHUSA

B I[IPOTHBONOJOXKHOCTDb aHAJHTHYECKOU reoMeTpuM, KOTopas UCIoab-
3yeT CHCTEeMY KoopAuHaT, TPpaAHuUHOHHAsA, TaK Ha3blBaeMasi CHHTETHYC-
CKasi reOMeTpHs BBOAHT C CaMOI'0 HavaJia He TOJIbKO JJINHbI, HO U YTJIHL.
I/ICTOpPI‘IECKI/I 3T0 OGBACHSIETCS npexjae BCEro HarJdaAHOCTBIO, a 3aTeM
Y¥Ke B Haquoﬁ CTaiul HYzxKJIaMH aCTpPOHOMHH H TI'€OJe3HH, rAe H3Mepe-
HHE YIJIOB fABJSICTCA OCHOBHBIM.
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C npHHATOH HaMH TOYKH 3peHHs] METPHYECKOI0 BEKTOPHOTIO Ipo-
CTpaHCTBA CKaJ/sipDHble H BeKTOPHble NPOH3BeJEeHHs ecTeCTBeHHBIM 00pa-
30M CBA3BIBAIOTCA C NAPaMyd BEKTOPOB MJIM C IIapaMH HanpasJeHHH,
ompefleIeHHbIX X HANPABJSIOIMUMHE BEKTOPAaMH, U HpexIe yeM BBeleM
B cJeiylolleM naparpade NOHATHE YIJa, PacnpoCTPaHUM ONpefeseHHs
KOCHHYCa M CUHYca, BBejeHHble panee (B § 1, n. lI, 6) nna egunuu-
HBIX BEeKTOPOB, Ha Naphl JIOGbIX BEKTOPOB.

ITyctb nasel aBa Bektopa A = aw v B = by, rie a u b nonoxu-
TeJNbHBI, a # H ¥ eJMHUYHbI. Ml mosiaraeM 110 onpepenexuio cos (4, B) =
= cos (#, v) u sin (4, B)=sin (u, v).

BBonsi eaMHHuYHBIH BeKTOp #°, MEpNEeHIHKYJSIPHBIH K # M KOMILJIa-
HapHBIA C # ¥ ©, ¥ NoJarast © = ag + Pa’, MbI HMeJH 1O ONpejeJeHHIO
cos (#, v) = a, sin (#, v) = B. CnenoBatesnsHo,

n-v=cos(u, v), A-B=abcos(A4, B),
ju \v|=|sin(u, v)|, |AANB|=ablsin(4, B)]
H, TIOCKOJBbKY
[cos (4, B)]>+[sin(4, B)]?=1,
HoJMyuaeM:
[4-B*+[| AN\BI>= a2

ITpuanoxeHnusd

1) Ocrosras Gopmysa 0ia mpeyeorbHuKos
BosBefeM B cKa/spHBI KBagpar ofa uJeHa BEKTOPHOTO DaBeHCTBa
BC = AC — AB. Ilonyuaewm:

BC*=AC*4 AB*—2 (AC-AB) =
=AC?*++ AB*—2AC-AB-cos (AC, AB).
2) OcHosHas opmysa 0as mpexepaHHiUKo8
IMycts #, ¥, W — eIuHHuHble BEKTOpbI, HAmpaBJ/JeHHbE [0 TpeM
pe6pam TpexrpaHHHKa, a #', #” — elMHHYHblE BEKTOPHI, NEPHEHAMKY-
JAPHBIE K # COOTBETCTBEHHO B IJIOCKOCTAX #, U H #, W. BLINOJHUM
NOWICHHO CKaJsfpPHOE YMHOXEHHE PaBeHCTB ¢ = o# + fu’ nu w =
= a'n -+ p’'u’. llonywaeMm, Tak Kak ,
' =u-u"=0, v-w=a0 -+pp’ (&' -u"),
TO €CTb
cos (v, w)=cos(#, v)cos(u, w)-+sin(u, v)-sin(n, w)-cos (', a").
O6o3uayuM, Kak oOblyHO, uepe3 @, b, ¢ IJIOCKHe YIJbBl TPaHeH,
a uepes A — nmByrpaHHbi yron c peGpom z *:

cosa=cosbcosc--sinbsinccosA.

* Ero pe6po NpOTHBOMNOJIOXHO TPAHH € IUIOCKHM yraoM a.— IIpun. nepesod.
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§ 3. Yrabi

Mot BosBpamaemcd £ § 1 ¥ BBOAWM yrianl He3zaBucumo OT § 2, rre
Mbl M3y4aJH NPOU3BENEeHHS] BEKTOPOB.

I. KOCHMHYC M CHHYC YynOpSIiROYEeHHOH napbl
eIMHHUYHDbIX BEHKTOPOB

ByzeM paccMaTpHBaTh BEKTOPbI, KOMIJAHAPHbIE OPTOHOPMAJBHOMY
Gasucy (I, j). Ilycte naH BeKTOp & U NpAMO NEPICHIUKYJSIPHBIH eMy
BEKTOpP ¥, ONpeleJieHHbBle PaBeHCTBAMH:

u=ai+pj, v=—Ppi+aj, (1)
a?-+f=1,

[TycTh @ — KakoH-u60 elnHUYHBI BEKTOP, KOMILIaHAPHBIA C Npe-
IvinyiuMu. Hanomaum dopmyay npeo6paszoBanus Gasuca:

w = an -+ bv = (0a —pb) i + (ba + ab) j, (2)
> =1,

rae

[To onpenmenenuio, Mpl noJiaraeM (KakK U pasee)
a = cosinus (&, W);
b =sinus (&, w),
Il KOpoYe
{ a=cos (u, w);
b=sin(a, w).
B wuactHocru,
a==cos ({, n) u aa—pb =cos ({, w);
B=sin (i, au) pa -+ ab=sin (f, w).
dyHaamenTadbHasa cucrema. Qopmysa npeobpasoBanus 6asuca jaer:
cos (£, w)=cos (i, u)cos(u, w)—sin(l, u)sin(u, w),
sin (i, w)=sin (i, u)cos (#, w)-+cos(i, u)sin(u, w).
V i, #, W KOMIVIaHAPHBIX, €IUHHYHBIX.

Kocurnyc u cunyc ynopadoteHHoL napsl eOUHULHBLX 6EKMOPO8 B8HOAHE
onpedesenst, eCau NAOCKOCTb OpuerHmuposara. Ecin opuedTanus MeHseT-
csl, TO KOCHHYC He MeHsIeTCSl, a CHHYC IIPHHHMAeT HPOTHUBONOJNOKHOE
3Hauenue (j Mensercs Ha —j).

HenocpencrBeHHBEe CAeLCTBHUSA
1) Us (1) nonyuaerca:

| = an — fo;
J=pu+av,
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OTKYZa
cos (f, u)=-cos(#, i)=-cos(j, v)=sin (i, v)=sin(n, j);
sin (i, #) = —sin(#, i)=sin(j, v)= —cos (i, v)=cos (u, j).
B gacruocr, '
cos (i, i)=1:; cos (i, —i)=—1;
{ sin (£, §) =0; { sin (i, —i)=0;
cos(i, j)=0; [ sin(, —))=—1:
{ sin(é, jy=1, {sin(i, — Jy=0.

I

2) Ecay suifpansl iBa NPOU3BOJABHBIX uyHucida a ¥ b, yAOBIETBOPSIO-
uie paBeHCTBY a® + 0% =1, TO KaKIOMY eJHHHYHOMY BeKTOPY
COOTBETCTBYET B OPHEHTHPOBAHHOH IJIOCKOCTH ONpeAeTeHHBIH eIHHHY-
HBIl BEKTOp W, TaKol, 4o cos (i, W)= qa, sin (&, W)= b, u, obpaTHo,
KaxaoH mape (#, ©) eNVMHHYHBIX BEKTOPOB, 3aJaHHLIX B YKA32aHHOM
flopsiike, COOTBETCTBYeT mnapa uHcesq (@, D), YZOBJETBOPSIOLLUX
paBeHcTBy a? -+ b2 = 1.

OnpepnedeHue. Mo 6Gyaem rOBOpUTE, UTO Naps (&, V), (&, Vy),
KOTOpLIe COOTBETCTBYIOT OAHON M TOH 2Ke mnape Yyuces a, b, KOHepysHmHo.
3To, OuYeBHAHO, ONpele/]sfeT OTHOLICHHE SKBUBAJIEHTHOCTH MeXIy
fapaMu eIHHUYHBIX BEKTOPOB. Mbl cefiyac pacmpocTpaHdM 3TO OTHO-
lleHHe Ha naphl JIOGbIX BEKTOPOB.

fl. KOHrpysHTHOCTb Nap BEKTODPORB. ¥Yrnbl

@) Mel Ha3bLIBaEM HANPABAAOUWUM EOUHULHBIM BeKMOpoM sexmopa V
eXMHNYHBIA BeKTOp ©, Takol, uto V = ko, the k& — moJ0XHUTeJIbHOE
yucso, 10 ectb k= | V|

Mol roBopuM, uro napa (Vy, V) /M100bIX BEKTOPOB KOHIDY3HTHA
apyro#i mape (V;, V,), eciu MX 1napel HaNpaBisIOLMX eXMHHYHBIX
BEKTOPOB (Vy, ¥2) H (V;, ©,) KOHFPY3HTHH. Mbl 6ylneM mHCaTb:

(Vi Vo) =(Vy, V).

B uactHOCTH, Bce maphl, COCTOSIIIIHE H3 JIBYX KOJJIHHEAPHBIX BEK-
TOPOB, KOHTPY3HTHH Mexay cofoit. Bce Te mapri, B KOTOPHIX BTOPOH
BEKTOD MNPSMO HepPNeHIMKYJAApeH K NepPBOMY, KOHTPY3HTHBI MEXAy
co6o#.

Kaxablfi xjacc 3KBHBaJEHTHOCTH XapaKTEPU3YeTcs Mapoll uuces
a U b, SIBASIONIAXCS COOTBETCTBEHHO KOCHHYCOM H CHHYCOM Hap €IHu-
HUYHBIX BEKTOPOB 3TOrO KJacca. ITH YHcaa OyAyT Ha3biBaThCA KOCHHY-
COM M CHHYCOM KaxJIOH Hapel 3TOrO KJacca.

Kaxnplil Kjacc 3KBHBAJIEHTHOCTH HA3BIBAETCS YeA0M YROPAOOUEH-
HOU napot sexkmopos. YroJl map, KOHPYIHTHEIX nape (£, {), Ha3blBaeTcs
HYAe8bLIM Y2a0M, A YTOJI Nap, KOHTPYIHTHBIX nape (i, —i), HaspiBaeTCA
PASBEPHYMbIM Y AOM.
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b) Caoxenune yraoB. Mel onpenenum cefiuac Bo MHOXKECTBE 3THX
KJ14CCOB 3KBHBAJEHTHOCTH BHYTPEHHIOIO ONEPANHIO, KOTOPYIO Ha30Be
CHOXEHHEM.

[Tycts Mbl MMeeM KJace, mpeAcTaBiaenublit napoit (Vy, V), u npy-
roi#, mpeacrasjaesHeli napoi (V,, V,). BrifepeM HeKOTODBHIH eqUHHU-
HBIL BEKTOD, HalpHMep §, U ONpeNeJUM JBa BEKTOpa TaKikKe elWHHUY-
HbIX, TIOMUHHHB HX TPeGOBAHHUAM

(i, v)=(Vy, Vo) u (v, w)=(V;, V).
QynnamenTanbHas cucreMa (1) nokaseiBaer, 4to napa (f, @) BIoJHe
ofnpeZeseHa ¢ TOYHOCTBIO IO SKBHBAJIEHTHOCTH, KaKOB bl HH ObLJI BeK-

Top {. DTa mapa onpelensieT KJaacC 3KBHBAJEHTHOCTH, HasblBaeMblli
KAQCC-CYMMO JAHHBIX KJAcCOB, M MBI GYJeM IHCAThb:

(i, )= (Vi, Va)-+(V}, V).

B uacrnocry, (i, w) = (i, u) + (#, w) (Ppopmyaa [llarn). ITosTomy
ec/iy Mbl 0603HauBM uepe3 C u C” KJjaccel caaraeMmeie, TO cucreMa (1)
3anyuIeTcs Takx:

cos (C+ C’)=cosCcosC' —sinC-sinC’;
sin (C+C")=sinCcos C' -+-cos CsinC’.
CBOHCTBA CJOXEHHUHd
1) CyuectByeT welimpaibHoul 3iemenm: 3TO KAace, KOTOPBIH Mbi
Ha3BaJH HYJeBbIM YrJIoM. KamKIoMy yriy COOTBETCTBYET MPOMUBONO-
aoscHbil eMy yrod, notomy uro (U, V) -+ (V, U) = (U, U).
EJHHCTBEHHOCTb NPOTHBONOJIOXKHOIO KJacca BoitekaeT u3 (1)
H U3 COOTHOIUeHHH

(cos C)24-(sin C)2 =1, (cosC’)2+4-(sinC')2=1,

()

TaK Kak
cos(C+C)==1 _ cos C=cosC’
<
sin (C+C")=0 sinC= —sinC".
Onepayus caooceHus yeaoe yoosaemeopsem axcuomam |A] nepsoi
IJ1aBhL.
[A{] BeITekaer u3 onpegenenusi, [A,] (KOMMYTaTHBHOCTB) BbITe-
KaeT U3 Qopmya (1);
[A;] nosyuaercsi HeMejaneHHO H3 dopmyasl lans
@, u)+(u, v)-+(v, W)=, 0)-+(v, W)=
= )+, w) =, w).

{A,] BHIBOAUTCS M3 TNPEALAYIIMX CBOHWCTB M M3 CYILIECTBOBAHHSR
[IPOTHBOMNOJIOKHOTO 3/7eMeHTa. Ha ocHOBaHHM 3THX CBOHCTB BBOJMTCS
gbiumarue — JeicTBUe, OOpaTHOe CJOKEHHIO.

2) OxHako ycTaHOBHTb B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXKIY
MHOKECTBOM 3THX KJIacCOB M MHOXKECTBOM I10JIOXKHTEJNBHBLIX H OTPHIA-
TeJBHBIX YHCeJ HeBO3MOXKHO H3-3a CJEIYIONEro CBOHCTBa.
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Pasgeprymoiii yeoa npomusonosoncen camomy cebe. B camom nene,
@& =D+ (=4 )= 9.

¢) Mepa yracs. Mbl KesaeM CONOCTaBHTh KJaccaM, KOTODbie Mbi
Ha3Ba/i YIVIaMH, NOJOXKHUTeIbHble, OTPUIATE]bHbIE HAH HYJeBble UHCIA
TAKUM 00pa3zoM, uTolbl CyMMe ABYX KJACCOB COOTBETCTBOBAajda Cymma
COOTBETCTBYIOIIUX UM uduced. Mpl cefiyac 3TO OCYIIECTBHM C MOMOILIBIO
Cclelyloled  Je€MMBbL:

I)Buccextpuca napel BekTopoB. Ilycrs Viu V,—
AaHHBIe BekTOpol. CylecTByeT H NPUTOM €IHHCTBEHHOE HalpaBJeHue
(TO eCTb CyIUeCcTBYeT €AMHUYHBIH BEKTOD W M NPOTHBOIOJOKHLIE eMy
BEKTOP —w), KOTOpoe 00pasyeT € JAHHBIMH BEKTOPAaMH 1POTHBONOJIOK-
HBIe YIJIBI

- (w, Vi) =—(w, V),

TO €cTh, corjdacHo cootHomenuo I[Hans, (Viw)--(Viw)=(Vy, V).
Ecau eannnunniii BexTop { ecTh HanpaBJaswowWud g V,, a j nep-
IeHAUKYJASPEH eMy, TO

Ve=| Val(ai+bj), w=xi+yj,
U HaliJleHHOe AJfA W YCJIOBHE AaeT:
{ x—yr=aq; { a?+br=1,
rie
2xy = b, X4 yr=1,
OTKYyZa
2x2=qa-+1;
2xy = b,

4TO OmpejessieT ABa NPOTHBONOJIOKHBIX BeKTopa. Mbl MOXEM Bhije-
JHTh OAMH U3 3THX BEKTOPOB, CKaXKeM %, TakK, YTOOB X GBI TONOXKH-
teabHbIM. Toraa y, ecv OH OTJIMYEH OT HYJs, uMeeT 3Hak b.

Eciun yroa (Vy, V) = 0, 10 BekTOp W coBnanaer ¢ {. Mul Ha3oBeM W
eaasroim Guccexmoproim eexmopom napol (Vy, V).

2) MoxeM /11 Mbl COMOCTABHTH YHCJAO KaXkAOMY YIAy Tak, 4T0Gbl
NPOTHBOIOJIOKHBIE YHC/Ia COOTBETCTBOBAJH IPOTHBOMNOJOXKHBIM YIJIaM
M CyMMa YHCeJ COOTBETCTBOBaJNa CyMMe YIJIOB? Mbl ROJIKHBI MpUIATh
3HaueHHe () HYJNEBOMY YIJy, TO €CTb HeHTPaJbHOMY OTHOCHTEIHLHO
CJIOXKEHUS YIVIOB s7eMeHTy. OG03RaUHM yepe3 p YHCJIO, COOTBETCTBYIO-
llee pa3BepHYTOMY YIJY; TOTAZ YHCI0 —p GyleT TakkKe COOTBETCTBO-
BaTh 3TOMY yray. Ho Toria 2p Takxe JNOMKHO COOTBETCTBOBATH HYJe-
BOMY YIVy, TaK YTO eC/IH YHCI0 O COOTBETCTBYET HEKOTOPOMY YTy, TO
uyncno 9 -+ 2kp, rae k — nesnoe NOJOXKUTENbHOE WM OTPUIATENBHOE
4HCIIO, TAKXKE JOJIKHO COOTBETCTBOBATBH ITOMY XKe yriy. Takum o6pa-
30M, Mepa yaaos, ecau OHG modicetn bbb YCMAHOBACHA, Onpedeaumcs
AUWG ¢ MOYHOCMbIO 00 2p.

Mgl BO3bMEM p TIOJIOKHTENBHBIM U NPHAAIUM 3HauYeHue -+-p/2 yray
(Z, J), kKorna j npaMo nepnemmxynﬂpeﬂ BEKTOpPY { B OPHEHTHPOBAHHOH
NJIOCKOCTH.
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3) CornacuHo dopmysie 1llanst, KOCTaTOUHO pacCMOTPETh eNHHHYHbLIE
BEKTOpHl # = ai -+ bj, y KOTOPHIX @ U b —~— TMONOKHTEJBHB], H COMO-
CTaBHThL COOTBETCTBYIOUIHM mapam (Z, #) uncna, 3ak/aoyeHHbie Mexay O
u p/2.

[TostoMy Ml pasgenum npssMOi yroa (£, j) morosam ¢ MOMOLIBIO
rMIaBHOrO GHCCEKTOPHOTO BEKTOPA, IOTOM KaxIblH M3 MOJYYEHHBIX
yIJIOB CHOBA pasfielMM MOnoJaM ¥ T. ., CONOCTABJASS Ha KamKIOM
sTane MOJYYEHHbIM KOHTPY3HTHBIM YIVIaM YHCJa

KaxpoMmy saganHomy yray (f, #) comocraBjsieTcsi TaKUM 06pasoM
TOUHOE WJIN TNDHOMHMKEHHOe 3HA4YeHHe BHIA

TAe YHCAHTENHU Ny, No, . . ., Mg paBHBl O uan 1, u, o6paTHO, KaXKAOMY
gUCJY 3TOTO THIA coOTBeTcTBYeT yroa (£, #). Eciu B3siTh HaTypasibHOe
¢ HocTaTOUHO GOJIBIIUM, TO CKOGKa HpeicTaBiasgeT coGOH NPUGTHIKEH-
HOe 3HadeHue JOOOro uucaa, 3akawuyeHHoro Mexay O u 1 ¢ moGoi
XKeJqaeMoll TOUHOCTBbIO: peub HAeT, OUYEBHJHO, O YHCJE, HAINHCAHHOM
B JIBOMYHOI CHCTEMe CUHCJIEHHS, ¥ KOTOPOTO Lesasi YacTb PaBHA HYJIIO,
a yucso uudp, npasee 3ansTod, paBHO ¢.

Takum ofpasoM, mnocje mepexofa K npeieay (g — oo) wmout cono-
cmasasem Kancoomy pacCMOMPEHHOMY Yeay Hekomopoe wucao 9, 3aKirn-
yennoe mexncdy 0 u p/2, u obpamno. Mel 6yzeMm nucatb:

0=_(i, u).

Ias moboro yria sHaueHHe ero Mephi, 3aKJIOUEHHOe MEX1y —p
H p, HAa3bIBAETCS 2/Q8HLIM 3Ha4eHuem. Jlpyrue 3HAUYEHHs MOJy4YaTcs
M3 TJIABHOTO NyTeM OpHGaBJIeHHsT KaKOro-1u0o KpaTtHoro 2p uucha.
PagencrBa, Kacawldecs: yrioB, THINYTCH ¢ TOYHOCTBIO JO KPaTHOTO 2p.
B neficTBHTEe/IHOCTH 3TO cpasHerus no modyao 2p (eM. xku. 11, ra. I, § 2).

§ 4. Npepenbl, CEA3aHHbIE C TPHrOHOMETPUUECCHUMMU
chyukuuamu. Papua. Boiuncnexwne yucna n

I. ¥Yrabl u xopabl

[lycTe B OKPYXHOCTH €AMHHYHOIO DajHyca A4H OPTOHOPMAJIbHbIH
6asuc

OA=i, OB=j

({, B)=¢, OC=un=aibj.
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OTKyla
AC=n—i=(a—1)i+bj;
a?+br=1; (h
=@—12+02=2(1—a)*
PaccMOTpuM Tenepb MOJOBHHHBIH yroa
2, v), OD=v=xi+yj.

=
¢ onpeneneno pasenctBaMu (cMm. § 3, 11, ¢):
2x2=q-+1;
2xy=: b,
OTKY2a
x2:1~£42—;
’ c2 1 —x2 c2 c2
AD? = /% — 9 (1 —x) =2 (1—]/1 — ) =2l e <G

3HauuT, Xopia ¢’, COOTBETCTBYIOIIAs NOJOBUHHOMY LEHTPAJLHOMY
YIay, YIOBJeTBOpsieT HepaBenctBy ¢’ < c/}/2. Ho yray p/2 orse-
yaeT XopAa ¢ IAMHOH }/2, 3HAUMT, YIJy, H3MepSAEMOMY YHCJIOM
(p/2) (1/29), 6yzer oTBeuaTh XOpAa JVIMHBI, MeHbluedi wem (1/}/2)%1.
TakuMm o6pasoM, ko20a yeos CMPeMUMCs K HYMO, mo x0p0a OKpYdHHO-
cmu eOUHUYHO20 paduyca maksce CHPeMumcs K HYyaro.

[Ipu sToM, Tak Kak corjacHo TeopeMe Iludaropa

(1—a)?+ b2 = c2,

yucsia 1 —a=1—cos ¢ u b = sin ¢ Takke cTpeMATC K HYJIO,
TaK YTO (YHKYUU COS ¢ U Sifl @ HenpepvieHbl 8 OKPECHHOCHU 3HAYe-
Hus ¢ = 0.
$opmyan

cos (0, -+ @) == cos B, cos ¢ — sin Oy sin @;

sin (8, + ¢) = sin 6, cos ¢ + cos 0, sin @,
B KOTOPbBIX Mbl HOJOXKHM ¢ —> O, NOKa3LIBAIOT HENPEPbIBHOCMs PYHKL LG
cos 8 u sin 0 O0an ecex 3wavenuii 0. UTOGL NOJYUHUTD APOU3BOOHYIO

OT (OYHKUHI KOCHHYC H CHHYC MO OTHOIIEHHIO K YLy, MBI Paslesnm
Ha ¢ TpHpaileHus:

cos (8, 4 ¢) —cos B, = % (— sin? @) — sin Oy sin @;
sin (8, + @) —sin Gy = I—_S_ES;’—(F (— sin? ) -+ cos 6, sin .

* 02 = ,AC |2.
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Korza ¢ crpeMuTcst K nyJio, To oS @ crpeMuresl K 1, a sin ¢ crpe-
MHTcs K 0; BOIPOC CBOLUTCS, CJeAOBaTelbHO, K HAXOXKIEHHIO Tpelea
(sin @)/p. (Mbl 3mech HCMOAbB3YeM TeopeMbl O Npelenax, KOTOphie
6ynyr nokasanb! B KH. III). Ho B egnnuuHOM Kpyre AJiMHAa ¢ XODJbI,
COOTBETCTBYIOLICH YIVIY ¢, TAKOMY, UTO €OS ¢ = 4 U sin ¢ = b, yu0B-
JIETBOpsieT cordacuo (/) paBeHCTBY
2. . — b2
C ;2(1——61)—2T3;‘a‘ ;

—
OTKYyZAa —;—:: ‘/m Ho xoraa ¢ crpemurcs x 0, 10 a —1. Hrak,

NoJNy4aeM:

B oxpyscrocmu euruuroeo paduyca ommuouteHue xopost, Coomeemm-
cmeyrowert Yy2ay, Komopsul CMpPpemumes K HYmo, K CUNYCY B3fmo2o e
yeaa, cmpemumcs K 1.

CrenoBatesbHO, Npeles OTHOWeHHs (sin ¢)/¢ — b/@ TOT XKe, UTO
U TIpefes OTHOIWeHHS ¢/¢.

Ho sto nociennee orHoulerue u ero npefeda, €cld OH CYLIECTBYeT,
OYEBHAHO, 3aBUCAT OT BHIGPAHHOIO 4Hc/a p, KOTOPOE COOTBETCTBYET
PA3BEPHYTOMY YIJY, a He OT €IMHMUB! JJIHHLI, [TOTOMY UTO Mepa XOpJIbl
¢ He CBs3aHa C Hefl.

Mbpl ceffuac mokaxeM, 4TO 3TOT Ipefiesl CYHecTByeT H OTJIHYEH
or uyas. Toe0a moxcno Oydem ewvibpamsv uuci0 p max, 4mobor 3mMom
npedea pasuaics 1.

Ilpu amom eeibope wucaa p npoussodnas cos O paswsemcs —sin 0,
a npoussodHasn sin O pasnsemcs -+cos 0.

il. Mpepen OTHOWEHUA ANWUHbLI XOPAb!I EAUNHUUYHOTO
Hpyra K Mepe ¢ leHTpanbHOro yrna

Mbl n0/KHLI BepHYTbCA K dopmyne (II) ¢ *2(1 — ‘/1 —v—)

M HCCeoBaTh COOTBETCTBHE, KOTOPOE OHA yCTaHaBIUBAET MEXK LY

MOCAEAOBATE/bHBIMUE YTJAaMH, KaXIbll H3 KOTOPBIX TO-

T JIOBHHA NPEAbIAYIIEr0 M COOTBETCTBYMOIMMH XOPIAMH.

JononaauM Gurypy, o6pasoBaHHYIO TpeMsl pajuycaMi

C 77 OA, 0C, 0D, xoropuie onpefeastor yrasl (04, OC) = ¢

D\ (OA OD) = ¢/2, npoBejieHHeM KacaTeJbHbIX C OKPYHK-

HoctH B Toukax A u C. Ouu nepecekyres B Touke T

o Ha OpOJO/KEeHHH paauyca OD. Mel yxe HOJOXKUAN

AC =¢, AD = c¢". Tlonmoxum AT —(, AT ' =1Vt.
CpaBHeHYe HAKJOHHBIX HaeT

' c ’ ’ ¢
Yepr. 14 7<C <t<*2’7
3HAUUT, OpoAo/gdXKasda JeJieHHe YIVIOB [1000JaM, 6}’)16‘3\/1 HMETb:

<20 < Q%" <2 2 L <2 < 2 T
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PaszennM Bce useHbl Ha ¢ = 2rg(M*

c ¢’ _ ™ tao 1 ¢
—(’;<?<..<‘W<.<—q}w<.< q),<*¢f.

3uauut, ™ /@™ umeer npesea A, KOTAA N CTPEMHTCS K GecKoneu-
wocru (ra. 11, § 3).

Ot yero 3aBucut A? OueBHIHO, OT YHCJAa P, BHIOPAHHOrO B Kaue-
CTBE MEphl Pa3BepPHYTOrO YIJA.

A He 3aBHCHT OT eIAHHULA JJIHHBI, NOTOMY YTO Mbl paccMaTpHUBaeM
€JIHHUYHYIO OKPYXKHOCTh. HaKkonen, A He 3aBHCHT OT HCXOAHOTO yIJa ¢,
TaK Kak ¢, ABJSAACh HenpepblBHOH (PYHKUMEH OT cos ¢, OyleT TaKke
HeTIPepELIBHON (PYHKIMeH aprymeHTa ¢, NO3TOMY Inpeaes A, KOTOpPLIH
ABJISIETCS HEe YeM HHBIM, KaK NPOU3BONHOM ¢ 10 ¢, nipu ¢ — (), He MOXKeT
HMeTb HecKOJbKO 3HayeHHH.

Takum o6pasoM, oTHoOueHHE }/p ecThb alCo/MIOTHAA TNOCTOSHHAS,
TO eCTb HEKOTOPOe ONpelleleHHOEe YMCAO0 B METPUYECKOH TeOMEeTPHH.
ATy mocTosfiHHYIO o6o3HauvatoT 1/, Tak 4TO T ecmb mepa, KOmopyio
HYJCHO MOCMABUMb @ COOMBEMCMeue pPa3GepHYmomny yery 0aa moeo,
ymobol npedes ), OMHOWERUS OAUHbL XOPObL EOUNHUMHOL OKpYMCHOCTU
K yeHmpaibHoMy Yeay pasHsaaca 1, Koeda uyewmpaneuolll yeoa cmpe-
mumesn kK 0.

Enununa usMepeHust YIVIOB, ONpelesieHHAs TaxuM o6pasoM, Ha-
3biBaeTcst paduarnom. CornacHo 2) ecau yeoa O ewvipascer & padua-
Hax, To cos B u sin 0 umerom coomeemcmseHHo npoussoOHsle —sin 8 u
—+ cos 0.

11l. NpuénnHeHHOoe BbIUMCNEHHE uYucna o

HcenoabsyeM dopmyast (I1). Mot monyunm sragenns c/q(, 3ua-
UHT, TNPUG/HKEHHBIe 3HaYeHHs] MO HeNOCTaTKy YMC/Ia T.

o k18
Hauano Bouucinenuét ot ¢== IlpubGinxennsie 3ua-
YEHUSA YHCAA T

14
,:~3— c=1 3
¢’ :%.i =V 2—V3 3.2} 23
¢~%—2L ¢ :VQ_VQ?T/_E 3.92 1/5_ Vorvs
=2 L eV e eV eV sy e ar Vet v

3aKOHOMEPHOCTH SICHA.

¢

* Takum ofpasoMm BBejeno oOo3HaueHne rpm’:—ﬁ;—« Hpum. ped.
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Havwagdo Bouucaenui [lpuGAHIMKeEHHbIe

oT (p:—g 3HAYEHHHd YHCJAa =
o=15 =2 22
P =5 o=)2—1 2) 22
V-5 | e=VIaive ») o Vaivs
" _% oy 2 Veverve | ay/ s VerVarve

Taxum o6paszoM, nojayyaem:

7= lim 2’11/;—V2+VW

n—>00

(Bcero n pajaykaJos).

Idpyroe BouHCJeHHUE T
Hcnone3yeM TpHIOHOMeTpudYeckde (pOPMYJib J1el npecGpa3oBaHHs

BbIpaxKeHHd

c™ =2 sin (@/2"),

npexiae ueM JeauTh Ha @) = ¢/27

ing=2sin ¥ cos ¥ — Ces®oy/ LD
qu>_»25m2€052»— ICOSQ—— 2+2cosq>
| 1 1 1
2 LP fR 9 j g: —— e P —
=2 sm22cos €oS 55 = iCos22 24—2} 2—f~2coscp
=2" sin % €OS - hd cos%% cos% cosé(%:
R 1 1]/_1’*-1“?‘?
*]/Tfﬂ/fr“:z -~+71/'§+§*°>“
| (n panukaJos)
CrnenoBatenbHo,
(1)
P ¢ ¢ ¢ ¢ ¢
—— = = : COS5CO0S5 ... COS5- .
o 9.97 sin—g—q; 2sing 2 22 2n

Ecin npunsitb ¢ = 11/2, 10 cos ¢ = 0, 0TKyAa noaydaem:
A vim (/T S 1 T
g =lim |} 7']/ 7+71/T9:‘]/---
) 1 11/1 1 1 1,1 T
1/5+7 Tril/-'- ?]/_2—_*_7]/7]’




rJle UMEIOTCs 11 MHOXUTeNeH U k-1 MHOXKUTENb COAEPXHUT & pPaiuKaJoB.
[PopMysta Buera (1540—1603) mo A. JleGery.]

[lonyyenusle ¢opMyJsbl MajoyLOOGHBI A NPUOTHKEHHOTO BBIYMC-
nenust s, He Hccnenys Janbliie 3TOT BONPOC, OTMETHM JIMLIbL 3aMmeda-
TeqbHYIO QopMmyay Yosanuca (1616—1703):

2 1.3'35 """ @n—h2n+1) '

a raxkxe ¢opmyay ero apyra bpoyugepa (1620—1684):

4 .
—=1im | 1+ 132
¢ n—»c0 24

52

rr . GELD

2+

Cnenyer OTMeTHTb pa3HooGpasue BbilllelPUBEJEHHBIX BLIpaKeHUI.

H3BecTHo, YTO COBpEMEHHEIE CUETHBIE MANIHHBI TO3BOJAMJIH TOJY-
YHTD JECSITh THICSIY MEPBhIX JeCATHYHBIX 3HAKOB yHcna v &~ 3, 1415926...,
KOTOpOe SIBJISIETC HE TOJbKO HppanuoHadbHbiM (JlamGeprt, 1761), no
u Heajre6pauueckum (Jlungeman, 1882). CnenopatesbHO, 3T0 mparc-
HeHOeHMHOe YUCJO.

MecTtas raasa

BYJNIEBA ANFEGPA MHOMECTB. MEPbI. BEPOATHOCTL
@

CHayana Mbl BepHeMCsl K y¥Ke H3YUYEHHLIM paHee OnepanusM Hal
MHOXKECTBAMH M C/€JaeM HEKOTOpble JOIOJHEHHS; 3aTeM Mbl BBEJEM
HEKOTOpble Mephl, KOTOPble MOXHO TMOCTaBHTb B COOTBETCTBHE MHO-
KecTBaM.

§ 1. Anre6pa MHoOHecTB

PaccmoTpuM HekoTOpoe MHOXKecTBO E, KoTopoe OyAeM Ha3blBaTb
OCHOBHbIM, W €ro nojgMHoxectBa A, B, . ... Mp yxXe omnperesumi
OMHOUICHUE BKMOHEHU S

A= B<>{Va, a€ A= a€ B].
Bxuatoyenne crporoe A < B, ec/H CyWECTBYIOT 3JeMEHTHl, NPHHAAJe-
KalHe MHOXKECTBY B, HO ne npuHajiexaiiue MHOXeCTBY A. MHOXeCTBO
3THX 3JeMeHTOB uyacTo obo3Hauaror B — A.
Bo MHoxecTBe & MOAMHOMXKECTB MHOKecTBa £ BBeACHBI TPH BHYT-

peHHMe OHepauuu:
a) Ilepeceuenue A () B — 3TO MHOXECTBO BCeX 3JIEMEHTOB, IPH-

HaJUIeXAIMX OJHOBPEMEHHO MHOXKeCTBY A u MHOXecTBY B.

6) O6wedurernue A |J B— 3T0 MHOMKECTBO 3J1eMEHTOB, KOTOpHle
[IpHHAIeKaT MHOXKeCTBY A, WM MHOXeCTBY B, Hiu 060UM (HE HCKJIO-
narolee «UJIH»).
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C) ﬂorw/menue GA — 3TO MHOXKECTBO 3JIEMEHTOB OCHOBHOI'O MHOXKE-

CTBa, He NPHHAAJEXKAUHX MHOXKecTBY A. ITO MHOXeCTBO 0GO3HAYaroT
yacro W uyepes A’. MOXHO TaKike ONPEJENHTb JONOJHEHHE MHOXKe-
cTBa A 1O OTHOLIGHHIO K MOAMHOXKeCTBY B, B KoTopoe A BKI/IOUEHO
(A = B), Xak MHOXECTBO TeX 3JE€MEHTOB MHOXKeCTBa B, KOTOpmple He

npunajjexar maoxectBy A. Takoe fonosnenne 0603HavaloT yepes GBA ,

HO 3TO HE eCTh HOBasi oneparusi, TaK Kak [}BA =A"  B.

Yro6bl omeparnusi nepecedeHdss Obljia BCerAa BO3MOXKHOH, HeOGXo-
JIMMO BBECTH ITyCTOE MHOMXKECTBO &, KAK NPHHALIEKAILEE MHOXKECTBY .
3aMeTHM, 4TO, epexosl OT 3/IEMEHTa K IIOAMHOXKECTBY HJIH K OCHOB-
HOMY MHOXKeCTBY E, a 3aTeM K MHOXKECTBY NOJIMHOXKECTB &, Mbl NOAHH-
MaeMmcsl IO JeCTHHIE THIOB (HAa 4TO yKa-

3BIBAeT 3HAK NPHUHAJICIKHOCTH €). HaoGo-

3 > ~ pOT, OTHOIIEHHe CC H omepanud [} u |
y —\ COXPAHSAIOT THII.

f = Ceoficrsa onepauuii. [lpoctoie mpu-

B=—/ Mepbl (MHOXECTBA IIPEAMETOB, TOUEK) MpH-

A1l BOJASIT HAcC K CBOHCTBAM, NIPeACTABJSIONINM
AKCHOMBI TEOPUM. IDTH CBOHCTBA GQUOHGL
Ha CXeMe, Ha3biBaeMoH duaepammod Firepa.
Hepr. 15 Kaznoe MOAMHOXKECTBO H306PaXKEHO MHO-
JKeCTBOM TOYEK, BHYTPEHHHX IO OTHOLIE-

HUIO K HPOCTOH NJOCKOH 3aMKHYTOH JIHHHHM (TO eCTb JHHHH 6e3
KPaTHBIX TOYEK); MHOxkecTBO A H306pameHO BHYTpEHHEH IO OTHO-

UIEHHIO K JHHHH 00JacThio, a [}A — preunelf. A [y B — 3T0 yacTb,

3alnoJiHeHHast KBajpaTHkamu, a A |J B — 310 TO, 4TO monano mnoj
WITPHXOBKY. Jlerko ycMmoTpers 06JacTH, H306paaroine

AuB, [,AnB), [,AnB).

IlepeuncauM cBoiicTBa, MpUHHMAaeMble 33 AKCHOMBI.

llepeceuenue
(1) ANA=A
(2) ANB=BNQA
(3 AnBnO=@AnsNC
O6peguHeHHE
(1) AJA=A
(2) AUB=BU A
(3" AUBUC)=(AUB)UC

(1) u (1') UpemnoTenTHOCTH
(2) n (2') KoMMyTaTuBHOCTD
(3) n (3') AccouMaTHBHOCTH
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(4) n (4') HBofHass AUCTPUGYTHBHOCTD

(4) ANBUC)=(ANB)U(ANC);
4) AUBNC)=(AUBNMAUO0).

(B sTux QopMyJax 3HAK = 03HAYaeT, YTO MOAMHOMKECTBA, (PUIYPH-
pPyioIKe 1o o6e CTOPOHbI 3TOTO 3HAKA, COJAEpPKAT OAHH H Te XKe 3je-
MEHTHI. )

Mpbi ymeem (ra1. 1) BbIBOAMTH M3 3THX (POPMYJ KOMMYTATHBHOCTb,
ACCOHHATHBHOCTb M AUCTPUOYTHBHOCTH JJsi JOGOO NAaHHOTO YHCHAA
uyneqoB. Ho o6e omepaunu: oObeJHHEHHE H repecedeHHe — HHUEM
HE OTJIHYaJHCh JO CHX IIOp B aKCHOMax JAPYT OT ApYyra; OTJIHUYHE MOsiB-
JIsIeTCsl, KOTJla BBOASAT B CJAEAYIOMMX aKCHOMAX OCHOBHOE MHOMKECTBO F
H NYCTOE MHOXKECTBO (J:

(5) AYE—E

u

(6) AN =d,

a onpeleseHUe JONOJHEHHS 3aJal0T PaBEeHCTBAMH
(7) AU A =E,

(8) ANA = .

A n B HasumBawTcst pasdeasHoimu  (IU3BIOHKTHBHBIMH), €CaH
AN B=g.

Teopusi, KoTopas pasBUBAeTCsI C TOMOILbIO 3THX aKCHOM, HAa3bl-
BaeTca Oy.aesoli aseebpori muomecms. Ho Hean3s JH J0Ka3aTb 3TH
pasenctBa? HccaenyeM, nanpumep, (4): mepBblil YJeH COCTOHT K3 3Jje-
MEHTOB MHOXKecTBa FE, KOTOpble MNPHHAN/IEXKAT MHOXKECTBY A, uJH
MHOXecTBY B, nau muoxectBy C, uau oGoum. Ho, OueBHRHO, 3TO
Te e CcaMble 3JEeMEHTBl, KOTOpble IMIPHHAJAJAE]KAT HJIH MHOKECTBaM
A u B, unu muoxkectBaM A u C, NpUUEM 3TO «HJIH» He SIBJISETCS HCKJIIIO-
YamMUM. JTO JI0Ka3aTebCTBO Npefnosaaraer (GopMajH30BaHHBIM YIIO-
TpebJieHHe CJIOB «Hy, «HaH». J{oGaB/asst crona oTpullaHHe, HeOOXOZUMOe
JJIS1 BBEJleHUs] JIOTIOJIHEHMH, MBI MOJIydYaeM apHCTOTeJeBY JOTHKY, Tak
4TO HAMHCAHHbIE DPABEHCTBA SIBJSIOTCH HU YeM HHBEIM, Kak (opMaJjiu3sa-
IHed apHcToTeseBOl JOTHKH. OTCiofa BO3HHMKAeT BO3MOXKHOCTH JIOTH-
YEeCKOTO HCYHC/JEHUs, JOCTYNMHOIO, HarpuMmep, CUETHHIM MAalllHHAM.

Caepcteue. EcCTeCTBEeHHO, YTO NpPOCTEHNINE CJAENCTBUS CTOJNbL K€
WHTYHTHBHO OUEBHJHBI, KAK H CAMH AKCHOMBI, MbI CeHfyac INpoBeieM
HECKOJIBKO JOKA3aTeJIbCTB, YTOOH JATh OUYBCTBOBATh, UTO NIPHBEIeHHA st
CHCTeMa aKCHOM JOCTATOYHA A5 HYKJ TEOpHH.

O6wuii cnoco6 pokasarenbCTBa PaBeHCTBA

A = B paBHOCHJIBHO COeIMHEHHIO JBYX yTBepKieHH#H A C B
1 BC A. TlosTOMy paBeHCTBO XapakKTepH3yeTcst OAHOH H3 CJAeAyio-
UHX CHCTeM:

AyB=A4, A UYB=E,

[) AQB=4. ua 1) A'NB= g,
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MJIM, HanpHMep
A U B —= Av
AUB=E

OcHOBHBHE pPaBeHCTBaAa

1) PaBenctBo (5) paBHOcHabHO paBenctBY A | £ = A u (6) pas-
HocuabHO paBeHcTBY A |J & = A; 5T0 JMllb NepeBOJ BKJIOUYEHHI!
5 C ACE.

2YCuMMeTpHUS OTHOWMEHHSS ZONOJNHEHHS

A"y =A.
HercteuTebHO, nojsokuMm B = (A’') u ucnoawsyem (7) u (8):
AUB=E un ANB=¢,

torpa, corsaacio ), A = B.
3) 3aK0OH MOTJOMEHH A

AU(ANB)=AN(AUB) = A.

HeficTBUTeIbHO, NEepBOe M3 3THX PABEHCTB BhiTekaeT u3 (4) u (1):

AU(AUB)=(AUB)N(AUB)=AN(AUB).

[Tycte Teneps D — NOAMHOXKECTBO, NpPEJCTaBJIECHHOE KAXKAbIM H3
3THX YJEHOB; OCTaercd MNOKasaTh, 4To D = A, To ecTb, npuberas
K cucreme 1), uto A U D =D u A () D= D. Ho 3TH COOTHOIIeHUA
OUeBHJHB! M3 IIePBOH, COOTBETCTBCHHO BTODOH 3anucH D B cUIy HieM-
[IOTEHTHOCTH.

4) 3aKOH NONOJHEHHUH

(AUB) =A'NB" u (ANB) =A |B'.

JlokaxeM, HanipuMep, fepBoe U3 3TUX paBeHCTB. [Tonaras A | B =
= R, MBl JJO/DKHBI J0Ka3aTb, uTo R’ = A’ [} B’. Hcnonb3yeM cucre-
My II), nockonbky peub HJAeT O AONOJHEHHSX. Mbl AOJKHB MpOBe-
pMTB, UTO

H T A

RUA'NB)=E u RONANB)=g;
HO JIOCTATOYHO pPasBepHYTb JeBBle YacCTH:
RUAYB)=(RUAIN(RUB)=
—(AUA'UB)N(AUBUB')~ENE=E;
RNA'NB)=(AUB)N(ANB)=
=ANANBYUANBNB)=gd U =0.
AHaAJIOTHYHO JOKa3blBaeTcsl BTOpOE PaBEHCTBO.
TakuMm o6Gpas3om, AONOJNHEHHE HEKOTOPOro G6YJEBOTO BbIpamKeHHs

[10JTy4aeTcsl NyTeM 3aMeHB KaxKJAO0ro NOAMHOMKECTBAa ero JOMNOJHEHHEM
U B3aHMMHOH 3aMenbl 3HaKoB (J u ().
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5) KanoHnundeckas ¢opwua. CymecrsoBaHue eAUHON KaHO-
HUYECKOH (POPMBI A5l BceX 6yJ/eBBIX BHIDAXKEHUH HMEET TEOpeTHUECKOe
3HAUeHHe, MOTOMY YTO IO3BOJISieT PACHO3HATh PABEHCTBO ABYX GYJ/IeBBIX
BLIDaXKEHHIH MyTeM OTOXKAECTBJICHHS, AHAJOTHYHO TOMY, KaK 3TO
JieJlaeTcs JIJ1S1 MHOTOUJIEHOB,

a) Jlio6oe BEIpaxkenue u3 n 6yks A, B, ..., L (kotopbie MOryT
BXOAMTb H uepes jponosuenuss A°, B, ..., L’) MoxkeT GbITh HalIHCAHO
8 ¢opMe OOBEIHHEHUsS IlepecedeHHH, NpHYeM Kaxkloe MepeceyeHue
coiepKHUT Bce n 6YKB, CO IITPHXAMH MJH 6e3 INTPHXOB; eNUHCTBEHHOE
HCKJIIOUEHHE HMEET MeCTO JAJIsi IYCTOr0 MHOXKECTBA .

Tax, ansi Tpex OyxB peub HAeT 00 OOBEMHEHWH UYJEHOB BHJA
ANBNC ANB NC, AN B N C ur. 1. (BoceMb BO3MOKHBIX
solpaxenuil). [lokamxeM, uTO J060e BBIPAXKEHHE MOMXKHO 3aMHcaTh
8 Tako#l (popMe: cHauasia c/JefyeT H36ABHUTBCS OT BCEX IUTPHXOBAHHBIX
CcKOGOK ¢ momolibio (opMys ponosHenui. [ToroM ¢ momouew dopmy-
Jul (4) H36aBJISAIOTCS OT CKOOOK, 3agJouaomux obwenuHenust. Torpga
OCTalOTCA JHMIL CKOOKH, 3aKJIoYaiolllde IIepeceueHrsi, KOTOPblE Mbl
HA30BeM YJjeHaMH OOBbe[UHeHHs, BhIpa:KeHHe CTajo, TaKUM 00pasoM,
mAozousenom Byas. Ocraercs IONOJHUTD UJIEHBl, KOTOPLIE HE COAEpIKAT
8cex GYKB: TaK, ec/d ujeH 0603HaueH T H ec/il 6YKBa, KOTOPYIO CAEAYeT
8BecTH, ectb K, TOo MbI ucnosbsyeM dopmyny T'= (T | K) U (T N K').
Buipaxenne T npuBeIcHO Tenepb K KAHOHHYECKOH (opMe.

[Tpuwmep. IlpoBepurs, uro

[(AUBN(A'UOIUAYB) =
=@AnBnauEAnsnou@AnNBncyu@A nBnc).

b) OcraeTca [0KasaTb, 4TO DPAaBHbLIE BLIPAXKEHHS COOTBETCTBYIOT
ONHOH M TOH Ke KaHOHHYecKOH dopme. [Isi KPaTKOCTH JajuM HHTYH-
THBHOE J0Ka3aTeJbCTBO ¢ IIOMOUIbKY AHATpPaMMbl Diljiepa: MOAMHOKE-
ctBa A, B, ..., L ¥ ux JononneHHsl ONpele/isiioT Ha MHokecTBe E
pasbueHHe, npuyeM Kaxaasd M3 MOJYYCHHBIX pasfedbHHX o6jacTei
SIBJSIETCSI B TOYHOCTH M306paKeHHeM OJHOTO M3 WIeHOB KaHOHHYECKHX
¢opM, MONyYeHHHIX € NOMOLLBIO 5THX OYKB. JIBa paBHLIX BhIpameHUs
u300paxanTcsa OLHOH M TOH Ke 06/1acTblo, COCTaBJSIOUIHE KOTOPOf
{IPeICTABJIAIOT WIeHE KAHOHUYEeCKOH (POPMEI.

[Tpumep npuaoxenus Jokasarb

ANB=(ANP)U(BNP), VP
Mbl 3HaeM, YTO 3TO KBUBAJIEHTHO BBIPAXKEHHIO
(ANB)NIANPYUBNP)=ANB.
Ho o6e yactu paBeHCTBa HMEIOT Ty 2Ke KaHOHHYECKYIO (HOpMY
(ANBNPYUANBNPY).

JlonoyHAsA 3T0 COOTHOLICHHE OUEBHIHBIM BKJIIOUEHHEM, MBI OAYUaeM

noJie3Hoe HMHOTa IBOHOE BKJIOUEHHE
ANB=(ANP)Y(BNP)Y=AYB, VP.
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3 ameuaHue. JIornyeckoe «u» UMeeT Ty ke ONEPATOPHYIO CTPYK-
TYPY, YTO H (], a He ucKkaroHanuiee uauy— Ty e CTPYKTYPY, UTO H |J .
MOKHO OTCI0Aa BBIBECTH, UTO UCKANOHQIOWEe «uAu» 3aTTHCHLIBAETCS B CJie-
Ayroule KaHOHHYecKo# ¢opme:

(ANBHUMA NB).

Teopema enMHCTBEHHOCTH KaHOHHYeCKOH (GOpMBI NIOMOraeT Bbisic-
HEeHHIO CHTyalu#, BLIDaXKEHHBLIX B CJAOXKHOH (OpPMe, B YaCTHOCTH
B CTaTHCTHKE.

IT p u m e p. Ulapuky, onuu Gesble (MHOXKECTBO B), Apyrue pasfiuy-
HO OKpallleHHble, CHeJaHbl HEKOTOphble M3 CcTrekJa (MHOXecTBO V),
ApYTHe H3 HHBIX MaTepHaJoB. Hekoropsle H3 HHX HAXOAATCSl B KOP3HHE
(MHOXKecTBO P), a HeKOTopble HeT. BhICHHTb CMBICT HPEINOMNKEHHS:
«B3Th GeJsible CTeKJSIHHbIE IIAPHKH H3 TeX, KOTOPEIE OCTAITCS MOC.Te
TOTO, KaK ObUIH yAaJeHbl Oesble WIAPUKH, He HaXOAIHecs B KOP3HHe».

[lepeBopum: nyxkuo B3sith B N V () (B N P’), t0o, uro maer
nocne ynpowenuit B (1 V [} P. HyxHo B3siTb Oenble CTeRJSHHbE
INIAPHKH, HaxoAslHecs B KOp3HHe.

Anre6pa MHOXecTB GyIeT B OCOGEHHOCTH MNOJE3HOH, KOTZa MOX-
MHOXKecTBa OYAYyT cCHaGKeHH MepOH.

§ 2. Mepsbi

I. Onpepenexnnn

[oBopsiT, 4TO HEKOTOPOMY CeMeHCTBY & NOAMHOMXKECTB MHOXKecCTBa E,
3aMKHYTOMY OTHOCHTeJbHO OOBelHHEeHHs H [epeceuycHUsi, OTHeCeHa
mepa (WJIH Ha ceMeiicTBe onpeleneHa Mepa), ecyu:

a) Kax10oMy H3 NOAMHOMKECTB CTABUTCS B COOTBETCTBHE AEHCTBUTEb -
HOe YHCJO, TNMOJOXKHTEJNbHOE WJIH HYJb.

B) O6benuuenyio IBYX HeNepeceKalolUXCs MOAMHOXKECTB MOCTaB-
JIEHO B COOTBETCTBHE CyMMa 4HCeJ, COOTBETCTBYIOLIHX KaXKIOMY Y/eHY
o6benunenusi. Yucao .HyJdb, B YACTHOCTH, CTABUTCS B COOTBETCTBHE
NYCTOMY MHOXeCTBY. B NpOTHBHOM cJjydyae eJIHHCTBEHHOCTb He MOTJa
O HMeTb MeCTO, Tak KaK MycToe MHOXECTBO — 3TO HeHTpaJ/bHbIi
3/IeMEHT OTHOCHTEJNbHO OObeIHHEHHS.

Uto6el cpesaTh BOSMOMXKHBIMH Iepexoinl K Npeleay, cjaefyeT pac-
NPOCTPAHUTD ) He TOJNLKO HA KOHEUHOE YHCJIO NMOIAMHOXKECTB, HO TaKKe
W Ha GecKOHeYHOe CYETHOE MHOMKECTBO MOIMHOXKECTB.

Caencreve. Mepa noaMHoxkecTBa (NIpHHALMEKALETO K ), mpel-
CTaBJEHHOTO B KaHOHMYeCKO# (opMe, paBHA CyMMe Mep BCeX UWIEHOB
sT0TO GyJsieBa MHOrOWIeHd, TIOTOMY YTO 3TH YJeHH SIBJSIIOTCA MONapHO
HelepeceKaloLUIUMICSl MHOXKECTBAMH. 3T0 cCOOOpaXKeHHKe [I03BOJSIET BHIYHC-
JIUTh U Mepy OObefnHEeHUs ; HAaHpUMep, AJIs IBYX WIEHOB HMEEeM:

AUB=(ANBUANB)UANH),

A=(ANB)UANB) n B=(ANB)U(A NB),
oTKyaa mes (A |J B) = mes A + mes B — mes (A ) B).
126

TaK Kak



Taxxke Haxoaum, 4TO
mes (A BYC) =mes A-+mes B+mesC—
—mes (AN B)—mes (B)C)—mes(C A) - mes(ANBNC).

Takoro poxa ¢opmyJisl ABJSIOTCS OCHOBOH HCUHC/EHUS] BEPOSATHO-
cTelf, KOTOpOe Mbl BBeleM B § 3. ‘

OcHoBHBIE aKCHOMBI @), f) NpOBepsAIOTCH B MHOTOYHCJEHHBIX CJY-
uasix. MHOKeCTBAM CONOCTABJSIOT YHCJIA CO MHOI'HX PasJMYHBIX TOYEK
3peHHs; OTKyJa BHITEKAIOT pasnoo0pasHble Mepbl. Mel BBejeM cefiuac
HauGosiee npocThie M3 HUX. Korma Mbl HMeeM JeJI0 CO MHOXKECTBAaMH,
KaXKJ0e H3 KOTOPHIX HMeeT KOHEUHOE YHCJIO 3JEMEHTOB, TO 3TO YHUCIO
eCTb eCeCmeeHHASL Mepa MHOscecmeq: 3TO HaTypadbHOe YHC/I0, KOTOPOE,
OUEBHJHO, YIOBJeTBOpsieT 0GenM akcuomMaM. OJHAKO TOJIOXKEHHe
MeHsIeTCsi, ecJIH OeCKOHEeYHbIM MHOXECTBAM CTAdBHTbL B COOTBETCTBHE
HX KapJAuHAaJbHble YHC/IA: MBI yXKe CKas3aJdh KOe-yTO O MHOXeCTBax,
Ha3LIBAIOIIUXCST CYEMHbIMU, OTHAKO OOBEJAMHEHHE IBYX CUETHBIX MHO-
JKECTB TOXKe CYeTHO, TAK YTO MBI He N0Jy4aeM Ha 3TOM NYTH NOMAJIHHHOMN
Mepnl. Mol BepHeMcst B KoHLle KBUTH Il K 3TUM Bompocam, KOTOpHIe
SBJASAIOTCST OCHOBHBIMH 171 TJyOOKOTO H3yYeHHst Mephbl, IOCKOJbKY
Mepa CBSI3bIBAeTCH HMEHHO € OeCKOHeYHBIMH MHOXKECTBAMH.

Mul  omKHBI BBECTH eeomempuueckue mepel (MU eCTeCTBeHHbIC)
Hanboslee MNPOCTHIX TMOAMHOXKECTB IPOCTPAHCTBA (MJIHHBI, IJIOILALH,
o6beMa), a Tak:Ke Mephl, Ha3blBaeMble B (DM3HKe Koaudecrnsamu (KoJauye-
CTBO TeIUIOTLI, KOJHYECTBO 3IJIeKTPHUYeCTBA W T. M., CoJepxauleecs
B JAaHHOH 06JacTH), H KOTOpble Mbl OyJeM Ha3blBaTh maccamu, OyIb 3TO
¢dbu3HYecKHe Macchl MM HeT. 'eoMeTpHYeCKHe Mepbl HPHIHCHIBAIOTCA
caMuM 0GJIacTsIM, Mephl BTOPOTO THIIA CBSI3aHbI, KPOME TOrO, C HEKO-
TOpoil (QyHKIMEH, ONpejeJeHHOH I/ KaxkIOro sJjeMeHTa o06JacTH,
KOTOpasi B INpOCTEHIUIHX caydasix OyleT Ha3BBaTbCA MAOHIHOCHIbIO
é paccmampusaemoli moyke (TepMHHOJIOTHS COIVIACOBAHA CO CJIOBOM
Macca).

Il. EcTrecTBeHHAaA Mepa Ha Beu|eCTBEHHOW# npsMOi

Ecnu Boi6panbl Hauano O, MOJOXKHTENbHOE HanpaB/aeHHe H €lH-
HUYHBIA BEKTOD #, TO BelleCTBeHHas MpAMas SABJASAETCS MHOXKECTBOM
TO4eK M, onpejeseHHbIX YCJIOBHAMH

XER, OM-=xu.
1) KaxjoMy OTKpHITOMY usmepsasy | a, b [ Mul craBEM B COOT-
BETCTBHE YUCJO
mes (a, b)=|b—al,
a 3aMKHYTOMY HHTEpPBaJy, CBOASIIEMYCS K OJXHOH-€AHHCTBEHHO TOUKe,
Mbl CT4BHM B COOTBETCTBHE uHcJ0 Hysb mes [a, al = 0, uro penaer
M3JMIUIHUM YTOYHEHHe: HIET JH peub 00 OTKPLITOM HHTEpBalje AN 06

oTpeske. UHcno, BBeleHHOE TAKUM 06PAa30M, Ha3blBaeTcsl 0AuHOL HHTep-
Basa. ust ceMeficTBa HHTEpPBAJIOB 3TO YHCJIO YAOBIETBOPSIET, OUEBHIHO,
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CACNYIONMM AKCHOMaM: O) Mepa SBASCMCS HOAONCUMEADHOIM  HUCAOM
uau Hysem; B) mepa 06veOUHEHUST HENEPECEKAOUUXC MHONCECE PABHA
cymme mep 4aenos 06vedurHerus. DTO OTHOCHTCA HE TOIbKO K CAyYaio
KOHEUHOTO YHCJIA YIEHOB, HO U K OCCKOHEHHOMY CHEMHOMY MHONCeCmsy
ynerog. TakuM oGpasoM, CeMeliCTBO & IOAMHOMKECTB SIBJSETCT 3JeCh
MHOXeCTBOM 00beliHeHHH KOHEYHOro HJIH CYeTHOIO YHC/ia HHTePBAJIOB.

CyliecTBeHHbIM CBOHCTBOM BBeJEHHOH TakHM O0pasoM Mepnl AJsi
3/1EMEHTOB CeMeHCTBa # HHTeDPBAaJOB SIBJISAETCS CBOHCTBO UMBADUAHIIHO-
cmu omHocumeapro neperoca (coiicTBo 7). CleiyeT OTMETUTh TAKKe,
YTO TOMOTETHS C KO3(p(ULIHEHTOM k£ yBenuurnBaeT mepy B | k| pas.

Caenpcreus. Mepa uuTepBana (g, co) GeCKOHEUHA; Mbl YCAOBUMCA
npucoeOuname —-0o Ko MHOXCECEY Mep.

Mepa cuemuoeo muoxcecmsa movex pasda Hyao. HO He caepyer
yMaTh, YTO 3TO CBOHCTBO XapaKTepH3yeT cueTHOe MHOXKecTBO. elicTBH-
TeJNbHO, MOXKHO TMPHBECTH NpHMep (TpHAAHUecKOe MHOMKeCTBO KaHntopa)
HeCUYeTHOTO MHOXecTBa Touek B uHTepBaste (0, 1), xortopoe, oznako,
He COIep:KUT HH ojHoro mHTepBasta (ku. II, ra. 111, § 1). [Tostomy
ecJIH Jlaxke OrpaHHYHBATHCSA NPAMOM JUHHEH, TO H TOTAA OOIlee IOHSITHE
Mephl IpelCTaBJseT 3HAuHTeNbHble TPYJHOCTH. Mbl orpanuyumcs BBe-
IeHHeM [/ HeKOTOPBIX MHOXKecTB Mepbl, Ha3blBaeMOi mepoil Jlebeea.

2) Taxk Kak OTHOLleHHE BKJIOUEHHS SIBJISETCS] OTHOIIEHHEM NOPsIJKa,
TO Mbl pacIIpPHM CEeMCHCTBO H3MepHMBIX 00/acTedl CJAeAyIOIHM MHpHe-
mMoM. Ilycte A — pamnHoe TOAMHOMXKECTBO JeACTBHUTENbHOH MpsAMOf
H OyCTb &# — MHOMKEeCTBO TaKMX IOAMHOXKecTB H;, yxKe cHaGKeHHBIX
MepofH, Kax/loe H3 KOTOPLIX IOKPEIBAeT NMOAMHOXKECTBO A, a o — MHO-
KeCcTBO NOAMHOXKeCTB Kj;, TOxe CHabXKeHHBIX MepOH, BKJIOYEHHBIX
B A, TO ecTb

Vi, ij KjEAEHi,
Mbl HMeeM:
mes K; << mes H;.

Ecan A moxeT umeTb Mepy, TO el HYIKHO, OYEBHJHO, IaTh TaKoe
orpejejeHne, YTOOb!

Vi, V;mes K;<<mes A-<mesH;.

Ho Mbl 3HaeM cOrVIacHO aKCHOME IOJHOTH MHOMKECTBa JeHCTBH-
TeJbHBIX 9HCed, YTO MHOXKeCTBO uucena (mes H;), MHHOpUPOBaHHOE
unpcnaMu (mes Kj), uMeer TouHyio HMXHIOK Tpasb A = Inf (mes H));
AHAJIOTHYHO MHOXKECTBO uHces (mes K;) nMeeT TOUHYIO BeDXHIOIO IpaHb
k = sup (mes K;), e k< h. Ecau mnoocecmeo A maxoeo, wmo k = h,
MO MO YUCAO 1L CIABAM 8 COOMBEMCMBUE MHONCECMBY A .

B camom jeste, cOryiacHO CBOHCTBAM IIPeJIe/OB, 3TO YHC/IO, OYEBHIHO,
yI0BJETBOpsieT akcuomam a) u P). B wacthocry, ectu B u C — HaMe-
pumble MHOXecTBa H C BKJIOUeHO B B, To MHOXecTBO A = B — C =

= GBC GYZeT U3MepUMbLIM H GyJieT UMETb Mepy:

mes A =mes B—mesC.
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ill. Mepbl B NPOCTPAHCTBE ABYX M3MEpeHui

ITo oTHowenuto k 6a3ucy (#,v) U Hayaldy O Touka M onpegeiena
BEKTOPOM ‘
OM = xu + yo.

A) EctectBeHnpbie Mepnl B adpuHHON reoMeTpuu

1) Hapansercepanny U {0 << x << 1, 0 <<y < 1} craBurcs B COOT-
BercTBHe 4HCJa0 1.

Otpesry {a<x<b, y = c}, a Takxke orpe3ky {x¥ = q, b<y<c}
CTaBUM B COOTBeTCTBHE YUCHO (; mO3TOMY MBI He GyAeM Ie1aTh pasinuue
MeXKJY OTKPHITBIMH H 3aMKHYTBIMH [apasuieorpaMMaMi (XOTs 3TO
6bLI0 G TeOpeMOH Npu GoJslee TOHKOH akCHOMAaTHKe).

Mol coxpansem akCHOMHI «), P) U aKCHOMY V) UHBQAPUAHMHOCHLL
omHocumessrHo neperoca. HalaeM, HCXOAS M3 3TOTO, mepy 00020
napaazeroepammna Py co cmopornamu, napareivroiny o6aszucy {a << x <<
<a-+gq, b<<y<<b-+ q'}, tne g u ¢ — payuoHaHble 4ucad.
HeiicTBUTeNbHO, ecnu ¢ = p/n, ¢" = p'/n, To U comepxur n?, a P,
CONIEPIKHUT pp’ MaleHbKUX NAPaJJIeIOTPAMMOB, KOTOPEIE BCE MOJMYYarTCs
OAHH M3 JPYTHX [apasJeNbHbIM [€PEeHOCOM, HE CUHTasi TPAaHHYHBIX
OTpe3KOB, HMelouXx Mepy Hyab. ClenoBaTesibHO, mes Py = gq'.

Yro6Bl paclIupUTh CeMeUCTBO U3MEpPUMBIX O6JacTel, Mbl [IOCTyIaeM
TaK e, KaKk B ONHOMepHOM mnpocrpaHcTse. IlycTb JaHO NoOaMHOXe-
CTBO A IJIOCKOCTH ; MBI PACCMOTPUM MHOMKECTBO & BCeX oObpenunenuit H;
napannesorpaMMor Py, KoTopsie 06pa3yioT NOKPhITHE A U MHOXKECTBO 5%
BceX oObefuHeRUl K; mepecekaromiuxcs napannaesaorpaMmMoB Py, BKIKO-
uenHbiXx B A. Ecau Inf H; = sup K;, TO 3T0 4ca0 H CTaBHTCA B COOT-
BeTCTBHe IMOAMHOXKecTBY A. PaccMOTpHUM HeKOTOpble M3 ofmacTei,
CTAHOBSILIIUXCA € HOMOLYbIO 3M020 NpUeMa H3MEePHMBIMU.

a) JIio6ble mapananenorpaMMB €O CTODPOHAMH,
napaaneabHBMH 6a3ucy.

[lycte P — tako#i mapamienorpamm {a <<x <<a-+-r, b<<y<<
<< b+ r'"}, tie r u r’ — moGele IeHCTBHTEJbHbIE IOJOXKHTENbHBE
uncna. YTobst BHIGpaTh MHOKecTBa f; n K;, MBI paccMOTpPHM NpPHGJH-
JKCHHBIE palMOHAMbHBIE 3HAYEHUS YHCesa r H r':

, 1 , 1
Sn:&l, Sn:_—pn: H tn:%1 tn—qn+ ’

onpene/ieHHble 1Jd Ji:00OT0 3HAYEHUS 7 HEPABEHCTBAMH S, <7 < Sp,
t,<Lr" << t,, v BO3bMeM 3a H,
{a<<x<a+ts, b<Ty<<b-+tia,
asa K,
{a<x<<s, b<<y<<tn).
Torpa Mpl HMeeM:
_pnt1)(Gn+1) _ Pafn
n2 n2

—mEetl (g YL
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urto crpemurcsi kK 0, a Korma n GeCKOHEUHO pacTeT; CJIEAOBATENbHO,
P, usMepumo H

mes Py = inf (mes H;) = sup (mes K;) = lim (mes K,,) = rr’.
Nn=>00
b) TpeyroabHuku Ty, 1B CTODOHE KOTOPEH X

napaaneabus 6Gasucy. Ilyete nanm tpeyroapuur OAB,
y xoroporo OA = an nu OB = bv. ¥YpaBHenue cropount AB umMeer

b
BUL: Y = — — (¥ — a). IIpennosoxum yuc/aa a u b NOKOKHUTENBHBIMH.

Kaxnomy HaTypasbHOMY UHCIY 71 CTABHIM B COOTBETCTBHe pasbuenue OA
Ha 7 paBHBEIX uacredl wiuHbl a/n. Kaxiawi us

B 5THX OTPE3KOB
—1
a—Lo<rx<a—L""10
n n
174
o . fepeTcsl KaK OCHOBAaHME ABYX Hapasljeso-
rpaMMoB THHA P,, y OIHOTO H3 KOTOPHIX

Yepr. 16 JJMHA BTOPOH CTOPOHHI paBHa pb/n, a 'y
apyroro (p—1) b/n. O6venunenue nepBbIX

nmapannenorpaMMoB jpaet fH,, a o6beiuHeHHe BTOpHIX — K,. Ho
mes Hy =5 (124 .+ p+ ...+ =5 (14

mes Kn =3[+ 2+ ... +(p— 1)+ ... +(1— 1)} ab(l ),

a obimuil mpenen 3TUX ABYX BBIPAXKEHUH NpU n, CTpeMsilieMcs K Gec-
KOHeuHOCTH, paBen ab/2. CienosaresbHO,

inf (mes H;) = sup(mes K;) = ab/2.

TaxoBa Mepa TpeyrolbHHKA.

¢) Jlm6o## MHOrOyroabHHUK H, B Y4aCTHOCTH,
MIOWO60H TpeyroJabpHHK.

Eciu mpoBectd yepe3 BepINMHBI MHOTOYTOJNLHHKA IIPSIMElE, MapaJ-
JielbHBle BeKTopaM 6asuca, TO MOXKHO PacCMaTpPHBATh MHOTOYTOJBHHK
Kaxk O0beIHHEHHe KOHEUHOTO YHCJ/a TPEeYTOAbBHUKOB Ty, TaK YTO MHOIO-
YTOJNBHHK H3MEPHM.

PaccmotpenHbie Mephl, HHBaPHAHTHLI OTHOCUTEJNLHO NEpeHoca H yM-
HOXaloTCsd Ha k2%, ecnad o6JjacTb NOABepraeTcd MnpeoOpas’oBaHUIO
roMOTeTHH ¢ KoaddunueHToM mnogo6us k. OHH onpenefeHsbl JHILb
OTHOCHTeJIbHO BEIOpaHHOI'O 6a3Hca.

dy PacnpocTtpaHeHnune Ha JApyrue o6GuaacrTu
(c Tourku 3penusi unrerpaja Pumana). OTnpaBnagsick OT BHIGPAHHOTO
6a3uca, paccMOTpuM epaguk AB Hexomopoll pyHKYUL, ROA0KCUMEAbHO
u HenpepuigHol Ha uHTepBajde (@, b). Mol 3HaeM, uTO Takas GyHKIHSA
annpoxcumupyercd B (a, b) cTyneHYaTtblIMH (YHKUMAMH: KaKOBO Gbl
HH GbLIO BLIOpAHHOE TTOJIOKHUTETbHOE UHC/IO €, CYIECTBYET HaTypasbHoe
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YHCJIO 1, TaKOe, YTO ecjH pasfenauTb (@, b) Ha n paBHBIX uacTed,
TO Yy JJIsl 3HAYEHUH X OTPE3Ka (Xp, Xp41) OCTAETCS 3aKJ/IOUEHHBIM MEXKIY
IBYMsl 3HauyeHHsIMH A, U kp QyHKRUMH y, Tae hp, — k, < e. Ob6aactb
D (aABb)  annpoxcuMmupyercs,
TakuM ofpasoM, OObelHHEHHUA-
MH H, napaJ/iejorpaMMOB Mephl

(b_a> h, 1  o0belVHEHHS-

n
Mu K, mnapajienorpaMMoB Mepbl

b—a
< - >kp. Ho 0
mes H, —mes K, << (b—a) e,

TAK YTO 3Ta PasHOCTb CTPeMHTCH
K HyJio BMmecTe c &. Ilostomy
inf (mes H;) = sup (mes K;), OTKyZa clefyeT, 4To 061acTb HMEET Mepy.

Paccmompum evivucierue amoti mepst, CYNTasd HCXOAHYI0 (YHKIHIO
y = [ (x) noJoxuUTeTHHON 110 OnpefeseHuIO.

U To6H HCIIONB30BATh HCXONHYIO PYHKIMIO, OHpee/somyIo 061acTh,
MBI JIOJDKHBEI paccMaTpHBaTh 06/1acTh Kak (GYHKIHIO abcrucch b; uHaye
TOBOPS, Mbl paccMoTpuM ofaactb D (x) ¢ OcHOBaHMeM am, OTpaHHYyeH-
HyI0 napajsensmu aA u mM K BeKTOPY ©. MHl TOIBKO 4TO yGeIH/IHCD,
uyto D (x) UMeeT Mepy W (X) H YTO 3Ta Mepa YZOBJETBOpsieT B OKpecT-
HOCTH X HEepPaBeHCTBY:

Yepr. 17

| Ax[-infy <[Ap (x) [ <] Ax

sup y,

rie Tounble rpand inf y ¥ sup y B3ATEH B wHTepBajte Ax; no mes D (x)
ABJsieTCs Bo3pacTawoulell GyHKIHeR OT x, NO3TOMY, VUHTHIBasi 3HaKH,
HMeeM:

Ap (x)

inf y< A

<supy.

Korga Ax crpemutcsl K HYJ10, TO TPETHH U NEPBBIH WIEHB CTPEMSITCS
oGa K f (x), TO ecTb K y (X), OTKYAa clenyet, uto F (x) = mes D (x)
umeem npoussolHyt, Komopas pasHsemcs [ (x).

Taxum o6pasom, Mbl JOKa3aJdH, 4To GYHKOUA [ (¥), DONOKHUTENbHAS
M HenpepnlBHasi Ha HHTepBaje (a, b), ABJASETCS NPOU3BOAHOH (DYyHK-
uun F (x), a, 3paunrt, takke (cM. KH. [11, r1. V) u npoussonsoi Gec-
KoneyHoro MuoxectBa ¢ynxuuii @ (x) = F (x) + C, rae C — npo-
H3BOJbHASA TIOCTOSIHHAA.

@ (x) wnaseBaetcs obujeli nepsoobpasHoli Gyrkyuel 0Oaa pyuk-
Yuu [ (x). F (x) aBnsierca OZHOH M3 4QCMHbIX NepeoobpAsHeLX, TIONY-
YaeMbIX IpH omnpefeseHHOM BreiGope mnocrosHHON C. YTo Kacaercs
mes D (x), TO OHa sBJsAeTCA TOH UYAcTHOH NepBOOGPasHOH, KOTOpas
oGpamaercss B 0 npu x = a, 4To U ompenensieT nocrosiunyo C. Takum
obpasom, mes D (x) paBHa

D (x)—D(a)=F (x)—F (a).
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91y dynkuuo 0603HAYAOT yacTo uepes &Faf (x). (3T0 He uTO HHOe,
KaK onpefiefleHHbId HHTerpad Pumana, o003HayaeMblil B TEOpPHH HHTe-
X

rpasa CHMBOJIOM S f (x) dx.)
a
Brluncriesue BBeJIEHHLIX Mep CBOAUTCS, TAKHM 00pa3soM, K HCUHCIIe-
HUi0, OOpPaTHOMY HCUHCJEHHIO NPOHU3BOAHBIX, TO €CThb K WCUHCIECHHIO
nepBOOGPA3HLIX (MK HeONpeldeJeHHBIX HHTErPaoB, YTO COOTBETCTBYET
MOHATHIO OOLIHX NePBOOOPA3HBIX (YHKIU).
B) IlpunokeHus: K MeTPHUECKOH reOMeTpPHH
1) Maowaan naockux ¢uryp. BBeneHHas Bhille Mepa 3aBHCHT,
KaK MBI VIKe CKaszaju, OT 6asuca BeKTOPHOro npocrpancrsa. Haoboport,
BO3HHKAWIlee B (DU3HKe MOHATHE IUVIOWALK SIBJISETCH BHYTPEHHHM,
TO €CcThb HEe3aBHCANIHM OT 6asuca. DTO MOH:A-
¢ THE OINpPENeJSIOT B MEMPUYECKOM RPOCHIDAH-
’ cmee, oboanavaemom R2 Mel npemnosioxum
B | opmonopmasbrbll 6a3uc BLIOPAHHEIM U AOKa-
7KeM, 4TO BBIIIEONpeAe/eHHAss Mepa He 3aBH-
A CHT OT 3TOTO 0asuca, APYTHMH CJIOBaMH, YTO
3Ta Mepa ocmaemca  uHeapuanmuol, ecau
06.aacme nodsepeaemcs OBUNCEHUIO.
0 HocraTouHo 1NpoBecTH  JOKA3aTeNabCTBO
IJIs eIMHHYHOTO KBajpara, cTopoHa OA Ko-
Hepr. 18 TOPOTO COCTaBJAseT yroa 6 C BEeKTOpOM .
MoxHO Gbi1o 6bl BBINOQJAHHTL BBIYHCJIEHHS,
HO [OpOIIe 3aMeTHTb, 4TO MapajyieNd K # H ¥, NPOBeJeHHbIe Yepe3
BeDIIKHLI, pa30uBaiOT KBAAPAT Ha YeTHPE TPEYroNbHUKA MEpH
é cos 0 sin 8 n kBazpar Mepwl (cos 8 — sin 6)2. 3Hauut, mepa KBai-
pata (ee CyIIeCTBOBAHHE HaM YiK€ H3BECTHO) TaKOBa:
2cos0sinB+ (cos 8 —sin6)2=1.

Taxum ofpasoM, Mepa, onpefesieHHasds B ABYXMEPHOM METPHHECKOM
BEKTOPHOM MPOCTPAHCTBe, 0603HauaeMoM Yepe3 R?, ofiHa U Ta Xe OTHO-
CHTEJNBHO JI060r0 OPTOHOPMAJNBHOIO (asuca, pasyMeeTcs, eCau elH-
HHIlA JUIMHBI BEIGpaHAa: 3Ta Mepa HasslBaeTcsl naoujadero obaacmu. Jliobas
MHOT'OYTO/IbHAs 00J1acThb | Jitobas BeIyKJasl 00JacTb, IPaHUIa KOTOPOH
COCTOMT M3 KOHEUHOTO uHcja JAYT, ABISIOMUXCA NPH HajjeXallieM
BeIGOpe Gasuca rpadHKaMH HelpepelBHEIX (DYHKIHH, HMEIT ILIOLLANH,
KOTOpblE MBI CYMEeM BBIUHCJIHTH, €CJIH yMeeM HaHTH mepBooGpas3Hble.
(Heroropele HeBbINYKJble OOGJACTH, pasyMeercs, TaKkKe HMEIoT IIJIO0-
malb, €CId OHH MOTYT GBITh OMNpeleseHsl C IIOMOLLBIO MPOCTHIX Mepe-
CeueHui.)

[Tpumepun. MsBecrHo Bbiymcrende maomasd ObB, orpaHu-

o . 1
yeHHOH napa6odao#l y = ax?, u6o &% ax® = 5 ax®. IloatoMy mJonianb

ObB = % 0b-bB.

6
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Onuako, uTo6el HAWTH MUIOLLALL KPYTa, c/Ief0BajIo Okl 3HATH OOILYIO
nepBoo6pasuyw ¢yuknuu J/ R? — x?, onpefielieHHe KOTOPOH He sBJsieT-
cs1 ajieMenTapHbIM. [ToaTOMYy HYXKHO GyAeT BepHYTbCH K MHOXKecTBaM H;
u K;. IlockombKy H3BecTHO, 4TO IJOLIAfb CYIIECTBYeT, MBI BO3bMEM,
HanpuMep, B KadyectBe H; u K; npaBHJIbHLIC ONUCAHHBIE H BIHCAHHbIE
MHOTOYTONbHUKH ¢ 2n cropoHaMH. Mx mio-

LAlM PaBHSIOTCS COOTBETCTBEHHO: 4 }
B
2ein .1
2nR sing: —
OSQn
H
25in = cos - ;
2nR?sin 5, COS 5 0] b x
Uepr. 19

Oo6WHUil mpele’d KOTOPHIX paBHseTca TR2Z,

sin t/2n
IIOTOMY 4TO _*[/Q/n ~— 1, korma n crpemMuTca X +o00.

Takxum 06pazoM, MBI NOJAyuYaeM BCe 3JeMeHTapHble (GOpMyJibl 1J14
nJaolagel nJa0CKuX (Guryp.

2) Macca orpeska npamoii. [lnorHocts. (Bepem maccy xax mpumMep
eeauyuHol) Pu3nKa n3MepseT C MOMOILBIO BeCcOB MAacCy CTepiKHeH,
KOTOpbl€ MBI MO)KeM YNOH0OHTB OTpe3kaM npsambix. [lycrs nana Tou-
Ka X 5TOTO OTpe3Ka U OKpecTHOCTh V 5TOH Touku. PaccmoTpuym cayuai,
Macca OKpeCTHOCTH vV HMeeT HpeﬂeJI f(v ) eCaH
IJIMHA OKPEeCTHOCTH V ~0/
JJIHHA OKPECTHOCTH cTpeMuted K O, rie f (X) — HONOXKHUTeJNbHAsl Henpe-
peiBHast pynkuus *. Takum o6pasoM, Maccoil otpe3ka [a, x| sBasercs

nepBoo6pasHas &gf (x). 3uaunt, 37O MIOLIALb NJIOCKOH 06JaCTH, OTpa-
HH4YeHHOH rpadukoM GyskumH [ (x). Takum o6pasoM, maccrl, cBI3aHHLBIE
C OJHOMEpHOH 06/1aCThI0, ABJAAIOTCH IJIOMAXAMU ABYMEpHBIX ofJacTed.
JIerko moHsATb, 4TO Macca NJIOCKOH 06/7acTH, cBA3aHHAs ¢ (yHKIHeH
IVIOTHOCTH [ (¥, ), MOXKeT OLITb MCTOJIKOBaHa Kak oobeM. Ho ¢usuxu
BBOIAT TaKKe MacChl MJH Mephl, KOTOPHIE HE COOTBETCTBYIOT IJIOTHO-
crsaiM. Tak, mepa [lupaka paBHA HYJ0 AJs1 KaXJ0H 06/aCcTH, He colep-
Kanie#l JaHHyI0 Touky A, u paBHa 1 fjs xaxno# obnactH, colepxariei
Touky A. 310, KOHEYHO, Mepa B TOM CMBIC/e, UTO OHA YIOBJETBODSET
akcuoMam a) u f). (OnHako He yAOBJETBOpSIET akCHOMe y) mepeHoca!)
Teopusi pacnpenenenuit (Jlopana llapua) ** Gei1a cosnana Kak mate-
MaTHYeCKHH anmapaT /s ONMCaHUS TAKHX CHTyalui.

JnnHa OTpeska MOXKeT paccMaTpHBaThCs KakK Macca, eClId IJ10T-
HOCTb paBHa | B KakJO# TOUKE OTpe3Ka.

KOrjpja OTHOUICHHE

* HaswnBaemMass awuuefigoll nnortaocrsio.— Ilpum. nepegod.

** BMecTo TepmuHa «pacnpeflelenusi» (distributions) B mawmell nureparype
NpHHAT TepMHH «oGobuenHele QYHKIHKH»., B coBpemeHHON (dopMe OHH BBEJEHH
BrnepBuie C. JI. CoGoneBbiM (Matemat. cbopunk, 1936, I (43), 39—72). Monorpa-
¢us Jlopana lsapua (Shwartz L. Theorie des distributions. Paris. Hermann,
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IV. Mepbl B TPEXMEpHOM NpPOCTpPaHCTBE

B ciyyae TPeXMEPHOTO NPOCTPAHCTBA ONEPUPYIOT C TIOMOHIbIO aHa-
JIOTHYHOTO mpueMa. Ha 5T0T pas sHayeHue ( TPHIHCHIBAIOT KaxKAOH
u3MepaeMoli o6xacTH, Ha KOTOPOH OjHA M3 KOODAMHAT IOCTOSIHHA.
Mrl 3aMeHHM B HCCIENOBAaHHH Napadjeo-
rpaMmel napajeienunenamu. Vcerenosa-
HHe 2, D), KOTOpOe 6LLIO BBLIMOJHEHO IS
TPeyTrONbHHKA, BBIMOJHSIETCS Tenepb MJIs
TeTpasipa, y koroporo 3 pebpa OA, OB, OC
napaJuiesbHbl 6a3uCHBIM BeKTopaM. YUTo6bI
BeiOpate H, W K,, yA06HO pa3ie/HTb
pe6po OC, Hampumep, Ha n DaBHBIX 4Ya-
CTefl M PACCMOTPETH CEUeHHS, Napasieb-
uele OAB, npoBeleHHbE 4Yepe3 TOYKH
Ieenusi. DTH CeueHHs ABJAAIOTCA Tpey-

Uept. 20 rONBHHKAMHE, IJIOCKHE MepEl KOTOPBHIX BbI-
BOASITCS M3 Mephl TpeyronbHHKa OAB ¢
[OMOIIBIC TOMOTETHH.
Cymma, noaiexanasl BeIUHC/IEHHIO, GYAeT UMETb BHI:
meanz—;—a—:;(l 422432 4 pP.. 0=
1 abcn(n+1)-2n4-1)
2 3 6 )
Ona crpemutcs K abc/6, xorga n cTpeMuTcest K GeCKOHEYHOCTH.

3Ta Mepa TeTpasjipa CTaHOBHTCS €ro 00semom, eCIH B METPHYECKOM
npocTpaneTse 0asHC, OTHOCHTEJNBHO KOTOpPOrO HalileHa Mmepa, OpTO-
HOpMaJieH. JTOT 06beM HHBApHAHTEH [0 OTHOLICHHIO K JABHXKEHHIO,

KaK 3TO IOKashlBaeT €r0 BLIpa)KeHHE Yepe3 CMEIIAHHOe BEeKTOPHOe
fPOU3BEJEHHE: % ( N\ ) w.

Ecnu B ciyyae mo6oii 061acTH HCNOJAL30BATL JAJsi OnpefesneHust H;
u K; ceueHusi, mapasnsesibHble MJAOCKOCTH xOYy, U €CAH 3TH CEUeHHS
uMetoT maowaid A (2) (eAMHCTBEHHBIH CJy4ali, KOTOPHLIH MBI 3[ech
paccMaTpHBaeM), TO ofbeM O6JAaCTH OKA3HIBAETCH PABHBIM 3HAYEHHIO
nepBooGpasuoit P (2).

Ecan paccMoTpers NpH3MBI, HMEIOIHE OCHOBAHHAMH OKPECTHOCTH
TOYEK (X, y) NNOCKOCTH OCHOBAHMUS H BHICOTOH OTPe3OK 2 (X, Y), TO 0GheM
BO3HUKAeT KaK HOBBIH OGBEKT aHaJH3a. JTO Macca IVIOCKOH objact,
npuueM GYHKIMA 2 (X, y) ABJAsETCT IOBEPXHOCTHOH IJIOTHOCTBIO (3TO
JIBOHHOH HHTerpaj (yHKIHH JABYX IepeMeHHbIX, B3SIThIH IO IIOCKOMH
obJiacty).

A

t. I, 1950, t. 2, 1951) npuBaeksa K 3TOMYy KpYTy BOINpOCOB IIHPOKOE BHHMAHHE,
B meit 610 aHO 0GOCHOBAHHE M CHCTEMATHYECKOE MOCTPOEHHE TEOPHH, MOJYYEH
pPAA CYIECTBEHHBIX pPe3YJbTATOB, YKAa3aHbB MHOTOUHCHEHHBIE MPUIONKEHHS,
B kagectse BBefleHHs B TeopH10 o6o0menubx Gyakuuit em.: M. Teavdang u
', lluaos, ObobweHHbe GYHKUUH U AedcTBus Haf HuME, Puamarrus, 1958. —
IIpum. ped.
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Macca HekoTOpO# 0G/1aCTH TPEXMEPHOTO HPOCTPAHCTBA MOXKET ObITh
HHTEPNPETUPOBAHA B TOM Ke JyXe, TO €CTb ee MOKHO DaccMaTpuBarth
KaK Mepy HeKOTOpO#l 06/1acTH 4eThPEXMEPHOTO HPOCTPAHCTBA (TPOHHOM
HHTeTpas GYHKIHH TPeX NepeMeHHbIX, B3fATHIH MO HEKOTOpOH 06JacTH
IPOCTPAHCTBA).

V. BAnunHbl HpuBbIX. Nowaan KpHUBbIX
noBepxHocTeil

dra HoBasi Ipob6aeMa, KOTOpYIO CTaBHT (u3HKa, ABJAgeTCa OoJjee
TOHKOH, YeM IpeiblAylast, H3-3a TOrO, YTO INapaJsesbHBId MepeHoc
O0JIblIe HCMONb30BATh HENb3sl, €CJU OCTABAThCS HA KPHUBOH HJIM Ha
NOBEPXHOCTH, 4 TaKKe HeJb3f HCIOJb30BATh OTHOLICHHE NOPAAKA IIO
BKJIIOUEHHIO, €CAH PacCMaTpPUBaTh COCEHHE KpUBHIe JIMHUHU HJIH NOBEPX-
HocTH. Torjga Kak paHee TOUEYHO COCEJHHE OGJACTH UMEJNH H COCeLHHE
nJIouiant, HJIH OGbeMsl, 3ZeCh 3TO
yiKe He NPOUCXONHUT: AOMQHASA Al- Co
Hus MOJNCem UMemp 6ce ceou MoUKU
ouers Oauskumu K Opyeol oManol
AUHUU, U 8 MO e 8peMs BMuM
08Y M AOMQAHBIM HeAb35 Bydem cono-
cmasumes o0HY u my e Oaury
(npenenoM aomawnsix nuHufi AB
npHnaraeMol Urypsl, KOrza uu-
CJI0 UX 3BEHBEB CTPEeMHTCS K fe-
CKOHeUYHOCTH, fBJISIETCH 10 MOJIO-
JKEHHWI0 OTpe30K AB, B TO BpeMms
Kak QJHHA HX OCTaeTcs BCe BpeMs
paBHOll jmauHe Jomanoh ACyB).

Ta e TpyAHOCTb BO3HMKAeT LIS Yepr. 21
TOYCYHO OJH3KHX KPHBBIX IO-
BEPXHOCTEH.

UTo6Ll MOJYYHTh NPHEMIeMoe OlpeeseHHe JHHH Ayru AB, pac-
CMaTpHBAIOT BCe TaKHe JoMmannie AB, 4TOGBl MOXHO OBLIO YCTAHOBHTD
B3aHMHO OJIHO3HAUHOE W B3aHMHO HelIPePHIBHOE COOTBETCTBHE MEXKIY
TOUKaMH 0GeHX JUHUI. 3aTeM CpaBHHBAIOT B COOTBETCTBYIOIIHX TOYKAX
HanpaBJeHHs] 3BeHa JIOMAaHOH M KacaTeJbHOH K KpDHBOH. ¥ Jaercs
J0Ka3aTh, YTO €C/JH NP YHCJe 3BEHbeB JIOMaHOH, cTpeMsueidcs K Gec-
KOHEYHOCTH, COOMBEMCMBYouiue Mo4Ku, @ MaKice coomsemcmsyioujue
HANPABACHUA HAXOOAMCA 6 OKPECMHOCMAX, CIMPEMAUUACA K HYM0, TO
JJTHHBL BCeX JIOMaHLIX HMMEIOT OJMH M TOT 3XKe Ipelest: 3TOT Hpefes
U IpUHUMAaeTcs 3a 0auny Oannoll kpusoid. Teopema TpeyeT He TONBKO
CYIeCTBOBaHHE KacCaTeJbHOH K KPHBOH B KAaXJIOH TOUKe, HO TaKKe,
4TOOKl 9Ta KacaTesbHas H3MeHsl1a HEIPePHIBHBIM 06pa3oM CBOe Hamnpas-
JieHHe, KOrja TOYKa ONHCHBaeT KPHBYIO.

CrefoBatenbho, YTOGH BHIMHCAHTD JJIHRY TaKoi KPHBOH, Kak Ayra
OKDYIKHOCTH, MOXKHO pPacCMOTPETb JOMaHbe, BIIMCAHHbIE B KPHBYIO,
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npuyeM Takue, 4TOOBl JJHHA KaxKJIOrO 3BeHAa CTPEeMHJach K HYJIO,
KOrjia YHCJIO 3BeHbeB CTpPeMHTCS K 0eCKOHeuHocTH *. YcCJoBHe, KOTO-
poMy JOJKHO MORYMHATHCS HANpABJEHHE KacareqbHOH, OyneT mpu
9TOM BHINOJIHEHO. B c/llyyae OKpy:KHOCTH HCIOAB3YIOT KaK pas OCHOBa-
HHS TeX TPEyTOJbHHKOB C BEpPIIMHON B LEHTpe, KOTOPLIE MO3BOJANIH
BBIYHCJAHTL IJOMAAb, TaK YTo
IJIOLIA b = JUIHHA X R/2.
Ho nuomans kpyra ecTb mR2?, 3HAa4YHT, IJHHA OKPYKHOCTH eCTh 27R.
YToG6el onpefeauTh IJIOMAAL KPHBOH MNOBEPXHOCTH, TAKKeE HCIO/b-
3YIOT COCEJIHHE TIOBEPXHOCTH, O0belHHEeHHe NJOCKHX rpaHeld. Ha stor
pa3 HYKHO NOTPeGOBaTb, UTOOH BMECTE C GAUS0CHLIO MOYEK, OMEeHaIo-
wux 0pye Opyey 60 63aUMHO OOHOBHAUHOM U 63AUMHO HENPEPBIBHOM COOML-
semcmeuy, OBIIM GAU3KU Opye Opyey MAKie U HANPABACHUS NAOCKO-
cmu Koot epanu u KacameabHol nAOCKOCHII 8 COOMBEMCMBYOLeLl MouKe
nosepxnocmu. Teopema o mpefese Tpebyer,
c/1ef0BaTesIbHO, UYTOGBl  KacaTeqdbHasi MJO-
CKOCTb K IIOBEPXHOCTH MeH4Jach Henpe-
PEIBHO, KOTJa TOYKAa KACaHMS IepeMelaeTcd
Ha noBepxHocTH. [losToMy npu pasbicKaHHH
NJIOANH HEeNOCTaTOYHO B3STh BNHCAHHYIO
MHOTOr'PAHHYIO IOBEPXHOCTD, BCE TPAHU KOTO-
poli cTpeMaATCd K HYJIO, TAK KaK 3TOro Heuo-
CTAaTOYHO, YTOOH OOeCHeYHTb BHINOJHEHHE
YCJIOBHS, HANaraeMoro Ha HampaBJeHus rpa-
Hell. 910 06CTOATENBbCTBO OOBSICHAET Pas3/IHy-
| HBle NapajioKCEl, BpOZe CJEAYIOMIEero:
[Tycte MBI KesiaeM ompenesauTb GOKOBYIO
Hepr. 22 IIOBEPXHOCTb LHJHHAPA BpAlleHHS C BHICO-
Tol h uw paguycom R. PaccMoTpum Kpyru
ceyeHUH TIOCKOCTSIMH, MNapajliebHBIMH K OCHOBAHHSIM, KOTODBIe
JensiT b Ha p paBHLIX YacTeH. B KamKIyi0 OKPYKHOCTb BIIHIIEM Ipa-

o I
BHJBbHBIM n-IPDAaHHHUK, IE€peMenias BEpIIHHB Ha yI‘OJI—n~ OT OJHOro

Kpyra K caenywomemy. ITnomans takoro, kak ABA’, TpeyrosbHHKa
6yneT paBHa:
.

w,l ., _ . T h2_}_ 2 o3 4£
S—iAA BH—Rsm-r;]/F -4R®sint o .

3HAuuT, N/0W@AAb MHOTOTPAHHOH IOBEPXHOCTH

S=2nps=2R (n sin %) ]/h2+ 4R2Z—:<n4 sin? 2%) .

Korpa n u p crpemsiTcs K GeCKOHEYHOCTH, TO TPEYroJbHBIE TpaHH
HEOTPAHHUEHHO NpHOJMHKaOTCA K noBepxHocTd. OJHAaKO mIowaib

* Hanpumep, MOKHO paccMOTpeTh NpaBHJBbHEE BIHCaHHBIE JOMaHBEE.—
IIpum. peo.
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S Gyner uMeTb mpejed, JIMIIb €CAH p/n® MMeeT npexes A, U Tpefen
nJomany S 3aBHCHT OT A, HOO

1imS=2Rn]/h2+&f4m.

YroJ, cOCTaBAsieMBll MJOCKOCTBIO TpeyrojpHuka ABA’ ¢ coot-
BETCTBYIONIEH KacaTeJbHOH IJIOCKOCTBIO, GyIeT CTpeMHThCs K 0 JIHIIbL
TOTAAa, KOorja

HH'

2R 2
BH,—»O TO eCThb - psin?Z —0,

2n
a, sHauut, p/n® — 0. Ho B 3TOM cayuae noayuaercs A =0, lim S =
= 2nRA, 4TO U SBASETCS OXKHAAEMBIM Pe3yJbTAaTOM.

PaccMoTrpeHHe Maccel JIHHHH HJIM KDHUBOH INOBEPXHOCTH, COOTBET-
CTBYIOLEH JIMHEHHOH HJ/IH NOBEPXHOCTHOH IJIOTHOCTH, NPUBOJMT K Tak
Ha3blBaeMbIM KDHBOJHMHEHHBIM HHTErpaJjaM HJIH NOBEPXHOCTHLIM HHTe-
rpajam (WHTErpajaM 0O NOBEPXHOCTH).

Crnenyer no6aBHTb, UTO MaTeMaTHKH M (DH3MKH JeHCTBYIOT NOXO6-
HBIM 00pasoM B BeKTOPHBIX NPOCTPAHCTBAX UETHIpEX WM 1 H3MepeHHH
U jaxke B 6eCKOHeUHO MEPHEIX HpocTpaucTBax. Ho mepod sceeda asanemces
HUCA06AA (PYHKUUA, APSYMEHMOM KOMOPOU CAYXcUm Hexkomopoe noo-
MHOJECMBO cemeticmea F , ORPeGeaeHH020 ¢ CaMO020 HA4AAd.

§ 3. BeeaeHne NOHATHA BEPOATHOCTH

Bepuemcsi K pesyJabTaTaM ajrefpbl MHOXKECTB H, B YacTHOCTH,
K NOHATHIO KaHOHHUeckofl ¢opmbl. HcnoasayeM ofinee ompefeeHue
Mepni, BBeneHHoe B § 2,1, a Takxke QopMmyJdel, Kacamuiyecs Mephl
nepecedeHust M oObefHHeHHs. Bce Mepnl, KoTophie GYAYT BBEJECHHI,
CYIECTBEHHO ITOJOKUTENbHEI.

I. Mepbl Ha MHOMECTBe COObITHI

a) BBoauwit npuwmep. [lerp, [1aBen u Mpax urpawr B Kap-
B xaxpoll napTHH KaxjAblH M3 HHX TAHeT OAHY KapTy (Kpac-
HY10 WJIH uepHy©0). 3a 50 naptuii [letp BeITARYA 35 pa3 KpacHYio KapTy,
ITaBes1 — 25 pas, a IBanm — 28 pa3, B 15 naptusx Ilerp u [laBen
BHITAIHYJIH 06a 10 KpacHo# KapTe, a B 13 naprusax Ilases u MBaH BLITS-
Hyau oba mo KpacHoH kapTe. YUTO MOXKHO CKa3aTb O YHCJe NapTHi,
B KOTODPBIX BCE TPH HI'POKA BHITSIHYJIH KapThl OJHOI'O H TOTO XKe LBeTar
O6o3naunM uepes A, B, C MHOxKecTBa MapTHii, B KOTOPHIX COOT-
BeTcTBeHHO [letp, [laBen m MBaH BHITAHYJIH KpacHYK KapTy

n=50, mesA=235, mesB=25, mesC =28,
mes (A B)=15, mes(BC)=13.

9TO coCTaBJIseT 1I€CTh HE3aBHCHMBIX JaHHBIX, TaK YTO HX HEJOCTATOYHO
AJ15 onpejiesieHHsT Mep BOCbMH OCHOBHEIX UJIEHOB KaHOHHUYECKOH (GOpMEL.
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JIJ151 crcTeMaTHYeCKOTO HCC/IeflOBAHHU ST BBEJIEM 3TH BOCEMb HEH3BECTHHIX:
x=mes{(ANBNC), z=mes(ANBNC),
t=mes (AN B NC), u=mes(A'NBNC),
y=mes(A'NB' NC), zZ=mes(A'NB NC),
t"=mes(A'NBNC"), u'=mes(ANB NC’),

OTKYJla MMeeM LIeCTh YpaBHEHHH:

x+y-t-z++2 +t4-t'+u+u =50
x+z=15, x-+u=13,
xtz+t4+u =35 xtztt'+u=25 x+2 +t4u=28.

ILHH TOr0 YTOOBl OTBETHTH Ha BONpOC 3ajady, paspeiluuM CHCTEMY,
NpHHHMasl 3a TJIaBHbIE HEU3BECTHBIE X H Yy, NOJydyaem:

(2215—)(; (t:10+y;
{ u=13—ux; u'=10—y;
Lt/ =x—3; 2'=5—y.

Mu 3HaeM, YTO BCe BOCEeMb HEH3BECTHBIX HE€3aBHCHMbl H HNOJAYHHEHBI
JIMIIb YCJIOBHIO OBITh MOJOXKHUTENbHBIMU. OTCIOJa- BLITEKAET, UYTO X H y
IIOAYHHAIOTCA HEpaBCHCTBaM:

3<Lx <13, y«b.

O T B er1. Udcao napTuii, rjie BCe TPH UIPOKa BHITSHYJIH IO Kpac-
HO# KapTe, 3aKJIOUEHO MeXAY 3 U 13, YHcI0 napTHH, B KOTOPHIX OHH
BBITSIHYJIM BCE TPH 11O UepHOH KapTe, He GoJblie 5.

3ameTuM, YTO €C/IH He HCKATh YC/AOBUS, HEOOXOAUMEIE H J0OCTATOY-
Hble JJI9 YHCes, OCTAIOIMXCS Heollpele/eHHbIMH, 4 JHIIb CTPEMHUTHCS
NIOJYYHTh HEKOTOPBIE YACTHBEIE Pe3yJ/bTAThl, TO HEOOXOAHMbIC YC/AOBHA
MOXHO HaHTH C I[IOMOLIbI0 MeHee T'POMO3IKHX npuemMoB. Hanpumep,

x=mes(ANBNC)=mes{(ANB)N(BNC)I
yuactByer B Bhiuuciaenun mes [(A N B) U (B N C)], Buipaxaemoil
TaK:

mes{(ANB)U(BNC)]=154+13—x=28—ux.
Ho neBast uwacTthb, oueBHAHO, He NPeBOCXOAMT mes B = 25, orkyzaa

28 — x < 25,
TO €CTb x> 3.
Anajornyno ecnu 3aMeTuTh, uto y = mes (A" ) B' [} C’) naer

50 —y=mes (AU BUyC),

a 3TO IocJefHee YHCJIO He MeHblne Kamaoro us uucena mes (A (J B)
u mes (B |J €), To, MOACUUTBHIBAS, HMeeM:

mes (A |J B) =mes A-+ mes B—mes (A} B)=35+25—15=45;
mes (BJC) =mes B--mes C —mes (B[} C) =25+28 —13 = 40,
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OTKyJAa BHIBOAMM 50 — y>>45 u, cJjepoBatTenNbHO, y < 5. XOA BHYHC-
JIeHHH C/IeAyeT HanpaBJadATb B COOTBETCTBHH C TeM, KaKOH pesyJbTaT
HIIeTcs.

D70 HCCJIeIOBAHHE SIBJISIETCS] OCHOBOH UCHUCAEHUS 4ACMON 8 CHIQMLL-
cmuke.

by Ipyrue Mepb, CBA3aHHBE C KOHEUHH MH
MHOXecTBaMHu Mo o603HauaeM 3JleCb OCHOBHOE MHOMKECTBO
{yHHEBepCa/JbHOEe MHOXKeCTBO) cuMBOsioM U, KaK 370 OOBIMHO JesaeTcst
B TEOPHHU BeposITHOCTeH. KpoMme TOTO, eClIH KakAOMY 3/JeMEHTY COmo-
CTaBJIeH NOJOXHTEJbHBIH KOIPGhHLUHEHT, TO KakAOMY INOIMHOXKECTBY
Mbl CONMOCTaBHM UHCJIO, PaBHOE CyMMe KO3(XpHIHEHTOB 3JIEMEHTOB 3TOTO
HOAMHOXKecTBa. TakuM ofpa3oM Mbl onpexnessieM Mepy 3TOro HOAMHO-
xkectBa. KosdpHiMeHT, KOTOPBIE COMOCTaBJeH 3JeMEHTY, 4acTo Hasbl-
BAIOT 6ECOM 3JACMEHMA, & 86COM NOOMHOXCECMSQ Ha3biBalOT CYMMY BeCOB
€ro 31eMeHTOB. (CA0BO 8ec He HMeeT 3ech CBOero PU3HUECKOTO CMBICAA. )

1l. BepoaTHOCTH (CnyYali HOHEYHbIX MHOMECTB)

1) BBoauble npuMeps U OlpefeNeHHuSs

[Tpuwmep. Muoxecrso U cocTouT M3 n mapoB: GesbiX, Kpac-
HBIX, KEJTHIX W 3€JIeHBbIX; OTCIOJIa HeThIPe HellepeceKauXcs MOJMHO-
xkectBa: B, K, J, Z, KOTOpbIM MBI COMOCTaBHM COOTBETCTBEHHO YHC/a
HX 3JIEMEHTOB b, k, j, 2

bt+k+jt+z=n.

Ilpennonaraercsi, 4TO Bce 3TH lUapbl OTJHYAKTCH JHIIL IBETOM.
-TlosToMy ecsii OHH Bce HaXOASTCS B MellIKe H AJHTEJbHOE BpeMs BCTPSi-
XUBAIOTCH M NEPEMEMIMBAIOTCH, TO NPH H3BJCUEHUM Liapa U3 Melika
Hayead HeT HUKAKOIO OCHOBAHUSI CUHMTATh, UYTO CKOpee MOSIBUTCS LIap
OJIHOTO L[BeTa, 4eM Apyroro. Ho mpenmosoxuM, Hanpumep, yto b = 60,
B =20, j =z = 10; Torna Gosee 6epoamHe BBITSAHYTb OeJbIH Iap,
yeM map Jio6oro Apyroro msera. YC/JI0BUMCSA JesaaTh OO0JBIIOE YHCJIO
H3BJIEYEHH, BO3Bpalas Kax/Ablil pa3 BLITAHYTHI [Iap B MEIIOK H THIa-
TeIbHO IlepeMelnuBas mwapui. Mel gymaem, uro nocsae 20 wiau 30 u3BJe-
YeHWH YUCJI0 W3BJEUEHHBIX OeNMbiX 11apOB 3aMeTHO MNPEeB3CHACT YHCIO
KPAcHBIX IIAPOB: 3TO yOexKIeHHEe SIBJSETCs, OYEBHIHO, pe3y/aAbTaTOM
onbiTa. Ecau caenath Ha caMoOM JeJie ONBIT, BHIIOJHHUB GOJIbLIOE YHCIO
u3BJeueHuH, ckaxeM, 100 wam 1000, To moayuaercss TabJaHna 4acToT,
TIPHBOAAIIAS K CHELVIOMIEMY CHIQMUCMUYECKOMY 3QKOHY: YacTOTh
TIOSIBJIEHHI AJSl 11apOB KamKjOro IBeTa hpubAUSUMENbHO TIPONOPIHO-
_HaJbHB YHCIaM b, &, j, z. 1 3TOT pesyJbTaT BHABISAETCS C TeM GOJbIIeH
SICHOCTBIO, YeM GOJIbllle YHCJIO BBIMOJHEHHBIX H3BJAeYeHHH. DTOT haKT
BBHIPAXKAIOT YTBEPKIECHUEM: 6ePOAMHOCTE BoiManyme Geavili wiap ecTb
P» = b/n, BEpPOSATHOCTL BHITAHYTh KPACHBIA Map ecTb p, = R/nH T. A.

Ecnn 6B yca0BHS OmbiTa OBLTH TAKOBBI, 4TO HOJYUYEHHBIE Pe3yJlb-
TaThl He COBNajaJjH Obl C ONMUCAHHBLIMH BhIIE, TO Mbl CKa3a/au Obl, 4TO
BEPOATHOCTH BHITSAHYTH TOT WJIM WHOH 11ap He OBLIM PaBHBIMH (HanpH-
Mep, MOTOMY, YTO KpacHble mapnl 6oJiee 1IepOXoBaThle, HJIH IOTOMY,
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YTO MepeMelMBaHHe IJIOXO BHINOJHSJIOCE). IJTO JaeT INOHATb, UTO,
COGCTBEHHO TOBODS, MBI PACCYKAAaeM He O MHOXECTBE LIapOB, a O MHO-
JKECTBE BO3MOXKHBIX H3BJIEUEHHH, MPEANONOKEHHEIX PAaBHOBEPOSTHHI~
MH. DTO TO, YTO Ha3blBalOT MHOMKECTBOM DABHOBEPOAMHbIX coObimuil.

O6obas, Mbl NPHXOAHM K CJAEAYIOIIEMY ONpele/eHHIO:

Mn1 o6o3nauaeM wepes U MHOXKeCTBO paccMaTpHBaeMblX COOBITHH,
YHCJIO KOTOPHIX Npenosaaraercs 3/ech KOHEUHbIM, H YCTh ONpeleseHa
HEKOTOpasl Mepa m (X) Ha MHOMKECTBe IIOAMHOKECTB X MHoxecTBa U.
Hpobe p (x) = m (x)/m (U) Taxxke ecTb Mepa, [OTOMY YTO YAOBJETBO-
psieT ycaoBusM @) u P). OHa xapakTepuayeTcsi HOBBIM YCJIOBHEM

(@) pU)=1.

Takasi Mepa Ha3LIBAETCH 8EPOAMHOCIHOL MEPOLL HIIH 8EPOAMHOCHLBIO.
JTo ompeleseHHe pacopocTpaHsieTcs W Ha caydail, koraa U conepxur
OGeCKOHEYHOe YHCa0 coObTHH. MBI paccMOTpHM ceffuac HECKOJBKO CJ1y-
uyaeB, KOTJAa BEPOSATHOCTb JIETKO BBIYHCIHTE.

IlTpumep 1. MEOXeEeCTBO HepaBHOBEeDPOATHBHX
coO6nu TH A Mn paccmaTpuBaju COOHITHS, KOTOpPbIe Teneph Oyiem
Ha3bBaThb COOLITHSIMH TNepBoro Tuna. OHH ObIH PaBHOBEPOATHEIMH.
CobbiTHEe COCTOSIJIO B HM3BJEUEHHH ONpejleseHHOro wmapa. Ho npeano-
JIOXHUM Telepb, 4TO TpebyeTcs HAHTH BepOSITHOCTb H3BJEYEHHd lIapa,
KOTOpHIH Obl 6Bl Aub0 Oeavim, Aub0 KpacHeim, U3 MelIKa, ONKCAHHOIO
B nipumepe (1), To ectb B KoTOopoMm b = 60, B = 20, j = z = 10. Mm
paccMOTpUM dYeTelpe COGBITUSI BTOPOTO THMA:

B : uspaeun Genw#i 1wap. BeposaTtHocts p (B) = % = 0,6,
K : usBaeup kpacumii map — p (K) = 0,2,
J W Z :wusBjeub KeITBIH HAM 3ejednl#t map p (/) = p (Z) = 0,1.

Co6biTHe, paccMaTpUBaeMoe Kak Gagzonpusmuoe, ecTb B nan K,
T0 ecth B |J K. [logcuuTsiBast cOOLITHA NEPBOrO THIA, HAXOAHM OTCIO/a
60 + 20 OGaaronpusTHhIX, 3HauWT, p (B |y K) =0,6 + 0,2 = 0,8.
3uauut, 3aeck p (B K) = p (B) + p (K).

OueBuaHO, 5TO TaK, NOTOMY YTO II&P HE MOXKET OBITh B OAHO M TO XKe
BpeMsl OesblM M KpacHbIM. Tak uTo

BNK=g, pBNK)=0.

IIpumep 2. Urobul BBECTH Henycmoie nepeceverus, TpeRnoJo-
JKHUM, COXDaHssl Opelpliyllile NaHHBE, YTO HEKOTOpBbIE IIAphl M.JacT-
MAaccoBrle *, a Jpyrue M3 APYrHX MaTepHaJoB, a MMeHHO 30 wapoB
chesaHbl M3 nJacTMacchl, H3 HHX 10 6ennix. O6Gosnauaem uyepes P
coObiTHE BTOPOTO THMNA : H3BJEUb IJACTMAcCoBHIM map. Mel nonyuaewm,
cunuTas coOHITHA NepBOro THMA :

p(B)=0,6; p(P)=0,3; p(BNP)=0,1;
p(BYP)=0,640,3—0,1=0,8.
dopmysna TtakoBa: p(BU P)=pB) +p(P)—p (B N P).

* B opuTrHHale Wapk KaMeuuwe (en pierre), HO A4 CoTnacoBaHus ¢ o6o3Ha-
yeHrueM P MBI HasBal¥ HX TMJIacTMacCoOBHIMH.— IIpum. ped. E
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2) OcHoBHBE GOPMYAH

o) CoBMecCTHMOCTb. [0BOpAT, 4YTO COOLITHS, COCTaBJISO-
uive A v B, noamuoxectsa U necosmecmumot, ecnn A (| B= . PopMyaa
p (A U B) = p(A) 4+ p (B) BolpaxkaeT TOTIa meopemy CAONHECHUA
eeposmnocmeti. Ho ecan coBertust, cocraBasiome A u B, cosmecmume,
TO ofmas ¢opMysaa TaKoBa:

p(AUB)=p(A)+p(B)—p (AN B).

Ecuu, B wactHocT, B < A, T0 372 ke dopMyna Butekaer us 4 ] B =
=B wu Al B=A.

by YcnoBHBE BEepPOSITHOCTH®, BepOsITHOCT-
Hasg HE3aBHCHUMOCTD.
Ilyers

ANB== .

Tak xak A u B COBMECTHMBI, TO MOMKHO PacCMaTpHBarb BepoOST-
HOCTb TOT'O, YTO COOHITHEe NPHHAAJCKHT B, KOrja yXke H3BeCTHO, YTO
OHO NpUHAAAEKHT A.

Ha »ToT pa3 yHuBepcaJbHBIM MHOMKECTBOM sBjsiercst A, a MHO-
3KecTBO OGJaronpusiTHeIX coOpITHI ecth A (] B. BeposrtnocTh, KOTO-
pasi Hac HHTEpecyeT U KOTOPYIO MEl 06o3Hauum uepes p, (B), Oyner
CJ1eJJ0BaTeJIbHO:

By—mes(ANB) _ p(AN B)
PaB) ="ty = p ()

Utobpl yTOUHUTbL 0GO3HAUEHHSI, Mbl MOXKEM nucath py (A) BMecTo
p (A), Tak uto hopMysa 3anuIercs, eC/IH y4ecTh CHMMETPUUHYIO POJIb A
4 B, B ciepyiomeM BHIE:

pu (AN B)=pu (A)-pa(B)=pu (B):ps (4).

Bepuemcs K npumepy 2 : BepOATHOCTD, YTO Genbiil miap GyAeT nJaacT-
MaccoBpiM, paHa 0,1/0,6 = 1/6. BeposaTHOCTb, YTO IJ1AaCTMACCOBLIH
wap Oyaer GenbiM, paBusercs 0,1/0,3 = 1/3.

T'oBopAT, uToO cobwbiTHS, cocTaBasomue A U B, sepoamrocmuo Hesa-
8UCUMbL, €CJTH

pu(B)=pa4 (B),

pu (A) = pg (A).

CrnenoBaTeNbHO, 5TO COOTHOLIEHHE CHMMETPHUHO [0 OTHOIHEHHIO
K A u B. OHO BbipaxaeT, UTO CYHIECTBYET CTOJIBKO KE INAHCOB HMEThb
3JIeMeHT THNa B, 3Has TOJBKO, 4TO B BKMoUeHO B U, CKOJBKO CYIIeCT-
BYET 1IIaHCOB HMETH 3/1eMeHT THIIA B, 3Hast yiKe, UTO 5T0 3j1eMeHT THa A.

OTKyJa CllegyeT

* B opHMTHHale «CBA3aHHBIE BepOATHOCTU».— [Ipum. nepesod,
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B mnporuBHOM ciyyae TOBOPAT, YTO HMEETCSl GEPOAMHOCIHASL CBA3L
U KO3puyueHm 63aUMHO20 BAUAHUA PABEH:

pa(B) _ ra(4)

pu (B)  pu(4)’
B namem npumepe 3T0T KosdxbuuueHT paBeH 5/9.

AHasoruuHble onpeieIeHu s MOXKHO ObLI0 OBl JaTh /15 TPeX, YeThpex
U 6oJjee NMOAMHOKECTB.

c) BepodTHOCTL nNpoU3BegeHHUS MHOKECTB.
ITycre panb gBa MuHOxecTBa Uy u U,. BerioMHEM, YTO IIP SMBIM IPOH3Be-
JleHHeM WJH 1pocto npoussederuem Uy X Uy HasbBalOT MHOXKeCTBO U
VIOPALOUEHHBIX nap (X3, X2), X4 € Uy, xo € Us. Orcioga BoiTEKaer,
4TO TOAMHOXKECTBO MHOxecTsa U He sBJseTCs, BooOWle FOBOpPs, IPO-
uspejeHueM Ey X E, 1Byx noamuoxkects £, < U, u £, < U,, notomy
4TO KaxIblil 3JeMeHT Xy € £y Zo/mkeH Gblt OBl COEAMHSATBCS CO BCEMM
sjemeHTaMu 43 L,. Mpl Gygem paccMaTpuBaTh JHMIIL TaKHe TOAMHO-
JKeCTBa, KOTOpbie SBJAAITCA NPOH3BefleHUsMH. B npoTHBHOM caydae
HYXKHO yMeTb HX INPEICTABUTh B BHAe OOBENHHEHHS HENEPECceKalo-
INUXCS TIPON3BENEHHH TOJAMHOKECTB.

ITpuwmep. Mewox c mapamu comepxkut 100 wapos: 60 6eabix,
20 kpacupix, 10 xeartbix, 10 3ejeHnix. JIpyrofi MeEIIOK COACPIKHT
80 mapos: 40 Genmx, 30 xpacueix ¥ 10 wearsix. MaBaexaercs wap
U3 Kaxaoro memxa. KakoBa BepOATHOCTh BREITSIHYTh 00a Imapa OeJble?

MnuoxectBo U cozepxur 100 X 80 = 8000 coburtuii. MuoxecTBO £
GaaronpusATHBIX coObITHE ecTh E; = By X By, Mepa KOTOpOTo paBHa

60 % 40 = 2400.
CrieoBaTe/ibHO,
60 x 40 60
pu (E) =100%80’ 1O Puy (By) =160
H

40
LUy (Bz) =380

ITonyuaercst dopmyaa: py (By X Bs) = py, (B1) X pu, (Ba).
KakoBa BepoATHOCTh H3BJeUb OAWH OebBlfl ¥ OJMH KpAacHbIH map?
Ha 3T0T pa3 MHOXecTBO 6jiarONPUSATHBIX COOBITHH €CTh

E’= (B, X K2) U (K1 X Bg), npuuenm (By X Ko) N (Ky X By) = .
3uaunr,
P(E")=p (B x K2) +p (Ky X By).
DTH npuMepH JalT BO3MOXKHOCTBH MOHATb, KAK MOXKHO TPaKTOBATh
Gosiee CHOKHBIE CAYyYaH.

] B Henpepbl'auue BEPOSAITHOCTH
(cnyuaii 6@CHOHEYHBbIX MHOHECTB)

Teopus Mepbl, HAIPEMED MepHl AJIHH, [JOIIafeHd, 06BEMOB, 03BO-
JISIET CONOCTaBHTH OOJACTAM HeOTpHIATe/bHBlE 4YMCJa, TaKHe, 4YTO
OOBELANHEHHI0 JBYX HENEPECeKaMHuXCs 06JacTell  CcONOCTaBJ/ISIeTCs
cymma ux mep. OTciojia MOXKHO BEIBECTH BEpOSITHOCTH, KOTOpHIE, OZHAKO,
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He BBIYMCJISIIOTCS CTOJIb NMPOCTO, KaK B CJIy4ae KOHEUHOro 4YHc/a 3Jje-
MEHTOB, a TPeGVIOT HHTETPaJbHOTO HCUHCJEHHS, (B YACTHOCTH, HCIIOJb-
30BaHUS NepPBOOGPasHHIX (GYHKIUUH 1151 3alaHHBIX (YHKUHE). Bcee xe
BHIUHCJEHHUA MOMKHO 3HAUWTEJBHO YNPOCTHTHL C TOMOMBIO coopawke-
HUH 06 OMHOPOAHOCTH H CHMMeTpHH. Tax 3TH coobparxkeHHs! HaM MO3BO-
JISIT paccMOTPeTh B BHJeE 3aKJIOUEHHS 3TOrO BBEIEHHS B TEOPHIO BEPOIT-
HOCTeH 3HAMEHHTYIO 3ajayy, HasbBaoLYICH:

3agaua 06 urae bBwoddona

Ha ropusonTa/ibHO#l DJOCKOCTH HAyepHeHBl MapajljleNbHhEE Tps-
Mble ¥, paBHOOTCTOSIILME APYT OT Apyra (Ha paccTosHuH d). Ha nnockocts
OpocaloT Hayraj HrJay AJIMHOH @, MeHbiueit yeM d. KakoBa BepodaTHOCTH
TOTO, UTO WFJIa MepeceyeT OJHY M3 NPSAMBIX?

CkasaTth, uro Hurja OpolneHa Hayrapn (caydyafiHo), o3Havaer, 4T1o
HUKaKOe HarpaBJieHde He §BJsieTcd NpHBMJErHPOBAaHHBIM NPH Gpoca-
HUH HrJbl. Ho B TakoM ciaydae BepOSITHOCTb, YTO HIJIA NEPEeceyeT OAHY
M3 MpPAMBbIX, MOXKET 3aBHCETh TOJNBLKO OT JJIHHB a. O6G03HauuM 3Ty
BEPOSITHOCTD Py

1) BooGpasum, uTo BMeCTO HIJb! GpocCalT JOMaHyio JHHHIO L
auHbBl b (KoTopasi MoxeT GBITb Goabllie d), BCce k 3BEHbEB KOTOPOMH

b .
HMeroT AJHHY a = - . IIpu KamioM GpocaHHM JOMaHOH Kasdoe seeHo

ee Ju6O mepecekaer, JHOO He MNePECeKaeT NAapaJjesbHble IIpsMELE.
BeposiTHOCTb, uTOGbl 3BEHO MEPECeKNo, ecThb P,.

Ho npu ogsoM H TOM ke OpOCAHMH IIepeceyb MNapanje]H MOTyT
H HECKOJIbKO 3BEHLEB 3TOH JIOMaHOH, TaK YTO Mbl He MOXKEM OTCIOJa
BBIBECTH BEpPOSITHOCTb TOrO, YTO L NepeceueT HapaJ/enu: MHOXKECTBO
COGHITUH «OnpefeseHHoe 3BeHO IepeceKaeT» M aHaJOTHYHOe MHOMKECTBO
IS APYTOro 3BeHA He ABJSIIOTCSA PAa3fAebHBIMH, TaK YTC Heab3s oifle-
PHApOBATh CJOKEHHEM.

Yrolni NpeofosieTh 3Ty TPYAHOCTD, CONOCTABUM KaxkJAOMYy M3 cOOHI-
THH «6pocanue JUHHH Ly 1o Ko3(pbhHLIHEHTY, HA3HIBAEMOMY BecoMm
COGLITHS: BeC OJHOTO U3 TAKUX COGHITHI GyieT HYyJeM, ecau L He mepe-
CeKaeT mapaJiiejd, W OINpefejJeHHBIM UHCJAOM M, €ClAH Hnapaseny
TepeceKaloTcsl OJHUM 3BEHOM JHHHMH L, duciaoM 2m, eclu ABa 3BeHa
TepeceKyT mapajiend, v T. A

Beca ckaajpBalTcs: Bec P MHOXKeCTBA COOBITHI «OpOCaHUS JIHHHH
L» sBnasiercst CyMMOH BeCOB MHOXKECTBA COOBHITHH «BpocaHHe OIHOTo
OIIpEeleNIeHHOTO 3BeHa», €CAH pPacCMaTpUBATh IIOCTIEJOBATENBHO BCe
3BeHbs JoMaHol. Ho Bce 3BeHbs] HTPAIOT OJHY H TY K€ POJb C TOUKH
3peHUsT BEPOSTHOCTH, TaK YTO JJ5 JOCTAaTOYHO GOJIBIIOTO 4YHcIa Gpoca-
HHH MBI JOJXKHBI CUMTATH Beca MHOXKeCTB «GpOCaHHs ONpeje’eHHOr'c
3BeHa» PABHBLIMH JJIsl BceX 3BeHbeB. IlycTh P, — 3TO Bec, KOTODHIH
MOXKET 3aBHCETb JHIbL OT Q.

[Monyuaercsa

P=kPg=—P,.

* BeCKOHEUHOE UYHCJIC NMapalaselbHBX NPSMHIX.— [lpusm. nepegod.
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Ho To ke paccy:kAeHHe IOKa3biBaeT, UTO A/ Ka)kA0ro 3BeHa Bec P,
[pomnopuHoHaleH JJMHE a: JefCTBUTEeJBHO, eCH JBe IJIHHE a H a
KpaTHbl OfHOH M TOH ke OOlleH yacTH ¢ Tak, 4To @ = hc u a’ = h'c,

TO TOTHA
Pa=hPc’ Pa':h,Pcy
OTKYyJa
Pa' o h' _ a’
Py T R a

Ecau ¢ B @' HecoHsMepuMbl MexAy COBOH, TO BBIBOL IOJNyYaercs
nepexofoM K Mmpejeny, IOTOMY 4To P,, oueBHAHO, cTpemutcs K 0,
korga a crpemurcs K 0. Takum obpasom, P,/a ectb mocTosHHAs A,
T4aK 4YTO

Py=1%x-q,
3gauyuT, P = Ab.

BhIYHCANM A: JIOCTATOUHO 3HATH P JJis Kakoro-jufo H3BeCTHOTO
3nauenus b. Tax kak Bec P gomaHOl L 3aBHCHUT TOJNBKO OT b, a He
OT 3HaUeHUS YIVIOB WJHM UHCJA 3BEHLEB, TO BeC OCTAETCS TEM XKE, €CJHU
Mbl 3aMeHHM L yepe3 KPUBYIO JHHHUIO TOH XKe JJMHHEL b, HO JI060H GOpPMEL.
Ho B oamnoM ciyuae pesybTaT sICEH, 3TO B CJAydyae OKPYKHOCTH JKa-
MeTpa d, MOTOMY 4YTO IIPH Ka)KJAOM OGDOCaHHH B 3TOM CJydae HMEIOTCs
JABe ofuiie ToukH. Kaxpoe GpocaHue MMeeT BeC 211, TaK YTO €CNHU Cje-
mano N Opocanut, To obmuil Bec paBHsiercd P = 2mN 1npu NiuHe
b = nd. Taxum o6paszom,

2 — 2mN
ad

2) OcraeTcsi cpaBHHTBL Bec P, ¢ BEPOSTHOCTBIO p,. Ho kamjoe
H3 G/IaronpHsITHBIX COOBITHI «MIJIA NepeceKaeTy UMeeT BecC m (TaK Kak
a < d ofecreynBaeT €AHMHCTBEHHOCTb BO3MOMKHOTO IepPeceueHus),
a JpyrHe coObITHS UMEIOT Bec HyJab. YHca0 671aronpUsiTHBIX COOBITHE,
cllefloBaTe IbHO, paBHO # = Py : mN, a BepofATHOCTB

2mN «
H PGZTE—'

po=P,:m,

OTKYZAa CJeyeT BRIBOL: p, = 2a/mnd.
MoxHO BBINOJHUTL 3KCNEPHMEHTAJNBHYIO IPOBEPKY *: Hanmpumep,
a = d/2 paer p, = l/m.

* TlpusejeM pesyabTatel onuiTa npod. Boanda B Iliopuxe. O npuusa
d = 45 mm, Anuny uras @ = 36 xau u copepmuia 5000 Spocanuil, npuyem urna
nepecekana npamble 2532 paasa.
Takum obpasom, yacrora 0,5064 okasanach BecbMa 6aH3KOH K BepOATHOCTH
1,6
P“:T,t— = (,4993.

{Cm.: JI. K. JTaxtuu, Kypc Teopun BepositHocreli, M., 1924, crp. 82.)—
Ilpum. peod.



BTOPAAd KHUTA

APUOMETUKA U ANTEGBPA

[leppaga uwacTh
TEOPUA YUCEN

I[TepBas rnaBa

LENBIE YUCNA
o

B nepBoti kuure (OcHOBHEIE CTPYKTYPBI) Mbl BBEJIH MOHSTHE 1€/JI0T0
4MC/ia, DOJOKUTENBHOTO HIAN OTpULATeabHOr0. C TOUKH 3peHus CJAOXKe-
HHUS BCE ITH YHC/IA CXOAHBI, HO C TOUKH 3DEHHS YMHOMKEHHS 5TO YxKe
He TaK. DTOT BONPOC MBI IJiaBHBIM 00pa3oM H OyjAeM H3y4yaThb B HACTOs-
el rjase, MOCTPOSHHOH Ha OCHOBe pe3yabraToB I kuurh, ra. II, § 1.

§ 1. EBEKNIUA0B0 aeneHxke

Mol BHAeSH, 4TO €CJH JaHbl [BA HEJNBIX IOJOKHTEJLHLIX YHCJIA
a ua b,

0<b<a,
TO CYLIECTBYeT HATypasbHOE 9HUCIO ¢, NPHTOM EINHHCTBEHHOE, ONpele-
JIEHHOE YCJIOBHUSIMH
bg<a<<b(g+1),
YTO Mbl BHIPA3HJIM, HA3BAB MHOXECTBO HATYpaJbHBIX YMCE]T apXHMeLo-
BBEIM, HJH 06J3JalIHUM apXUMeNOBLIM CBONCTBOM.
BBeneM HaTypaabHOE UUCJIO r PaBeHCTBOM
r=a—bg.
Cuctema
bgLa<<big+1); )
r=a—bg
comocTaBJasieT Kaxnoid mape (a, b), (@ > b) mapy (g, r). Dra onepanus
HA3LIBACTCS e8KAUO0BHIM OeACHUEM HAMYPAALHEIX 4UCeA, 4 €CTh JelH-
Moe, b — geauresb, ¢ — YacTHOE, r — OCTAaTOK.

Mpl GyaeM 1o/b30BaThCsl TaKKe H APYTHMH CHCTEMaMH, PABHOCHJb-
HelMH cucTeme (1):

a=>bg+tr; a=0bq+r;
{O<r<b; 2) {O<r<b—L (3)
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Onpepenenne 4acTHOTFO U OoCcTaTkKa. Ilyers g4—
neJjoe YHCJI0, Takoe, YTO bg; MeHbIIe Yucaa q.

[Tonaraem

a—bq,=r,.

Ecuau ry menbine, ueM b, To g4 ¥ r;y — UCKOMbIe Uncaa. Ecad, Hao60-
poT, r>> b, TO Mbl CKa)KeM, YTO Mbl OCYUIECTBHJM HacmuuHoe OeieHue;
g1 B rq TOTJa YACTHUHBIC YAaCTHOE U OCTATOK. MBI HX HCIIOJb3yeM, YTOOH!
OPOAOMKATL OHepanyio, jenisi Bce BpeMa Ha b. Iloaydum

ry=bq,+rs,

npHyeM 3Ta onepanus Oeiia Gojee JIETKOH, HNOTOMY 4TO 7y << 4.
TakuM of6pas3oM, mojgyuaercs

re<<ry 0 a=0b(g+q)-+rs
Ecnv r; He MeHblle, yeM b, TO OHepauusi MPOJOJIKAETCH H HOJIydaeM

ro="bqs-+rs rs<<rs,
oTKyJa
a=b(g 4 qs+gs)+r; u T. I

ITocrenoBaTeIbHOCTD YACTHYHBIX OCTATKOB 7y, I's, I3, . . . yOBIBAIO-
masi, NpUYeM 3TH YHCJIA OCTAIOTCS LIeNBIMH HeoTpHlaTenbHEIMH. [To3To0-
MYy MOXET CYINeCTBOBaTh JIHIIb KOHEUHOE YHCJIO OCTaTKOB, TaK uTO
NOC/IeNIoBaTeBHOCTD onepanuii KoHeuHa. Ho onepauusi npojo/xaercs
JIHIIb B TOM CJyYae, KOTJa NPUBOJHUT K OCTATKY, He MEHbLUEMY, ueM b.
OTxyja caeiyer, 4To ¢ HeOOXOAUMOCTbIO Mbl IIPHJIEM K OCTATKY, MeHb-
miemy yucia b. (O6painaeM BHUMaHHe Ha 3TO PACCYXACHHE, C KOTOPHIM
MBI eille BcTpeTuMcs. Ero maswiBatoT cnyckom depma, 10 HMEHH 3HaMe-
HUTOTO MatemaTHka ®epma (1601—1665), xoropmiit ero cdopmyaunpo-
BaJ U TNOJb30BAJCS HM CHCTEMATHYECKH.)

[ostomy, ecau r, MeHblle YeM b, noJay4aeTcs:

g=q1+9s+ ... +qn, r=rn.
S3ameuanusd 1) Ecauau b — nenve yuc/ia JOGHX 3HAKOB, TO

Gepyt 0<r << | b .
2) Ucnmonbr3oBaHue OTpPHINAaTEABHOTO OCTaT-
K a. Oguako 6Gosjee BbIpasUTENbHO W YacTo 0oJiee NPAKTHUHO IHCATb

76 =11 x7—1, uem 76 =11 x 6-10;
75=11%x7—2, yem 75=11 x6+9.
Haumernstuum no abcoaomHoL 6eAu4ILHe OCIMAMKOM HA3b8a0m 4ucao r’,

onpejeseHHoe  YCAOBUAMA
a=bg'+r, |2r |<|b .

[2r"|=1b],
TO HMeeM JiBa PelleHns; B 3ToM cayyae 6epyt 7’ > 0.

Ecaun
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Teopema. Yacmroe om OeseHus HAMYPAAbHOO YUCAQ G HA KpOU3ee-
derue namypanrsHoix quces by, by, bs...b, pasro nociedHemy wacmuomy,
Komopoe noayuaemcs Oeseruem a Ha by, OeaeHuem NOAYHEHHO20 YQCMHO020
Ha b, B T. O

3anuimieM B caMoM jefe INOcCJefoBaTesbHble AeseHHs B ¢dopme (3)
¥ COCTABHM KaK U3 DABEHCTB, TaK W W3 HEPABEHCTB JiMHeliHbe KoMGuHa-
uy, uToGpl HCK/IOUHTH NPOMEXYTOUHHEe dYacTHHe. [as onperesen-
HOCTH Bo3bMeM n = 3. [lonyyaem:

{ a = (b;bybs) g3+ (ri+ bira+ bibyrs);
0<<r+byry+b1bars << (by— 1) 4 b5 (by— 1) 4 6,65 (b3 — 1) << bbb,

BHH‘H/IT, 3 — 9TO YaCTHOeE OT JeJIEHU S YHCJId a Ha b1b2b , @ OCTaTOK
3
paBcH

r=ry4byry-b.bors.

3ameruM, 4TO cucreMa (2) He TO3BOJMJa Obl NOMYUUTh HYKHBIH
BBIBOJI HETIOCPENICTBEHHO; CJIeJ0Ban0 Obl MOAUEPKHYTb, YTO, HANPHMEP,
u3 ry << by caepyer, 4TO pasHOCTh by — ry He MeHbIe 1.

YUacTHB ¥ cayyai. Ecau ocratok or jeneHus a Ha b paBen
HYJI0, TO TOBOPSAT, 4TO @ Kpamro b, unu a deaumcs Ha b, WIH 4YTO b
deaum a, win uto b ecmb deaumeav @, W 3TO O3HAUAET

g, a=10bg.

310 sanucuLBawT Tak: b | @, uto uutaerca: b deaum a.
3ameTuM, 9TO 3TO NOHATHE MOXKHO OyleT o6OOWATb Al cayyas,

KOTZa a U b NpHHAAJeKAT MoOHM MHOXECTBaM, CJ/IM TONBKO § Hamy-
pansroe.

§ 2. Aenumoctb. CpaBHeHun

JleIMMOCTb CBOAMTCA K H3YYEHHIO OCTATKOB OT JEJEHHs, NpHUeM
Ha COOTBETCTBYIONIME YaCTHRIE HE OOpamaioT BHUMaHus. [TycTh Mbl
BHIOpaJIH HAaTypaJbHbIH AennTenb dy. EcIH 1eJquTh Ha d noc/enosaTedb-
HO BCe 4YMC/Ia HATYPajbHOrO Psja, TO OCTATKH MEPUOJHUECKH IIOB-
TOPSIOTCSI: MBI MOXKEM pPacloJIOXKHTh Ie-

Jble HeOTpHIlaTeJbHble UHC/IA B BHAE Tab- Hpumep. d=14
JHUBI TakK, 4YToOpl B KaxJIOH CTpOUkKe o | 1 | 2 | 3
Haxojuauch d uHceN; TOTAa B MepBOH ‘ :
cTpouke pacnojoxarcs ocratkn 0, 1, 4 5 8 7
2, ..., d—1, a uucaa OgHOrc U TOroO 8 9 10 11
xe cTos6ua 6yAyT COOTBETCTBOBATD OLHOMY 12 0138|141 15

H TOMY Xe OCTaTKy. ) : : :
Takum o6pa3oM, MHOXKeCTBO E LeJbIX . . . .
HEOTPUIATEJIbHBIX YHCEJ pacnafaercs Ha d 4g |49+1149+21494-3
KJ4CCOB C TOMOIIBIO OMHOWEHUA IKBUBQ- : : : :
ACHMAHOCMU «AaBaTbh OJHH H TOT XKe OcC-
TaTOK TpH JeneHuH Ha d». (Cpasy BHI-
HO, YTO 3TO OTHOWIEeHHe pedUIeKCHBHO,
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CHMMETDHYHO H TpaH3uTHBHO.) KaxIpil Kacc 3KBHBAJEHTHOCTH Has3bl-
BaeTCsl KAQCCOM 6bi4emo8, a OTHOLIEHHE SKBHBAJEHTHOCTH HA3bIBAETCH
cpasreruem no modyasro d. (T'oBopar Ttakxke modulo d.)

DTO OTHOILEHHE 3aMHCHIBAETCS:

a = b (mod d) —

U 4HTaeTCd: «a cpaBHUMO ¢ b mo mMoayJio ds.
Ilo onpenesenyic 3T0 O3HAYAET, YTO @ H b NpH JejeHHH HA d JAiOT
OfMH H TOT XK€ OCTATOK, TO €CTh

ar, ¢, ¢ ra=dq+r, b=dq" +r, 0<r<<d.

Ecan ne o6pama'rb BHUMAHHUs Ha 3Hauenus oOCIIEro OCTaTka, TO
MOXKHO HCIIOJIB30BATh CJeAVIOU(ME JIOTHYECKH 3KBUBAJICHTHBIE 3amHUCH:

a=b(modd) < 39, a—b=dg<=a—b =0 (mod d).

Mpumeuanne. B nanpuelinieM d GyIeT ocTaBaThesl MOJOKHTEILHLIM,
HO yA0GHO APHHAThH A/ AJUMBIX H OCTaTKOB [eJbie 3HAUEHHST JIIOGOro
3HaKa; CBOHCTBA, C KOTOPBIMH MBI BCTPETHMCS, OYAYT UMETb MECTO sl
BceX ciyuaeB. Takum o6pasoM, BMECTO TOT0, 4ToObl BBOAUTH OCTAaTOK,
KaK YHCJI0, 3akjoyeHHoe Mexay 0 m d — 1, yacto ymecTHo B Kaue-
CTBE mNpEACTaBHTeNS KaKIOrO KJacca BHYETOB NPHHHMATh UHCIIO,
HauUMeHbIIee 10 aGCOJIIOTHOH BeJHYHHE. JTO UHC/IO, COTJIACHO CAENaH-
HOMY paHee 3aMeuanuro, OyIeT B3sT0 mpH d YeTHOM, TO eCTh KOrJa
d = 2d’, U3 mnocjenoBaTEIbHOCTH

—_d 1, —d"+2,...,—2, —1,0,1,2,...,d —1, 4,
a npu d HEUeTHOM, TO ecTb Korjga d = 2d’ -- 1, U3 noc/1el0BaTeIbHOCTH
—d, —d'+1, ..., —1,0,1, ..., +d.

CeoiicTBa cpasHenuil. [TycTb d — HaHHBI MOOYJIb.

Teopema l.a= b (modd) < Vm:a+m= b+ m (modd).
Teopema 2. a=>b (modd) =Vm:am= bm (mod d).
(doxasaresbCTBa MONYYAIOTCS CPady, €cJH BBECTH ¢ DPABEHCTBOM
@ — b = dg # HCNOJB30BATH COOTBETCTBYIOUIVE CBOHCTBA PaBEHCTB.)

Teopema 3. [a=b(modd) na =bmod d)] =a+a'=
= b + b’ (mod d).

Teopema 4. [a=b(mod d) u a’ = b (mod d)] = aa’ =
= bb’ (mod d).

ITH TeOpeMBl MO3BOJSIOT BBECTH CYMMY KJacca BBIYETOB C IEJIBIM
YHCJIOM M INIPOM3BeJeHMEe KJjacca BBIYETOB Ha [esoe YHcjao (BHEUTHHe
omepanuy JJIs MHOXKECTBA KJAcCOB), a TaKkKe CyMMY H NpOH3BeleHHE
JBYX K.accoB (BHyTpennss onepaunud). I[lociennne ape onepanuu
SIBJAIOTCA KakJas KOMMYTAaTHBHOM *, a yMHOXeHHe AUCTPUOYTHUBHO
[0 OTHOWIEHHID K CJIOXKEHHIO; 3TO 3HAYHUT, YTO MHOMKECTBO KJ/4aCCOB
BHIYETOB 110 JAHHOMY MOLYJIIO HMEeT CMpykmypy KOMMYmMAmUGHO20
koavya. HelTpabHEIN 2JEMEHT CJOXKEHHS eCTh Kjacc, cofepxauui 0,
a HeHTPaJbHLIM 3/1eMEHTOM YMHOXKEHHS fABJSeTCS KJacc, COAepKallui

* U accouuaruBuofi,— Ilpum. nepesod,
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~+1. Ho 3T0 KONBIO pe3ko OT/IMUaeTCs OT KOJblLiA HEJBIX YHCeI: BO-Tep-
BbIX, OHO COJEPKHT JIHIUb KOHEYHOe YHCJIO 3JIEMEHTOB, C APYTod CTO-
POHBI, HYJIEBOH KJIACC MOMKET HMETh OTVIMUHBLIX OT HyJIA (TO CTh He Cpas-
HHMBIX C HyJeM) Jeauteneil. Hanpumep,

5540 (mod 10) u 8= 0 (mod 10),
OJIHAKO 5.8 =40 = 0 (mod 10).
Mrr yBuauM, jasee, 4To 3Ta TPYAHOCTh HCUE3AET, €CAM MOAYJb — MPO-

CTOE YHCJO, OTKYAA M BEHITEKAaeT BAaXKHOCTb TAKMX YHCEJ.
Teopembl, oGpaTHbie Teopeme 2. 3amuiieM JeTaJbHO JA0Ka3aTe/b-

CTBO TeopeMbl 2:
a=0b(modd)<=>3g:a—b=dg
<3¢ :ma—mb=mdq=d (mq) = (dm)q.
Orciofa BEIBOAHM

ma=mb (mod d) (2)
H Takike
ma=mb (mod md). 29
O6patHo, u3 (2') BHIBOAUM
19 : ma—mb = mdq, cnegosatesnbho, Ig:a—b=dg,
TO €CThb
a— b= 0 (modd),
OTKyJa NOJy4aercs
Teopema 2.
a = b (mod d) <> ma=mb (mod md)
(IpOUCXOAMT H3MEHEHHe MOAYJIS).
Ho u3 cpaBHeHus (2) elile HUUEro Hesib3s1 BBIBECTH OTHOCHTENBHO
cpaBHeHHSI @ — b ¢ HyJeM no MoAyJo md, mak 4mo Heav3s Oeaumo
obe wacmu cpasHenus Ha ux oOuwuld Oeaumeab, COXPAHAS MOOYAb.

He cymecTByeT cokpalleHHsI CpaBHEHHI.
Ilpuwmenp:

48 = 18 (mod 15),

HO €CJH pa3jfeJuTs Ha 3, TO
16 5% 6 (mod 15).
Teopema 27,
a = b (mod md) = a = b (mod d),
HO 00pamHas meopema He eepHa.

Ora TeopeMa XOTS M OYEHb NPOCTA, OJHAKO SBJSETCS OUE€Hb BaXKHOH,
H e¢ BhIpa)KaioT yacTo B ¢opMme, OGpaTHO NPOTHBOMOJOXKHOM:

a == b (mod d) = a 5= b (mod md).
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Hyaesble Xaacchl BBIYETOR.
ITomoxuM b = 0 B Teopemax (2) H (27).
Tonyuaem:
Teopema 2 bis.
a = 0 (mod d) = ma = 0 (mod d),
TO €eCTb
dla=d|ma wm eme [d|a u a|ad’]=d|a’.
Teopema 2 fer*.

a = 0 (mod md) => a = 0 (mod d),
TO eCTh
mdja=d|a,
HIH elme
[d|d ud|al=d]|a.

OTH TeopeMbl BLIPAKAIOT MPAHZUMUBHOCTb OMHOUEHUL «GBITh NeJH-
TEJIEM» WM «OBITh KPATHEIMY , KOTOPbIE ABJISIOTCA OMHOWEHUAMU NOPAOKA,
o6paTHBIMH JpYr ApYIY.

[Tycte U — HyneBo#i Kjacc BBHIMETOB MO MOAYJIO Q, TO €CTb MHO-
JKECTBO KPAaTHBIX YHCJA Q:

o' €A<=>a"=0(moda)<=>ald,
H NyCTh aHaJOrMYHO D — HyneBOH KJjacc BHUETOB [0 MOAyJO d.
PaccMOTpeHHYI0 TeOpPEMYy MOXKHO 3alHCaTh Tak:
aEV=ACD,
HIH XKe
dla=% <D,
Ho u3 U — D BHITEKaeT, B YaCTHOCTH, d | @. 3HAYHT, OKOHYATENLHO
dla<=A=D.

3nauum, cywecmeyem u3OMOphUIM  MENDY OMHOWEHUeM «Obimnb
KDQmHoIM» 1 OMHOWEHUEM NOPAOKA N0 BKAOYEHUID HYAECBbIX KAACCO8
sbitermos. Viner peub o 4acTHYHOH YrOpsAOIeHHOCTH. B obumem xe ciay-
yge JBa HYJEBHIX KJacca MO PA3JHYHBIM MOIYJSM HeJb3sl [OCTaBUTb
B OTHOHIEHHE MOPSKA 110 BKJIQUEHHIO, MOCKOJBKY OAHMH KJacC He
6yzeT BKJIOUEH B Jpyroil. AHaJOTHYHO OTHOLIEHHE «OBITh AEJHTEJCM»
eCTb OTHOIUEHHE YACTHYHOTO MOpSAKA HAa MHOMKECTBE ILEJbIX UHCE.
OHo He momyckaeT JHHEHHBIX CXeM, KaK Mbl 3TO ceHdac yBHJIUM.

§ 3. HpatHble ¥ genutenu. NpocTbie yucna

l. KparHblie ¥ genurenu Wenoro uucna

A) Kparnele nenoro uuciaa
KpaTuble uenoro uuciaa @ — 5T0 4uc/Ia m = ag, [Ae g — Lenoe
ugceso. Ecqm ¢ = 1, TO m = q: KaxjAoe YUC/I0 KPAaTHO caMoMmy cefe.

* ter — Tpuxnaw, B TpeTuit pas (sam.).— IIpum. ped.
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Ecan ¢ = 0, To m = 0: sraunt, 0 ecTb KpaTHOe BCeX HHCEJ.

ToBopAT wacto, 4TO M — COOCMBEHHOE KPamHoe YHCIIO @, €CJIH OHO
He DABHO HH HyJ0, HH a. YHciao ¢ Mb1 OyjeM npejnosarats, BooOrle
TOBODS, IIOJIOIKUTEIbHBIM.

1. [TocaepoBaTenlbHOCTh KpPaTHH X HATY-
paJprHOTO UYHCIA Q.

ITepeuenb KpaTHmX: @, 2a,
3a, ..., ka, ..., UpeicTaBJafeT
Co60ft yHnopsOUeHHYI0 HOCJeN0-
BaTe/ILHOCTb, H30MOpPGHYIO IO-
CJIEJIOBATEJBHOCTH  HATYPaibHBIX
4HCe, KOTOPYIO CJenyeT IOI0J-
HUTb 10 CHUMMETPHU, €ClIH pac-
CMaTpUBATh TaK¥e OTPHLATEIbHEIE
kpatHbie. OG03HaUMM 5TO MHOMKe-
¢1B0 KpatHuX 2. OHO uMeeT cile-
JAyolee CBOHCTBO:

Ecaum a; u a, — ABa sjeMeHTa
STOTO MHOXKeCTBa, TO eMy HpHHaj-
JEXKHUT TaKke H Joboe YUCIO

@ = X1, | Xols,

Thoe Xy H Xy — ILeJble YHCJA.
3T0 CBOMHCTBO XapakKTepH3yeT
udeasr B KOJbLE LeJbIX YHCeN.

Hoearom Hexomopozo Koasbya
A HaspBalOT NHOAMHOXECTBO J,
KOTOP®E, C OLHOIl CTOPOHBLI, CaMo
SIBJISIETCS KOJIBLIOM (3TO 3HAYHT, UTO
CYMMa H MpOHU3BeJIeHHe JBYX 3Je-
MEHTOB MOIMHOMECTB /J NpHHAajIe-
JKaT 3TOMY e [OJAMHOXKECTBY) H
KOTOpOe, KpOMe TOro, YCTOMYHBO IO OTHOIUGHHIO K YMHOXKEHHIO Ha
KaKoH-1u60 3/1eMeHT KoJblia A (3TO 3HAYHT, YTO NPOU3BEeHHe JI060To
yucsaa M3 A Ha 3JeMeHT M3 J NMpUHANJEKHUT TaKxKe NOAMHOXKECTBY J):

1) Viy, ib€d, iy-Fi2€0 v iy X i€

2) VieJ n Vae A, ixaed.

Tax kax paccMaTpuBaeMEIZl HAEaJ COCTOHT M3 KpaTHHIX OLHOTO
Yyucaa @, TO OH Ha3blBAETICH afasHuim udeasom. Mbl BepHeMmcs nosjHee
K 5TOMY MNOHSTHIO, C KOTOPBHIM MB! BCTPETHMCSI CHOBA HPH HM3yUeHHH
KOJbl[a MHOTI'OYJICHOB.

2). C mouku 3peHus OMHOWEHUSE NOPAOKA «Obimb OeAumesems MHO-
KeCTBO U MMEET He CTOJb YK HPOCTYIO CTPYKTYpY. COCTABHM, Hampu-
mep, Tabauny kparHeix 4 1o 4 X 25 = 100. KoMMyTaTtHBHOCTH NpO-
U3BeJeHHSI YKa3biBaeT Ha TaKHe LENH, Kak, 4 | 8|24 mwm 4| 12| 24.

HoroBopuMcsi u3o6paxkaTh NepeHOCAaMH B MPOCTPAHCTBE KaXKAVIO
U3 ONepaluil; «<yMHOXHUTh Ha 2%, «YMHOXKHTb Ha 3» H T. J.
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AccoUNaTHBHOCTb -~ YMHOXKEHHSI COOTBETCTBYET aCCOHHATHBHOCTH
NepeHocoB, Tak 4To 0ecroJe3HO pACCMATPHBAThL, HATIPHMEP, HEPEHOC,
H300paxaoliuil yMHOKeHHe Ha 4Hcao 6, paBHOe NpousBeneHuo 2 X 3.
Taxum 06pasoM, OCHOBHEIMH MHOMKHTEJNSAMH SIBJASIOTCS UHC/a, He HMeEo-
mMe JejHTesell (Kpome enwHHusl H cebsa). Mx maswiBaioT npocmemu
qUCAAMU.

B paccMarpuBaeMoM npuMmepe 4yucao 11 Heo6xoaHMO, YTOOBI COCTa-
BHTb 44 1 88, HO CTPYKTypa cXeMHl OyneT BBICHEHAa TOJIbKO I10C/e YToU-
HeHud nenefl, Befymux B o0lIeM caydae K J000My KpaTHOMY UHCIE 4.
JTo YTOYHEeHHe INOCJelyeT B pe3yJapraTe H3YUeHUs NPOCTHIX HHCe.

B) HMenurenn menoro umcnaa

Ilycts a — HaTypaJibHOE YMCJIO; PACCMOTPHM €ro MOJOKHTE/IbHEIE
Ienutenu. Haumenbunit u3 gux ecth |, a HauboABIIH caMO YHCJO d.
Jlpyrue nenutesu, ecjad OHH CYIIECTBYIOT, HA3BIBAIOTCS «COOCTBEHHBIMU
JeTATEAMEY; HX YHCJAO0 KOHEUHO.

1) Hepeuens Jeaumeneil. Tax Kax Mpl HIIEM KOHEYHOE IOAMHOXKECTBO
BIIOJIHE YNOPSIIOUEHHOIO MHOMKECTBA YHCEJ, MEHBIIMX YHCjaa @, TO
HaM JIOCTaTOYHO HCIBITATh MOCJEN0BaTebHO YHC/Ia, B3AThE B HX HATY-
paJsbHOM mopsake: 2, 3, . .. Ho kaxnomy neaurtemio d cCOOTBETCTBYeET
Ipyroit penutens d’, Takoit, yto @ = dd’, TaK YTO UPH BO3PACTAHHU
Jequtenss d COOTBETCTBYIOIMH eMy jneauTenb d’ yOwBaer. Crenoba-
TeJIbHO, NepeYeHb JieNuTeIell 3aKOHUEH, KOTAA HCIBTYeMOe B KauecTse
JesuTesIs 4UCA0 CTAHOBUTCS GOJBIIE YACTHOTO OT AesIeHHS.

3aMeTHM, YTO YHCJIO JesuTeneli, BooOile roBOpSI, YeTHO, OHO HEUeTHO
JIHLIb, €CAH @ eCThb KBajpaT HaTypa/JbHOTO YHCJA.

[Mpumepsn:

72=1.72=2.-36=3-24=4:18=6-12=8.9;
84=1.84=2-42=3-28=4-21=6-14=7-12.

2) Paccmompum ¢ mouKu 3peHus OMHOWEHUA nopadxa «Dvims deau-
meaem» CTpOEHHe MHOXKECTBa JAe/HTenell B JByX CXeMax, COOTBETCTBYIO-
mUX YucaaM 72 u 84. Mel BHAMM, YTO UENH KPaTHHIX HAYUHAIOTCH OT
€JMHHUNbl H CXOAATCH y JAHHOTO 4YHcaa. Jliobble JiBa Uhcaa CXeMbl HMEloT
no KpaliHell Mepe OZHO Ofllee KpaTHOe M IO KpaiHell Mepe ofuH 00-
MUl JenuTeab. Mpi 3HaeM, YTO 3TO COOTBETCTBYET OTHOIIEHHIO IO-
psAIKa MO BKJIOYEHHIO BO MHOXKECTBE KPaTHBIX Kaxkjoro u3 uuces. ['o-
BOPAT, 4TO TAKOE MHOXECTBO SBJATCA CMpyKkmypou; K Mbl 00G03Ha-
uHM uepe3 B, pemerky IeauTenell uncna a. 3HauuT, MBI M300paKasn
Grn B Gy,

B ofmem cayyae, Bce 4HcJa, IpeBocxoAsmue 1, 6e3 nmpoMexyTou-
HBIX SIBJSIIOTCSI NIPOCTBIMH YHCJIaMH (corviacHo Teopeme 2 bis o cpaBHe-
uusx). CreoBRatenbHo, Kaxdoe wucA0 umeem no Kpaixell mepe o0uw
npocmoti Geaumeap (CaMo UHCJO, €CcJM OHO npocToe). Ho Gosee Toro:
KaoOoe HUCAO FABAREMCA NPOUBCCOeHueM NPOCMbIX MHOKCUMened.

B caMoM Zene, eciiM @ — TIPOCTOE HCIO, TO Mbl HMeeM: a = l-a.
Ecnv a He mpocToe YHCJIO, TO MB!I HCHOJIB3yeM KaKoe-THOO pasJoxkeHHe
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B BHJE NPOU3BEICHHUS, NIOTOM pas3JOXKHM aHaJOTHUHO Ka_}KﬂbeI HEnpo-
CTOH MHOXKMHTENb, UTO 3aKOHHO B CHJ1y aCCOHUATHBHOCTH YMHOXKEHH.
Taxk kax umucjIo JenuTesel, OTIUUHLIX OT €JHHHIIBI, KOHEYHO H MHOXKH-
T€JH MOTYT BCTPEUATHCS JHIIb B KOHCYHOM HHC/IE, TO OnepanHs pasJio-
KEHHsI 3aKOHUHTCSI, H OHa& 3aKOHUHTCS TOrja, Korja BCE MHOXHTENR
NPOU3SBCACHUS OKaXYTCA ITPOCTLIMH.
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Ha namnx cxeMmax 3T0 03Hayaer, YTO PaCCMATPHBAIOTCS NEPEHOCH,
COOTBETCTBYIOLIHE JIMLIDL TNPOCTHIM MHOXKHTEJSIM, HO BCE Xe LeNH NpH-
BeAyT K JaHHOMY YHCJTY.

Ho He oranyanTcs JH Bce menu, UAyIHe oT 1 K 4HCAY @, TOAbKO
NOpSIKOM epeHocoB? B Halux AByX NpHMepax aTo Owlio Tak. Heo6xo-
JHMO H3YYHTL 5TO H B O0IIEM caydae.

TakuM o0Opasom, JBa NpeXBapUTEJSbHBIX HCCIAENOBAHUS KPaTHBIX
U JenuTejefl HEKOTOPOTO YHCJA MOKA3BIBAIOT HeOOXONHMOCTh H3YYHTh
NPOCTBIE YHCJHA.

il. OcHoBHaRA Teopema

Eduncmeennocms pasioscenus HAmMyparbroeo 4UcAq 8 npoussederue
npocmoix MHoxMCumenel.

Bo MHOXecTBe HaTypaJbHBIX YHCE] PACCMOTPHM IOAMHOXKecTBO IN,
COCTOsIIEE M3 HATypaJLHBIX UHCeJ, MMeoIHUX Gosee OLHOTO pasJsoxe-
HHS Ha NPOCThE MHOXKHUTENH. MBI XOTHM IIOKa3aThb, YTO 3TO NOAMHOKE-
CTBO MYCTO.

INoamuoxectBo I MuHOpHpyeTcss 4YMCAOM | M BCeMH NPOCTHIMHE
HATypaJIbHLIMH YHCJIAMH, KOTOpHIe OB HENOCPENCTBEHHO H3YUYEHBI.
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3HayuT, B CHUJY CBOACTB MOpPSJKa BO MHOXKECTBE HATYPAJbHBIX HCE]
noamuoxectso N (ecnu OHO He MycTO) UMeeT HAMMEHBIUHH 3JEMEHT,
m > 1, uMemUl JBOHHOE pasJ/OKEHHe
o a B, B B
— na — k
m=pop ip2...pk=sPs 152 .. 5k,
rge p; U §; Bce OTJIHYHHL APYT OT Apyra (B NPOTHBHOM CJyyae Iocje
COKpAalleHHs] CBOHCTBO HMETh JIBOHHOE pasJioyKeHHe oKasasoch Obt cripa-
BEJIMBEIM JUIsSI YHCJIa, MEHBHIETO 4eM ).
PaccMoTpuM, B UYacTHOCTH, MO NIPOCTOMY MHOXKHTENI0 B KaxAOH
YacTH paBeHCTBA, HanpuMep, p K S. PaBeHCTBO 3amHuIeM Tak:

m=pP =sS§,

rie P u S cozepkat ocTasJbHBEIE MHOXKHTENH. TaK KaKk p U S He PaBHHI,
TO NMYCTb, HANpHMep, p>>§; Mbl MOKEM BLITOJHHUTL JeJIEeHHe p Ha S.
[Nomyunm:

p=sqg-+r, r<<s, r==0,

TaK KakK p — IIPOCTOE UHUC/IO.
CJ/1e10BaTE/IbHO, UYHCJIO
m' =m-—sqP
UMeeT JBOSKYI 3alHCh:

m =s(§—qgP)y=rP<<m.

Ho npocroe uiciao s, KoTopoe (UIypPHPYET B NMEPBOM Pa3JIOKEHHH
yHcaa m’, He (GUrypupyeT Bo BTopoM. OHO He UT'YpHDPYET B pasJoxke-
HUH YHcna P 0o NPeANoJIOKEeHHIO M He (PUTypHpYeT B Pa3J/OKEHHH f,
KOTOpOE MeHbIle YyeM S. 3HauHT, YHCJIO f1', MEHblIee YeM M, HMEET
JBOIIHOE pa3/IoXeHHe, H Mbl NPHILIH K npoTHBopeunto. CliejoBaTeNbHO,
MHOKecTBO IR mycro.

B KOHeYHOM cyeTe Mbl [T0Ka3aJIH, YTO KaxKJIOMY 3JIeMEHTY MHOXKeCTBa
S MOKHO COMOCTABUTBL APYTOH 3JIEMEHT TOTO K€ MHOXKECTBAa, MEHBIIHH
YeM NepPBHIH, a 3T0 NPOTHBOPEUUT CTPYKTYpe JioGoro MHOKECTBA HATY-
pasibHBIX YHceJ. Mpl BCTperHMcs 3JleCh CHOBA C PACCYXKJEHUEM, ViKe
Ha3BaHHBIM cnyckom Pepra. DTo paccyxkIeHHe B TOA MJM HHOH dop-
Meé BMeCTe ¢ PpeKYpPPEeHTHBIM pacCyXKJIEHHEM HBJSIOTCS 0COGEHHO
XapaxkTepPHBLIMH [IJ11 TEOPHH YHCEJ. :

Jil. Npunomwennsn. O6uiue HpaTHbIE

n obuwue penutenm

1) Ctpykrypn riaBHoro Hpeana U u pewmerkH @, NOJHOCTHIO
BLISICHEHbl: Ha HAIIUX CXeMax cJjejyeT OTMeYaTh JHIIb HEPEHOCHI,
COOTBETCTBYIOLIHE IIPOCTLIM YHCJIaM, a pas3J/iHuHble LEeNH, CBA3bIBaloye
JBa 4yHucsaa, OTVIMYATCS APYr OT Apyra JHIIb [NOPAAKOM C/ef0BaHHA
1IepEeHOCOB.
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2)O6mue KpaTHHEe HECKOJBKHX yHceJ [lycts
a, b, ..., v — KOHeYHOe YHCJO HATypaJbHBIX Yuces. Mx obuiue Kpat-
HEle 06pasyioT IepeceyeHre MHOXKECTB, KPATHBEIX KaxkIOTO M3 UHCes, TO
ectb A N F N ..- N 7. Ho pasnoxkenne Ha 0pOCTHIE MHOKHUTENH
3THX OOMUX KPAaTHHIX TOJyuYdeTcs, €CAd B3ATb HO Kpalwxeld mepe Bce
TpoCThle MHOXKHUTeNH, QUrypHpylollue xoms Ov. 6 00HOM U3 pa3Jiowke-
HUIl JaHHBIX 4MCeJ, U KaxkIbli C [OKasaTesleM, 1o mewbuiel mepe pas-
HbiM TOMY HAHOOJBIIEMY, KOTOPBIH 3TOT IPOCTOH MHOXKHTeJNb HMEET
B pa3joxeHUAX JaHHBIX wxcesa. Orcioga cielyer, YTO pacCMOTPeHHOe
MHOKECTBO €CTb MHOXECTBO KpAaTHbIX HaWMeHBILEro oflIero KpaTHOTO.
3uauur, nepecederue eaasnvix udearose A, F,..., V" — smo eaasubll
udear M, noposcOeHHbll HAUMEHOUIUM OOWUM KPAMHbIM M.

3) O6umue TeJHUTEeJHd HeCKOMABKHX 4YHcCesl. Muo-
KeCTBO 06lIMX AeauTe]el yucea a, b, . .., U ecrh nepeceueHne penle-
TOK €4, Gp, . . ., 6. Ho pasnoxende 3TuX o6muUX nenurteneil na npo-
CThlE MHOMKHTENH TIONYYaeTcsi, €ClM B3ATL He 60asitie, ueM Te NPOCTHIE
MHOXUTETH, KOTOpbple (UTYPHPYIOT BO BCeX pAa3JOKEHHAX MaHHBIX
yuceNl W KaXKIABI ¢ IOKaszaTeNieM He Npegocxofauium HauMeHbIIMH u3
TeX, KOTOpble 3TOT NPOCTOH MHOXKHTeNb HMeeT B Das/JHYHHIX pasjioxe-
pUsAX. O1ciona c/enyeT, YTO PacCMOTPEHHOEe MHOXKECTBO €CTh MHOMXKECTBO
JenuTenefl HauOONbUIETO M3 HHUX. O3HAyWT, MepecedeHHe peLIeTOK
Go, Gp . .., Gy —omo pewemra C,, coomeemcmeyrURL HAUOOb-
weny oduwiemy Oeaumearo. Kak Bcsikad ONepanus mnepeceueHus, OMNepa-
U1 [OJYYeHHs HaHMeHblero oOmero KpaTHOrO u HauGoJbUIEro
ofllero JeauTeNss KOMMYMAMUBHbL U QCCOUUAIMUBHSL.

SaMeuaHue B cryyae uucess a W b nmpaBusiio nmosydeHHS
HauMeHbIEro o6UIero KPaTHOre W HauGoablilero O6WEers AeAHTENd
IIOKa3biBaeT, 4TO HX NpOU3BeleHHe PABHO NPOU3BEICHHIO 3afAHHBIX
JBYX uuces, TO ecTb md = ab.

4) Hnean IN Bcerza cyliecTBYeT H MMEET B KayecTBe MOIMHOXKECTBA
TJIaBHBI HJeas, TMOPOXKJAEHHBI MNpoH3BeleHHeM uucesd. HaoGopor,
penieTka €y MOXKeT CBeCTHCh K eJuHCTBeHHOMY uucay 1. Torna roso-
PAT, YTO JAHHBIE YHCIA 83QUMHO NPOCIIbL 8 UX COBOKYRHOCMIL, OHA MOTYT
U He GhLITh TIONAaPHO B3aHMHO NIPOCTHIME. EC/H Ke OHH momapHo B3aHMHO
IPOCTHIE, TO KaX/blil NPOCTOH MHOXKUTeIb (PUTYPUPYET JULIL B Pa3Jo-
JKEHHHM OJHOTO M3 uHucesa. Uucna IONapHO B3aMMHO IIPOCTbie HMEIOT
CBOHCTBA, CpPAaBHUMBIE CO CBOMCTBAMH NPOCTEIX uKcesn. Hanpumep:
Umobet 4ucao 66140 KpAMHLIM RPOU3BE0EHUD NONAPHO 63QUMHO NPOCHIbIX
comMHoocumeneti, Heobxolumo u 0ocmamouno, 4mobol OHO 6bla0 KPAMHO
KaocOomMy U3 COMHONCUMEALH.

(Dro, oueBHAHO, HEOOXOAUMO H 3STO TaK¥Ke AOCTATOUHO, MO0 MHO-
KeCTBO KPAaTHBIX ecTh HJeasd, NOPOXKJAeHHBIH NpPOM3BeJeHHeM 3TUX
gicen Ge3 OOLIIUX TPOCTBIX MHOXKHTeJeH.)

Crenyrowee nmpepioKeHHe HENOCPEACTBEHHO BHITEKAeT H3 OCHOBHOM
TeopeMbl H OYeHb YAaCTO HCHOJIL3YeTcs:

Ecau uucao Oeaum npoussedenue O8Yx comuovcumeneli u 630UMHO
npocmo ¢ 00HUM U3 HUX, MO OHO OeAUMm BMOPOL COMHONCUMENb.
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MPHJIO)KEHHE OCHOBHONM TEOPEMbBI K CPABHEHMSIM
o NPOCTOMY MOAY/JIO

Teopema. Eciu d— npocmoe wuciao, mo uz a-b =0 (mod d) caedyem
a=0 (mod d), uau b=0 (mod d).

HeficTBUTeNBHO, C€Ka3aTh, HTO YHCJIO @ — B3aHMHO NpocTO ¢ d,
03HayaeT 3/eChb, UTO @ He KPaTHO YUCAY d, HO TOTAA HYKHO, 4TOOHl b
6BLI0  KpaTHO d.

Teopema, oGpaTHasi TeopeMe 2 O CpaBHEHHAX.

[m — B3aumuo mpocto ¢ d u ma = mb (mod d)]= la=0b (mod d)].

JeficTBUTETBHO, 3TO PAaBHOCHJBHO YTBEPXKAEHHIO, YTO €CIH YKo d
IemuT ma — mb = m (@ — b) ¥ B3aHMHO NPOCTO C M1, TO OHO JeJHT
a — b. Vnaue ToBOpSI, MOKCHO pa3deaums 00Q 4AeHA CPABHEHUA HA HUCAO
83QUMHO npocmoe ¢ mo0yiem. B HACTHOCTH, eCnd MOAYJIb — IPOCTOe
YHCJO, TO JOCTAaTOUHO YOEMHThCS, YTO MBL He TeIUM Ha KPaTHOe MOLYJS:
MIO3TOMY MOJMCHO COKpAmMums 06a 4AeHQ CPABHEHUS NO NPOCIOMY MOOYAI0
HO YUCAO, HE CPABHUMOE C Hyaem no amomy modyato. Takum obpasom,
CPaBHEHHS 110 IIPOCTOMY MOAYJ/IIO UMEIOT Te 3Ke CBOMCTBA, Y4TO M PaBeH-
CTBa, N0 OTHOHIEHHIO K CJOKEHUIO, YMHOXKEHHIO H COKPAIIEHHIO JeJse-
HHEM (Je/IMTeJNb, pazyMeeTcsl, HOJIKEH NeluTh ofa ujeHa CpaBHEHHA).

5) Teopema. Bo mwuoscecmse yeavix wuces xasOoii udear [, nopo-
HCOCHHBIE N HUCAAMU Qq, Qo . . ., Oy, ABAAEMCA 2AABHBIM  UDEANOM.
HMHuaye roBopsi, MHOMKECTBO YHCEJ

P =x304+ X002+ ... +xn0n

COBNAjlaeT C MHOMXECTBOM KPaTHHIX HeKotoporo uucia. Ilpexge Bcero
Kaxkjoe M3 uices [ KPaTHO HauboablieMy o0LleMy JequTento d AaHHBIX
ghces, OTKYyJa CJaenyeT Br/oueuue J & D.

Ocraercs eme aoxkasaTh o0paTHOe BKJIOYeHHe. PaccMoTpuM 1ns
5TOTO CPeJH NOJOXKHTENbHEIX 3/1eMEeHTOB Hieana / HauMeHbIH OT/IHY-
HBIH OT HyJasl sjeMeHT j. [lycrts

j=Xa+Xea+ ...+ Xnan—

5TO HAaUMEHBUIMH TOJNOXKUTeJbHBIH 3JeMeHT HAeana J. OH Menblie,
ueM @, (MJIH B KpailHeM c/yyae paBeH UHCNIY 4;), KOTOPOE IPHHAIJICKHT
J, Tak 4TO MOMKHO BBINOJHHTL JeJ€HHe, U Mbl GyJieM HMETh:

a=jqta;, 0<a;<<j.
Ho
a=a—jq=(1—Xq) ay—Xpqa,— . . . — Xpgay

NPHHAMJIEXUT Hleaay J M MeHbIe 49eM j; [03TOMY @; He MOMKEeT GhTb
MOJIOXKHTENbHBIM, a 3HauuT, a4, = 0, CJeN0BaTeJbHO, | e€CTb AeJHTENDb
yhcaa a;. To Ke pacCyIeHHE NPHUMEHHMO K dg, . . ., Gy, TaK 4TO j
eCcTh OOLHH JeJHTeNb, 3HAUMT, JEJUTENb HaHOOJLIIEro OOLIero AeJH-
TeJd 4Hcen 4, dy, . . ., . HO MBI yKe BHIeNH, YTO d JeJUT BCe 3Jjie-
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MEHTHI {, 3HAYMT, B YAaCTHOCTH, ¥ 3JIeMeHT j, oTKyla noayvaercs j = d,
¢ TaKk Kak KpaTHble yuc/aa j npuHamiexar uueany J, TO UMeeM:

D=g.
W3 aByX B3aUMHO OOpaTHBIX BKJIOUEHHH BHITEKAeT
J=D.

SHauHT, udean, ROPONCOCHHOLE 1t HAMYPAAGHOIMU HUCIAMU, ABAACMCA
2aa6HbIM  UOEANOM, NOPOXCOeHHBIM HAUbOAee 00WUM OeAumenem Imux
qucea.

3aKaHuHMBas, 3aMeTHM, YTO MBl elle pa3s KCIOJb30BAIH CBOHCTBO
TOJIHOH YTOPSAOYEHHOCTH MHOMKECTBa HATYpasbHBIX Yucesa H TOT (akrT,
YTO TOUHAA HUXKHAA TI'PaHb OTPAHHUYEHHOrO CHH3Y MHOXKECTBA ULeNBIX
YNUCeNl TPUHANIEIKUT 3TOMY MHOMXKECTBY.

D1H cBOUCTBA MBI He BCTPeTHM GOJIbIIE B KOJbLle MHOTOWIEHOB. Bee
sKe HEeKOTOpPble U3 CBOACTB, KOTOPHIE Mbl TOJIBKO YTO JOKA3aJu, OCTaHYT-
¢l B cunie. Bor noueMy 6bl10 GBI XOpOINO BHOBb NOBTOPHTbL PaccMoT-
peHHe 5THX BONPOCOB, HO Yike B Takol ¢opme, Kotopas 6blia Obl mpH-
MeHHMa K MHOTOWIeHaM. JTo ABHTCSH colep:xkaHueM § 6.

§ 4. M3yueHHe npocCThiX yucen

IlpocTeie uncna, cnyxamue AAS o6pa3’OBaHUs BCEX YHced, ABAAOT-
Cfl 110 caMOMYy HX ONPeJie/IeHHIO 3JIEMEHTaMH, OCTAIOIIUMHUCA B HATYpaJlb-
HOM psjle, €CJH yOpPaTh M3 HEro 4Mucia ¢ COOCTBEHHBIMH J€JIHTEeNSIMU.
DT0 onpejeneHNe HEKOTOPbIM 06pasoM OTPHLATENIBHO, OTKYIA BO3HH-
KaeT nojo3peHHe 00 OTCYTCTBHH €JUHOTO MeTOZa A/ OOHapyXeHHSA
CBOMNCTB NpPOCTBIX YHces, u00 MBI CKOpee 3HaeM, YeM He SABJSIOTCS 3TH
uycaa, yeM TO, 4eM OHH fABASIOTCS. EXMHCTBEHHBIH MeTOX, NPHHATLIA
Mg MX HM3yueHHd,— 3TO MeTod peweTa IJdpaTtochena.

PaccmoTpum 6GeCkOHEUHBIH HaTypadbHBIH P

1,2, ...,n, n41, ...

Hucno 1 Boofmie me paccMarpyBaercsl, Kak HPOCTOe. 2 — MPOCTOe
TUCT0, 3TO €IMHCTBEHHOE UeTHOe NpocToe uucao. Mpr ero coxpassem
¥ «3ayepKUBaeM» €ro KpaTHble, CJENYIOMHe 32 HUM, depe3 Kaible ABa
HHTepBaja.

3 — mpoctoe yucno. Mer ero coxpaHsieM M 3auepKHUBaeM €ro kpar-
Hble, cJAeAYIOIIHe 3a HHMM uepe3 Kax[ble TpPU HHTepBaJa.

4 — yKe 3aYePKHYTO, KaK KPaTHoe YHCaa 2, 3HAa4YuT, 3aUePKHYTH
W BCe KpaTHBiE YHcaa 4. DTO BABOAMT HAa MBHICAb: OoCmamodno 304epKu-
8aMb KPAMHbE NPOCIbIX HUCEN.

Uncso b ellle He 3aYepKHYTO, 3HAYUT, OHO TPOCTOE, B MPOTHBHOM
clyyae OHO OblI0 Obl BHIUEPKHYTO NPH PacCMOTPEHHH OJHOTO H3 €ero
JesuTesiell, OTKyla BTOpOE 3aMeUaHMe: Nepeoe He3auepKHymoe Hucio,
caedyroujee 30 NOCACOHUM DOCCMOMPEHHbIM NPOCMbIM HUCAOM, COMO
npocmoe. 3ateM HAeT 4uciI0 6, BBIUEPKHYTOe, KakK KpaTHOe uucea 2
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U 3, 3aTeM UYMCJIO 7, He BEIYEDKHYTOE, 3HAUMT, pocToe. MBI ero coxpa-
HSIEM M BBIYEDKHBaEM ero KpaTHble, CJeRVIOUIHe 3d HHM yepe3 KaxkK-
nele 7 uHTepBasoB. Ho nepBrie KpaTHbIE YKe BIYEPKHYTHI, H HaM JOCTa-
TOYHO HAYaTh OTCYMTHIBATHL N0 7 4Mces, HaudHass ¢ 72 = 49. Takum
00pasoM, npi pacCMomperuu NPOCHIO20 HUCAQ P NEPBLIM NOOAEHCALUM
3A4ePKUBAHUIO HUCAOM SABASIEMCA KBAOPAM DACCMOMPUBAEMO20 HUCAL,
mo ecms pi.

[Tocne umena 7 upyr uucna 8, 9, 10, yxke 3auepKHYTHE, 3aTeM
He3auepKHyToe YHueqo «11v», gBisiomeecs npocTHM U IIPHBOASANIEe K 3a-
YepKHBaHHMIO yuces, HauuHas ¢ 112 = 121. Tagum o6paszom, ecau Ham
HYXeH NepeyeHb NPOCTHIX Yuces, MeHbIIUX yeM 120, To pa6ora 3aKoH-
YyeHa: BCce COXpaHHBIIHecs (He 3aUepKHYThbIE) YHCJA COCTABJISIOT UCKO-
Mble IPOCThIE Yhca. PopMyJIHpyeM PABHJIO: 4mobsl NoAYLUms mabiuyy
npocmeix wucer, memouiux wucaa N, Oocmamouto npodoascames onepa-
Huto Npoceusanus 00 pacCMompenus NPoCcmoeo YUcia, Keadpam Komopoeo
npesocxodum 4ucio N,

2) MuoxectBo npoctox uucesa Kax Os Benuko
HH OBbLIO YHC/I0 NV, IepedeHb MPOCTHIX YHCeJ, MEHbIIHX YHcaa N, KoTo-
pbIif MBI TOMBKO YTO MOJYYHJIH, He HCUEPIbIBAeT MHOXECTBA IPOCTBIX
uhces. B camom Zesie, Ha KaXK[OM 3Tale 3auepKUBAMHCh YHCNAD KaxkJoe
2, Kaxnoe 3 u T. A., 3HAUUT, YHCJO, KOTOPOE HEIOCPEICTBEHHO Mpex-
LIecTByeT 9ucay, 3a4epPKHYTOMY H2 BceX pacCMOTpPeHHBIX 3Tanax,
H YHCJO, KOTOPOe HENOCPEACTBEHHO CJEAYET 3a TAKUM UHCJIOM, HaBep-
HOe, He OKasaJMCh 3aYepKHYTHIMH. TakuM o6pazoM, uucaa

(2Xx3Xxbx...xp) *£1,

rie p -— HauGojblliee TNIPOCTOEe YHCJIO, MeHblliee uncaa N, TO ecTb
MOCJeIHHE U3 PACCMOTPEHHBIX NPOCTHIX YHCeN, He 3a4epKHYThl. Kaxznoe
U3 JBYX NOJYYeHHBIX YHceJ ropasio 6oJblie uncaa p. JIubo 5T uucaa
NpOCThie, JIH60 OHH He HpPOCThlE, TMPUYEM B MOCJHEIHEM Caydae OHH
6ol Obl BHIYEPKHYTHI, ecIH Obl Onepanusl npocenBanust Gplia IpPOROJ-
JKeHa J0 MOJYYeHHS elle He HCNOJb30BAHHOIO A0 CHX MHOpP IIPOCTOrO
4Hcja, 6oapwero yeM p. Kak 6bl HH OBbLIO, 3TO JOKA3bIBAe€T CYLIECTBO-
BaHHe 110 MeHbILed Mepe ONHOTO NMPOCTOro YHcaa (M Jaxe IBYX!), mpe-
BOCXoAsmero yue1o N, Kak O6ul Hu ObIO Bejuko N. ITO 03HAUAET, uTO
CYLIECTBYET OECKOHEHHOE MHOMCECMBO NPOCMbLX YlceA. DTOT Pe3yJbTar
H3BeCTEH ¢ JAPeBHUX BpeMeH (DpatocdeH, oxoso 200 r. go H. 3. loka-
3aTeJbCTBO HaHO B «Hawamax» EBKaupma). YxasasHbIl pesy/ibTaT
NIPHBOAMT, €CTECTBEHHO, K BOOPOCAM, KaKHM 3aKOHOMEDHOCTSIM NOLYH-
HSETCST MOC/IEAOBATENIbHOCTL NPOCTHIX UHces, Kakue GOpMyJabl MOTYT
JlaTh, €CJIH He Bce NPOCThie Yhcaa, TO, N0 KpaliHeH Mepe, TOJAbKO HEKO-
TOpBIE NPOCTHIE YHCaAa. OAHAKO TH NPOGJaeMbl O CHX NOP HE PElIeHbI.
OnBMM M3 BaXHBIX Pe3yJbTATOB, MOJYYEHHLIX B 3TOM HAaNpaBJeHHH,
sipjisiercss TeopeMa Jlexxen — JupuxJse: B JmoGoit  apupMeTHUECKOR
NIPOTPECCHH, Y KOTOPOH MNepBHIH YjeH W Pa3sHOCTh B3aHMHO IIPOCTHI,
CyuiecTByeT GeCKOHeYHOe MHOXKEeCTBO HPOCTHIX wHced. QueHb Jaleko
OpONO/IKEHHbe Tabauupl (HECKOJIBKO MIJIJIMOHOB NPOCTHIX uHceda!)
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O6HapyKUBAIOT CYUIECTBOBAaHHE Iap IOC/JeJ0OBATEJbHBIX HEYETHBIX
npocTelX uMces (Kak, Hanpumep, 881 m 883); Takue dncja Ha3LIBAIOT
«IPOCTBIMH  YHCAaMH-Gan3Henamu». ViMeercsi nH GecKOHEYHOE YHCIO
Takux nap? F3BecTHO JHIUL HECKOJBKO NPeJJIOKEHHH ClelyIouero
tina: CymecTsyer GeCKOHeUHOe MHOXKeCTBO map uucel n, n - 2,
UMEIOIIMX KaxkJIoe MeHblle ueM 9 nmpocThix MHOXKHTeNel (Buro Bpyn*).
OH ke I0Ka3aJ1, 4TO, KaKOBO 6bl HH GbLI0 1, MeXkAy uncaamunun + )/ n
CYLIECTBYIOT YHCJa, HMelole MeHblle uyeM 11 IpPOCTBIX MHOXKUTeNeH.
CoBceM Ipyrue mo XyXy MeTOABI, HCIOJIBL3YIOIIHe aHalMH3 GeCKOHEeYHO
MaJIblX, TO3BOJGIOT NOJOHTH MO HHOMY K 3ajaue O OJH3HENAax, OCTaro-
mielicss ONHON M3 CaMblX 3arajlOuHbIX 3ala¥, [OCTABJIEHHEIX JeMeHTap-
HOH MaTeMaTHKOH HccJefoBatelsM.

§ 5. Hymepayus

Hayuennoie cBOHCTBA HATYpaJbHBIX YHCEJA IO3BOJSAIOT NOCTPOUTH
CHCTEMY YCJHOBHH, 6Jarcfaps KOTOPHIM MOMXKHO 3alucaTh H HasBaThb
JI060e OIlpefesieHHOe HAaTYpaJbHOe YHCIO, Kak Gbl BEJHKO OHO HU GBLIO.

1. NMO3KUKOHHKDBIK NpUHUKAN HyMepauuHu

Ilycte  a — Hexkotopoe HarypadbHOE uuCNO, BHIGPAHHOE pas
HABCErJa W HA3LIBAIOLIEECS OCHOBAMUEM CHCTEMBl CUHC/EHHs: a 3> 2.

Teopema. JI060e HamMypaibHOE HUCAO MONCHO 3ANUCAMS U NPUIIOM
eduncmeenubin o6pasom 6 gopme

N=x,a"+xp_1a" 4 ... +xpa"+ ... +x,0 -+ x,
20e HuUCAQ Xy — yeble Heompuyamensrvle, Yo08AEMEOPSIOM HepaseH-
cmeam:

OLxp<a—1.
Jlns 1oKasaTesbcTBa NOJIaraeM, B IIPEATONOMEHHH, UTO HCKOMOE
BHIPAXKEHHE CYIIeCTBYeET
Ry =xpa" 4 xp40" 14 . . .+ x10+ %o,

N —Rp=x,0" + Xp-10" 1+ . . . X540 = Qpa’ L.
Qx 1 R, — 5TO uacTHOE M OCTaTOK OT jeJeHus uuciaa N Ha o+, Tak
KaK HMeeM:

Rr<la—a*+(a—a* 4. +(a—1)a+(a—1)=a""1—1.

Tenepb noc/aefoBaTesIbHO OIpefesgeM KO3DGULUHEHTH Xj, HAYHHAA
¢ k = n ¥ yMeHbLIas BCe BpeMsi HHJEKCH: BHauase OepeM B KauecTBe Xn
qacTHOe OT JeJieHus yucna N Ha a®; najee 3a x,4 -+ x,_; 6epeM uacTHOe
oT Jenenusi yucyia N Ha @™, 3aTeM 3a x,0% + Xp1Q + X,-p OepeM
yacTHOe OT JeJjenus uucaa N ma a2 u T. 1.

Mur nonyuaeM 5THM nNyTeM eIMHCTBEHHOe BO3MOXKHOe pelleHHe
3aKiauM, eCJId OHa MMeeT XOTs 6bl OQHO pelueHne. Ho BBeleHHBIE TaKUM

* Viiggo Brun, Oslo, 1920,
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o0pasoM uHcaa x, 6yAyT MeHblle UHcIa @, €CIH YuCI0 n GbUIO onpe-
JeJIeHO HepaBeHCTBOM

a® <N <<a™1,

JleficTBUTENIBHO, €CIH OAHO U3 HeJeHHH TakoBO N = Quaf*l + R,,
TO cJepyioliee JeNeHHe 1aeT

N =(Qua-+x3)a* + Ry,
OTKyJa

Ry =xpa" - Ry_; << a**l, Tak uto xx<<a.

Haxonen, nocsefxee fejieHne Ha @ AaeT Xy U JOKa3biBaeT, YTO NOJyUeH-
HOe BBIpaxKeHWe TOAWTCS IS NpeAcTaBleHHs yucna N.

Taxum 06pa3oM, CYIIECTBYET 63QUMHO OOHO3HAUHOE COOMEEmCmsue
Mmencdy uucaamu N, ydosremsopswouwiumu Hepasencmey a™ <IN < a’™+t,
u KoHetHoimu nociedosamesvHocmamu uz n + 1 uucen x;, 0<x; << a.

Mpr GyzaeM nucaTh, HajuepKuBasi, YToObl He CMellaTh ¢ NPOU3Be-
JIeHueM

N=xpXn_y ... X ... X%,

SamMeuanne. Mo Takke MONIH Gl ONpelesuTh CHAYAAA X,
OCTAaTOK OT jeseHusi uncsaa N Ha a, 3arteM x;aq -~ Xo, OCTATOK OT JieJie-
s uncaa N Ha a® U Tak Jajiee, yBeJHuyuBas BCe BPeMSI HHJIEKCHI.

YcaorpHbHe 0GO3HAaAUeHHUSI. BboGUPAIOT CHMBOJH st
yuces, MEHBINMX YHCAa @, BRJIoouas (O, 3THX CHMBOJIOB JOCTATOUHO,
qTOGL HankcaTh 4MCIa Xp, 3HauuT, H uucao N. OHHM HasbBawTCs
yugppanu. (Tlpu UX HCHOJAB30BAHUH yiKe He NPUBEraoT K HajiuepKuBa-
nuo.) Ha npakruke noassylores uugpamu 0, 1, 2, 3, 4, 5,6, 7,8, 9,
TaX KaK 34 OCHOBAaHHE IPUHSATO JNECHTh.

1l. NpakTHvecHHe npaBuna onepayni

Uncesao, 3anucaHHOe B CHCTEME CYHCJIEHHS 0 OCHOBAHHIO @, €CTh
MuorouseH ot a. [IpaBuja onepanuit 6114 6B, CI€A0BATENBHO, TAKHMH
}Ke, KaK JJd MHOTOWIEHOB, eciu Obl YCJAOBMeE, HAJNOXKeHHOe Ha Ko3ddu-
[UEHTHl, OBbIThb MOJOXKHUTEIbHBIMH H MEHBIINMH @ He 0043bIBAJO K CJje-
NYIOUM TepeHocaM: BeIpaxeHHe (@ D) @™ HYXKHO 3anucHBaTh Tak:
a™l + ba", ecsiu 0 <<b << a.

: Msl TIpUMEM @ pPaBHBIM JECATH.

1) Cnoxenue Hcnoaesylor rabanuy, Hanucanuywo 1o 9 -+ 9.
OTMeTUM, YTO TIPH CJAOMEHHH ABYX UHCeN, KaK Obl BeJHKH OHH HH GBIIH,
YHCJI0, VAEPKAHHOE B YMe (ToJ/1ekKalllee NEPEeHoCy), He MOXKeT I1PeBOCX0-
auth 1 (u60 9 + 9 = 18, uTO BMecTe C yAEPIKAHHOH paHee B yMe ¢IH-
Hune#t naer jaumb 19). Ecau cknaneiBath, uHampumep, 10 umcen, To
4HC/10, YAEp:KaHHOe B yMe, He MoxKeT mpeBocxoauTs 9 (u6o 9 X 10 =
= 90, uTo BMecTe ¢ yIep:KaHHLIM paxee B yMe 4UCIAOM 9 naer muis 99).

BuLiuuciieHHsT OCTalOTCsl, C/lefoBaTesNbHO, JAOCTATOYHO IPOCTHIMH,
TAK YTO MOMKHO MMCATh HENOCPeACTBEHHO MOC/eN0BaTeIbHble NHPPLI
pesyJsibTarta 0e3 3alHCH IPOMeXYTOUHLIX BrluncaeHn. Ho npu 607buioMm
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ypclie CKJaAbIBaeMblX YHCeN NPeIIOYTHTENBHO BBIUHCJAHTH CHagaja
YaCTHUHBIE CYMMBI, HCIOJb3ySl ACCONHATHBHOCTD.

2) Bolunrtasnue Mo BoluHTaeM KaxkIblfi wieH CyMMbl, o6pa-
3ylome#i BTOpOe 4HCJO, U3 MOJOOHOTO €My 4JjeHa MHOTod4JeHa, o6pa-
syromero nepsoe 4ncyao. Ho a1 usbexanus oTpuuare]bHBIX K03dhu-
LMEHTOB Mbl IPUGABJsEM, eC/IH 3TO HYKHO, OJHY H TY ¥}e CTelleHb OCHO-
BaHHA @ K OOOHM YHCJaM; eC/IHM HMEeT MeCTO Xp << Ui, TO 3aMeHSIOT
(xx@* — yza") chaenyomuM BhIpaXKEHHEM:

(@ xp) a* — yra® — o+,

Henas Tax, roBopAT, UTO 3aHAMAIOT 1, KOTAa HAXOAAT (@ + Xz) — Y,
yTOOBI TepeHecTd Ty | U NONYUHTD Yreq + 1.

$1cHO, UTO NMpH BHIYHTAHWH 3aHUMAaeMble UHC/Ia HE MOTYT peB30iiTH 1.
Ho ckasath, uto umcao N 1peBOCXOAUT uyucA0 N’, paBHOCHJBHO
yTBEPKAEHHUIO, uTO Bhiyutanue N — N’ Bo3MoxkHO. OTCl0fa BBIBOAUTCS
celyiolee NPAaBUJO.

IlpaBuio pacno3naBaHus GOAbHIEr0 H3 JBYX 4HCeJ.

Uucno N Gonbine uncia N’ u6o, Koraa oHO HMeeT Gosblie uudp,
gyeM N’, nu6o, ec/im HMeeT TO ke YUCJ/Io [udp H nepBas HeCOBMAAAOIIAN
nudpa, cuutas ciepa, 6onblie B uuciae N, gem B upcie N'. 310 o4yeHb
BaXKHOE NPaBWJIO MOXKHO, pasyMeeTcsl, JOKa3aTh HENOCPEICTBEHHO,
HCXONA M3 3HAYeHMS TPYNMbl WIEHOB MHOTOWIeHa, 0603HayeHHOH
Qpat*i.

3) Y MHO3XeHHe. Mol HcnosbayeM NpaBHIO YMHOMKEHUS CYMMEI
Ha cyMMy, Jesasi HeOOXOAUMble TIepeHoCkl. B OOLUHON NpakTHKe NUINYT
YaCTHYHbIE CYMMBbl, COOTBETCTBYIOLHE YMHOMKEHHIO MHOKHUMOIO Ha Kax-
Iyio mudpy MHOXKUTENS, YTO TpeGyeT HCHOJB30BAHHA TaGHHIB YMHO-
Henus 10 9 X 9 U NPHUBOAUT K YAEPKAHUIO B YMe, HE HPEBOCXOASIEMY
ypcio 8, YTO BEIMOMHSIOT OXHOBPEMEHHO C COOGCTBEHHO YMHOMXKEHHEM
6e3 Kakoi-H60 HONONHUTEJBHOH 3alHCH.

J1s OKOHYaTeNBHOTO CJIOKEHHSI, COTJIaCHO 3aMeuyaHuio, clesaH-
HOMY 00 yJep:KHMBaeMblX B YMe UHCJAX NPH OKOHUATEJHHOM CJIOKEHHH,
Mbl 3aHHTEPECOBAHBI B TOM, YTOGH CKJAaNbIBaThb KaK MOXKHO MEHBIIEe
ypceJ, MO3TOMY B KauecTBe MHOXHTeNS CJelyeT B3aTh TO H3 [BYX
gHCeJ, KOTOpOoe MMeeT MeHbllle OTJIMYHBIX OT HyJasd Hudp.

4)y Jl e e H U e. Ml yKe OTMETHJIH, YTO CYLIHOCTb METOJA CEOLUTCA
K BBINOJHEHHIO YACTHUYHBIX JeJNEHHH, KOTOPHIE MBI IPOJOJKAEM, IpH-
HUMasl KaxXk[Ibli BpeMeHHBI#l OCTATOK 3a AeJUMOoe, UTOObl HAHTH HOBBIH
yJeH 9acTHOro. Ha mpaxrTike YacTHOe BBLIUHCAfAETCH NOC/E10BaTe/b-
HBIM HaXOXJIEHHEM ero mudp, TO €CThb HCIOJNB30BAHHEM YacTHUHBIX
yacTHBIX (opM ¢,107, g, < 9.

Ipexne Bcero, nenenns Ha 10P, ocyiecTBAseMble COIVIACHO OCHOB=
HOfi TeopeMe O HyMepaluy HeMeJIeHHO, YKa3hBaloT HauboJblllee NpHeM-
JIeMOe 3HaueHHe JJIS 7, TO ecThb UHCJAO0 mudp YacTHOTO.

TakuM o6pasoM, TaK KakK 4YacTHOe HMeeT (GopMy

Gna" 4 Gn42™ 4 . .. 4 g1+ o,
rAe n u3Becre”H, TO Mbl HOIEM npexme BCEro ¢n.
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[Mpo6Gamu, ucneITHIBasi B KayecTBe MHOxHTedell mudps or 1 10 9,
[osy4yaoT HauboJblllee UYHCIO BHAA ¢,4", INPOH3BEIEHHE KOTOPOTO
Ha JieJIHTe]b MOKHO ellle BEYecTb H3 Jenumoro. [locse sToro BRIYHCASAIOT
pasHOCTb MeXIy NeJHMbIM H 3THM INpOH3BeJleHHEeM, H 5Ta YacTHYHas
pa3HocTh OepeTcsi KaK HOBOE JeNHMOe VISl PasbiCKaHUA LHUMPH ¢n—,
0T L ' :

Meron Tpebyer yMeHHsI BBIUHMC/ASTb NPOU3BEJEeHHA JIOOOTO UYHCHA
Ha ogHosnauHoe. KpoMe TOro, BHINOJHSIOT OIHOBPEMEHHO YMHOMKEHHS
M BLIYHTAHMS, YTO MOXKET [IPHBECTH K YJEPKaHUAM B yMe, He [IPEBOCXO-
qamuM uneao 9 (9x 9 = 81, 81 poumraro w3 90: yaepxkusawo 9,
81 +9 =90 uT. 1.). Y3BecTHO, YTO B YACTHUHBIX YACTHEIX HE MHLIYTCS
GecrosiesHble HYJH, 4TO OUGPE! [E/NHMMOr0 CHOCSTCA OJHA 3a ApPYrof
10 Mepe HeOOXOIHMOCTH H YTO HCILITAHHS COKPALIAIOTCS, eC/IH IPeaBH-
JeThb yIepKaHUS B yMe, KOTODHE BOSHHKHYT NPH YMHOMEHHSX.

3 ameuaHHue. B nocnenosarenbHbIX JeAeHHAX HPH NPAMEHEHHH
aaroputMa EBKJAHZA NS pasbiCKaHHsA OO6IIero HaHGOJBINErO IeTHTeNs
(OHJ1) mByx uncen (cM. Jasee § 6) Kaxnblit OCTAaTOK CTAHOBHTCS B CBOIO
ouepeib JenuteneM. [lostoMy oCTaBAsSIOT MecTo IJIsT 3aONHUCH 3THX
OCTaTKOB, pacnoJarasi BbIUHCJeHHS oO6lieynoTpeCuTe bHEIM (IO Kpai-
Heil Mepe Bo ®panmuu!) crioco6oM, TO e€CTh 3anuchiBasl HacTHble Had
COOTBETCTBYIOMUMH JIEJUTE/ISIMH; OCTaBJEHHOE CBOOOJHOE MeCTO TMOZ
HeJUTENAMH CJAYRKHUT JJIsl 3a0HCH IIOCTELYIOMHX OCTATKOB.

[Ipuwmep: 1734 u 78.

OHJ paBen 6.
22 ‘ 4 ’ 3
1734’ 78 ’ 18 | 6
174 | 6 [ 0
|

18}

5) Ua3BaeueHHe KBajgpaTHOTO KopHSA Ilpakru-
yecKoe ITPABUJIO U3BJeYeHHS KBaJPaTHOTO KOPHS 3HAUHTENbHO OTJIH-
yaeTcs OT mpaBuJa feieHusi. Eciau naxno unciao N, TO HILYT HaTypasb-
HOe YMCJIO U, OmpejieJleHHOe HepaBeHCTBOM

WN<<(u+1)2
H 1[0Jaraimor
N—ut=r.
ATO MOMKHO BHIPA3HTb TakK *:
N=u+r OLr<2u).

* JleficTBUTENbHO, U3 MNPHBEJEHHOTO BHINE HEPABEHCTBA NOJAYUaeMi

u Cuttr<<ut4-2u +1,

0Lr<2u41,
4TO pPABHOCHJALHO HEpPABEHCTBY, 3aKJAIOYEHHOMY B CKOOKH.— [Ipum. ped.

TO €CThb
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Kak B cnyuae nesiennsi, NpHIETCS PacCMOTPETb CHayasla YacTHUHYIO ofle-
PAIMIO; MBI HCTIOJIB3YeM YHCJIO U4y, TAKOe, YTOGH! 4 GbI/I0 MeHblie yncia N
M Mbl BEIYHCJIHM DPeIBapUTENbHBIH OCTATOK:

N—uf=r1.

Ecnn Gynmer ri = 2u, To onepauus JomKHA OBITh NPOAOJIKEHA,
OIHAKO TO, YTO HYXKHO CIeJNaTb Telepb, He HOCHUT TOTO Ke XapakTepa,
Kak nepsas onepauus. Peub ujer He o6 o6pasoBaHuH KBajpara, a 06
YBeAuHeHU L NepeoHauaAbHoc0  Keadpama. Mol u
HIeM YHCJAO Uy, TaKoe, YTo0bl YHCAO § = ’

v,
= 2uyv, + v? colepiajnoch B ocratke ry. HoBeM §

BPEMEHHBIM KBaJpPaTHHIM KOPHeM OyJeT YHCJIO \
Uy = uy + Uy, @ HOBBIM BPEMEHHBIM OCTaTKoM Y s
Oyner uucao

ro=r;—(2u0, 4 v}) = N—(uy + vy)*

[Tocse 3roro HauMHAIOT CHOBA TO XK€, 3AMEHHUB '
r{ Ha ry W Uy Ha u,. Cleiywolliee 3aMeyaHHe
YOpPOIIaeT BBbIYHC/IEHHE: IOCKOJBKY YHCJIO U4
MaJio 1o cpaBHeHmo C 4YHMCJIOM U4, TO HeGOJb-
IIMM KBajZpaToM ¢} MOXKHO BpeMEHHO IpeHeGpeub; TOTAA ry ~~ 2uwj
VKasblBAaeT Ha TO, YTO U; €CTh YACTHOe OT NeJIeHUf Yucaa r; Ha 2uy.
PHCKYIOT JHIIb NOJAYYUTh TAKUM 06Pa3oM CJIHIUIKOM GOJIbILOE YHCIO Uy
[NO3TOMY ero HY:KHO HCIBITaTb, BHIYHC/SS BblpamKeHHe

ri—(2uqvs 4+ v)) =r{— oy (2u; 4 vy).

[IpakTuueckoe BhuuncJaeHHe Ecan uucio N pano
B JieCATHYHON (oOpMe, TO KBaJpaTHbll KOpeHb HIETCS B BHJE:

U=Xx,0"+ Xpn1a" 1 4 ...+ x,

(ocHOBaHHe @ PaBHO [eCcsiTH).
Torza ecTecTBEHHO HCKaTh MOCJIEA0BATENbHO 4HCTa

UepT. 26

Up=XpQ" U3 =Xn 40" Vs=Xp00"% ...
NpUYeM N ONpeJie/IeH0 YHCJIOM LUMp uyuciaa N, coriacHO HEPAaBEHCTBY
a2n< N < a2n+2.
[Ipn sTOM BHIpaXKeHHA BHIA
2040y = 2% Xp—1a®" 1 v, (2uy + vy) = (2xpa + Xn—y) Xn-1a?"2

BBIYHUCSIOTCA HEMENJIGHHO, TaK Kak x; ABJsoTcs mudpamy, a yMmuo-
XKeHHs Ha @’ BLIMOMHSIOTCA NPHIHCHIBAHHEM HYJeH Chpasa.

B neficTBHTe/NIbHOCTH 3alHCh COKDAIIAlOT, ONYyCKash HEHYKHBIE HYJIH
(kak B cayuae JeJIeHHs), H IIPOCTO CHOCST I'PAaHH, COCTOSIIIHE Kaxias
u3 ABYX nudp» (BMecTo TOro, YTOGH CHOCHTL HU(MPH MO OHOH, Kak

npu IIEJIEHHI/I) ﬂ06aBHM YTO IJISl BLINOJIHEHHS BBIYHUCJAEHUH, COCTOsI-
X W3 HECKOJbKHX onepalmﬁ, cpeld KOTOPBIX BCTPEUAKOTCA W H3BJIE-
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yeHHs KBaJpaTHBIX KOpHeH, HCHONb3YIOT YHCAOBble TaGaHIbLI HJH
MaTeMaTHYeCKHe HHCTPYMEHTHI (CueTHble JHHeHKH). OnHAaKO NpOBeleH-
HOe Bblille HCCJIeOBAHUE TOJE3HO B NPOCTHIX cJyvyasx. [ JiaBHBIH HHTe-
pec 3akJioyaJcs 3lecb B TOM, UTOOBI IIOKa3aTh, KaK [PH BHIUHCIEHHH
B JecsiTHUHOH CHCTeMe CHHCJIEHHS] HCIOAb3yeTcs crienuduKka TOH onepa-
[OHH, KOTOPYIO CJieJyeT BHINOJHHTD.

1. Npu3HaHKn AENUMOCTH

Tak Ha3bIBalOT npaBuJsa, JAIOLKE OCTATKH OT HeJIeHHE uHcsa, 3amH-
CAaHHOIO CHCTEMaTHUeCKH IO OCHOBAHHIO 4 (IJs1 Hac ¢ PaBHO IECSTH),
Ha JeJHUTeNIH, Tak¥ke 3amlHCaHHBlE B STOH CHCTeMe, NMpHUYeM YacTHbIE
Hac He HHTePeCyIT. Mbl HCIIOSIb3yeM H3BECTHBIE TEOPEMBI O CPABHEHHSAX
U JIeJTHMOCTH, KOTOpble He '3aBHUCAT OT CHUCTeMbl CUHCJIEHHS.

I) enuteas ecTh cTeNeHb OCHOBaHHA d=a"

[Iycte N — nanuoe umcsIO; MBI 3HaeM, YTO OCTATOK R, — 5TO WHCIO,
ofpasoBanHoe 1 nudpaMu yucsia N kpalinumu cnpaBa. Eciu penutens
d’ ecThb JesHTeNb 4Heaa a", TO W3

N = R, (mod a™)
cnenyer
N = R, (mod d’),

TaK UTO JIOCTaTOYHO AeJuTh R, Ha d'.

MMpumepu. a= 10, 10 = 2 x 5. Ocrartok oT JeJieHH 4YHC/IA
Ha 2 WJIM Ha 5 TOT XKe, UTO H OCTATOK OT jAeseHus nudpsl eAMHHI, YUc/a
Ha COOTBETCTBYIOLIME JeJIHTENb.

102=4 x 256=2x50=>5 x 20. Ocratok OT feJeHHs yucaa Ha 2,
4, 5, 25, B0 TOT Ke, YTO H OCTATOK OT JEJIEHHs Ha COOTBETCTBYIOLIH
IeNMUTeNb 4Yicaa, o6pasOoBaHHOTO IBYMS KpallHHMH chopaBa HUppaMH
3aJlaHHoro yucsa. [IpaBuJio MoOJe3HO TOJBKO AN JeleHus Ha 4 u 25,
160 Mbl HMeeM yiKe Jiyulllde TpaBusia Jis fejenus Ha 2, 5, 10, 20, 50,

2) d = a — 1w d — neautens yucna ¢ — 1 (naa a = 10d umeer
3HaueHue 9 wsM 3Hauyenue 3).

U3
= 1 (mod d)

foayvaercs *:

a* =1 (mod d),
OTKYJ1a ,
xpa® = xp, (mod d).
Cxyajpipasi TOWIEHHO 3TH CpPaBHEHWS, 3aMHCaHHBe IJ5 PasJHYHBIX
3HaueHHH R, NPUXONMM K BBIBOAY: 2f060€ HUCAO CPABKUMO NO MoOyso d
¢ cymmot csoux uyugp.

Ha npakTuke B mpoilecce BHIHCICHHSI CYMMbl nudp Kaxpuoe noy-
4eHHOEe UYHCJO, NPeBOCXOJslilee OCHOBAHHE CHCTEMbI CHMCJIEHHMsI, 3aMe-
HAIOT CYMMOH ero mudp u oTépachkiBaloT nHGpH, KpaTHble AeJHTeNIO d.

* HyxHO yMHOXUTh cpaBmenue a—1=0 (mod d) ma aht~l14-ah—24 ...
... 4 1.— Hpum. ped.
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3) Herumocmo Ha qucaa euda d = a™ — 1 u Ha Oeaurmeau maxux
qucea.

HyxHo pas36uth uucno N ua rpauu no n uudp *.

MMpumep. n=2.102— 1 = 99. MoxHo npu#ATh 3a d yucaa 99,
uan 11, unu smoboft ppyroét zenutens yuena 99.

ITyete N = 38 956. Ilnmewm:

3.10t= 3;
89-102 = 89,
3HAyHurT,
N =(3+89456)= 148 == 1 --48=149.

Takum o6pasoM, ocTatok oT nejenus uncaa N Ha 99 ectp 49, ocra-
TOK OT AeJeHHsd 3TOro uucia Ha 11 ectb 49 — 44 = 5,

Tak gak a® — 1 = (a + 1)(a — 1), 1o TakuM 06pasoM moJyyaercs
[paBUJIO JJIS NEJHMOCTH Ha a -+ 1, HO A/1s JeAMMOCTH Ha @ + 1 Ml
MOXKeM HalTH HeCKOJIbKO GoJiee MPOCTOE NPABHIIO CAELYIOMuM 06pasoM.

4) Henumocts Ha d=a--1. Hs

a=—1 (modd)
nonyuaercst **:
a* =41, ¢¥=—1,
R R+1 —
Xor0® = Xony Xon+1@%* T = —Xopyy-

3nauur, N cpaBHHMO *** ¢ UYHCJIOM, TOJYYEHHEIM BHIYHTAHHEM
CYMMBI 1P YeTHLIX PAHTOB U3 CYMMBI HH(D HEUETHBIX PaHTOB, CUHTasf
paHru crpasa.

O6Gmee 3aMeuaHue B nelicTBUTEIBLHOCTH TONBKO Cayuail
HYJIeBBIX OCTATKOB IMpeJCTaB/isieT NpakTHYeCKUH HHTepec IJs YIPO-
IIEHUS HEKOTOPBIX BLIUHCJAEHUH, B YACTHOCTH JJI1 COKpalleBHs JApobeil.
Bot nouemy MBI He H3yuaeMm, HampuMep, OCTATKH OT IeJieHHs Ha a +
+ 2 == 12, uro MOXkHO GbIO OBl cletaTh 6e3 TPyZa, HCXOAS M3 CpaB-
Herus 10 = —2. Ho u 6e3 310ro MBI MOXeM, HCHOMb3Ys DasJioxKeHHe
12 = 3 x4, npemBumeTh ycioBHe, 4TOOBI OCTATOK DABHAJCH HYA0,
4TO SIBJSETCS eIUHCTBEHHBIM NPAKTHUYECKH MOJEe3HBLIM CJyyaeM.

3amMeuanue Mo yBHIMM mOC]e H3ydeHHs ApoGeH, YTO HyMe-
panus uMeeT HCKJIOUUTeJIbHOE TeOpeTHUeCKoe 3HauyeHHue, He TOBOpS yiKe
O ee NMpaKTHYeCKOM 3HaueHHH, KOTOPOe TPYAHO NepeOleHHThb. «k1306pe-
TeHHe JeCATHYHOH CHCTEMbl CUHCJEHHSl SIBJSETCS, BO3MOXKHO, BaxkK-
HedmuM ¢akToM HcTopuu Hayku» (A. Jle Ger).

* CuuTass cmnpaBa HaJNeBo, TaK YTO NOCJHERHSI IpaHb MOXKET OKasaThbes
¢ MeHbINHM uuciaoMm uudp.— pum. nepesod.
** JoCTaTOYHO Y4ecTb passioxeHHS (Cp. NpejbAyllee)

a2 =(a2h—1h=(a+1) (a—1) (@2*—D 4 q2E=D 4 41);
a?h Ll =(a4-1) (@2 —a2h-1 4 . 4-1). — Ipus. ped.
*** Mo wmopymo a - 1.— Ilpum. nepesod.
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§ 6. Anroputm EBxnupa. [lpo6GHble BENIMYNHDI

I. AnroputM EBHNMla BO MHOHECTBE
HaTypanbHbiIX Hucen

BosBpatumca K naparpadaM 1 u 2, kacawomumcs jgeneHds. Mul
BBeleM ceHyac aJiIfOPUTM, TO ecTh cnoco0 AeHCTBHH, NPHJIOKHUMEBIH
KO BCeM MHOXECTBaM, B KOTOPBIX OIpeAe/eHO JeJeHHe C HAMmYypaibHbiM
HACMHBIM

a=bg-tr
H B KOTOPBIX OTHOLIEHHE MOPsIKa NMPHAAET CMBICJ HepaBeHCTBY 7 < b.

IIpuMeHAs 3TOT aJrOpPUTM K MHOMKECTBY HATYpajibHBIX YHCEJN, Mbl
IpHAEM K HOBBIM AOKasaresabCTBaM TeopeM u3 § 3.

[IpuMenssl ero K BeTHYHHAM, MEI CMOXEM BBECTH IPOCHBIE BeJHUH-
HEI, 4 TAKXKe OTHOIHeHHEe JBYX BeJUUHH OJHOTO U TOTO Xe pofa. B oaHo#t
U3 TMOCJAEeYIOIUX [J1aB Mbl NPHMEHHM 3TOT aJTOPHTM K MHOTOYJIEHAM
OT OJHOT0 HEH3BEeCTHOTO.

ANTOpUTM, O KOTOPOM HJET peub, COCTOHT B BBIMOJHEHHU NOCJENO-
BaTeJNbHEIX JeJeHHH € 3aMeHON Imaphl JenHMoe — JeduTenb HDapoH
neantenab — ocrtaTok. llosyuaioTcs paBeHcrBa:

a=bg+tr, r<b;
b=rq+ry, ry <t
r=rigs—+rs, ro <ty
Tt = nQnit ~+ Magas oy <fp.

Bonpoc cocToHT B TOM, YTOGBI y3HAaTb, OKOHUMTCSI JIH aJTOPHTM
Ha KakoM-1uGo stame. EnuHCTBeHHOE OGCTOSITENBCTBO, NPH KOTOPOM
OH MOXeT OKOHYHTHCA,— 3TO BO3HHKHOBEHHe HYJIeBOro oOCTaTKa.
Ecau rp,y = 0, To moclefHee Je/eHHe eCTb

I'p.a="pqps1-

B cayuae HaTypanabrHBX 4HuCeJ a ybuBawolas nocrue-
IOBaTeJIbHOCTh
b>r>rn>rn>...>m>...

HeOGXOMUMO SIBJSIETCS KOHEUHOH; 3HAYUT, NpOoUelypa OKOHUMUTCS, TaK
KaK BO3HUKHET HyJeBo# ocratok. IlycTh rp.; = 0. Mwl cocpenorounm
CBOe BHHMaHHE Ha MOCJEIHEM HEHYJEBOM OCTaTKe rp = d.

1) IMonublil nepeyens o6muX Jenautesed uynucen @ U b TOT ke, 4TO
4 obmux jenuteneit b u r, unn o6mWUX AeIUTeNell r U ry, 3HAYUT, IPO-
JoMXkast B TOM e JAyXe, TOT XKe, YTO OOLIUX HesduTesnedl 4Hcesd rp_y
U rp, a 3TOT NOCJeJHHH TNepeueHb COBMNAJaeT C MNepeyHeM JenuTeselt
gncia rp, = d. TakuM 06pasoM, nocae0nutl, OMaurbil om HYas OCIAMoK
8 aaeopumme Eexauda sasasemcs  obuum Hauboasluum Oeaumesem
qyces a v b, a ux obujue Oeaumenu SBASUONCS OeAUMENAMI MO0 HAU-
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6oavtiieeo obujeco Oesumers. (CokpaleHHoe oGO3HAYeHHe JJis o6IIero
HanGonbiero genutenss OHJI uian oux.)

Ecan ofuwmit HanGOJAbLIMH AesuTeJab yucesa @ H b ectb 1, TO oHHu
HA3LIBAKOTCS 63AUMHO RPOCIMbIMUL.

2) CpoiicrBa 00iero HauGoJabIIero XedUTeNs,

Tak kKak Mbl OpuXoiuM K d uepe3 IENOUYKY JIHHEHHHIX COOTHOIIE-
HUH, TO ecau YmHOJCUMb @ U b HA 0OHO U MO dice HAMYPAALHOE YUCAO ),
TOrZa BCe MOCJeIOBaTeJNbHbIE OCTATKH TaKmKe YMHOXKATCA HAa A, & 3Ha-
uyuT, U OOIWHi HauOCOJBIIUA JAeJHTeNb YMHOXKHTCA Ha TO Xe UHCJIO.
Ecau, HaoGopoT, pasfesuTh @ H b HAa OJUH M3 HX OOWUX IeJHTeNeH,
TO BCE OCTAaTKH, BKJOYas d, Takxke pasjessTcsl Ha 3TO uucao. B uact-
HOCTH, eCJH pasfAeJuThb ABa YHCJAA Ha HX OOHIMH HaWOOJBIIHH Jeqau-
TeJb, TO WX YaCTHblE OKaXkyTcsd B3aHMHO mpocThiMH. OTKyna BaKHOe
npeioKeHne: obwull Haubosbunil Oeaumens Osyx Hducea 6vi0essemcs
u3 npocmo obujux Oeaumenell AMux Luces CAeOYIOWUM XapaKmepucmuse-
CKUM CBOUICMBOM: HACTIHbE 0N 0eACHUS HA HE20 PACCMAMPUBAEMbIX HUCEA
83QUMHO  NPOCHIbL.

[Ipranoxenue OcHosHan Teopema. Ecau uucao Oeaum npous-
gedeHue 08Yx MHOXCUMeEAel t 63AUMHO NPOCMO C OOHUM U3 HUX, MO OHO
ABAAEMCA  OCAUMENEM BMOPO2O MHONCLUMENSL.

Hano: 1) d|ab —dlb
2) OHJ, (d, a)=1<>0H]] (db, ab)=b} =d[b,

notomy yro d, gens db u ab, penur u ux OHI, To ecth zeaut b.
CnenctBue 1. M3yueHnune o6 UHX KPAaTHHX YHCeE
amu b
[Iycte p = aa’ = bb’ — ofuee KpaTHOoe yncea a 4 b, a d — obuwmii
Haubospil nenutens uucea ¢ u b. Torna

a=da", b=db", OH/ (a"t")=1.
3aMeHsIs B BoIpakKeHUSAX YHCIA W, @ U b 10 3TUM hOpMYJIaM, MoaydaeM
p=da'a"=db'b", otkyna a’a’="b'b".

Ho a” B3aumuo npocto ¢ b”. 3uauut, a” peaur b’, TO eCTb

aq, b — a”l],
OTKyla BLIT€KaeT
a = bnq
H, 3HAYHT,
(= da”b”q.

OGpaTHO, KaIoe HHCIO W, YIOBJIETBOPsIOLIee TAKOMY DaBEeHCTBY,
rle ¢ — IPOM3BOJNIbLHOE HaTypa/jbHOE YHCJIO, €CThb OOllee KpaTHOe,
H6O 5TO PpaBEHCTBO IHILETCS

u=ab"g=>ba"g.

3uaunT, obujee HauMeHoliee Kpamuoe ecmo m = da"b” = ab” =
= ba", u obwue Kpamroie ABASIOMC KPAMHLIMI MOS0 HUCAA .
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Kpome Toro, Tak Kak 4acTHbIe OT HeJleHHsI mHa a 4 b paBubt a” u b”,
mo o0uwee Haumewvuiee KpamHoe OBYX HUCEA BbIOCASEMCA U3 NPOCHIO
obuUx KPAMHbIX CACOYIOUUM XAPAKMEPUCIUHECKUM CEOLICIBOM: YACMHbIE
om ez0 OeseHus Ha @ u b esaumro npocmet.

Cnepcreue 2, EJVMHCTBEHHOCTD PA3JOXEeHHUSA HA
NPOCTHE MHOMKHUTEJH.

Ecin npocmoe uucio fesUT NpOH3BEACHUE 08YX NpPOCIMbLX MHOXCUME-
Aeli U He PABHO HEKOTOPOMY H3 HUX, TO OHO C HUM B3aHMHO HpPOCTO
H, 3HAUUT, OHO DABHO BTOPOMY MHOXKHTEJIO.

@) [Tycts Tenepy pips... pp — NPOU3BEIEHHE 7 MPOCTHIX MHOXKHTE-
Jelf, KOTOpoe IpeinoJaraercsi KpaTHbIM HEKOTOPOTO IPOCTOrO YHCAA p.
Eciu p == py, 70 p | paps . . - Pn; €CIH p = Pa, TO OH JA&JIHT P3... Pn
H Tak Janee, COIVIACHO acCOLMATHBHOCTH YMHOMKeHHs. Hakonen,
ec/IM p He paBeH HH OFHOMY H3 NePBEHIX 7 — | MHOXKHTe/]eH, TO OH
¢ HeoGXONHMOCTBIO paBeH MOC/HeNHeMY. 3HAUHT, eCAU NPOCHIOe HUCAO
Oeaum npoussederue NPOCHBLX HucCes, MO OHO PABHO OOHOMY U3 HUX.

6) IlycTp Tenmepb cyliecTBYeT IBOSIKOE pasJfioxeHHe HATyDaJbHOTO
4HCJIA HA NpPOCThHIE MHOXKHTENH

Pip2 .o Pn=01qz2 « .. Gr.
Tak Kak p; ZequT 3TO 4HCIO, TO OHO QUTYPUPYET H BO BTOPOM UJ/ICHE,
YTO MO3BOJIMT CAeJaTh coKpamienune. TakuM o06pasoM COKpAILaiOT Ha
BCe NPOCThle MHOMKUTENH, H TAaK KaK 4YucjJo 1 He MOXeT paBHAThCS
HPOH3BEe/IEHHIO HATYPaJIbHBIX YHCEJ, OTJIHYHBIX OT eIHHHII, TO B KOHeY-
HOM cYeTe He OCTAHETCS] HH OJHOrO MHOXHTENA. 3HAYHT, Pa3joKeHHs
Obl/IN ONMHAKOBBIMH, TAK YTO €IMHCTBEHHOCTh JlOKa3aHa.

CnencrBust 3T0fi €XMHCTBEHHOCTH GBIH H3JIOKEHBl B IpPeABIAYIICH
ri1aBe, © Mbl K HHUM OGoJibllle He BO3BpallaeMcs.

3. Hayuenue mpeana /f mHoxecTBa umcea xa -+ yb, rme x u y —
OeJible YHCJAa NPOM3BOJBHBIX 3HAKOB.

a) AnroputM EBxnnga xaer peulenne ypashenus xa + yb = d,
rie d — o6uwuil HauGonbwKi JAeauTenb yucesa a u b. HeficTBUTEBHO,
ry T4y « .+ Ip_1, 'y MOXHO HCKJIOYMTb U3 paBeHCTB ajroputMa. Hauu-
HAWT C rp, = d, OTKyIa

d=(—qp)rpa+rpa HO rpq={(—Gp1)rp2+rpa
OTKy.a
d=Xp_orp_a-+Ypsrpss HO rpo=(—Gp_2)p3+ps
¢JIeI0BaTebHO,
d=xp_srp_3+ Ypi"p-ur

¥ TaK JaJjee, Tl X U § 3aBHCAT JIMIIb OT YaciHuX g;. [Ipofomxas, naxo-
JHM OKOHYAaTeJbHO
d = xoa+ yob *.

* B COOTBETCTBUH C NPHHATHMH 0603HAYeHHAMH clefoBano O Hanmcarthb
d = x_4b | y_sa, Tax YTO Xy M Yy — 3TO HOBHIe OOO3HAUEHHS IJAA Y_g H X.y.—
MIpum. peo.
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B uactHOCTH, ecan @ M b — B3aMMHO MpPOCTHl, TO AJTOPHTM Jaer
napy HeablX YHCeJ, MOJOXKHTENbHBIX HJIH OTDHIATENbHBIX, Xy, Yo
U TaKHX, 4TO

1 =xa+ yyb.

Takum ofpasoM, Kaxkuoe KpaTHoe uucia d uMeeT BHI xa - yb,
HO KaxJoe YHCJO 3TOro BHAA eCTh KpaTHOe 4Mcia d, MoToMy u4to d
Ineant a u b. CrefoBartenvHo, udean [f cognadaem ¢ MHOMCECMBOM Kpami-
Hoix qucsa d. DTa TeopeMa Gbl1a JokazaHa B § 3 nssg JoGoro wucia
yneHos a, b, ... o

B) Pemenue ypaBHeHHSA xa+yb=c B HeaB X
gucaax (MModaHtoBO ypaBHEeHue).

Mbl TONBKO YTO BHZEJH, UTO 3ajaya HMeeT pellleHHe JIHIIb B CJIy-
vae, KOrja ¢ KpaTHO oOiieMy HauGoJblleMy [eJuTesNo guced a4 u b.
CokpaTuM ypaBHeHHe Ha 3TO 4uciao d; noaydaercsa xa’ -+ yb = ¢',
rie a’ u b’ — B3auMuo npoctel. Aaroput™ EBkanja paer mapy Xo, Yo,
A kotopeix Xea' + Yob' = 1, orkyna

(Xoe') &'+ (Yoe') b’ =
ClefioBaTeIbHO, MBI HAIIH YacTHOE peLIeHue
Xo :XOC,, Yo= Y()C’

ypaBuenua xa’ -+ yb' = c'.

Passckanne of6uero pemeHHda. Mckaouum cBobon-
Hbie yjenbl ¥3 xa’ + yb' = ¢" U x,a" + yob' = ¢’.

[onyuaercsi: (x — xp) " = — (Y — yYo) b", The a" u b* — B3auMHO
npoctel. OTCIOAa Mbl BBHIBOAHMM, HCIOJB3Y OCHOBHYIO TEOpeMy,

Jhix—xg=kb, y—yo= —ka'.

O6parHo, KaKoBO 66 HU OBLJIO HHCHO £ (Uesoe), 5TH (GopMyJsl Aa0T,
OUEeBMIHO, peilleHHe; CJelOBaTeJbHO, OHHM JaloT ofllee pelleHue.

HeonpeQeaenroe ypagreHue umeent peuleHus moabko moeoa, Koeda
qucAo ¢ Kpamuo obujemy HauboAbwemy Oesumeno wuces a w b, oTH
peileHHs Hal0TcAd  (HOpMyJaaMHu:

x=X+kb; y=yo—ka’,

rie k — NMpOH3BOJIBHO LIEN0e YHCIO, X H Yy COCTABJSIOT YaCTHOE pellie-
HHe (HafiieHHOe, HampuMep C NOMOLIBIO anroputma EBkmauzpa), a’, b’
ABJAIOTCH YaCTHHIMH OT JeseHusl KoadpdunuentoB a u b #a ux OHJII.

3amMeyasie [nohaHTOBO ypapHEHHe MOXKHO 3allUCaTbh H TaK:
ax = ¢ (mod b). Ecmu Moaynb b — npoctoe 4HCJ0, TO NOAYHaeTcst
€[HHCTBEHHOE pelleHHe MO 3TOMY MoayJwo. B dactHocTH, ecad b —
OpOCTOe YHCJIO U g — JAaHHOe YHUCJO, OTJIHUHOE OT HYJS, TO CPABHEHHE
ax =1 (mod b) ¥WMeeT €LUHCTBEHHOE peEIUEHHE OTHOCHTEJNBHO X 1O
MOAYJIO b. 3TO 3HAUUT, YTO KOAbUO KAGCCO8 BLIMEIMO8 NO NPOCMOMY mMOAY-
Mo b asasemcs nosem. IT0 NMOJIE MMeeT KOHEUHOE YHCJIO b 3JEeMEHTOB.
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tl. Anroputm EBHNula BO MHOHEcTBe
BeNuUMH

OnpenenuM eBKJIHAOBO Je/IeHHE BO MHOXKECTBE JAHHOTO POZAA BeJH-
yyH. JIMmb YacTHele OYAYT YHCJIaMH, MPHTOM HATYPAJbHBIMH.

[Ipumep 1. JIniuna npsaMoauHefiHoro oTpeska. dusnueckasn
onepanus <«HPHCTABUTb HAYaJOM K KOHIY» OIDENEJseT CAOMCEHUE
IMuH G = Gy + G,, OTKYZA MOJIyUaeM YMHONEHUE OAUH HA HAMYpPais-
Hoe 1ucao. 3HaK = CHMBOJHYECKH 00603HAa4YaeT OTHOIIEHHE SKBHBAJIEHT-
HOCTH «HMeTb OJHY H TY XKe JJIHHY», YTO ONPeNeIsieTCs] ONBITHEIM TYTEM,
HajoxkeHueM. OTHOIIeHHe mnopsika «ObTh GOoJbllie, YeM» O3HAUaeT
3Jlech «ObITh AJIHHHEE, YeM»; 3TO OTHOIIEeHHe Beeobuiero nopsaaka G > Gy
onpefesnsieTcs ONLITOM, JAOIAM B TO Ke Bpemsi pasHocts G — Gy,
pe3yJbTaT onepanMH, O6paTHOH CJOXKeHHIo. DTa oOpaTHas Onepaunus
OPHBOJUT K BBeJEHHIO HYJEBOH BeJMHUMHBl (WJIH HYJAEBOH JJIHHB),
KOTOPYIO Mbl 0603HauuM uepe3 O. dusnKa yTBepKAaeT, UTO 5TH Onepa-
{HH HMeIOT CBOHCTBO OOBLIYHOH KOMMYTATHBHOCTH M aCCOUATHBHOCTH.

[Ipumep 2. Macca tena. IlpumeHenue BecOB JaeT cJIOBaph:

G = (@, o3HayaeT: o0a Tesa NPOU3BOIST C TOUKHU 3pPEHHS paBHOBe-
CH$Sl OUH U TOT XKe 3(PheKT Ha YalnKy BecOB.

G = Gy + G, o3Havaer: G OpOM3BOAUT HA YaImKy BECOB TOT Ke
s¢dexT, YTO H NOMelleHHble TyJa OJHOBPeMeHHO Teqa Gy u Gy, U T. A.

du3nyecKasi BeJJUUHHA ONpeessieTcst ONUCAHUEM MPONEAYPhl, TO3BO-
JISIIOIEH COCTABUTb HCKOMBIH CJI0OBaph, €CJH TOJBKO OGecreyeHsl Keae-
Mble CBOHCTBA, UTO AeJaeT U3 MHOxKecTBa (G BEJIHUHH 3TOTO pofia Mody4s ,
AMEIOLIMH B KayecTBE MHOMKECTBA OIIepaTOPOB KOJBIO LEeJBIX YHCeJ.
K runorese cyliecTBOBaHHSI OTHOLIEHHS BCeOOMIEro MOpPSAKA MBI IpH-
coeluHsEM ellle TunoTe3y: Muooecmso ydossemsopsaem axcuome Apxu-
meda. HanoMuHaeM, UTO COTJIACHO 3TOH akcHOMe, KakoBa Obl HH Oblia
JaHHass Beaumuuna G, MOCJeLOBaTeNbHOCTh KpaTHHX Gy, 2Gy, . . .,
n Gy, ... npes3ofifeT Gupu mobok Beanuure Gy. O1ciofa clenyeT, 4To,
KakoBa Obl HH 6bl71a 11apa BenuuuH G, Gy (G > Gy), 1as HEX onpefieIeHo
€BKJIHAOBO Je/eHHe:!

3¢, — natypansoe .0, <G < (¢:+1) Gy,

NPHYEM OCTaTOK paBeH:

G2 = G - qGiy
TaK YTO JeJeHHe ONpeje/seTcsl TAKKe YCJIOBHSMH
G=qG,+ G, G, < G,. (i)

Mpr 6yzeM nosbp3oBaThCcs TaKxkKe HepaBEeHCTBOM
. G, <G -Gy,
BLITEKAIOWMM U3 ¢y> |, OTKyAa
2G, <G. (i)
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Hauunas ¢ G u Gy, G > G;, MBI MOXeM, CTajo GblTb, OCYIIECTBHTh
aaroputM EBKIMIa M noJyyaem:

G=q,G,+ G
G, = Q2Gz + G,

L Y

. 00,6 .. > 0>
Gn = Qn+1Gn+1 + Gn+2

[TocnepoBatenvHoCTh OMepauuii 3aKOHUYMTCS JIHIIb TOTAA, KOTJAA
MOJYUHUTCS HYJEBOH OCTaTOK, €CNH TAKOH OCTaTOK KOrAa-iu6o moJay-
4yuTCcsl. OCTAHOBHM BRIMHMCJ/IEHHS, KOTJa MOSIBUTCA OCTaTOK Gp. Kaxk Mml
BHJEMH, B C/yuae HATypaJbHBIX YHCEJ CYLIeCTBYeT Napa LeJblX THCE,
MOJIOXKHTEJIbHBIX HJH OTpHLATeNbHBIX, Xp, Yp, TAKHX, HUTO:

xG + ypGy = Gp.
Ho naM Heo6XogMMO HEKOTOpPOE YTOUHEHHE; NO3TOMY BepHEMCSH
K BbluMCJeHHO. (Masnenbkue GYKBb OGO3HAYAIOT HAMYpPAAbHbIE 4UCAG.)
Gp= —qp_1Gp.1+ Gp_a.
Ho
Gp_1 = — Qp_sz_z + Gp_s,
nosToMy
Gp= +(9p-1Gp-2+1)Gpa—Gp_1Gp_3=Sp_Gp_2— Ip_3Gp_s.
Ho
Gp2= —qp-3Gp_s-+ Gp_ss
103TOMY
Gpo= —(Sp_oGp_3+1p-3) Gp_3s+5p s Gps= — Sp_sGp_s-+ tpiGpy
d Tak gaJjee, Tak 4To
Gp= Sp-szp—-zh — tp_zk_iGp-zh-iv
Gp = — Sp_zk_1Gp-zk_1 + fp_zh_sz_zk_2~
CaepoBaTesbHO, B 3aBHCHMOCTH OT YeTHOCTH WJIH HEUETHOCTH YHCaA P,

MBI [10JTy4aem
Gp=0a,G—0b,G;, wm Gp= —ayG-+b,G;.

Kpowme Toro, ecnu BeGpaTh NOc/e10BaTeIbHO HHAEKCH p BO3pacTaro-
UMM, TO COCTaB/IEHHBEE M3 HATypaJbHBIX YHCEJ CJOKEHHSIMH YHCJIa
ap M by sospacmarom u cmpemamca K GECKOHEHHOCTMU, KOTAa p CTpe-
MUTCA K OECKOHEYHOCTH, eC/IH TOJbKO He IOSIBUTCS HYJEBOH OCTaTOK.

C mpyro# CTOPOHBI, B CHJYy HepaBeHCTB THma (i’), moc/jenoBaTelib-
HOCTb OCTaTKOB YIOBJETBOPSET HepaBeHCTBaM:

G>2G,>2G,> ... >2"Gpp> ...,
Gi>263>22G5> . >2thk+1> « e .
171



[TostoMy, ecu HH OAMH OCTaTOK He pPaBeH HYJO, TO ocTaToK U, cTpe-
MHATCSL K HYJIO, KOTAA p CTPEeMHTCA K OeCKOHEUHOCTH: JefiCTBHTE/NBHO,
corylacHo akcHoMe ApxuMeza, ecsad Gbl Bce Gp ocTaBajHCh Obl 60Jb-
HIMMH HEKOTOpOH BeJH4HHBE [', TO CyINecTBOBaJo Obl HaTypasbHOe R,

TaKoe, 4To
%G,y > 2 > G,

9TO NPOTHBOPEYHT BHILIE HATMHCAHHBLIM HEPABEHCTBAM. YCTaHOBUB 3TO,
MBI JIO/DKHBI, OUEBHAHO, AJISI TEOPETHUECKOTO HCCAENOBAHUS, IPH KOTO-
poM He npeHeGperaloT HHKAaKHMH OCTATKAMH, PACCMOTPETH J(Ba CJydas.

flepeuii cayual. OZHH H3 OCTATKOB pDaBeH HYJIO.
G, = 0. Anroput™M EBKiuJa ocTaHaBJHBaeTcsi Ha COOTBETCTBYIOIIEM
stane. CneloBaTeNbHO, CYILIECTBYeT Hapa HATYpPaJbHHEIX WYices ay,
bp, KOTOpBHIE 15l yupouieHHs OyaemM ob6osHauaTb @ U b, TakHX, 4TO
aG = bG,. YTOouHsieM, BHINOJHSS BBIUHCJEHUS B IPOTHBOMNOJOKHOM
HalpaBJIeHHH:

G=q,G+G = (91G2+1) Gy +91Gs= . .. =G+ dpGpyy= . .. =Clp_y,
Tak Kak Gp paBed HYJIO.
Amnanoruyuno
G1 =q2G2+G3= e :de—i'

Takum obpazoM, G U G, gBJSIOTCS BeJHYMHAMH, KPaTHBIMH BeJUYUHB!
G,_y = I, TOCJEAHETO OTJIMYHOTO OT HYJAsl ocTaTka. 'oBopsar, uto I
ecTb obmas Mepa BeJHuynH G ¥ G,. [IBe BeJRUHHBI, UMelOUlHe OOHLVIO
Mepy, HasblBaioTCHd COM3MEPHMBbIMH. limeem:

cdl’ =dG = ¢G,,

HO Mb! NOJOXHIH aG = bG;, CJaeloBaTeJIbHO,

acG=bcG, u bdG=bcG,,
TaK 4TO
ac="bd.
Yca0oBHAKHCDL NMHCATh

1 1
r=—G=-G.
Ho, Kak u z/1s1 HaTypaJIbHBIX YHCeN, KaKOBO Obl HH OBbLJIO HAaTypaJjb-

Hoe uucao A, MG u AG(, MpUBOAAT K Al" ¢ TEMH e YaCTHLIMH, 3HAUHUT,
U C TEMH Ke YHCIaMHU ¢ ¥ d, TaK 4TO HMeeM:

G=cr =3 ()=c(5G),

6=(5)au
b

c
Urobbl CunTaTh PaBCHCTBO 4" a CJeJCTBHEM PpaBCHCTBA ac =

4TO 3aluCbIBAlOT

1
= bd, HYXHO, COIVIaCHO TOMY, KaK OBIJIO BBEJEHO %, YTOOKI (‘b‘) G
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66110 HeKkoTopoit BenuunHol . ClleioBaTesqbHO, AJISl BEJHYHH HYXKHO
BBECTH a KCHOMY HenpephBHOCTH: Kakoso 6ot Hu 6bla0
Hamypaavbroe n, cywecmeyem eeauuuna I'', maxas, umo nl’ = G.

¢ b .
Torna BBeJCHHBIE CHMBOJIDI -a— H ) HMEIOT T€ X€ CBOHCTBA, KOTOpLIC

ONpEASASIOT JpoSH U panvoHadbHble yHenaa (KH. 1). Beauuunst 0bpasyrom
8EKIMOPHOE NPOCMPAHCIMBO € NOJAeM DAYUOHAAbHBLX HUCEA 8 Kayecmese
MHOXCECTI8A  ONEPamopos.

. c b
PanuonanbHoe 4ACHO, NPEACTABJICHHOE Yepe3 - -, HasbBAeTCs
omHuouweruem sBenuunHsl G K BesuuuHe G,. OTHomeHWe BedHYUHE! Gy
d
K BesnunHe G eCTh —-. (McTopuyecKkH OHSTHE OTHOIIEHHS COH3MEpH-

MBIX BEJMYUH M NPUBEJO €CTeCTBEHHBIM O0pa3oM K IOHSTHIO APOGH.)
Yacro numyr:

So

W3 Tunorpadcrux coobpaxkeHnil Mel GyzeM mnucatb Takxke G/G;.
Anroput™ EBKAHJa NPUBOAUT B pacCMaTpHUBaeMOM CJydyae K obined
Mepe I', KOTOpas siBJsieTcst HauOOoJIbIUeH, TaK KaK Kaxaas oblasi Mepa
senmnuuH G U G, ABAseTcsl Takke OOIeH Mepod Bcex ocTaTkoB Gy,
32 HCKJIIOUEHHEM HYJEBOTO; IOSTOMYy Jiobast ofmias Mepa fIBJasieTcst
aJNKBOTHOM YACThIO BEJIMYMHBI [, TO eCThb MMeeT Jjio6oe U3 3HauYeHHH

1 1 1
Fogloogh oo 5T o

Bmopoti caywaii. KaxoBo 6w HH 6BJO "UHCHAO p,
0ocTaTOK Gp OTNHUYEH OT HY.JS.

Torpa G u Gy He umerom obuieti mepsi, TaK Kax JJ1sl AOCTAaTOYHO GOJIb-
mioro p BenuuuHa G, = = (a,G — b,G;) cTaHOBHTCS MeHbIe JIOGOH
Hanepel 3aJlaHHOM BeJIMYHHBI, B TO BpeMs KaK OHA JOJ/KHA Oblia Obi
PABHATECA HEKOTOPOMY KpaTHOMY oOLiell MepHl, ecid Obl TAKOBas Cylle-
CcTBOBaJjla. BO3MOXKHO JIM B 3TOM CJy4ae ONpeLesJHTh C TOMOLLbIO HEKO-
TOpPOTO TIpOLEcca JOIOJHEHHS TO, YTO MOXKHO Obly10 Gbl Ha3BaTh «OTHO-
irenueM BeauunHbl G K Beqnuune Gy»?. Mpl coxpaHsieM, eCTeCTBEHHO,
AKCHOMY HENPEPBIBHOCTH, TaK 4TO MOMXKEM HANHCATH:

L Gp= & (G-—" G,)

ap

Mnr 3naem, uto g, cTpeMuTcs K GeCKOHeUHOCTH, a (p CTPEMHTCS
K HYJIeBOH BeJHUHHe, KOTJa p CTpeMHTCsT K GeckoHeuHocTH. [lostomy,

b
ecln fp = EP HMEET B 3THX YCJAOBHSAX NPeNeN @, TO HYXKHO GYIET NOJO0-
D
KUTh
G = oGy;

173



OTHOlIIEHHEe B&JHYHHB G K BejnuuHe Gy GyJeT B 3TOM cjydae JeHCTBH-
TeJbHBIM He PallHOHAIbLHBIM YHCJIOM. YTOYHHM Teneph, KaK H3MEHseTCs!
fp ¢ uU3MeHeHHeM yHC]a p*.

1 1
2 Go=G— 3611 = Gpa= — G+ .G

1
Ap+2

Gpy2=G— [p,2G;.

CrefosaTeqbHO,

1 1
‘—Gp+_—1‘GP+1:(fp+1_fp) Gy;

ap apy

1 1
o Gpry + e Gpia=(ps1—Fps2) G5
1 1 Gps2 << Gp;

— Gyo= — f,) G, npHyem
A (fps2—[p) Gy TP Qpyy = p,

ap

OTKYJa HOJIy4aeTcst:
fo<[Fpi2</Fpis<<[pits

KakoBo Obl HHM ObLIO HaTypasbHOE uYeTHoe p **.

3HayHT, panHOHA/bHBIE YHCJIA [, ONpele/sIOT NOC/AeL0BaTeJbHOCTh
BJIOKEHHBIX OTPE3KOB, IJIMHA KOTOPHIX CTPEMHTCH K HyJo. [loatomy,
KaK Mbl 3HaeM, OC/JeROBaTebHOCTD STHX YHCEJ HMEeT Npejes, ReHCTBH-
TeJbHOE YHCJIO @, A KOTOPOrO APOGH fp ABJSIOTCS NPHOIHNKEHHBIMH
3HAYEHHUSIMH C HEJOCTaTKaMH H ¢ H3GBLITKAMH MOIepEMEHHO. Y CJIOBHIUCDH

G
HECaTh U B 3TOM ciiyuae G= oG, H G=¢ Tak Kak @ uppayuoHarbHo,

mo G n Gy — Hecousmepumole sesudurol. Takum 06pa3oM, a/JrOPHTM
EBk/HJa faeT Ha KaXKAOM aTane NpHOJIHKEHHblE pallHOHaJbHBEE 3Haye-
HHUS OTHOLIEHMS JBYX BEJHUHH, HE3aBHCHMO OT TOrO, COM3MEPHMEI 3TH

G

BEJIMUYHMHBI HJIH HET. 3amemM, YTO TAaK KakK CHMBOJI G HMeEeT TEenepb
1

CMBICJI BO BCEX CiaydasiX, TO MOXXHO HaNUCaThb:

G G 1 1 ’ 1
_G_i_=qi+_0%—_—q1+6—1= q; + i ==q-+ i AT. 1.
_G; gds + 62/03 qZ+ i
g3+ G3/G,
CHMBOJI, KOTOPHIH BBOAMTCS TaKUM 06pasoM,
1
q1 + 1 ’
92+ F

* B panbrefimux - opmysiax npeanosaraeTcs, 4T0 p — YHCJAO YeTHOE.-—
MMpum. peod.

** Tlpu HeueTHOM p moayunM: f[p > fpyo> fprs> [p+1, B caesyowee
Ranbile 3akalogeHne GyleT onpasBpauo.— I[Ipum. ped.
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HE3aBHCHMO OT TOTO, GYJET JIH OH KOHEYHHIM HJH HeT, Ha3bBaeTcs
HenpepoigHoti dpoboio. JIeTKO TOHSTH, 9TO 3TOT CHMBOJI HMEJ BaXKHOe
3HaYeHHe N5l M3YUYEHHS YHCeJ, HPPAaLHOHAJNBHOCTh KOTOPHIX IOf03pe-
BaJach, B YAaCTHOCTH JJis H3yueHus uucia v [Bpoynkep (Brouncker W.,
1620—1684), JlamGept (Lambert, 1728—1777)] *.

C npakTHYecKOH TOYKH 3pPEHHS, a He C TEOPETHYECKON BCE 3KCHEePH-
MEHTHl REeJIAITCSl C M3BECTHBIM NpPHOJHIKEHHeM; ocTaTKH (,, KOTOpble
yOLIBAIOT U CTPEMATCS] K HYJIO, CTAHOBSTCSl B KOHIE KOHIOB MOPSIAKa
MaJIOCTH OIIHOGOK H3MepeHHs. DKCIIEPHMEHT NPEeKpamanT Ha M0C/e]-
HeM OCTaTke, NPEBOCXOAALIEM OLIMOKH SKCIEPHMEHTa, H 3TOT OCTATOK
CAyXKHUT NpuOAnKeHHOH oOme#l Mepoii. ToJABKO B ciydae, KOTza BesH-
yuHbl G U G; TEOPETHYECKH ONpe/eNsIoTCS OfHA N0 OTHOLIEHHIO K ApY-
roil, MO2KHO CTaBHTb BONpPOC, COM3MEPHMBI JIH 5TH BeJHUHHB. H3BecTHO,
YTO CTOpPOHA M JHArOHa/ b KBajpaTa HecouaMepHMbl. Anroput™ EBkinja
(BepHee ero GblIo Obl Ha3BaTh aJropHTMOM EBJOKca) Mo3BOJSET 3aMe-
HHUTb HPPAlHOHAJbLHOE OTHOLIEHHE (KOTOpOEe ApPEeBHHe MaTeMaTHKH CUH-
TaJH HECYLIECTBYIOIHAM) [OCJAeL0BATENBHOCTBIO PAHOHAJIbHBIX UHCE,
HEOTDAHHYEHHO NPHOMHKAIMHUXCS K 3TOMY OTHOLIEHHIO.

3amveuanne. JlecsiTHYHOe H3MepDeHHe BeJHUYHUH.
ToustHe ApoGH MHOrO MNOTEPSIO B CBOEM IPAKTHUECKOM 3HAUEHHH
¢ BBeJeHHeM JecATHUHOH HyMmepaunud. Jlio6as BenununHa U jocraTo4HO
Majiasg MOXKeT CJAYXKUTh NPHOJNKEHHOH aJHKBOTHOH YacTbio Ji0OOH
BesHMuuHB G, H6O B JeJIeHUH

G=qU+G’

BesidunHa G Menbile 4eM U, W, 3HAYHT, NPAKTHUECKH €10 MOXKHO IIpe-
HeGpeub. [lo5TOMYy HCMOJMB3YIOT CEMEHCTBO eIHHHUIL

L
10

1

1
15lo - gga Uo="Un.

Uo, 10m

UO’

Mepa BesuunHBE G ¢ NOMOLIBIO OCHOBHOH efWHHUIB Uy CTAHOBUTCS
AeCSITHYHbIM UHCJIOM, TaK YTO H3MEHEeHHE eAUHHIbl H3MEPEHHS BHI3HLIBAET
JIUOIb OTAEJIeHHEe 3amsITOH ApOoOHO-IeCATHUYHOH 4YacTH OT HEJOro OTHO-
wenua G/U,.

Bropasa raaBa

APOBU. PALUOHAJIbHLIE YUCNA. RECATUYHDBIE QPOBH
[

Mu BBenn (kuura 1. ®ynnamentanbhble CTPYKTYPH) pauuoOHAALHOE
THCJIO KaK KAGCC 3KBUBAACHMHMOCMU, 3 UMEHHO JABe Ipo6H a/b u a’/b’
paccMaTpHBAIOTCA KAK SKBHBAJEHTHBHE, ecsu ab’ = ba'.

* Cwm., nanpuMep, kKuury A. Jle6era, H. Lebesgue Constructions
géométriques. Gauthier — Villars.
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1. Apo6u

OcHoBHasi TeOpeMa TeOPHH HATYpaJIbHLIX YHCE/ MPHBOZHT K OCHOB-
HOH TeopeMe TEOPHH JpoGeH.

Ocroshast Teopema. Ecau Opobe umeem c8OUMU HACHAMU 63AUMHO
ApOCmble HAMYPAAbHbIE YUCAQ, MO 4YAeHbl M060L Opobu, IK8UBANCHMHOL
1epeotl, ABASIOMCA KPAMHbIMU SMUX HAMYPAALHOIX HUCeA C OOHUM 1L meM
e KoIpPuyueHmMoM KpamHocmu.

JlelicTBHTEIBHO, U3 TPEeLJIOKEHHH:

ab’ =ba’, )
a B b—B3auMuo npocTule, )

BBITEKaeT, COIVIACHO OCHOBHOH TeOpeMe TeODHH HAaTypaJbHOrO YHCIA,
4TO @ JeJUT @', TaK KaK OHO XeJHT ba’ M B3aHMHO npocto c b.
3Hayur,

dk:a’ =ak,
OTKyJa, corjacHo paseHctBy (1),
b’ =bk.

Jpobb, ujeHE KOTOPO# B3aUMHO MPOCTHI, HA3BIBAETCSI HECOKPAMUMOL.
Kaxcdoe payuonasvroe uucao npedcmasumo Hecokpamumoti 0pofeio
edurcmeennsim 06pasom. Ee MOMyvaoT UCXOAs U3 OAHOH KaKOH-JIHOO
Ipobn JaHHOTO KJjacca B COKpamas oba uJeHa Jpo6u Ha UX obmui
HauGOJBLINA Je/HTeNb.

B TeopeTHYeCKOM MCCIEAOBAHHH palHOHAJbHOE YHCJAO BCeraa
npeanoJaraeTcs MpeACTABJCHHBIM HECOKPATHMOH Apo6bi0. AHAJOIHYHO
IpU NPHUBEJNEHUH NPOGel K o0wemy HAUMEHbUIEMY SHAMEHAMEND TIPe]-
fI0JIaTAIOT CHAuaJja TH APOGH COKPAINEHHBIMH: UCKOMBIM 3HAMEHATE/IEM
sIBJIfieTCst TOrja O0MIee HaUMeHblIlee KpATHOE 3HaMeHaTe/1el 9TUX Apobei.

Gameuvanune. Ilpu BBeleHHH HPpPALHOHAJBHBIX YHCEJ Mb
HCMOMB30BAMM B YaCTHOM CJIydae TEOpeMY: Keadpam Heyeaoeo payuo-
HAAbHO20 HUCAQ HE ecimib LeA0e 4ucao. DTa TeopeMa ofImas.

JefictBUTENIBHO, NYCTh @/b — HecoKpaTHMasi Apo6b, HNPEACTABJSIIO-
mas JaHHOe YHCJIO, Ijie b He paBHO 1; KBaxpat aToi Apo6H a?/b? Takxke
HecOKpaTumas Apobb, N0 ee YIeHEl, TaKKe KakK @ H b, He HMEIOT 06mux
NpOCTHiX MHOXHUTeNed. Tak Kak 3HaMeHaTeab OTJHYeH OF 1, TO Apo6b
He paBHa uenoMy uucay. OTcrofia BBHIBOA:

Bceakoe wuamypaaeroe 4ucao, He sasasiowgecs Keadpamom (UK
n-ii CMeneHbio) HAMYpPAAbHO20 HUCAQ, He SBASEMCS MaKKe Keadpamom
(M n-d cmenenvio) PayUOHAABbHO20 HUCAA.

Payuonarsroe 4wucao ecmo ksadpam (MK n-f cmenernsy) 0Opyezoeo
PAYUOHAABHO20 4UCAQ moeda U MOoAsKo moedd, K0eda 06a 4AeHa HeCOKpa-
mumoii dpodu, npedcmagafowed Imo 4ucao, A8AALMCA KaxcOoitl 8 omdens-
Hocmu Keadpamom (WM n-fi CMENenvro) HAMYypaabHO20 Hucaa.
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Il. BecaTununbie Apobu

B necarudHo#l HyMepaluH cTemeHH uHcaa 10 sBJASIOTCS nmpHMeda-
TeJbHBIMH yuciaaMH. [locregoBatesbHOCTE HATypabHBIX —CTeneHeH
uhcaa 10 JOMOJIHSIOT IOCAEA0BATENbHOCTBIO LEJbIX OTPHIATESbHBIX
cTeneHeH, ONpPeAeJeHHbIX CJENYIOIHM 00pasoM:

1 1 1 1 1
-1 -2 11 -3 __ —
10 10’ 10 102 T 100 10 108 1000 "
[IPUCOEANHAS eIe
10°=1.

Yc/oBHe MO3UIMOHHON HYMEPANUH, COrVIACHO KOTOPOMY Mepemelie-
HHe 1Udp HA 71 pa3psAAoB BJEBO O3HauaeT YMHOXKeHHe 4mcaa Ha 107,
NPUBOAXT K 3anucu mudp mnpasee nudpp eXHHHIL TOTAZ, KOTAA XOTAT
Jeautb Ha 10", To ectb yMHOXUTb Ha 1/10" Ortkyza o6o3naueHHs

1 1
-1 — -2 __ —
10 _—m—O,l, 1072 = T =0,01, ...
Hecamuuroi Opoburo HaspBawOT Apobb, 3HAMEHATEIb KOTOPOH €CTh
HekoTopast creneHb uucaa Q.
IMycth paHa pecatudHas Ipo6b @ = N/10P, npHyem BHIpameHHe
uucsa N B JecATHYHO! CHCTEMe CUUCJIEHHS ecTh

N = x,10" 4 xp— 10" - . .. - x,10 + x,.
Torga ApoOb NpUHMMAET Cjejyiomee ACCHTHYHOE NPeACTaBJACHHE:
f=x,10"P 45 107 P71 | 4 4 107PH L 4, 1077,

Ecnu | He siBJseTCA HATYPaJbHEIM YHCJIOM, TO XOTS bl ONHH H3
nokasarejell MocaefHUX (MpaBhIX) 4/ICHOB, HABEDHOE, OTpHIlaTe/eH,
TOr/la KaK MOKa3aTeJsb JI0O0TO 4iieHa, HAXOAAMWErocs JieBee ero, MOXKeT
ObITE MOJOKHTEIbHBIM, OTPHUATEABHBIM HJAH HYJMeBHIM. Lludps!, coot-
BETCTBYIOUIME OTPHLATENbHBIM [OKa3aTesstM, OTAeNST 3ansTol H cTa-
BT 0 cjeBa OT 3amsATOH, €CJIH COBCEM HET YJeHOB C ITOJOXHTENLHBIM
HJIH HYJIEBBIM TOKasaTesaeM, Tak 4YTO HMeeM:

n>p f[=XpXng ... Xpy Xp—q ... XX, Hampumep, 342,504;

n=p—1 [=0, xpxy—1 ... Xyxo, Hanpumep, 0,342;

n<<p—1 [f=0,00...0xx, ... x.x0, nanpumep, 0,0034.

ludpsi, cnopaBa OT 3aNATOH, HA3BIBAIOTCH OQECAMUUHLIMU BHAKAML,
OHH 00pa3yIOT OecAmu4HYo 4acms UNCAa f, B TO BpeMs KaK COBOKYyH-
HOCTb Uu(p, HAXOASAMHUXCA CAEBa OT 3anATOH, 06pasyioT Ieaylo 4acThb
ypcna f. Torza jecarudHas jApoOb [ 3amucaHa B JecsiTHUHON dopme.

[IpaBuda mepBH X TpeXx ONepal Ul Hal JecaTHU-
HBIME JpOOSIMM, 3alHCAHHBIME B JIeCATHUHOH QOpMe, BLIBOZATCH, Kak
U npaBWJia 3TUX ONepanuil Haj HATYpaJbHBIMH YHCJIAMH, 3aNHCAHHBIMHU
B JeCATUYHOHN ¢GopMe, U3 CBOHCTB KOMMYTAaTHBHOCTH, ACCOLHUATHBHOCTH
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¥ JHCTPHOYTHBHOCTH. Mbl He GyneM 3aHHMAThCS NOLPOGHOCTSMH 3THX
npasua. Mpl 3ak/iouaeM TOJBKO, UTO decamuunbie dpobu cocmasasiom
Koaplo, Kax M nefpie 4Hcaa.

Ho ecam paccMoTperb deserue, onepauyio oOpaTHYIO YMHOMKEHMIO,
TO Mbl YBHJIHM, YTO 3TO KOJIbIO, KaK K KOJBIO HEABX YHCEJ, HesSIBISETCS
TEIOM: JeHCTBHTEJIbHO, YacTHOe

N NN N o
9= o0 * Toem = o5 < = w1V

He dBJsieTcsl, BOOGIE TOBODPS, RECATHUHON ApoGbio. IeneHue HEBO3-
MOMKHO B 3TOM KOJbIe, H 3TO NPHBOJLHUT K OIpEJeJeHHI0 HOBOH onepa-
IIMH, aHAaJOTHYHON eBKJIHJOBY JEJNCHHIO (C YacTHHIM H OCTATKOM),
BBEJEHHOMY B KOJBIE IEJBIX 4Yucel.

Ecan A u B — HaTypaJbHbBIe YUCHA, TO YACTHOE ( OBLIO ONpesieieHO

HepaBeHCTBOM
BQ<KA<B@Q+1).

CoxpaHHM 5T0 OlpeieJeHHe
R<a<<b(Q+1)

IS JecITHUHBIX Apobell @ ¥ b, TOUHOE YacTHOE KOTOPHIX eCTh a/b =
TOTRAa HATypajbHOe HHCAO Q OyAeT OnpejeseHO HepaBeHCTBAMU

Q<g<Q+1.

(OTMeTHM, YTO 3[eCh TOUHOE UACTHOE ONpEeJeseHO, 4TO He HUMEJIO MeCra
B cJydae Hesplx uxces.) Ho g ectp Kakoe-TO palMOHAJBHOE YHCIO,
3HAUHT, CTABHTCS BONPOC O TOM, UTOOB! HAHTH TakKHe CocefiHHIe HATypasb-
HEIE 9UCJIA, MeXAY KOTOPBIMH pacnoJiarajoch 6bl JaHHOE palHOHAMbHOE
Y{CJI0, WM, KaK TOBOPST, HANTH NEJAYIO YacTh* PAllMOHA/BHOTO YMCJa.
B 6onee obiiemM ciayyae, Tak Kak IeJble Yhcaa gBAAI0TCS JHIIb YACTHBIM
cayyaeM JecsiTHYHBIX YHCeJ, BO3HMKAeT 3ajadya Hnomecmums OarHHoe
PAYLLOROALHOE HUCAO MENCOY O8YMS COCCOHUMY OeCAMUURBIML YUCAAML

onpedeneHHoeo paspada.

ill. Konsuyo aAecATHYHbIX ApobGeli B none
pPauMOHanbHbIX uHKcen

1) Hecsaruunoe yuciaoe. PanuoHanbpHOe UHCJIO HA3BIBAeTCS Oecamuy-
HbIM qicaom, ecId XoTsd OBl 0fHA M3 Apobeil, KOTOphie ero npeicras-
JSIIOT, SIBJSETCS] JNeCATHYHOH JpoOblo; TOIa B 3TOM CAMOM KJacce
HAXONUTCST GEeCKOHEUHOE MHOMKECTBO JECATHUYHEIX NpoGei, W60 MOXKHG
YMHOXKHUTB 06a ujieHa ApO6H Ha JiIo0Yio CTeNeHb JeCsATH. 3HAYeHHe JAecsi-
THYHOTO YHCJIA He MEHSIETCS, eC/IM IIPHINCATD UJH 3a4ePKHYTh HECKOJb-
KO HyJiell, IpaBee XeCATHYHBIX 3HAKOB, MOJOGHO TOMY, KaK 3HaueHHe
[[eJI0TO YHCIa He MeHseTCs, €CJH NPHUINCATh HYJAH cjleBa OT 3HAYamux
uudp. Haubosee nmpocTofi H3 3THX JAeCATHUHBIX JApobeli sBJseTCs Ta

* C mefocTaTkoM 4 ¢ u30HTKOM.— [Tpum. nepesod,
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€AMHCTBeHHAs1 ApoOb, YHCJAHTENb KOTOPOH He UMEET HYJA B KauecTBe
uudpsl eAHHAL; ee AecsATHYHAs (popMa He OKaHYHBAETCSH CIpPaBa HyJIEM.
Ycanopue, uTobH pPallHOHAJAbHOE UHCJAO OB TO
YHCAOM AecdaTHUYHBM PanuoHanbHOe YHCGIO ONpefesieHo
Ipobplo, KoTopast ero mpejcraBiasieT. Mol OyzeM npeanosarath 3Ty
Ipo6b HECOKpATHMOH, TO eCTh YK€ COKpAaIleHHOH, €C/JH 3TO HYXKHO.
Ilycrs, Takum o0pasoM, pannoOHaJbHOE YHCJAO 33JaHO ApOGHIO

a
5 The amu b B3aMMHO TPOCTHL.

Tax kak Jobast [pobb, paBHas 3TOH, HMeeT CBOHMH YJeHaMH Kpart-
Hble YHCes @ U b C OHHM ¥ TeM xe Ko3(pUNHeHTOM KPaTHOCTH, TO HeOD-
XOIHMOEe H JOCTAaTOYUHOe YCJ0BHE, 4TOObl pallMOHANBHOE UKCIO OHLIO
JIECATHYHBIM, COCTOHT B TOM, YTOOB CYLIECTBOBaJja CTENEHb JECHATH,
KpaTtHas b, TO ecTb, 3HAUUT, urmobst b He umeao Opyaux npocmoix Oeau-
menet, kpome uucer 2 u 5.

2) Jecaruunpie GPUONMIKEHUS PAUMOHANBHOTO 4uCAa. MHOXecTBO
JeCATHYHBIX YHCeI BCIOLY MJIOTHO Ha HHTepBate (0, - o), ubo 1/10™
crpemutcst K 0, KOria rn CTpeMHTCsl K -~ ¢o, TaK 4TO HHTepBaJibl

<O 1> 1 2 p p+l
’wn)’ 107 ° 107 0 o\ Tom 0 T 10n )

noxpuiBatoT nHTepBaa (0, A) ansa moboro A, uMes KaxkablH IJHHY
MeHbLIlIe £, €CJH 7 B3ATb JOCTATOYHO OGOJBIIHM.

@) Ecau n BBIOpaH, TO MOXKHO annpPOKCHMHPOBATh Kakjioe Panuo-
HaJbHOE YHCJIO ¢ C TOYHOCTBIO f0 /10" AByMs JAecATHYHBIMH ApOGSMH,
3aKJIOYAIOIEMH 3TO YHCJIO

P p+1
on ST<"{gm

Imu decamuumnbie 0podu HOB6IBAIOMCS QeCAMUUHLIMU NPUOAUNCHUAM
qucaa ¢ Hedocmamxom u ¢ usboimkom ¢ mounocmeto do 1/10™,
Uncao p MOXKHO BBIUHCIHTE € TNOMOIIBIO CJIELYIOIIETO 3aMeUaHHS,

Ecau umeso r 3azago apo6bio

a
5 TO HEPaBEHCTBO

p e _p+l1
on <% << 1om

naet
bp<al0™ < b (p+41),
omkyda sudum, umo p [BASEMCA YEAbIM HOACHHbIM OM 0eAeHUA 4uciq
a-10" na b.
b) IlpunanuM Tenepb YHCJAY 7 3HAYEHHS IOCIEAOBATENbHLIX HATY-
panbHBIX ypcesa. MBI 1I0/1yUHM AB€ IOC/€10BATEIbHOCTH IECATHYHBIX IIPH-
OaMkeHHH uuc/a 7: OfHA, COCTOsIMASt H3 NPHOIMKEHHI ¢ HEJJOCTATKOM,

Ha3oBeM ee S, Apyras — U3 NpUGAMKEHHHA ¢ U3OLITKOM, Ha30BeM ee S,
Hisyunm nocsejoBateqbHOCTD S:

P P2 P
{po (Hem}e), TO—’ W,-.., "1—01‘%'.
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Mzr 3HaeM, 4TO f, BHIYHC/IASTCA NEAEHHEM
bpn<a-10" << b (pp 1),
AJIK, BBOJIS1 B SIBHOM BHJIE OCTaTOK,
a-10"=bp,+r,, rm<b.
Orciozia  BLIBOAHM
al0™ =4 (10p,) + 10r,.
Uto6el nonyuuts p -+ 1, mocraTouHo, ciefoBaTeNbHO, Pa3feNHTb
10 r, na b:
10r,=0bs+rny, reqg<<b, s<<10.
Torpa paBeHCTBO
al0™ =06 (10p, -+ 8) -+ rpty, THE fre << b,
JOKa3bLIBaeT, uTo
Pn+r == 10p, 45
SIBJISIETCA YMCJIOM, KOTOPOE MOJYYHTCS NMPUNUCHIBAHHEM K p, CIpaBa
UMDH .

Wnaue roBops, nocjie BLINONHEHUS JeJ€HHS HATypaJdbHBIX HH-
ceJsl, KOTOpoe JaeT p,, CpaBa OT OCTaTKa rn, NPHIHCHBAWT 0 H npo-
JIOJIKAOT JeNeHue, YToOsl NOMYUYHTb pn.q. ECAH 3ansitas yxe Oblia
moCTaBJieHa, YTOOB HAMUCATh JAeCSITHYHOE NpHOJAuXKeHue p,/10% To
OHA COXpaHSeT CBOe MeCTO H p,.(/10™? mnosyuaercss npUnNUCHBaHUEM
HOBOT'0 JIeCATHYHOrO 3HaKa chpasBa. Takum o6pas3oM, nocredosameirt-
Hocme S npubauncenud ¢ Hedocmamkom SBJASIETCST BO3paCTalOHIEH,
€CJIH TOJbKO BCe HH(PB!, KOTOphHIE CJEAYET HPHIHCHIBATE, HE OKAasbl-
BAIOTCST HYJSIMH, Hauy#HAs C HEKOTOPOTO pa3psAna. ITO HYKHO HccJe-
JIOBATh,

ITepBBi & cayuail. [Jan HEKOMOPO2O BHAUEHUS HICAQ 1 NOAY-
qaemc,q r, = 0. Hpouenypa npekpamiaercsi, NOJY4YeHHOE 3HaueHHE

aBHO I 06H , KOTOpa#d, CJAeROoBaTe/IbHG, ABJAACTCA MpeACTaBH-
10" b

TeJEM JECSTUUHOTO YHC/IA.
Bropo#t cayduaifi. Hu 0ra rakozo 3Ha4YeHIA N HE NOAYYQEMCA

= (. 9710 3HaymT, YTO He CYIIECTBYET LeCSTHYHOH JpoOH, paBHON
a o
npo6n7. B srtoM csaydae npu MNPOAOMKEHUH APOUERYPH HAHAYTCA

¢ HeoGXOLUMMOCTBIO JecATHUHbIE 3HAKH, OTJIHUHBIE OT HYJIsI B 60Jiee faJe-
KUX paspsjax, 4eM paspsi, COOTBETCTBYIOLIMH OCTaTKy fr, KaK Obl
BEJINKO HY OBIJIO 11, n60, NIPUNHCHIBAS CHPABa J0CTAaTOUHO HYJIeH K OT/IHY-
HOMY OT HYJISI OCTaTKYy, NOJIyuaeM YacTHYHLIE AeJHMble, KOTOPHIE B KOHIE
KOHIIOB 00513aTe/ILHO NPEB30HAYT AeIuTe b b. CllefoBaTeIbHO, IPOLERY-
pa npojo/KaeTcs 6eckoHeuHo. [locenoBatespHOCTs S COCTOMT U3 Bec-
KOHEUHOTO MHOMKECTBA BO3DACTAlOUHMX AECATHYHBIX UHCEJ, NOJyYeH-
HbIX NPUMHCHBAHHEM ClIPaBa BCe HOBBIX IH(Qp, KOTOPhIE He BCE PaBHHI
HyJo. JTa nocjefoBaTeIbHOCT OFPAaHMYEHA CNpaBa pPalMOHANBHLIM

a
QHCJIOM 4, SBJSIOUMMCH ee NpefestoM, COTJIACHO ONpeXeJICHHIO Ipe-
Jena (xu. I, v IV, § 3).
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[Tpuwmenp.
a 214 214 | 65

b 65 190 3,292307692 ...
—~600 |
150
200
50
500
450
> 600
150
20

Mbl KoHCTaTHpyeM Ha 3TOM HpHMepe, 4TO, NOJIYYHB OCTaToK 60,
KOTOPBIH, MOCJIe TOTO KAK MBI CHECJIH OfHH HYJb, [laeT YacTHYHOE Je/H-
moe 600, 1 npojoKas onepanuio AeJieHUsI, Mbl CHOBa IPHXOLKM Ha HEKO-
TOPOM 3Tamne K octatky 60: ¢ 3Toro Mecta onepanus BOCIIPOH3BOLUTCS;
[0CJ1e0BaTeNbHOCTD HUDDP YACTHOTO MOBTOPSieTcs Tak Ke, Kax U mocJe-
JoBaTesnbpHBIE OCTaTKH. KoOrZa 3aKOH TakKOro poja, Onpenessomui
uH(dpH 4aCTHOTO, CTAHOBHTCH H3BECTHEIM, MBI €[O YyKa3blBaeM CHMBO-
JHYEeCKH, CTaBd MHOTOTOYHE, UTO UUTAETCS «H TakK JaJjeey. Uneno 923 076
Has3bBaeTcs nepuodom, 4UCAO 3, 2, mpeAllecTBYyioUlee nepuonry, obpa-
3yeT TaK Ha3bIBAEMVIO HenpasuioHyro wacrme *. Mbl nmosyuaeM 6ecxo-
Heanpill  nepuoduueckutl Oecamuynoii cumson. Tax ke NPOUCXOAMT
1 B 00IieM cjydae.

a

Teopema. Ecau 0Opobs 5 He pasHa OeCAMUYHOMY YUCAY, MO O0HQ

noposicOaem beckonedmnil nepuodudeckuil Oecamuuubii cumsoa. Ieli-
CTBUTEJBHO, TAK KAK BCE OCTATKH MEHbILUE AENHTENsI, TO PAa3JHYHBIX
OCTAaTKOB HMeeTCsl KOHEUHOe YHCJIO; TOSTOMY Mpolenypa He MOXKET
NPOAOJIKATECST 10 OecKOHEUHOCTH 6e3 TOro, yTo6bl CHOBAa He Halllescs
yKe MOJyueHHBIl paHee OCTaTOK.

3aMeTHM, YTO, COrJIAaCHO ONpeAeJIEHHIO 3JeMeHTOB MOCJef0BaTe/b-
HOCTH S, Bce paBHEIE MeXIy c000H JpO6GH NOPOXKIAIOT ONHY U Ty XKe
NOCNefOBATENBbHOCTh. 3HAUHT, Kaoooe He Oecamuuroe payloHaAbHOe
qucao onpedessiemn nocAed08amMesbHOCb, NPedesoM KOmOpol Mo 4ucao
U ABASENICS; HACHAMU 3MOL nocaed08amesbHOCTIL  ABASIONICA HUCAQ,
KOmopoie Mol noaydaem, coxpanas l, 2, . .., n, . . . yugp cresa 8 becko-
HEYHOM Nepuoduyeckom OECAMUHHOM CUMBOAE, HAX00umb KOmOpbili Mol
ymeem. DBeckoneunas nocaefosamenbHoCmby — Haspisaemcs p a8 H ol
nopomdamuwyemny ee qucay.

O6parHo, xancdoiii Oeckoredtoid nepuodudeckutl QecamusHbll cUmM8o
npoucxodum om pPAYUOHAALHO20 HUCAQ, 3G UCKAIOHEHUEM CAy4as, Koeda
nepuod codepacum auwe yuppy 9.

* B pycckofi TepmuuoJOTHH BTO npednepuocd.— Ilpum. nepesod,
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B camom fene, mycTb Mbl HMeeM CHMBOJI, 06pa3sOBaHHLIM M3 Hempa-
BUJBHOHA 4YacTH

=00 ... Qp, Dybs ... b, (o MOMKeT paBHATBCS HYJIO)
H 1nepHoja '
M=0CCp ... Cp, Cp5=bnp.

Heo6xonuMbIME B JOCTATOYHBIMH YCJOBHUSIMH 1Ji @ M b SIBASIOTCS
clenywomue,

[lepBuiil neproA HAUNHAETCS [IOCJIE TOTO, KaK MBI PA3Ae/IuM Ha b neJsioe
yucao 10%a, 4ro maer ocratoxk R. Bropo#i mepuoj HayHeTcsl C 4acTHY-
HOT'O JeJMMOTO, BO3HHKAIOLLETO, eC/IH HCXOIATh K3 TOTO Xe ocTatka R,
[OJYYeHHOTO HA 3TOT pas JejJeHueM Ha b HaTypaJabHOro uucaa 10"?.q.

Ho HACTHBIMH B STHX ABYX JGMICHHUSAX ABJIFIOTCA COOTBETCTBEHHO 10"a
# 10" o --m. Iro BHpamaercss Tax:

{ 10%q = b (10"a) - R;
10MPg = b (10™Pa 4 ) - R,

OTKYZa
(10™? —10") g = b (10"Pa 4 n—10"a).
3HauuT,

a __ 10MPa4n—10ha T .

b 1oh(or—1) =0 (10p—1y 100

adg ... b1b2 ees CiCg v Cp— Qg ... bin cee bn
10h %999 ... 9
(p wudp 9)

HckoMoe panuOHaAbHOE YHCJAO fABJSETCH, CJef0BaTesbHO, KJIacCOM
o a a
npobeil, paBHBIX JpoOH 5 » 32 HCKIIOYEHHEM Clydasi, KOrja - — Jecs-

THYHAs ApoOb. IJTOT cAydyali MOKET MpPEACTaBHTLCH TOJNLKO, €CJIM BCe
uadpr YHcaa 1 paBHBl 9, TO ecTh ecu p = 1; m = 9. Takas Gecko-
HeuHast (hopMa Ha3KBaeTCH HecoOcmeenHol Gopmoldl NeCATHUHOTO UHC/IA,
KOTOPOE MOMKET TAKKe PacCMaTPHBATBbCSl KaK GeCKOHEYHOe ¢ MepHOAOM,
paBHBIM Hymio. Tak, Hanpumep,

1,99 ...=2=200...; 5399 ...=5,4=5,4000....

BoiBonnt. Cyujecmsyem 63aumHO 00HO3HAYHOE COOMBEMCMeue Mexcoy
MHONCECITIBOM PALUOHALLHLLX YUCEA L MHONECTBOM DECKOHEUHbIX nepuodu-
qecKux OeCAMUYHBLY CUMBOA08, eCAl UCKAIOWUMS Nepuod, obpasosaritbii
nuppod 9 (unu, B Gosnee ofimeM ciayyae, LMHbpOH, paBHOH pPasHOCTH
MEeXKJIY OCHOBaHUEM W eNHHHUIEF).

3TOT pe3ysbTaT JONOJHSIETCS CJEAYIOMEH TeopeMoi:

Teopema. Cywecmsyem 63aumHO 0OHO3HAYHOE COOMBEMCmaue Mmexcoy
OelicmeumenbHboiMy YUCAAMI 1L OECKOHEYHBIMU OECAMULHBIMU CUMBOAAML,
NepUoOuuecKUMI UL HeNepUOOUHeCKUMY, ECAU, KOHEHHO, UCKAHYUMb
YKQ3aHHbIL nepuoo.
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1) Kaxpomy GeckOHEUHOMY JECATHYHOMY CHMBOJAY MBI CTaBHM
B COOTBETCTBHE NPEJeNl MOCJAeA0BATENBHOCTH JeCATHUHBIX YHCeJ, IOy~
YyaeMbiX, €CJIH OrpaHu4HTb GOpMY OQHOH, ABYMS, ..., N, . . ., JeCATHY-
HbIMH nubpamu. Ecnu 3TH LHQPH HE PABHHI BCe HYJIO, HAYHHAS C HEKO-
TOPOrO paspsifa, TO MOCJAeA0BaTebHOCTh — BO3pAcTaiollas H orpa-
HHYeHAa CIpaBa 4YHCJIaMH, NOJyYeHHBIMH TIpHOaBJeHHEM eNHHHILEI
K Kagod-au6o ¥3 uudp (COrIacHO NMpaBHJAM, ONPefessolYM OTHO-
i{IIeHHe NOpsigKa JJisd UUCesl, 3aNHCaHHBIX B NO3MIIHOHHON CHCTEMe CHHC-
JleHus). 3HAUHT, npeles CYHIeCTBYeT H H3MEHSIeTCs, eCNH HU3MEHHTb
XOTs1 OBl OfHY LUDPY CHUMBOJA.

2) O6parHo, Kaxjoe ACHCTBUTENLHOE YHUCIO €CTh Npeies MOCJIeao-
BATEJbHOCTH, ONpeleJeHHOH OGeCKOHEUHBIM JECSATHYHBIM CHMBOJIOM.
B camoM gene, MHOXKeCTBO HAeHCTBUTEbHBIX UHCEN YIOPSAAOUEHO
d sBJIAETCS apXHUMEJOBBIM; I[IO3TOMY €CJH JeHCTBUTENbHOE YHCJAC 7
JlaHO, TO HATYPaJbHOE YHCJO p, BIIOJHE ONpPeJeJsercs HepaBeHCTBAMHU

Pn pnt1

Tor ST <"por
TO €CTh

prr-10"<< p, 4 1.

[MostoMy MOXHO H3yyaTh JAEHCTBUTENBHEIE YHCAA € IIOMOIIBIO
CBOHCTB OeCKOHEUHHIX AeCATHUYHBIX CHMBOJIOB. Pasymeercs, BO BceM
BLIIEH3J0KEHHOM TOT (DaKT, YTO 3a OCHOBAHHE CHCTEMBI CYHCJEHUH
BuIGpano uMenno uucyao 10, HecymiecTBen. Camoe 3ameuaTesNbHOE OCHO-
BaHHe — 3TO JBa (IBOMYHAs CHCTeMa CYHCJEHHA): 3liech TpebyloTcs
auiis aBe mudpst — 0 M 1, YTO NO3BOJIAET HCIONB30BATH CUETHBIE
MallMHbBl Ha OCHOBE OYeHb IIPOCTOTO MpPHHIMNA: nepdopHpOBaHHAS
KJeTKa (WM HaJNuHe TOKa B IENH) cooTBercTByeT nudpe 1, menepdo-
pupoOBaHHas KJaeTKa (WJIM OTCYTCTBHE TOKa B memn#) o3HagaeT uudpy 0.
Beuay 6onabiuio#l ObICTPOTHI BBLINOJHEHHS ONEpaliii MAlIHHOH MOMKHO
npeHeGpeub HeynoGCTBOM, BBHI3LIBAEMBIM UYPE3MEPHOH JJIHMHOH JBOHYHO
3anucanHblX yHucen. Hanpumep, unciao cmo nunterca 1 100 100. C teope-
THUECKOH TOUKH 3peHHUs NPeANOYTHTEIbHO BHIGUPATh 3a OCHOBaHHE JBa
UM MHOTAA TPH, YTO MBI HCHOAB3yeM B raase VII, § 1.

Tpetrrs rnaBa

BELWECTBEHHbBIE YUCSIA
L

§ 1. MOLYHOCTM NOAMHOMECTE MHOHIECTBA
BeLleCTEBEHHbIX yucen

Mbl 3HaeM, YTO KOHEUHOMY MHOMECTBY CTAaBHTCS B COOTBETCTBHE
KapIuHaabHOe (KOMHUeCTBeHHOE) YHCJIO: YHUCJIO eT0 3JIeMeHTOoB. Ml niepe-
XOIHM K H3YYeHHUIO HEKOTOPHIX GeCKOHEUHBIX IMOAMHOMNKECTB MHOMXKECTBa
BellleCTBEHHBIX YHCEJI.
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I. CueTHbie NOAMHOHECTBA

Mur rosopusu (kH. 1, § 4), uTO GeckOHeuHOe MHOXKECTBO Ha3bl-
BAETCS CHeMmHbIM, €CH CYILeCTBYeT B3aUMHO OJHO3HAYHOE COOTBETCTBHE
MEXAY €ro 3JeMeHTaMH H JIeMEHTAMH MHOXKeCTBa HATypaJbHBIX YHCEes
1,2, 3, ..., n, ..., UHAUe TOBOPS, €CJIH 3JE€MEHTHl ITOTO MHOXKECTBa
MOryT GbITb 3aHYMepOBaHBl. Torza OHH 00PasyIoT noc.edosamenbHoCHb.

IT p u M e p bi. MHOXKeCTBO YeTHBIX WHCENT: YHCIO 2k uMeeT HoMep A.
MHOXKeCTBO KBaipaTOB HATYPAaJbHBIX YHCEJ: YHCI0 k2 nuMeeT HOMep K.
MHoXecTBO UeABIX uHcen JIOG0TO 3HAKa: eclH k — Lenoe I0-

JIOMHUTEJIbHOE YHCJIO, TO Mbl HPIH-

9 nucbiBaeM HoMep 2k uucay -k u
HoMep 2k -+ 1 uncny —=k.
) ) ) W A MHOXKeCTBO INIPOCTHIX UHCES:
6 o 3 MBI yMeeM MOoJy4aThb INPOCThle YH-
¢Jia OJHO 3a APYTHM MO CcnocoGy
2 |10 25
17 pemera JparocheHa, NOITOMY Mbl

51 O 7 |9 125 «x  MOXeM HX HYMepoBaTh B Iopsijke
7 Bo3pactanus. Ho MBl He uMeeM
6l 71 & 24

topmyael, KoTOpad Aana Gbl Tpo-
191 207 21y 22 23 CTOoe  YHCJIO, COOTBETCTBYIOUIEE
JAaHHOMY HOMEPY A; MBI TOBODHM,
YTO MHOXKECTBO IPOCTHIX YHCeJ
CYETHO, HO HOMEpD WjleHa He Orpe-
JensieTcd GOpMyJoH, Kak B Ipe-
JbIIYHIHX MHOXKeCTBaXx.

OCHOBHLIMH pe3yJ/IbTaTaMH, KOTOpble He MPelcTaBJAIOTCA CTOAb Ke
OUEBMAHBIME, KaK Ipelplayliye, ABISAITCA ClAelyloliye:

Teopema 1. Muooicecmeo nap yeavtx 4uces CHemHo.

I'paduuecku Mbr H306paxKaeM Napsi NeAbIX YHcesd TOYKAMH [IJTOCKOCTH
C UeJbIMH KOOpAMHATaMi. Ecau MBI IONBITAEMCS 3aHYMEPOBaTh 3TH
TOUKH 1O mapasnietsM K ocd Ox, HapUMep, TO SICHO, YTO MbI HCIOJ/b-
3yeM BCe HAarypaJibHble MHC/A NMPH PacCMOTPEHMH JIMIIB OXHOH TaKoh
napaJsnesau; OfHAKO Mbl MOXeM HyMepOBaTb HHaue, HANPUMEpP, HCNOJb-
3ysl KBajpaThl ¢ NEHTPOM B Hadaje KOOPIMHAT, KaK 5TO MOKAa3biBaer
cxema. Tagum oBpazom, Kaxkaasi TOUKa UMeeT HoMep U o6paTHo. B Kaue-
CTBe YIpa:KHEHUS, MOXKHO Oblo Obl elle YTOUHMTb CXeMy, IOKa3as,
B YACTHOCTH, YTO TOUKH, JIEXKAlIHe Ha NOJOKHTeJbHOH NOJYOCH X-B,
HMEIOT CBOMMH HOMEPaMH KBaAparel IOc/eI0BaTe/IbHBIX HeueTHBIX
qHcesl.

Tarum 06pa3oM, Helb3sA CKa3aThb, YTO B IJIOCKOCTH HMEETCA «GOblLe
TAaKUX TOUeK», ueM Ha ocu Ox; Hesb3sl CKasaTh, 4TO €CJIM JBa OecKoHeu-
HLIX MHOMKECTBA YJIOBJETBOPSIOT OTHOWEHWIO BKMoyenus E’ < E”,
10 E” UMeeT «MeHbIIe 2JIeMEHTOBY, ueM E”,

Awuanoruyso, paccMaTpuBag NPOCTPAHCTBA TPeX, YeThIpex, ..., 1
M3MepeHu#t, Mbl BHIUM TaKxke, 4TO OObeIHHEHHE KOHEUHOro 4YHCJ/Ia
CYETHBLIX NOAMHOXKECTB €CTh CUETHOe NOIMHOMXKecTBO. MOXKHO ROKasaThb,

Yepr. 27
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4TO 3TO BepPHO H AJs OOBeJHHEHHS CUETHOTO MHOXECTBa CUETHbIX
MHOXKeCTB.

Teopema 2. MHOoxMecmeo PAyUOHAABHBLX HUCEA CHEMHO.

1) PaccMorpuM cHauana nonoxuresbHble I1po6u. M3o6pasum mocrne-
JOBaTebHbIE 3HAMEHATENU Ha OCH X-OB, a COOTBETCTBYIOIINE YHCTAUTE/II
HaJ HUMHU — Ha TNPAMOH, napaljieNbHOH OCH Y-B, TaK 4YTO Kamjaas
Ipobb u3o0pakaeTcsl Y3/J0M CeTKH. Mbl HX 3aHyMepyeM, HalpHMep,
10 KBaipartaM, CTOPOHBI KOTOPBIX HaxoasaTca Ha Ox u Oy.

2) Umobet 3anymeposamo NOACHCUMENbHbIE DAYUOHAAbHBIE HUCAA,
HAJ0 CUUTATb SKBHBAJEHTHLIMH TOUKH, HAXOAAIMHKECd HAa OAHOH HpPSIMOi
€ TOYKOH Hawajaa KOOPAHHAT. ¥YCJIOBUMCH
Tenepb M3 BCeX TOUEK MNPAMOH, coorBerTcT- ¥
BYIOUIMX Bblllle 3aHYMEGPOBAHHBIM JpoGaMm, -+ AL
J1aTb HOMeD JHIUL IIePBOH, cuuTas OT Ha- / A o
yajia: 3Ta TOYKA COOTBETCTBYEeT HeCOKpa- e
TUMOH Jpo6H, npeicTaBasiollell naHHOe
pallMoHaJbHOe YHUCIIO. 8

OTMeTHM, 4TO 3TO BIIOJIHE COIJIACYeTcCH /
C TE€M, UTO Mbl CKa3aJH paHee: CYLIeCTBYyeT
CUETHOE MHOMKECTBO Jpobell, NpeacTas- 0 1 4 9 %
JAAIOMUX  PAlHOHAIBHOE YHCIO, H 00b
eJMHEHHEe BCeX 3THX MHOXKECTB TaKkKe
CUETHO.

IlyreM nonapuofi FpynnupOBKH B3aUMHO NPOTHBONOMOXKHEIX ApoGef
BHIBOAAT TOT 3Ke pe3y/bTaT U IS MHOXKeCTBA PalUHOHAJBHBIX YHCeN
JOOBIX 3HAKOB (IPUMUCHIBAS YeTHble HOMepa MOJOXKHUTETbHBIM UYHC/aM,
HEYeTHble — OTPULATENBHBIM UYHCJaM).

Takum xe o6pa3oM MOxHO 6blio Obl CHayaja 3aHyMepOBaTh JIHUIb
Apo6u MeHbILE HJH paBHBIE 1, 2 NOTOM noNapHO IPYNNHNPOBATh KAXKAYIC
Ipobb ¢ B3auMHO 06paTHOM. CyIECTBEHHO 3aMeTHTb, YTO YKa3aHHBIH
Crnoco6 HyMepOBaHHS, pasyMeeTcsl, He COXPAaHseT eCTeCTBeHHbIH mops-
JIOK DalUOHAaNbHBIX YHCeJ.

Jpyroe oueBHAHOe 3aMedaHue COCTOUT B TOM, 4TO IOJAMHOXKECTBO 53
cyeTHOro MHoxecTBa A JuGO COASPKUT KOHEUHOE YHCJIO 3JIEMEHTOB,
JAHO0 OHO caMO TOMKe CueTHO (ITOTOMY YTO HOCTaTOYHO, HyMepys 3Jie-
MEHTH A, ONyCTHThH 3JeMeHTHl AOTOJHEHHS IOAMHOXKecTBa B).

(Il. MOWHOCTD HOHTHHYYMA

1) Teopema. Mroscecmeo ewjecmeenrbLx HUCEN, BAKMOUCHHBIX MEHCOY:
0 u 1, necuemno.

Mgr 3HaeM, yTO KaxIoe H3 STUX BellleCTBEHHBIX YHCEN MOMKeT GhiTh
npeacTaBieHo GeCKOHEUHBIM AEeCSTHYHLIM YHCJIOM, Lejas yacTh KOTO-
poro 0, u o6paTHO (3a HCKOYeHHeM, oTMeueHHbM Bo I rui.). Moxuo
OblI0 OBl MOSTOMY 3aXaThCs IEJbI0 3aHYMEpPOBaTb CHadaja dHCIa
C OIHKMM JAECATHUHBIM 3HAKOM, C BYMs, ¢ Tpems u T. 4. Ho B peficTBu-
TeJbHOCTH TAKMM CIIOCOGOM Mbl OXBATHM JIMIUb YHUCAA C KOHEUHBLIM
YHCJOM HeCSTHYHBIX 3HAKOB, COCTaBJSIOUIHEG MHOXKECTBO Jecs THUHBIX
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YyCesI, a 3TO0 MHOXKECTBO, SIBJSIONIeECH TNONMHOXECTBOM pallMOHANbHBIX
YUCeJ, OUEBHIHO, CUeTHO. A HaM HYXKHO pacCcMOTpPeTb M MHOXKeCTBO
yrcen ¢ 6ECKOHEUHLIM UHCJIOM JECATHUHBIX 3HAKOB.

Las yopoulenust uajoxeHus Gyaer yAOOHO paccMOTpeThb MpeicTaB-
JleHHe 4uCcesl B JIBOHYHOH CHCTeMe; Clef0BaTeJbHO, OHH OYAYT Tenepb
3anuchiBathesi Tak: 0, au0y ... @y, The o; paBHO O wan 1. Msl noayuum
pe3yJIbTaT, BblpameHHBIH B (POPMYJHPOBKE TEODEMEBI, €CJAU HOKA4KeM,
YTO KAKYro Obi N0CAe00BAMEAbHOCHIb BELUECITIBEHHLIX YUCEA MbL He pac-
LMAMPUBAAL, MOXCHO NOCHLPOUMb BEUYECINBERHOE YUCAO, He NPUHOOAeNa-
Lyee amotl nocae0oeamerbHOCHIU.

Urak, nycTb jaHa MOC/AELOBATENbHOCTD:

Uy =0, 0305015 ... Gn;
Uy =0, Qg 05003 ... Uzn}
Up=0, OpUpalp3 ... Upn;

. .

B cuMBone ay, NepBHIH HHAEKC NOKa3blBaeT HOMEp WjeHa Nocjelo-
BaTeNbHOCTH, BTOPOH HHIEKC MOKa3biBaeT Paspsf UU(PHL. ¥YCIOBHMCSA
00603HauaTh yepes o’ MuppPy, KOTOpasi He paBHa o (TO eCTb ecau a = 0,
to @’ = 1, u HaoGoport). Torma uucio

v=0, 0,,0,,0.; ... Unp

‘He MPHHAAJEKUT NOC/AeJOBATENBHOCTH, TaK KaK, KAKOBO GBI HH ObLIO A,
YUCJI0 U OTIMYaeTcs OT U, CBOelt n-i mudpoi.

Taxum obpasoM, HM OfHA CYeTHAsI NOCJEIOBATENLHOCTh He MOXKeT
HCuepnaTh BCeX BeIeCTBEHHBIX UHCeJ, 3aKJIodeHHelx Mexay O u 1,
TO eCTb MHOXECTBO, Ha3BanHoe HaMmu uxmepsasom (0, 1} (aBaserca
"3TOT UHTEPBAJ OTKPHITHIM, HJIM 3TO OTPE30K, 31eCh He UMeeT 3HAUYECHH).
['OBOPAT, YTO 3TO MHOMKECTBO UMEEML MOU[HOCIL KOHMUHYYMA.

DLITh BO B3aUMHO OJIHO3HAYHOM COOTBETCTBHH SIBJISIETCH OTHOIIe-
HHeM S5KBHBAJEHTHOCTH, ONpEAETEHHOM MeXAY MHOMXKECTBAMH; 3TO
OTHOIIEHHE Ha3blBAeTCS DPABHOMOWHOCIMbI0. B TaKOM cjiydae TOBOPAT,
YTO MHOXKECTBA OHOIO H TOTO 3Ke KJ1acca HMeIOT 00uHaKkdeyio MOULHOCb
HJIH OJIMHAKOBOE KAPOUHAAbHOE (KOAUYECIIBEHHOE) YUCAO.

3HAuUT, BCSIKOE MHOMKECTBO, KOTOpPOe MOXKET GHITh MOCTaBJEHO BO
B3aHMMHO OJHO3HAYHOE COOTBETCTBHE C uHTepBaaoM (0, 1), umeeT Moll-
HOCTb KOHTHHYYMa: TaKHM SIBJSETCS, HAaNpHUMep, MHOXKeCTBO HeHCTBHU-
TeJIbHBIX 4yHces, GonpumuXx 1, Kak NOKasblBaeT COOTBETCTBHE, YCTaHaB-
JinBaeMoe o6pasoBaHHeM OOPATHOTO YHC/A

y=—; <x<ll={y>1],

186



U MHOXKECTBO BCeX INeHCTBUTEJNbHBIX UHCes, KaK IOKa3LiBaeT, HallpuMep,
COOTBETCTBHE
2x—1

T ox(l—x)

aasioneecs orobpaxenueM 0 < x <1 Ha — oo <Ty < + oo,

JlroGolt unTepBan (a, b) monyuaercs us unrepsana (0, 1) ¢ nomomnipio
TOMOTeTHH ¢ KoaduuuentoM nogobua & — a. OGbequHeHHS KOHEYHOTO
YHCJIa HHTePBAJIOB TAKKe MOTYT GBITh MOCTABJEHH! BO B3aHMHO OJHO3HAY-
Hoe coorBeTcTBHE. ¢ HHTepBaioM (0, 1), paccMaTpuBaeMblM Kak O0beiH-
HeHHe CTOJIbKHX XK€ HHTEPBaJOB.

2) Ozxnako He cielyer AyMaTh, YTO BO MHOXKECTBE JIeHCTBHUTENbHBLIX
yyce/l NOHATHE ¢HECUETHO» COBNAJAET ¢ NOHATHEM «OObelHHEHHE HHTepP-
Ba/IOB». ITO NOKa3LBaeT 3HAMEHHTHIH NpUMeD, Ha3bBAeMBIH KAHMOPOBO
mpuaduuecxoe mroscecmso (. K a v T 0 p, OfliH U3 OCHOBATeJiell TEOpUH
MHOXKeCTB, ony6unkoBan cBou pa6otel ¢ 1872 mo 1897 r.).

o NN NN

0.1 0.2
Yepr., 29

Ha 70T pas ncnosnb3yeM TPOHYHYIO CHCTEMY CUMCJIEHMA, nubpaMn
Kotopoli sBasitorest 0, 1, 2. Haunem ¢ otpeska O0<x<C 1l u ylansiem
untepBan 0,1 <x<0,2, Tak UYTO OCTalOTCS JIMIIb JBa HHTEpBasa:

0<x<0,l v 0,2LxL1.

IToToM aHaANOTHYHO HCKIKOYaeM
0,01<x<0,02 u 0,21 <x<0,22.

Tlocsie 3TOro MCKJIOYaeM CpelHHMEe HHTEPBaJb! U3 OCTABIIHXCA UYeTHl-
pex HHTepBaJsoOB

0,001 < x < 0,002; 0,02

1 <x << 0,022
0,201 < x < 0,202; 0,221 €

x << 0,222

H Tak jaJee.

Bce #dckiaoueHHble YMCAa MMEIOT B Halled CHCTeMe CUMCJEHUs IO
MeHbIIeH Mepe oxny Iudpy 1, cieoBatelbHO, COXPAHEHHOE MHO-
#KecTBo A naxe nociie GecKOHEYHOTO (CYETHOTO) YHCIA onepanuil coxep-
JKUT BCE UYHCJIA, KOTOPHIE B3alHCBIBAIOTCH TOJNBKO C NOMOLIBIO HUGD
Owu 2

Ho MHOKecTBO 3THX HHCEJ HaXOAUTCA BO B3aHMHO OAHO3HAYHOM
COOTBETCTBHH CO BCeMH UYHCJIAMM, 3alMCAHHLIME B JBOHUHOH CHCTEME,
IJIsl 4ero AOCTATOYHO 3aMEHHTb CHMBOJI 2 CHMBOJIOM I, coXpaHfifi cuM-
Bon 0. Takum oGpasoM, paccmampusaemoe Mmuoocecmso A codepacum
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noOmHoxcecmeo  mouiHocmy  Konmunyyma. H ece oxce, mroxecmeo A
He co0epacum Hu 00H020 uKMepeasq: NeHCTBATENbHO, KaXKIBIH HHTEPBA,
COXpaHeHHbIH B KaXI0H CTaguy, uMeeT LJIHHY

1 12 1\n
EX) E) RN -y y vy

a 3Ta NoCjIeOBaTeJIbHOCTb CTPEMHUTCA K HYJIIO. W naxe cymMMa JJIHH
3THX COXPAHCHHbIX HHTEPBAJOB HA Kaxao# CTaauH paBHa

2 2\2 2\n
e ) vees g y vy
TO €CTb CTPEMHUTCS TaKXKe K HYJI10.
Mu BHJIHM, HACKOJIBKO B 3TUX TOHKHX BOIIPOCAX HENb3s M0JIararbCs

Ha HHTYHIHIO.

IIl. BononHMTEenLHbIE CBEAEHURA
0 HapAMHanbHbIX (HONMYECTBEHHbIX)
yucnax

UTO6H! BHIIBHTD, ABJASIOTCA JIH ABa GeCKOHEUHBIX MHOIKECTBA PaBHO-
MOIHEIMH, MPHAMEHSIETCA CJEAVIONHH MeTOM.

[Tycte A u B — Takde MHOMKeCTBA, YTO CYLIECTBYET HHBEKLHS
MHOXKecTBa A BO MHOXeCTBO B, TO eCTb KamKIOMy 3JIeMeHTy a € A
COMOCTaB/IeH HEKOTOphIt 2jemeHT b = f (a) € B, mnpuueM cooTBet-
creue Mexny A u f (A) = B’ p3aumuo onnosHauso. Ecau mexkortopas
Teopusl NO3BOJAET IIOCTABUTH B COOTBETCTBHe MHOXecTBaM A u B
kapauHasnbHble uncina Card 4, Card B, To Mbl 6yieM HMeTb, No ompe-
LeJIeHHIO,

Card A= Card B',

H HaM XoTesiock Obl HammcaThb
Card A < Card B,

HO, 4TOGH! 3TO GBIIO ONPaBaaHo, cleAyeT YOeNHTLCA, 4TO TAKUM 06pasom

onpejenaerca OTHOIIEHHE MOPAAKA, TO eCThb C/ICAYeT NPOBEPUTHL AHTH-

CHMMETPHIO N
Card A< Card B

Card B Card A ] = Card A = Card B.

ITpumep noKasbiBaeT, YTO Takas CHTYa2UMs] BO3MOXHA. BospMmewm
32 MHOXeCTBO A MHOXKECTBO YETHBLIX HATYPAIbHBIX UHCEJ, a 332 MHOMKE-

(2 2 ) 8~ " 169 2p D)
> L r/x\ /4 f
(3=——N-9" 2 BB 34 &)

Yepr. 30
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¢TBO B MHOXeCTBO HaTypa/JbHBIX YHCEJ, KPaTHBIX uucay 3. PyHKOuA
«YIABOEHHE» NaeT UHBEKIMIO ¢ MHOKecTBa B Bo MHOXecTBO A. PyHKIHA
«yTpOeHHe» NaeT HHBEKIMIO [ MHOKecTBa A BO MHOMXKecTBO B.

A\ ' AfAcB

Ho muoxectsa A u B paBHOMOIIHBI KaXJAOe MHOXeCTBY N HaTy-
PasbHBIX YHCEJ, 3HAUMT, OHH PaBHOMOHIHH APYT APYTY B CHJY COOT-
BETCTBHSA:

Qﬂ\ /l 3n.

Teopema BepHuwreiina. Ecau cywecmeyem unvexyus [ mroxcecmsa A
80 muoocecmeo B u unwekyus ¢ mnoocecmea B eo mmuoscecrmso A, mo
cyujecmeyem 63AUMHO OOHO3BHAYHOE COOMBEMICIMBUE MexNcOY dAeMermamu
mHoocecrne A u B, mo ecmo miL MHOXNCECBA PABHOMOUHBL.

CorniacHO TpeANoJOKeHHIo, [ omnpenensieT B3aHMHO OJHO3HAYHOE
COOTBETCTBHE MeXJy 3JeMeHTamMH MHOxkectBa A u f(A) =B — B
M aHaJOTHYHO ¢ OnpejensieT B3aWMHO OJHO3HAYHOE COOTBETCTBHE
MexAY 3JeMeHTaMH MHOXecTB B n ¢ (B) = A" < A.

IIycrs A" — nononnenue MuoxkectBa A B A. Ecau mMuoxectso A”
nycTo, TO OTOGpaXKeHHe ¢ YIOBJETBOPSET 3aKJIOUEHHIO TEOPEMEL.
[TosTomMy npennonaraem, yro MuoxectBo A” me mycro. Torma Gymem
HAYMHAThb C HEKOTOPOro 3JeMeHTa dg € A” # paccMOTPUM moC/eno-
BaTeNbHOCTD.

a6 ¢ a4 = @(by) Y, 0= wlb) - a0, = @lbyy) -
I// ///
[
I b=Ffa) f b = fa) ... I b=fla) .
Yepr. 31 :

Ora pocjenoBaresbHOCTh GeCKOHeYHa, MO0 B BHUAY HHBEKTHBHOCTH
oroGpaxkeHuil [ H ¢ HEBO3MOXKHO CHOBA NOJYUYHTb YKe pa3 NOJNydYeHHBIA
sneMenT. [1o 3Toii »Ke HpHYHHE NOCAEXOBATENbHOCTH, BO3HMKLINE M3
pasJMgHbBIX 3JEeMEHTOB MHOXKecTBa A", He mepecekaloTcsl Mexay cOGOH.

PaccMOTpHM Tereph BCe TaKhe MOCRel0BaTebHOCTH, TO €CTh IOC/Ie:
IOBaTeJIbHOCTH, TOPOXKJEHHBlE BCEMH 3JeMeHTaMu MHOxkectBa A’
Dyukiua [ onpegensieT GHEKIMIO MEXLY MHOMXKECTBOM A 3/1eMeHTOB,
LOCTHTHYTHIX STHMH MOCJIEI0BATeNbHOCTSIMU BO MHOXKecTBe A, U MHOXKe~
cTBOM B; 5J1€eMeHTOB, JOCTHIHYTHIX BO MHOXecTBe B.

Ocraercsl TOJALKO YCTAHOBHTH B3aHMHO OJIHO3HAUHOE COOTBETCTBHE
MeXJly 3/JeMEHTaMH JOIOJHeHHH

A=0,4 u B,=[,B.
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Ho
AiDA"=>A2CA'*.
3uaunt, A, Npu oTOGpaXKeHHH ¢ sABJAseTcs 00pPa3OM TaKOro I0j-
MHOKEeCTBa MHOXKeCTBa B, HM OIHH 3JeMeHT KOTOPOro He MNpHHAaLlIe-
XKUT By; 370 6yIeT caMO MHOXKeCTBO B, TaK Kak KaxIblfl 3JeMeHT B

A’ _L

Ay )@H« N4 AC, fl"m o Ay o2 )
f F VAN AL  of

8@ ¢ §8)C 78 B( AR i< %5
B, B,

Yept. 32

u3 B, umeer o6pas a = ¢ (B), KoTOpHIH NMPUHAJNEKAT MHOXKeCTBY A”,
HO He MPHUHANIEKHT MHOXKeCTBY A

CrnefloBaTeIbHO, Mbl YCT4HOBHUM HCKOMOE B3aUMHO OJHO3HAUHOE
COOTBETCTBHE, MOJOXKHB

A1\ f /31 H Agx\ 9 /Bz.

Takum o6pasoM, Card A< Card B ecTb OTHOLIeHHE MOpPSAKa
B mmpokoM cMmblcie. Ho HuuTO He naer mpaea cuurtaTh, YTO 3TO Bce-
oflee OTHOIIEHHE NOpsiAka. K Tomy e Mbl He onpefensieM 37ech
oflepallid BO MHOXKECTBe KapJHHAMBHEIX uucesq. Taxkum oGpasom,
HEeCMOTPST Ha TO, YTO MBI YroTpeGisseM CJ0BO «UHCJIO», MBI HE MOXKeM
BCE XK€ CUMTATh, YTO 3TH OOBEKTHI OCYIIECTBISIOT pacliipeHHe MHOKe-
CTBA JEHCTBUTENbHBIX YHCE.

.

§ 2. Nlorapu@mMmoi.
0600eHNEe NMOHATHA NOKA3aATENnA C(TeneH:

Jlpe oriepanuu: C/AOXKEHHE W YMHOKEHHE — HMCIOT BO MHOXECTBe
JNeHCTBUTEJIbHBIX YHCesl aHAJOTHYHLIE CTPYKTYPH, KOTOphEle Mbl OXapak-
Tepu3oBasd B Nepsoil kuure. OnHako onepanus, o0paTHasl CJAOKEHHIO,
TO eCcTh BLIYUTAHUE @ — @', OmpefeNieda /s BCeX ap AeHCTBUTENbHEIX

4giceJ, B TO BpeMsl KaK JeJIcHHE OofpeleJieHO JHUIL IIPpH YCJIOBHHU,

b
b
uto b OTMIMYHO OT HYJAsl. MHOMecCTBO NeHCTBHTEJbHBIX YHCeJN, CHa6-
JKeHHoe Onepamuel CJOXKeHUs (aJiUTHBHAS TpyNNa), H MHOXKECTBO
JIeHCTBUTENLHLIX UYHCeJ, 32 MCKJOUeHHeM HYJs, cHalXKeHHOe omnepa-
myied YMHOXKEHHS (MYJbTUIJIMKATHBHASA TPYNINa), H30MOP(MHLI MO OTHO-
LIEHWIO K 3THM onepaudaM. Hefirpanabuble 3JeMeHTL COOTBETCTBEHHO

0 u 1, oueBHIHO, COOTBETCTBYIOT APYT APYIY.
* 1 A A" —
MMockoarky Ay DAY = BA 1C cA — [Ipum. ped.
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OG6paTuM cBOoe BHHMaHHe Ha Te MOATPYNNH YIOMSIHYTHIX JABYX
TPYII, KOTOpble MMEIOT, Kaxnasi, JHIIb OXHH OGPasyMHi SJeMeHT.
AnnurtuBHasg rpynmna

...—na,..., —3a, —2a, —a,0,a,2a,3a, ...,na,...
MyasrunnaukaTHBHAY Tpynma

I - T N NN N LR
EcrecTBeHHBI/l MOPSIIOK COXPaHsIeTCsl B IIepBOH NOATPYNIe, ecsm
Q4 TOJOXKHTEJIBbHO, M 3aMeHsIeTCsl NPOTHBOIOJOKHLIM IMOPAIKOM, €CJH
G OTpHULIATEJbHO; JUIsI BTOPOH TNOATPYINLI €CTeCTBEHHbI NOPANOK
coxpansieTcs, eclu b Gonbille eIMHUIbI, ¥ 3aMeHsIeTCs [IPOTHBONOJIOXK-
HBEIM HOPSAKOM, ecad O <C b <C 1. Mul orpannuuMcst OGbIYHEIM CAyUaeM
a > 0, b =1, or xoToporo MoxHo 6e3 Tpyla NepeiTH K cayyaro, Koria
@ OTPHIATEJNBHO, WM b MeHbIle eIHHHUIB!, Jejas OTHOLIEHHEe NMOpIiKa
0GpaTHLIM, OXHAKO CYULECNEEHHO, UnobbL 4UcA0 b 6bLa0 NOAOIH UMEAbHOIM.
TakuMm o6pasoM, ecaun aanbl @ >0 1 & > 1, TO Mbl NPH KaKIOM
HATYpalbHOM 7 [IOCTABHM B COOTBETCTBHe ADYTI JAPYTY uucia na u b".
CorsacHo u30MOpP(DU3MY JABYX TPYII C TOUKH 3PEHHsI onepanyii © OTHO-
LIEHHs MOPSKa, MBI TOCTABHM TaK:Ke B COOTBETCTBHE APYT APYTY YUCIa

1
——ﬂaI/IF.

3areM eCJH p U ¢ — [Ba HATYypa/JbHBIX YHCJIA, TO MBI IOCTABHM
ApPYr IPYTy B COOTBETCTBHE YHCJA

Lo w VE=(VDP,

a TakKxe 4JHcaa

p—t

q

Ve
HYCTI) A — MHOXKeCTBO umcen % a, The p — 1eJjoe mo6oro sHaxa,

g —“HaTypaspHO, a % — MHOXKeCTBO BeIUeCTBEHHBIX YHuCel 1q/ bP,
[IOCTABJEHHLIX B COOTBETCTBHE YHCJIOM MHOXKecTBa 9UA; BCJAeACTBUE
u3oMopdu3Ma HMeeM, YTO CyMMa JIBYX 3J1eMeHTOB M3 9 cOOTBeTcTBYET
TPON3BEIEHUIO JIBYX COOTBETCTBEHHLIX 9/eMEHTOB H3 F.

Ocraercsi pacnpocTpanuTh COOTBETCTBHE Ha cayyail, KOTAA MHOKe-
creo U GymeT MHOMECTBOM .% BCeX BEIIECTBEHHBIX UHCEN, a MHOXKe-
CTBO % OyAeT MHOXKECTBOM %" BCeX MOJIOXKUTENbHBIX BeIeCTBEHHbIX
yhcea. [MBl HCTIOJIB3YeM HECKOJIBKO OUEBHIHBIX TEOpEM O MNpejenax,
SABJISIONINXCST HENOCPENCTBEHHBIMH CJAEICTBUAMH onpefeneHuit (KH. 1,
ri. 1V); onn 6ynyT meranbuo paccMorpenbl B Kuure [I1. Mur onpene-
JIleM YHCJA C TIOMOIIBIO BJOXKEHHBIX OTPE3KOB, TO €CTb C MOMOLIbIG
sanaju. ]

191



MmuoxectBo Z mnoayuaercss u3 MHOxecTBa 9 nyTeM JOMOJNHEHHA.
Jlio6oe BeleCTBEHHOe YHCJAO r JOCTUTAeTC C IOMOIIBIO I10C/AeN0Ba-
TeJbHOCTH BJOXEHHBIX OTPe3KOB, AJHHA KOTOPBIX CTPEMHTCA K HYJIO.
Hcrnosb3syeM B 4HCJI0BbIEe NOCAeJ0BATEAbHOCTH Oy U O, OIpee/IeHHbIE
caepyoluM o6pasom:

N . N+l

'Zz_zay Op = —5,— 4, an<r<a;,,

a, = on

rie HaTypanbHOe uucao N ompejessieTcs COIIacHO akcuoMe Apxumerna.
Mgl 3HaeM, XOTS Gbl W3 CBOHCTB JBOHYHOH CHCTEMbI CYUHCJAEHHS, 4YTO
N BospacTaer BMecTe C 1.

[TocsienoBaTesIbHOCTh ¢, — BO3PacTalollasl BMecTe C A U OrpaHUYeHa
CIIpaBa BCEMH Uy; IOCTENOBATENBHOCTD O — YOBIBAOIIAS U OTpaHHuYe-

’ a
Ha C/eBa BCEMH On, @ PAsHOCTb On — Op = o CTPEMHTCS K HYJIO:
M3 nsomopdusma muoxectB A 1 F BhiTeKaer, 4To

2", — . Ao
ﬁnz l/bN P an /bN+1

06pasyioT TaKKe MOCAeNOBATEIbHOCTL BJIOKEHHBIX OTPE3KOB, OJHAKO
BO3HHMKAET BOIPOC, CTPEMHTCS JHU K HYJIO PasHocTb Pn — Bi.

s 0<a,<a ) ((1<<Bn<<Bo;
. a } BoiTekaer | pn 2" -
n— = —— O —_— .
[Tonaras
"ﬁl = 1 + uny Un > 07
Pn
f10JTyuaeM:
b= (14 un)?".
CnenoBaTenbHO, HauWHAs Pa3BepTHIBATH CTENEHHOH Psf, HAXOLUM:
b>1+42" u,,
OTKYyJa
b—1
un < TL_ .
[Tostomy, ecau n —» oo, u, — 0, 3HAYHUT, % —>1mn ﬁ—”g_—ﬁ—"— — 0.
n n
[MockonbRy P, yIOBJIETBOPSiET HEPABEHCTBY
1 <fn <By,

13 NpeAblAYIero BuBOAMM P — B, — 0.

Takum o6pasoM, YHCJOBBIE MocjaenoBaTenbHoOCcTH B, U B, o6pasyior
TIOCTIEI0BATEIbHOCTh BJIOXKEHHBIX HMHTEPBaJIOB, IJIHHA KOTOPHIX CTpe-
MHTCH K HYJIO; 5TO «3amajfHsi», ONpelesdomas AeHCTBUTEIbHOE YHC-
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JIO @, KOTOPOE MBI LOJIKHBI NOCTaBHThL B COOTBETCTBHE HUCHAY 7, UYTOGHI
¥30MOPPU3M COXPAHHJICS NOCHe JONOJHeHHS MHOXKecTBa .

O6patHo, Ka)Ioe NOJOKHTeNbHOE BellleCTBEHHOE YHCJIO Q@ MOXKHO
MOJYYUTb C MOMOUIBIO I10CJIEOBATENBHOCTH BJIOXKEHHBIX HHTEPBAJIOB
(Bn, Brn), HcONB3YS UHCIa, B3SIThIE N3 %, TAK KAK MHOXKECTB A 11eJTUKOM
ynop%ﬂoqeao, a OTCIofla nosyyaeTcs AJIs UHCJIa @ U ero o6pas, uHcjo
rB K.

Takum 06pas3oM, MexXY YicaaMy U3 % 1 J2*, HaKkoHell, YCTaHOBJIEHO
B3aUMHO OfIHO3HAUHOE COOTBETCTBHE, KOTOPOe SABJSETCS H30MOp(hH3-
MoM Mexny A, TO ecTb MHOXKECTBOM %2, CHaGXKEHHBIM CTPYKTYpOH
YIOpSINOYECHHOR al/IUTUBHOM Tpymnmnbl, H % — MHOXeCTBOM %27, cHal-
KEHHBIM CTPYKTYPOH YIOPSIIOYeHHOH MYJLTHUINHKATHBHOH TPYMIHL

B uacruocty, uncay 1 € 9 cooTBeTCTBYeT HEKOTOpOe uucao P € .
CootBercTBHe omnpefiejieHO napodl HefArpanbHbeIX 3aeMeHTOB (0; 1)
v napo#t (1; P).

T'oBopsiT, uTO P ecTh OcHOBaHHe .s02apughmos, W NHLIYT:

=log,3 b.

C Ipyro#i CTOpOHBI, €C/IH 1 HaTypaJbHOE, TO YHCAY @ = 7 COOTBET-
cIByeT uncio b = B". YcaoBHIHCH PacmpOCTPAHHTh 3TO 0603HAYEHHE
CICAVIOIHEM 06pa3oM:

ectn a.— — n (n HarypasibHOe), b= oumyTt: b = -7,

1
ﬁ_"’

— o,
ecau a =% (p m g HarypanbHbe) b= f'/ﬁ”, mumyT: b=f9°
p 1 -2
ec @ = —- , b=—— mumyr: b=p 7.
o 0

Hakownen, ecsid r ectb /Moboe AeHCTBUTENBHOE YHCJA0, TO YCIOBHINCH
0603Ha4YaTh COOTBETCTBYIOLICE €My YHCJIO @ CJAeAYIOLHM 06pasom:

r
e=p
(4TO yHTaeTcs: B B CTENEHH r).
Takum o6pa3oM, KakoBo Obl HH ObLIO JeHCTBHTENbHOE YHCIO X

U COOTBETCTBYIOIEE eMy UYHCIO Y H3 %%, BBOAAT [Ba KBHBAJEHTHBIX
of03nauenus

X
x=loggy, y=Fp",
¥ H30MOpP(U3M BhIpa)KaeTcs TOTZA JIIOOHIM H3 DPaBEHCTB

logg (ys-yo) = logg ys + logg ya, B2 = g g™

CnenoBaTesqbHO, MBI BBeJIH JBe B3aHMHO 0GpaTHEIe (DYHKIUA: TiepBast
HasLIBaeTca Aocapud museckoll yuryued no ocHosaryio f, BTopas HasH-
BaeTCsA nokaszameabroll gynryueld npu ocrosaruy P.

BoiGop ocHoBaHmsi. B xkadectBe ocHOBamusi [ MOXKHO BHIGPAThb
NPOU3BOJIbHOE OTJIMYHOE OT €AMHHUB! MOJOXHTEJIbHOE YHCJI0; BooOlle
roBopsi, 3a OCHOBaHHe Oepercd UYUCIO, OOMbIlee E€NWHHUIE!, IJST TOTO

13 3akas Ne 9 193



yTo6B! JIOrapudMuUYecKass U Noxasarenbsas (QyHKUUH IIPH 3TOM OCHOBA-
HUY GBLIH 00e BO3PaCTAIOUIVMMH.

@) C TOYKH 3peHUS BHIYHCJICHHH B Halllel CHCTEME CUHCJIEHHA eIUH-
CTBEHHOE [PaKTHYeCKH YyI06HOe oOcHoBanue — 310 uucio 10. Torga
NpuGaBJCHHIO K YUCIY X LEJOr0 YHCJIa COOTBETCTBYET NpocTas mepe-
CTaHOBKa 3anfAToll B uucae y. [1osTOMy Jumb fecsiTHUHAA YacTh (Man-
THcca) Jorapudma x GUrypupyer B TaGaMIaX: TaK, HATPUMED, TOCKOJb-
Ky B Tabauue jnorapuMoB MBI HAXONUM B KayecTBe NPHOJIHIKEHHOTO
3HAUEHMs, COOTBETCTBYIOIIETO 4YMCay 34, NOCHeI0BaTeNbHOCTE IH(P
53 148, To, BBHAY TOro uro logl =0, log 10 = 1, HyY®)HO B3HTh

log 3,4=0,53148, log 34 =1,53148, log 340=2,53148

UT, 0. HU
log 0,34 = —14-0,53148,

log 0,034 = —2-40,53148 u . 1.

OueBunHO, YAOOHO OCTaBUTH 3TH OTPHIATEJNbHBIE JOTAPH(ME! B NOJY-
yeHHOH (popMe, He BBINOJHAA BBHIUUTAHUH, TaK KaK OHO TIPUBEJO Obl
K TOTepe TPEHUMYLIeCTB JECATHUHOH HyMepamud. ¥CJIOBHINCH JHIIb
cOKpamaTs QopMy 3alHCH: [Ba NMOCJAEIHHX JorapHpMa AUIIYTCA COOT-
BerctBendo 1,53148 u 2,53148. Ilpu sToM mojpasyMeBaercsi, 4To Jecs-
THYHAsl YacTb BCeTJa IOJIOXKHUTEeJbHA.

Brinosigenne Boluucsenuii B Y, a He B % naeT OCOGEHHO BaXKHOE
YHpOIEHHE, KOTAA HYKHO U3BJEKATh B % KOPHH M-H CTENEHH, OAHAKO
BCeTJAa CJelyeT HauyHHATh C TOrO, YTOGH COXPaHHTb B % JIHIIb Onepa-
H#, 0603HAYeHHble MYJABTHIVIHKATHBHO; TOTAA MOJYYEHHBIE BLIparke-
HAS Ha3bIBAIOTCH «HMEIOIIMMH JIOrapHhMUYecKHll BHI». DTa UEdb,
TO eCcTb NIPHBEAEHHE K JOTapuOMUUECKOMY BHIY, YacTO AOCTHIraeTcs
¢ [MOMOUIBIO TPHTOHOMETPHUECKHX (PYHKUME OJarofaps HCIOMAb3OBAHUIO
BCIIOMOFaTe/NbHEIX YIJIOB, TaK XaK TUOKOCTh TPHUTOHOMETPHUYECKHX
(opMys TIO3BOJIAICT 3aMEHATH CYMMEI Uepe3 MPOH3BEINEeHHSI.

Hcropuuecku BBefenue jorapudmon Henepowm (1550—1618) u Briuuc-
JeHHe TalGnHL JecATUYHbIX Jorapudmos apyrom Henepa, Dpurrom
(ouu copepxkanu uncaa or 1 po 100 000 u ux snorapudMmer ¢ oxuunaz-
[ATbI0 NECATHYHLIMH 3HAKAMHM), IIPOU3OLIIO BCKOPE TIOCTE TOro, Kak
CreBHH pacnpocTpaHu JecATHYHOe 0GO3HAUSHUE HA AeCATHUHBIE APOGH
(1585) *. HMcnonbzoBanue JOrapuMOB MO3BOJIHIO aCTPOHOMAEM YCIell-
HO CIPABUTHCA C BBIYUC/JACHUSMH, KOTOpHe ObllH HEOGXOMHMBI AJA
npuMeHeHu# 3akoHa Hbrotona (1642—1727). B Hacrosuiuee Bpems

* B Espone mepBas mONHTKAa BBeJeHHS NeCATHYHBIX Apobell oTHOCHTCH
kK X1V sexy (Mmmanynn Borduc us Tapackona). Ieransnas paspaboTka u npu-
MEHeHHe B aCTPOHOMHYECKHX pacueTax JaHbl He3aBHCHMO B TpaKTaTaX caMapKaHA-
ckoro acrponoma xemumupna an-Kamu (1424, 1427 rr.). Eme panee pecATHYHEBIE
apo6u ynorpebasancs B Kurae (1II B. . 5.). O6G ncropuu jgecaTuuumx Apobek
cM.: A, II. IO m K e B 1 u, McTopua MaTemaTHKH B cpefnHe Beka, DPuaMarrus,
M., 1961, ctp. 3234, 229—231, 352-—356. OO ucropuu JorapudmoB CM.:
L T. Oefiten, Heropus wmarematukn B XVI u XVII Berax, M.— JI.,

1933, crp. 131—145.— IIpum. ped.
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BBIUKC/IEHHST BHINOAHAIOTCS MatuuHaMu. [locTpoeHs! TakkKe Ha ocHOBe
JIorapupMHUECKOro COOTBETCTBHS CUETHHIE JIHHeHKH (JorapuMuuecKue
Junelikyl) U CueTHble KPYTH.

b) C TeopeTHuecKkoil TOYKH 3PEeHHA OPU H3YUCHHH 1020pUPMULECKOL
W NOKA3amMeAbHOU (YyHKyull BLISIBIASETCA OAHO IPUBHJETHPOBAHHOE
upcyo. CorjiacHO HCC/IEOBAHHIO, KOTOPOE IO3BOJHJIO HaM ONpPEAeSUTh
y = P* 1na KaXk[IOro 3HAYEHHS YHCJaa X, HaM M3BeCTHO, YTO y CTpe-
MHTCST K P¥0, KOTJla X CTPeMHTCS K X, 3HAUHT,

B*"™ -1, korma x —x,—> 0.
Ho ornowenne

N

X—Xp

¥MeeT B 9THX YCJOBHSX nOpejies, KOTOphIH 3aBucHT oT . He nposoxs
9TOro UccaefoBaHuA (PYHAAMEHTANIBHOTO JUIA U3YUEHUA NOKas3aTe bHON
$YHKOMH), MBl CKaxXeM JHIIb, YTO CYILIECTBYET Takoe 3uaueHHe P,
o6o3HavyaeMoe CUMBOJIOM €, AJSl KOTOPOrO 3TO OTHOILEHME CTPeMHICH
K efuHHIle. Toraa npousBogHasd NpU X = X, A5 [T0OKa3aTeJqbHOR (yHK-
UMK TPU OCHOBAHHMH €, TO €CThb Npelesl BbhIPAXEHHd

eX—%0 __

x x0
— e*—e

Y70 ¢ ¢ e ' gorma x—x,—>0,
X— Xy X—X X—Xq

paBHAETC B TOYHOCTH Yo = €0,
Anajorpuno mpousBoAHAad JOrapUPMUUecKOd (PYHKIHH MO OCHOBa-
HHIO € X = log, Y, TO eCTb Npefies BhIPAXKEHHS

X—Xg 1
paBeH — .
Y—"Yo Yo

Takum o6paszom,
) =¢* n (logx) =

Ity dOPMYNbI, JAOKHe COOTBETCTBEHHO pelllenus «auddepeHIyalk-
HBIX YpaBHEHHH»

FO=fw 0 og @)=,

OmpaBJLIBAIOT BBeJeHNE YHC/Ja € B MaTeMaTHuyecKuil awanans. JloGaBum,
YTO YHCJIO €, KAaK H HUCAO 7, ABJISETCS TPAHCHCHJCHTHHIM YHCJIOM.
Ero npubimxenHoe sHayeHue

e~ 271828,

13#



Brtopasa 4acTb

ANTEBPAUYECKME BbIPAMEHKA
PEILEHUE YPABHEHWH

IlepBasg raasma

MHCTOYJIEHDI. PAUUOHASBbHLIE OYHHLKMH
@

Ecnu x npejcrasiser coGoil BellleCTBEHHOE YHCJIO, TO NPUMEHEHHE
npaBUJ JAeHCTBHA TMO3BOMUT MPEACTABUTH BCAKOE UEAOE BOLPANCEHUE
(BLIpaxKenHe, coiepixalliee JIUIIb 3HAaKH CYMMBI, DA3HOCTH U IPOH3BeJie-
Hus) B pasgepHymotl ¢opme, T0 eCTb B BHIE CYMMbl NPOU3BEIEHHH.

Hamnpumep,

(x+l)24—2x—1~3(x——2)2——(5x+l)—4x2——13x4—12

Mu 6GyzeM paccMaTpuBaTth TaKHe BHIDAXKEHMS, He TMpenoJaras,
YTO X SIBJSIETCH YHCJOM, HO Mbl AKCHOMATHUECKH BBeleM TaKue orpe-
JieJieHUsl onepanyi, KOTOphle COXPAHSIOT CBOIO CHAY H TOTAA, KOTAa X
ABJSIeTCA 4HCJIOM. Mel BBOOMM TakuM oGpasoM B aGCTpPakTHOH dopme
CPYKMYPY MHO04NEHA € OOHUM HEUBBECTIHbIM *.

l. Onpegenexnne MHOrouUneNa

MbI HCXOAHM U3 HaJIHYHS ABYX MHOXKECTB: OJHO MHOXKECTBO 00paso-
BAHO 3JIEMEHTOM X, Ha3BaHHLIM Heu38eCMHoIM, U 3JIEMEHTaMH, KOTOpLie
I0JIy4al0TCA € JIOMOIUBIO MYJbTHIJIHKATHBHO oéoax—xaqeﬂﬂou onepanyy,
TO €CTb STHMH 3JEeMeHTaMH SBJSIOTCS:

xt=x; x% ..., %P, ..., (p— HaTypasbHOe),
npuyeMm
XM g™ = x ™,

K HUM MBI DpUCOSNMHUM ellle HEATPAJLHLIA 3JeMeHT, 0603HAaYHB
ero x°, ¥ HOCTPOEeHHOE TaKUM 00pa30M MHOMKECTBO Ha30BeM 2. BTOpEM
MHOKeCcTBOM OyJeT HEKOTOpOe MHOXKECTBO YHCE.

Hekoropble paziessl TeOPUH TPeGYIOT, 4TOGH 3TO NOJMHOMKECTBO
MHOMKEeCTBa 4YMces OBIIO moJsieM (TO ecTh YTOGhl B HeM OBLIO BO3MOXKHO
IeJieHye, HCKMA04as [Ae/cHWe HA HYJ/b), HO 4acTO JOCTaTOYHO, UTOOH
OHO GBUIO KOJBIOM, HalpHMep, KOJbUOM Z neabx uucesa. Ms aroro
MHOXKeCTBAa OYAYT B3AThl Kospuyuenmst. KpoMe OTMEUEHHOTO HCKJIIO-

* ABTtop ymoTpebasieT TepMuH «une indetérminées (HeompelesicHHAA BeJH-
4HHa), U HMEHHO B 3TOM CMBIC/IE C/IeAyeT MOHMMAaTh TEPMHH «HEH3BECTHOE» B Ha-
crosamell rnase. —IIpun. ped.

196 .



YeHHs, Mbl B KauecTBe BTOPOr0 MHOMKECTBA IIPHHHMAaeM MHOeCTBO %7
BCEX BEINECTBEHHBIX UHCEJ W ONPEJEeNUM TAKUM O0Pa30OM MHO204AEHbL
(noauromet) ¢ 00HUM HeusseCTHbIM HOAO NOACM 6EUYECTIBEHHbIX HUCeA.

) Ml BBOxMM onepanuio, OGO3HAUYEHHYIO
MYJAbBTHHONJAHKATHBHO

ax?, ae R, e T,

€ accoUMaTHBHOCTSIME:

a (bx?) nmaer (ab) x®, o6Gosmauaemoe abx”, u (axP) (bx?) naer
(ab) (x*x7), To ecTb abx”*1. HeliTrpanpHblii sneMent ecTh 1-x°. Mul yBH-
JIUM, 4TO er0o 0G03HAualoT TakKke (JONmycKas HeKOTOPYIO BOJbHOCTD
B 0603HaueHusx) npocro l; anasoruuno 1x™ 6yzner o603HayarbCsi Mpo-
cTo x™ U ax® ofiHUM @. Mul He 6yIeM ROJIB30BaThCs B Hayase H3JIOXKEHHA
TaKUMH COKpAaIleHHSIMH.

BBeneHHbIe BEIpaXeHHsT HA3bIBAIOTCA 00HO4AeHAMU (MJTH MOHOMaMH).
B omnounene ax™ a HaswiBaetcs Koagpuyuewmom, m — NOKa3aredsb
CTelleHH HEU3BECTHOTO X, HA3bIBAETCS crenenvto 00Ho4Aena. ONHOWIEHH
C OIMHAKOBBIMH I0KAa3aTeJIMH CTeNeHH Ha3hBaIOTCH NOCOOHbIMU.

2) Mol BBOZIUM Omepanui Hajg OLHOYJeHaMH, 00 o-
3SHaYyaeMyo aJAHTHBHO

ax® -+ bx?,
NONYHHSIIOIYIOCS] 3aKOHY JUCTPUGYTHBHOCTH B C/vyae p = ¢:
ax? -+ bx? paer opHounen (a -+ b)xP.

DTO NPUBOAUT K HeOGXONMMOCTH INPHUHSTH B KayecTBe HeHTPaNBHOIO
anementa Ox?, KakoBo Obl HH OblIO p. Bynrem o6osnauate ero £2
(a mosxke mpocto HyJeMm). Ecau ogHousnenwsl He monoGubl (p 5= ¢), TO
cJI0XKeHHe BBOAUT HOBblE 3JIEMEHTHI, KOTOPHIE YIKe He siBJAIOTCA OLHOYIe-
HAaMH H KOTOpLI€ HAa3BLIBAIOTCA MHOSOYAEHAMU: 3TO CYMMBl HEKOTOPOTO
KOHeYHOT'O 4HCJ/a He NOJOOHLIX ONHOUJIEHOB (MBI BCerla NpearnosaraeM
npusederue noO0OHbIX 4/eH08 BHINOJHEHHLIM), IPUYEM OJHOYIEH TENEPb
paccMaTpUBaeTcsl KaK MHOTOWIEH C OJHUM UYJIEHOM.

CnoxeHne NpeANnosaraeTcsi acCONMATHBHHIM M KOMMYTaTHBHBIM,
4TO T03BOJISIeT BLIMOJHHTb M IpHBejeHHE NOJOOHBIX YJIEHOB, H CJO-
XKenne MHorouseHoB. Ho wmHorga Bce KO3(@OHUHEHTH MOTYT CTaTh
HYJIAMH, TOTAa TaKOH MHOrOYJeH SBJsSeTCHd HEHTPaJbHBIM JeMeHTOM
CJIOKEHHsI; MBI TOBOPHM, YTO 3TO HYAe60li MHO204aeH, W OYyAeM ero
o6osnauarh Q. (B nanbueiimem Mbl 6ynem nucatbh mpocro 0, fomyckas
HEKOTODPYIO BOJBHOCTh B 00O3HAUEHHUSX.)

3) Hakonen, BBOZIHM yMHOXeHHe MHOTOUYJeHAa Ha
4 U CJ 0, Onpejeisis ero ¢ NOMOUIBIO JUCTPHOYTHBHOCTH 110 OTHOIIEHHIO
K CJIOKEHHIO OILHOYJIEHOB:

k (ax? +bx?) naer kaxP -+ kbx4.

MHoO)ecTBO & MHOrOUYNEHOB CTAHOBHTCA TENEPh BEKMOPHbIM NpO-
cmpancmeom, ©Ga3nCOM KOTOPOTO CAYKHT MHOXecTBO X%, %, ...
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«.., X% ..., a MHOXeCTBOM oneparopos —Z% (wiu xe & sABAseTCH
#MO0Ysem, B cayuae ecad Ko3dbuuueHTH 06pas3yroT TOMBKO KOJBIIO).
3HauuT, 3TO BEKTOPHOE NMPOCTPAHCTBO HMeeT GeCKOHEeYHOe YHCJIO H3ME-
penuii. Ho ecsim orpannuuBatbcsl NOKasaTesNsiMH, MEHBIIMMH HJH paB-
HLIMH HEKOTODOMY HaHHOMY HATypalbHOMY YHCIY p, TO HIET peub
o mnpocrpaHcrBe (p + 1) uamepenus (ku. I, ra. III).

Mur ycnoBuMest, 3amuchiBasi 4iIeHs!, BCerJa IoJarath, 4TO UJeH
€ HanGoJBILUM NOKa3aTesieM HMeeT He HYJeBO# KoshduuueHnr. (AHaso-
FUUHO TOMY, KaK B JeCATHUHON CHCTeMe CHMCJIEHHS YHCJIO0, Ha3blBaeMoe
TPEX3HAYHBIM, UMeeT HU(PPY COTEH, He PaBHYIO HYJIO.) DTOT HaUGOJb-
HIAH TI0Ka3aTesb HA3BIBAETCH Crmenersro MHoroudeHa. Eciu MHOrousen
0603HaueH CUMBOJOM P, To ero cremeus oGosHavaercs d (P). WHorna
BaXHO paccMaTpUBaTh WIEH C HAMMEHBIINM IIOKa3aTeseM H He HYJeBLIM
KO3(hHIMEHTOM; 3TOT MOKa3aTeJb Mbl GyjaeM o6o3HauaTb O (P).

[Io camomy onpemenenuro uMeem d (P)>>0 (P), rie paBeHCTBO
¥IMeeT MeCTO JIUWb AJs OXHOuJeHa.

Cnyuyafi d (P)=290 (P) = 0 cootBercTByeT ozxHOouneHy ax®. Hysegoll
MHO204NeH 2 HE uMeem cmeneHu. YMHOXKeHHE Ha YHCJIO, HEPABHOE
aymo, coxpanser d (P) u 6 (P). Ilpu cioxeHuH, COIVIaCHO MPaBUIY
SIpPUBEJleHUsI TOLOOHBIX ujeHoB, d (P, - P,) He Gosnee HaubOJbiLeH
u3 creneneit d (P,), d (P,), a 6 (P, + P,) He MeHee HAaHMEHBILIETO H3
wuces 8 (Py) u 6 (Pg), 4TO 3amHCHIBAETCS

d (Py 4 Py)<sup [d (Py), d(Py)l;
8 (P, -+ Py) > inf [6 (Py), 8 (Py)].

MHuoxkecTBO OZHOUNTEHOB ax° COCTaBJISIET OJHOMEPHOE BEKTOPHOE
APOCTPAHCTBO, H3OMOP(HOE MHOKECTBY JeliCTBHTEJNbHBIX YHCes: MO3TO-
MY-TO OOLIYHO 3JeMeHT ax’ U 3anuchBaloT npocto a. C noMolpio 6a3uca,
cocrosimiero U3 x U x', mopoxnaercss AByMepHOe MPOCTPAHCTBO, MPO-
€TPaHCTBO JBYYJeHOB (OGHMHOMOB) NepBOHl CTemneHH

ax' 4+ bx°, koTopble OOLIMHO 3alHCHIBAIOT TakK: ax -+ b.

Basuc x°, «!, x¥* mopoxkjaaeT MHOKECTBO TPEXUJIEHOB BTOPOH CTENeHH
ax? - bx' + ¢x® unu B ofbiuHofl 3ammcu ax® + bx +c u T. L

IpeoGpasopanne Gasuca. C TOYKM 3peHHA BEKTOPHLIX MPOCTPAHCTB
LBa MHOTOW/IeHA ABJSIOTCH He3aBHCHMLIMH, eCJIH He CYlIecTBYyeT TaKoH
HEHYJIeBOH Maphl BEIleCTBEHHBIX YHCEJ Iy H Iy, IS KOTOPO Py + raPy
CTAHOBUTCST HYJIEBHIM MHOTOWIEHOM €2, TO eCTh ecau Ko3(hpuliueHTH
MHOrOuNeHOB Py u P, He nponopuxoHanbHbl. B dactHOCTH, 3Ta Hesa-
BHCHMOCTb MMeeT MeCTO Bcerja, ecay cTeNeHH MHOTOUYIeHOB He DaBHEL
EnuHCcTBeHHEBIM JeHCTBUTENBHO MPOCTHIM Ga3HCOM CIYKUT 6a3UC, COCTAB-
JIEHHBIH K3 OJHOWIEHOB ¢ KO3(PGhHIHEeHTAMH, PaBHBIMH EIVHHLIE; Mbl
6yleM ero HasblBaTb (pyHOameHmaronsim 6G3ucOM N TO3[HEE BepHeMCH
K 3TOMY MOHATHIO.

4) Koab1umo MHOTOUYJeHO B, Mul BBOIHM elne ogHy onepa-
HUIO Ha MHOMXECTBE MHOTOWJIEHOB, KOTOPYIO O0O3HAYWM MYJbTHIVIH-
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KaTHBHO (YMHOXKEHHe MHOTOUJEHOB), W OIpelesuM ee, HCXOAS U3
YMHOXKEHHS] OZHOWIEHOB W JHCTPUOYTHBHOCTH 3TOH ONEpauyH 110 OTHO-
WIEHUIO K CJIOXKEHHIO OJHOUJIEHOB. DTy OllepalMio BLIPaXKalT CJAefyro-
imed cxkartoil GopMysoll (CHMBOJI X O3HAUaeT CyMMY):

i=n j=n’ . .
(X aw®) (X byx') =D abyx,
i=p et

rie MOApasyMeBaeTCsd, YTO HAA0 B MTOIOBOM BblpaKeHHH NPHBECTH
noj06HbIe YJEHB!, TO €CTh Te, B KOTOPHIX [ |- j HMeeT OLMHAKOBOe
3HayeHHe. JTO NpHBeleHHe NOAOGHBIX UJEHOB NPHUXOAHTCH BBINOJIHATh
TOABKO JAJ WIEHOB NHPOMEXKYTOUHBIX CTelleHeH, Tak KaK 4wieH Hau-
BBICIIEH CTeleHH paBeH

anbn’xn+n"

a wieH HauWMeHblUefi CTemeHH apbp.xPTP’, OTKyZa BLITEKAIOT BaXKHble
(hOpMYJIBL:
d (PiPy) =d (Py)+d (P2);

8 (PyPy) = 8 (Py) + 8 (Py),

foJlee MPOCTHE, YeM COOTBeTCTBYIOHIME (OPMYJIBl IS CYMMbI MHOrO-
YIEHOB.

CneacrBue. [lpoussederue 08Yx MHOSOHACHOB SBAFLMCA  HYALBbIM
MHO2OMACHOM AU 6 Ccaydae, ecau OOUH U3 COMHOxMcumenell agasemcs
HYAeBbIM  MHO204ACHOM. JIeBCTBUTENBHO, 3TO ©AMHCTBEHHBIH cayuai,
KOTZla Npou3BejleHHe He HMeeT CTeneHH.

[TpousBenetne HeCKOJIBKHX MHOTOUJEHOB ONpPeJCseTCs OBGBIUHLIM
00pa3oM H HeTPYAHO NPOBEpUTb (HANPUMED, PEKYPPEHTHBIM PacCy-
JeHUeM), YTO OHO acCCOUMATHBHO, KOMMYTATUBHO H JUCTPUOYTHBHO HO
OTHOWIEHHIO K CJIOKEHHIO MHOTOYJIEHOB. MHOXKeCTBO MHOTOUJIEHOB
COCTaBJIseT, TaKUM 06pa3oM, KOMMYTAaTHBHOE KOJBLO.

B cuay acconuaTHBHOCTH MOXKHO J0Ka3aTb, KaK H LJISI UHCesd, 4o
APOUBBEOCHUE MHOLOUACHO8 HEASCMCS HYAeBblM MHO204AeHOM 2 moeda
u moavko moeda, Koeda xoms Obl OOUH U3 MHONCUMEACL ecmb  HYAesol
MHO20YUACH.

IIpakTuueckoe BbluucJenne npousBeneHus. HIyT Bce onHOUIEHEI
OJAHHAKOBO{l CTemeHH, TJe CTelleHb NPUHHUMAET Bce 3HaueHus ot d (P,) +
+ d (Ps) m0

6 (Py)+ 8 (Py),

W BBINOJHSIIOT NPHBejeHHe MOJOOHLIX YJEHOB IO Mepe HX NOJYdYeHHS.

Baxublii vacrubiii cayuafi. CteneHHu AByuJeHa ax-b.
Kax nokasbiBaeT pekyppeHTHOe HCCleIOBaHHE, YJIeHaMH MHOIOdYJIeHa,
NOJY4eHHOTO pa3BepThiBaHHEM CcTeleHH (ax -~ b)", dABJAIOTCH  Bee
OJIHOWJICHBEL BHJA

. CRa?b™?x?, 0L p <o,
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rie yucia, o6o3HaueHHbie yepe3 CP, mONyYalOTCS U3 CJAeAyoield Tad-
JIUIbl, Ha3BaHHON TPeyroJbHHKOM [lackans:

n=1 ... t 1

n=2 ... 1 2 1

n=3 ... 1 3 3 1

n=4 ... 1 4 6 4 1

n=>5 ... 1 5 10 10 5 1

n=6 ... 1 6 15 20 15 6 1
no ¢opmyse

Chfi=Cch4-citt.
PaccmaTpuBas u/ieHbl CTeleHH p B BhpakeHusx (ax -+ b)*
u (ax + b1, rme k> p, MOXKHO C TOMOIIBIO HHAYKIHH 1O A TPO-
BEPHTb POpMyJTy

Ccr— ﬂ(n—l)(n—-2) (n——P4~l)
T 1.2-.

OTH yHCcIa, HAa3bBaeMble <(6HHOMHaJIbeIMH Koa(punrentamu», 06o-
3HAYaIOTCsl TaKKe CHMBOJIOM ( Z ) .

5) [Ipeo6pasoBanue byngaMeHTanbHOTo 0a-
3uca
YcnoBuMca Has3blBaTh (DyHIAMEHTAJNbHBIM 6a3HCOM BEKTOPHOrO Mpo-

CTPAHCTBA MHOTOWIEHOB He TOAbKO Gasuc x°, x%, ..., x", ..., HO
Takxe Oasuc
(I-xa'—ax%® (1.x'—ax®!, (1-x1—ax%? ..., (Ixt—ax®®, ...,
3anMchlBalOHACA KPaTKo
(x—a)’, (x—a)l, (x—a)? ..., (x—a)", ...,

re & — HEKOTOpOe UHCJIO, BhiGpaHHOe B moje Kosdduuuentos. ITocne
pa3BepThHIBAHUSI NONYYAIOTCA MHOTOWIEHB PA3JIMUHLIX CTeNeHel H, 3Ha-
YHT, MHOTOYJIeHb He3aBUcHMEe. O603HauuM uepes X JABYWIEH X — 0
IpyrHe MHOTOYJIeHE HOBOTO Gasuca ABJSIOTCA CTENEHSAMH BhIpaxe-
uusi X. HoBoe BhipaxkeHHe HEKOTOPOro MHOrowieHa P mosyuurcs,
ecau nodcmasume 8 P emecmo cmenexeti HeU36eCMHO20 X CIMenery sblpaoie-
nus X + @, nomom paseepHyms 3mu cmenenu u npusecmu nodobuoie
YAEHOL NOAYHEHHO20 BLLPANCEHUR, PACCMAMPUBAEMOZ0 KAK MHO204AEH
om Heussecmrol X.

[Ipumep. P ectb MHOrouwnren 2x? — 3x + 1.

Mu monyyaem

2(X+a)Pp—3(X+a)+1,
OTKYyJida MHOT'OWICH OTHOCHTEJBHO X TakoB:

2X2 4 (4a — 3) X + (202 — 3a + 1).
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Takum 06pasoM, HCKOMOH (opMyJIoil MHOrou/IeHa GyZeT
2{(x—a)?+ (40— 3) (x —a) + (202 — 3a -} 1).

BnpoueM, OGBIYHO HAIOT OTBET, COXPaHAS €ro B BHJe MHOTOYIEHa
or X. EnuHcTBeHHOCTb pesyJ/bTaTa ofeclledeHa CBOHCTBAMH BEKTOD-
HHIX MPOCTPAHCTB; B AajbHEHIIEM MBI CMOXeM [OKa3aTh 3Ty €IHH-
CTBEHHOCTb U HenocpejcTBenHo. J/g Hac 3jiech HaHGOJMBIIYIO BaXKHOCTb
npeacTaB/sieT BO3MOMXKHOCTH STHX BRIUHCJEHHH, He HMeIoUlad HCKJoYe-
HAH. TyT 3Ke HYKHO clesaTh JBa BaXKHBIX 3aMeyaHus: 1) MHOTOWJIEHb!
OoT x 1 X HMMEIOT OAMHAKOBYIO CTelleHb, IPHYEM YJeHbl HaMBBICIUIEH
CTelleHH HMEIOT OJMHAKOBYID CTeneHb, NpPHYeM uYJIeHbl HaWBLICIIeH
CTENEHH HMEIOT JasKe paBHble KO(pduIyeHts; 2) uieHoM cTeneHH
ABJIsIeTC BcerAa Yuc/o, MoJydaiolleecst, ecjH 3aMeHWTb B MHOToY/e-
He P HEH3BeCTHOe X YHCJAOM ¢ H BBINOJHUTH Hal YMCIaMH JeHCTBUS,
KOTOpble Obl/IH YKasaHbl AJs 0aHOWIeHOB. [TosyyeHHOe TakuM 06pasoM
YHCJI0 HASBIBACTCS YUCA08bIM BHAYCHUEM MHO204AEHA TIDH 3aMeHe OYKBBI X
gHCHOM o, JTO uuca0 0003HadaeTcss cUMBoguueckd P (o). Uwuciosoie
3HAueHHsl, COOTBETCTBYIOLIHE MHOTOUJEHAM, CTOJb BaXKHbI /ISl H3yue-
HMSI MHOT'OYJIEHOB, 4TO MBI GyJlEM MX HCCJEJOBATh yiKe ceHuac, mpexje
4eM NPOJOJKATh H3yueHHe KOJbLA MHOT'OWIEHOB H ONpEeleNsiTb B HeM
JCTIeHHS.

ll. YucnoBsbie 3HAYEHHA MHOrouneHa.
AenuMoCTb Ha x—a

Ml TOMIBKO 4YTO JadH onpeflesieHHe 4HCJA0BOTO 3HadeHus P (o),
MHOrouJeHa P, KOrja B HeM 3aMeHSIIOT HeH3BeCTHOe X HHCAOM o € R.
HJIH, KaK TOBOPAT Kopoue, «3HaueHust P npu x = o». CoryacHo BLIGpaH-
HBIM akcHoMaM, ecnd S ¥ Il ABASIOTCA COOTBETCTBEHHO CYyMMOH M NpO-
H3BefleHHeM JBYX MHOTOWIeHOB Py u Py, 1o GyleM HMeTb, KaKOBO
65! HH GBLIO YHCJIO @

S (0) =P, (a) + Pz (a)

II (@) = Py (@) P3(a)
Ecan BoimonHuTh npeobpaszoBanue (asHca, 0003HauuB X HBYUJeH
x—a, a T (x) — MHOTOWIeH, O6GpasoBaHHBIH MO BHILEYKA3aHHOMY

[IpaBuy, TO U3 NapasjieusMa MeXIYy BBIYHCJICHHAMH HaJ MHOIOUJe-
HaMH U BBIYHCJCHUAMH HAX 4YHCJAaMH BBITEKaeT, 4YTO

VBEeRZ:PB)=T (B—a).
B wactaoctH, ecsin B3STh
Bp=oa, To P(a)=T (0).

VIMeHHO 3TO MBI M 3aMeTHJM OpU BbluMc/eHdsX, Tak kak 71 (0)
fABasieTc Ko3(pduIHenTOM ujeHa HyJeBOi creneHd MHOrouseHa 7.
Ho cxasatsb, uto 3T0T K03DQHULIEHT paBeH HYIIO, PABHOCHIABHO YTBEPHK-
IeHyIo, 4To nocJe npeofpasosaHus 6asuca OHHOM X — ¢ MOXKHO BLIHECTH
3a cKOOKYy B KavecTBe MHOXHTess. Orcioza:

(4HCJIOBBIE PABEHCTBA).
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Veaoceue P (a) = 0 pasHocusbHO Ycao8urO CYWECMBOBAKUS MAKO20
MHoz2oNeHa Q, umo mHozousen P mooicem Guums npedcmagien 8 sude
{x — @) Q. YcnoBuMcsi HCHOJNB30BAaTh 3HAK =, YTO YHTAETCH «SKBHBa-
JIEHTHO®, YTOOBl BBHIPA3UTb, YTO BHIpAXKEHUS, COAepKalllhie HEU3BecT-
HOe x, 00pa3yIoT NocJe pa3BePTHBAHUS H NIPUBEAEHUSA NOJLOOHEIX YIeHOB
OIUH H TOT e MHOrouJeH. DTOT 3HaK OTJHYaercsl, TakuM o6pasoM, oOT
3HaKa = MeXIy JAByMs unciaamu. C Apyro# cropoHul, Oy/ieM YKa3biBaTh
BbIGpaHHOe O6GO3HaUeHHEe JJIsi HEH3BECTHOTO, TNOMellasl er0 B CKOOKax:
P (x) ecTb MHOTOUWJIEH, TI€ X — HEH3BECTHOE; HO TOT XKe CHMBOJ Npel-
CTaBJsieT YHCJIO, €ClH X — uucio. Haule npeasoxkeHue 3aluchl-
Baercsl TaK;

Teopema 1.

[P (0) =0]<=>[3Q (x); P(x)=(x—0a)Q(x)]. (1)

Mrr GyneM rosoputh, uTO yciaoBue P (o) = 0 HEOGXOAUMO M JOCTa-
TOYHO JJIst TOTO, UTOGRl MHOrOUJeH P (x) Gl pasaoscum B mpoH3Bene-
HYe, OJHHM H3 MHOXHTEJEH KOTOpPOro sBjsieTess X — «. Mol Gynem
BLIPAXKAaTb TaKke 3TOT (pakT, IOBOps, 4YTO MHOrowieH P (x) Oeaumcs
Ha OsydieH X — d.

Uuesmo r Takoe, 4T0 P (r) = 0 Ha3BLIBACTCA HYAeM MHOZO4ACHA,
TOBOPSAT TAKKe, YTO 3TO Kopers ypasHenus P (x) = 0, 1 HEU3BeCTHOE X
IBJISIETCS] B 5TOM CJIyHAe HEeUu3BECIHbIM YPABHEHUSL.

HckaTe KOpPHM YpaBHEHHs — 3HAUHT pewiams 5TO YpaBHEHHE.

YpaBHeHHE HA3BIBAETCS LEAbIM YPABHEHUEM, €CH OJHA ero vyactb 0,
a jpyrasi — MHOroujieH. B koHeuHOM cueTe Mpbl ybexpaeMcsi B TecHOH
CBA3H, CYIIECTBYIOHIEH MeKAy TpeMs TOYKaMH 3PEHHs: pelleHHeM
IeJBIX YPaBHEHHH, pasbiCKaHHeM HyJeH MHOTOUYJeHa, pPasjokeHHeM
MHOTOUJIEHa Ha MHOXKHTEJH.

Crenyer eme OTMETHUTB, YTO €CJH BBEJEHHBIH BbIIE MHOTOWJEH Q
€aM TaKOB, 4TO

Q(e) =0,

TO CYLIECTBYET MHOTOUJIeH (4, TAKOH, UTO
Q(x)=(x—a) Qi (x),

oTkyza P (x) = (x — @)% Q, (x) u Tax nanee.
Ecsiu B KOHIIE KOHIOB T0Jy4aeTcs

P (x) = (x— a)™I (x), (2)
npuueM
T (@) 0,

TO FOBOPAT, UTO G €CHs HYAb nopadxa m MHOToUJieHa P 1 KopeHs nopsad-
ka m ypaBHeHus P (x) = 0; HyJHM HJIHM KOPHM Ha3BIBAIOTCS «IIPOCTHIMEY,
ecqH m = |, H «KpaTHBIMH», €CJIH m TmpeBocxoAuT uncio 1. Crepyer
OTMETHTb, YTO HAWl NpHeM mpeobpasoBaHus 6a3uca cpa3y JaeT paBeH-
CTBO (2) ¢ nomolleio MHOrousena T (x) 6e3 npefBapHTEJLHOTO HCNOJb-
30Bapus paBeHcTBa ().
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TlpumMep BBHIYHC/IEHHS.
[Tycts
P (x) = x5 —3x* — 7x3 4 34x* — 36x + 8.

a5 storo MuorouseHa P (2) = 0. IloacrtaBuM B MHOTOWJEH BMECTO
OYKBH x AByuseH X -4 2. Koadduuuenter MHOTOUMeHa P (X) 3anyucaHbl
B MOCJeLHeM CTOJNOUe TabJ/IHIb.

(X+2)5 = X5410 | X44-40 | X34-80 | X280 | X432 | 1
X+21= 41 + 8 +24 +32 +16) — 3
(X+2)8 = + 1 + 6 412 +8) —7
(X+2)2 = + 1 44 + 4l 434
X42= + 1 + 2] —36
1= 1 f + 1) 48
T (X) X54 71 X4t 9 i X34 0| X2+ 0 X+40
Orciona

P(x)=(x—2)%[(x—2)2 -7 (x—2) +9] = (x—2)3 (x2+ 3x — 1).

OtMetum, uTo MHOTOUJIeH Q (X) B3 PopMyJnt (1) NOSBUTCS npH H3yUe-
HHM JeJeHHsT MHOTOUJIEHOB KaK YaCTHOE OT JieNeHusl MHOToujgeHa P (x)
#a X — o. Mpl mosHakoMEMCst TOTZa C NMPHEMOM €ro HemocpelCTBEH-
HOTO BHIYUCJIEHHS,

Teopema Il. Ecau mroeouren P obpawiaemcs 8 Hyao 041 HONApHo
DABAUMHBIX BHAYEHUI 04, Qg, . . ., Oy, MO OH OCAUMCA HA npoussederue

(x—o0y) (x —ag)...(x—ag). .
JleficTBUTENBHO,
[P (04) =01 <=>[3Qy : P (x) = (¥ —ay) Qs (¥)).
Orcrofia BhITEKaeT
P (0,) = (0g — ) Q2 (02).
Ho
ay—ay =0,
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3HAYHT,

[P (az) =0]<=>[Q4 (2) = 0] <= [3Q2: Q; (¥) = (x — @p) Q2 (x)],
OTKyJZia B CHJy acCOLMATHBHOCTH YMHOXKEHHS MHOTOYJIEHOB

P (x) = (x —a;) (x —0y) Qa (x).
Orciolia BHIBOIMTCS
P (03) = (a3 —ay) (a5 — ag) Qs (as).
Ho
03—a;7%=0 1 az—oy 50,

3HAYuT,

[P (a5} =0]<=>[Q2(05) = 0]<=>[3Q; : Q2 (¥) = (x — a3) Qs (x)1,
OTKYyHa

P (x) = (x—ay) (x — ) (x —03)Q3 (x)
¥ Tak jajee J0
Py=(x—oa) (x—ay)...(x—ap) Qn(x).

OcHoBHble ceACTBASA. 1) MHuozoureH cmeneny n He moxem npuru-
mams wuciosoe sHauerue O 0aa Gosee, yem n SHAYEHULL HEU3BECIHO20 X.

MHorou/sieH, KOTOphIA NpHHHEMAeT 3HadeHHe 0 1751 GeCKOHEYHOTC
MHOKECTBA 3HAYeHMI Xx, MOMXKeT ObITh JIHIIL HYJEeBBIM MHOTOYJIe-
HoM 2, He HMEIOIHUM CTeIleHH.

2) Muorounen creneHH n, HMEOIMHA 7 KOPHEH g, Oz, ..., G,
€CTb MHOTOWJIEH, NMOJYYeHHBIH pa3BepTHIBAHHEM MpOHN3BeleHHS

a(x—a)(x—as)...(x—oy) =ax"—a (e, + ozt ... fta,) "1+
4+ (— "aa,0,. . . ay.

Ec/H pacmosoxeHHe MHOrousieHa 1o yOhBaiOUM CTENEHSIM HEHs-
BeCTHOH Oyjer

Pxy=ax"+ax™ 1k ... Fapx™ P+ ... 4 ay,x°

10, 0603Hayaa yepes S, CyMMY NPOU3BEAEHHI KOpHEH, B3ATHIX MO p,
6yieM HMeTb:

Q= —asy, ..., qp=(—1)"asp, ..., Gg=(—1)"as,.

Taxum o6pa3oM, KOIphHIHEHTH BJSIOTCS CHMMETPHYECKHMH BhIpa-
KEHHSIMU OT KOpHed,

Cnepgcreue, Ecan aBa MHOrouseHa Py cTeneHd 1y U P, CTENEHH ny
MPUHHMAIOT Te K€ YHCJIOBbIe 3HAUCHHST A KOHEUHOTO HUCAQ K SHaqeH Ul
HEUBBECIIH020 X, NPLBOCX00Ue20 Ny U Ny, MO IMU MHO20YAEHbL COCMABACHDI
U3 00UHAKOBbIX OOHOHACHO8 (MAK 4mOo, 8 YACMHOCMU, Ny = fg).

B camom pene, Py — P, ecTb MHOTOUJIEH CTENeHH, He IIPeBbIIaome
HauOGOMbIIYIO M3 CTeNeHeH ny, U Hp W NPHHUMAMMA 3HadeHwe 0 A%
% 3Ha4YeHUH HEH3BECTHOTO X.
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[Tpunoxenus CywecTsyeT Jullb OJMH MHOTOWIEH CTene-
HU n — |, IPUHHMAIOIINHA 7 TaHHBIX YHCJAOBLIX 3HAUEHHN AJA 1 3aJaH-
HLIX 3HAYeHUH HeHsBecTHoro x. Ha#Th 3TOT MHOrouseH Jierko. Hanpu-
Mep, AJSl n = 2 COCTaBJSIOT MHOTOYJIEH:

X0y | x—ay

P1 o —ag 2 Qo —ay ’

Mz nonyuaem 3jiech JeHCTBUTENLHO py JJIS1 X = G4 H Py LIS X = Os.
HOas n = 3 MCKOMBIA MHOTOWJEH IIOMYYHM, Pa3BepTHIBAsl BhIpAKEHHUE:

p (x—ap) (x—ag) | p {(x—ay) (x—az) LD (r—ay) (x—a9)
U ag—ag) (e —ag) " P2 lag—ag) (a—ay) | 73 (@g—ay) (a3—ay)

M TaK Jajee.
W3 pokasaHHON TeopeMbl BBITEKAeT, UTO MNOJYYEHHBIE pelleHHS:
efuHCTBeHHBl. OHU CYIIECTBYIOT, €C/TH KOJIb10 KO DHIIEHTOB ecTh HoJe.
B bl B 0 1. /IBa MHOrOUTeHA, KOTOPEIE XOTS GBI 1J151 OHOTO 3HAYEHH 51
HEH3BeCTHOIO NPHHHMAIOT Pa3JWuHble 3HAUeHUs, HE MOTYT COCTOSITb
#3 ORWHAKOBBIX OJHOYJECHOB U O6PATHO.

TosicOecmeom Ha3blBalOT B 00meM ciydae GyKBEHHOE PaBeHCTBO,
00e yacTH KOTOPOTO NMPHHUMAIOT OJHH H Te ¥Ke UHC/OBbE 3HAYeHHs
IJIsl écex YMCJOBBIX 3HAaueHHH OyKB; 00e YacTH HA3HIBAIOTCS B 5TOM
ciaydyae mosxclecmsernnoimu. TakuM o6pasoM, Mbl IIOKasajd, 4To 0eg
MOKCOECMBEHHbLX MHO204ACHA 00pA306aHbl U3 Mex e 00HO4AeH08, UTO
MHI BhIpakaeMm cuMBosaoM =. OTciofa ciefyeT, uTo A/ NPOBEPKH TOTO,
SABJISIETCS JIM JAHHOE PaBEHCTBO TOXKJECTBOM IO OTHOIIEHHIO K GYKBe,
¢urypHupymoomeil B HeM B HeJOM BHJe, AOCTaTOUHO pa3BepHYTb 06e 4acTH
PaBeHCTBA H YCTAHOBHTh PaBeHCTBO KO(pHUMEHTOB NpPH OJHHAKOBLIX
CTeneHsax 5Tofl OYKBb B 000HMX MHOTOU/IEeHaX, B KOTOPHIX JaHHast 6yKBa
paccMaTpHBaeTcsi KaK Heu3BeCTHAS.

3 aMeuaHH e. [IpoBeferHoe HecIe0BaHHe APEAIIOIaTaeT KOJbI0
K03(xpUIIHEHTOB JOCTaTO4HO GoraThiM. Ec/aH, HanpHMep, 3TO KOJbLO
€CTh KOJIBIO KJIACCOB BHIYETOB MO MOAYJIO 2 (B KOTOPOM CYIIECTBYIOT
JMdIb JIBa pas3/HYHbIX yHcaa 0 u 1), To MHOTOWJIeH x* -+ X [pUHMMAaer
3HayeHHe HYJb NpH JIO60M 3HaUYeHHH HeH3BecTHoro x *. Cienyer
OTMeTHTb, YTO CTerneHb 2 He NMPHHAMJIEKHT MHOXKECTBY, H3 KOTOPOro
B3ATbl KO3(hpHIIHEHTDI. ‘

{ll. Renenve B HONbLE MHOrOHMNEHOB -

1. Tounoe yactHoe. [lycTh namel aBa MHorouseHa A (x) u B (x).
‘CymecTByer M MuorowieH Q (x), taxkoi, uro A = BQ? Jror MHOrO-
yjeH GyAeM HasbiBaTh YacTHRIM OT fenenus A (x) Ha B (x). C camoro
HayasJa Hcc/efoBaHue [IyOOKO OTJIMYaeTCsl OT aHAJOTHYHOH 3ajauH,
PACCMOTPEHHON JJISl KOJbLA UEJbIX YHCEN, TaK KaK B KOJIbIle MHOTO-
qJIEHOB OTCYTCTBYeT OTHOIIEHHe Nopsika. MoxHO, KOHeYHO, KJaccCH-

* Dror BOmpoc, CBA3aHHBIA C CONOCTaBIeHHeM QYHKLUUOHAABHON TOXKIECTBEH-
"HOCTH H ajireO6panyecKoil TOXKAeCTBEHHOCTH MHOTOYJIEHOB, cleJoBato Gbl OCBETHTL
Hoslee JeTanbHo.— IIpum. nepeeod.
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(bUIUpOBaTL MHOTOYJEHHl [0 HX CTeNeHAM B MNOpPsJKe BO3pacTaHus,
OJlHAKO MHOI'OYJIeHbl JAHHOH CcTelneHd oOpas3yloT HecueTHOe O6ecKo-
HeJHOe MHOXKECTBO, €C/TH KO3(XpHI{HEHTEl B3SATHl H3 [TOJS BEIEeCTBEHHBIX
YHCEJI, UTO MBI NPELNOJaraem.

Mbur He 6yneM IOKAa3bBIBaTh @ priori CyImecTBOBAHUE UJIH He CYIIEeCTBO-
BaHHe MHOTOYJIeHAa ), a IPOCTO HAYHEM pas3bICKHBATH €r0 MOCJeA0Ba-
TeJIbHBIE OJHOY/JEHE Ha OCHOBAHHH HeOOXOJHMBIX YCJOBHH.

[pexje Bcero, eciH MHOTOWIeH Q) cyuwgecmasyent, TO JONKHO OBITE

d(Q)=d(A)—d (B)=n (o6o3HaueHO AJS KPATKOCTH);
§(Q)=08(A)—06(B)=p (00o3HaueHO AJs1 KPATKOCTH).
HeobXx0AHMbBIM  YCJIOBHEM SIBJSIETCS, CJ€J0BATEeJIBHO,
0<68(A)—06(B)<d(A)—d(B), To ects 0LpKn,

1 YHCJIO YJIEHOB MHOTOUJIeHa () H3BECTHO: OHO paBHO n — p -+ 1 (HekoTO-
pble NpPOMEXKYTOUHBIE YJACHBHI MOTYT HMeTbh HYJeBble KOI((PHUHEHTH).
[TosToMy roJ1araeM

Q = Gux" + Gnsx" . o L GpiixPT - g pxP.

Mpl 6yJeM BBIUHCAATD KO3pdHIHEHTH OLHH 32 APYTHM.

a) bydem onepuposams no yoowsatouum cmenexwam, NPEAnOJaras
BCE BpeM#A, YTO MHOTOWJIeH () CyIIecTByerT.

[Tonoxum

Q=gu"+Q, dQ)<n—l.
[lo onpenenenuio MHOTOY/IeHA Q HMeeM:
A=qgx"B+QB, d(Q,B)<n-+td(B)=d(4),

3HAYHT, ¢, H3BeCTE€H — 5TO 4acTHOe OT JeJeHHs CTapuiero Koaddu-
uxHeHTa MHorownena A Ha crapmuil KosddunHeHT MHOrouseHa B.
Torpa muoroused Qi yAOBJETBOPSET DaBEHCTBY

Ai=A—qx"B=QB, d(A4)<d(4).

Taxum o6pasoM, UTOOBl BBLIUHCJAMTL CTApUIMH YleH MHOrowiena Q.
*TO €CTb BTOPOH uJeH MHOrouJeHa (Q, MBI BHOBb NPHXOAHM K TOH ¥Xe
onepauui, Kak 4 HCXOAHAS, W TaK jajee.
Tak Kak CTeneHd YACTHYHBIX JeauMmbix A, Ay, As, ..., YOHBaIOT,
TO OMepaiis, HaBepHOe, OKOHYHUTCS; HO OHA MOMKET OCTaHOBHTLCS JIHIIL
TOTJa, KOTAa TOJIyYeHHOe YaCTHYHOe JeJuMoe

Ai = Ai—i—qjij

MMeeT cTereHb, MeHbIyo deM d (B).
CrepoBateibHO, BO3MOXKHBI JIMIIL JABa cJaydas: JH60 3TOT MHOIO-
ujeH A; He eCThb HyJeBOH MHOTOWIeH {2, TOTZa 3ajaya He HMeEET pelue-
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HUSl, TAK KaK MBI OIIHPAJHCh HA HEOGXOAUMBIE YCIOBUS, HJIH ke A; ecTb
HyJeBOH MHOTOYJIEH; TOTA4, CKJAAAHBAs [OUJEHHO HCHOJb30BAHHBIE
TOXKJeCTBa

A= g, x"B-A,,

Ay = g x" 1B+ As,

Ai—l = qu]B+Qy
noJiyyaem: )
A= (gx"+ oy x4 ..+ gx") By

3HAYHUT, MHOTOUJICH, BbIYHCJEHHBIH HA OCHOBAHUH HEOOXOLHMBIX YCJIO-
BHH NyTeM IOCTENIEHHOTO ONpefe/JeHUs] BCEX €Tr0 WJEHOB, YIOBJETBO-
pAeT mocraB/ieHHbIM TPEGOBaHHSIM, TO €CTh YCJIOBHSI OKa3a/uCh H JOCTa-
TOUHBIMH, TaxuM 06pa3oM, Korja 3ajada HMeeT peHieHHe, Mbl yMeeM
HAXOJWTb TOT EJAMHCTBEHHBIH MHOIOWIEH (J, KOTOPBIA YIOBJETBOPSET
TpeOOBaHUAM 3a/]aUuH.

b) Ecau onepuposams no 6o3pacmaiouium CHeneHam, TO HCCAEN0Ba-
e IPOBOJLUTCH COBEPUICHHO aHAJOTHUYHO.

Ecau onepanust Bo3MOKHa, TO, mojaras

Q=g +Q;, 6(Q)>p—+1,
OTCloia nonyqaeM:
Al=A—qx"B=QB, 6(QB)>0d(4),

rAe ¢, eCTb 4aCTHOE OT Je/eHHs YIeHa HaUMeHBIIEH CTelleHH MHOToue-
Ha A Ha uJleH HaHMeHbIUEH CTeleHH MHOrou/jeHa B. BuluncieHus mpo-
JOJKAIOT aHajoruyHo. Ho Ha atoT pas umcaa 6 (A;) unyr Bospacras.
3akonuuTcst JH 3Ta onepanus? Ecaun muorouneH Q CymecTByeT, ToO
Hallld YCJIOBHS, ABJAIONIHECS HEOOXOAHMBIMH, JAAyT HOCJEJ0BATENEHO
BCE HCKOMBIe KO3((DHLIMeHTH, H NOoCcJ/eHee YaCTHIHOE AEJHMOE OKAKETCH
HYJIeBBIM MHOTO4JIeHOM. Ecan ke 3ajaua He HMeeT pELIeHHs, TO onepa-
UMS He OCTaHaBJIMBaeTcs, Tak Kak & (A;), Bce yBelIHYHBAsICh, PeBOC-
XoauT, pasymeercsi, 8 (B).
[Ipumep onepaunuu B ciaydae, kKorga Q CymecTByer.

A= X% +3 Ex4—|—0§x3+5 x2—T7ix+2| x24+3x—2=18B
—1 =3 {42 BLoax—1=0Q
A= - +2 ?x3+5 x2—Ti x4-2
—2 | —6 4
Ag = — 1 x2—3} x4-2
41 43 —2
Aag Q
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To xe mo BO3pacTarolulUM CTENEeHAM

A= B43 x40 45 27 xq2| 43—2=8
+1 o 48 —2 | —1+% a3 =0
Al = ¥34-31 x44+0 x3-}—6§x2~ ' x
—2{ —6] +4
Ay= —1 1x5+3] x4-2 x3
—3i 2
Ay = Q

[IprMep HeBO3MOXKHON OnepanuH, XOTA YCIOBHE

0<8(A)—08(B)<d(A)—d(B) yrosaerBopsercs.
[To y6bBawmMHUM CTENEHAM

A= §x3+5 x2— x+l[ 3x24-.x—2=B8B
Lo 9 > 1 14
—173 {TF 3ty
A= 14 1
1 3 x2—§ x-4-1
14 147,28
T3 iT9 9
17 . 37
A2= 'gx+~9—

BoiyucaeHUus1 OCTaHOBHJIHMCS,

6o d (A, < d (B).

ITo BospacTamomuM cTeneHAM

A= x34-51 x2— x—{—l# 3x24+x—2=8
3 1 1,1 25
—_ — — — e x2
+3 +5 1 2+4x g *
A= g 13, 1
x—g——2~x -3 x
SR S S R
I R )
Ay= '}f 3 %“f’ %2
75 95 95
oAy T
Tty )
75 27
= e | Z . +8
A —}—8x+8 x3.
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BhIYHC/IEHHE NPOJIOMKAETCH CKOMb YTOAHO AaJieKo, YJeH ¢ x"+1
B A:r He MOXKET HCYE3HYTh.

3ameuyadud. |) Bouucrenve no yOGbBaOMUM CTENeHsIM Npex-
nojaraer Juib, yTo d (A) > d (B), BbUHC/IEeHHE MO BO3PACTAaIONINM
CTeneHsiM npejnosaraet auilis, uto 6 (A) > & (B).

2) Yacthbie KO3(pULHEHTOB, KOTOPEIE ONPEAEAIOTCS B XOJe BBIYHC-
JIEHHH, AOJIKHBI CYHIECTBOBATh; MO3TOMY-TO MBI H NpeanoJsaraeM Kosd-
(HIHeHTH NPHHAAJMEeKAIMUMH HEKOTOPOMY noJo. Bee ke npH feseHuH
10 yOBIBAIOIIUM CTENeHsM JeJaT JWIIb Ha KO3(xpHUIHeHT cTapluero
yjleHa MHOTO4J/IeHa B: ec/Jid 3TOT KO(HIHEHT paBeH elHHHUIE, TO KO3b-
(UIMEHTBl MOTYT HPUHALICXKATH HEKOTOPOMY KOJIBIY (LipuMep: Herne-
HYe Ha X — @). AHaJOrHYHOe MOJIOKEHHE HMeeT MeCTO NpH JeJeHHH
10 BO3pACTAIOLUIUM CTereHAM, eC/IH PacCMaTPHBATh KO3(pHIIHEHT UJIeHa
caMOfl HHU3KOH cTemenu MHorouseHa B. O6a cnocoba jieneHus MHOTO-
4/IeHOB NPHUBOAAT K ABYM BeCbMa OTJIHYAIOLIHMCS APYT OT ApYyra HuccJje-
JIOBAHHAM, KOTOPBIE Mbl PACCMOTPHM I1OC/IeA0BATENbHO KakK0€ B OTAe/b-
HOCTH.

2. EBKJINJIOBO Jle/ieHHE MHOT'OYJIEHOB
Briunciienne no yGuIBAIOMIEM CTENIEHSIM NPH €HHCTBEHHOM YCJIOBHH
d (A) > d (B) paer napy MHOroujJeHoB Q H R, YIOBJETBODSIOMIUX

YCJIOBH M
A=BQ+R, d(R)<<d(B),

rAie R sABJdeTCs moc/eJHHM NOJYYEHHBIM YaCTHUHBIM JEJHMBIM; €CJH
A kpaTHO B, TO ecTb ec/IM Aejlenue, JefiCTBHe o6paTHOe YMHOXKEHHIO,
BO3MOXHO, TO R ectb Q.

EnnHcTBEHHOCTD nmapbl @, R BhITEKaeT U3 MPeAIecTBYIOMETO B CHIY
3aMeyaHHs, 4YTO B MHOroudsjeHe A — R Bce UJleHbl CTeNEHH BLILie YeM
d (B) npunagnexar mMHorouieHy A. Mpl MOxeM, BnpoueMm, 3Ty €IHH-
CTBEHHOCTD JIOKa3aTh HENOCPEJCTBEHHO, a IPEABILYIIHE JKe BIUHCAEHU ST
MOCJyKAT JIMIb OCHOBAHHEM JJ/I5i HONMYLIEHHs CYIIEeCTBOBAHHS Maphl
pelueHHi

A=BQ+R, d(R)<d(B)
A=BQ +R, d(R)<d(B)
Ho. ecnn Q — Q' He paBHseTcst 2, TO CTeneHb MEPBOrO YJEHA HE

meHble deM d (B), B 1o Bpems Kak d (R — R’) menbine uem d (B);

HX CyMMa He MoxeT paBHsAThes . CienoBaTennHo, Q = @', oTkyna

R = R’. Tax xe KaK ¥ NpH AeJICHHH NEJHX Yuce], Q H R HasHBaloTcs

COOTBETCTBEHHO HQCMHbLIM M OCHQMKOM OIlepaliM, HasblBawIeHcs

esKaudosbim OeseHuem. B caMOM feJie, ¢ DOMOIIBIO 3TOTO ACNEHHST BO3-

MOXeH aJuaroput™ EBk/aHga. Mel paccMOTpUM TNOC/IEfOBAaTeNbHOCTh
JeJIeHuH -

]:B(Q—Q')HR—R’)E@

A=BQ+R; d (R) < d (B);
B = RQ;+Ry; d (Ry) <<d(R);
R = R,Q;+Ry; d(R;)<<d(R) u T. A
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Tax KaK cTeneHu noc/eo0BaTeNbHbIX OCTATKOB YGHIBAIOT, TO aJro-
PHTM 3aKaHUHBAeTCs, a HEPABEHCTBO CTEIEHEH SBAAETCH JOCTATOYHBLIM
ycjoBHEM, 4YToObl omepanus Obl1a Bo3MoxkHa! ENMHCTBeHHBIH ciyuaf,
KOTAa JieJieHHe CTAHOBUTCSI HEBO3MOMHBIM ~— 9T0, KOTZa MOJydaercs
octatok L. ITOT cayuyal MOXKET HOSBHTBCS MOCJE KOHEYHOTO YHCaa
orepalui, ¥ aJTOPUTM TOrAAa 3aKaHYMBAETCS PaBEHCTBAMH

Rno1 = RaQnsi + Rn;
Ry = Rp+1Qnse.

O6o3HauuM 4epes D mNOCAENHHI HEepaBHBIH HYJAIO0 OCTaTOK Ry.4.
TouHo Tak e, KaK U A5 LeJblX YHCeJd, MOXHO M0Ka3aTh, YTO TOTAA
CyllecTBYeT napa (o MeHblleli Mepe) MHOTO4/IeHOB X M Y, yIOBJIETBO-
PSIOUINX  YCJIOBHIO

XA+YB=D,

DT aHAJOTHH NPHUBOAAT HAC K PACCMOTPEHHIO CJELVIOUEro BOMpOCa:

JeaumMocTb MHOT OY.JeHO B. [0BOPST, 4To MHOTOUJIEH A
IeJUTCA Ha MHOTOUIeH B, ec/d eBKAHAOBO JeneHve gaeT R = Q,
TO eCTh eCJH CYIIECTBYET Takoe @, uto

A = BQ.
OJIHaKO NoJIe3HO caeaaTbh CJaelyroulee 3aMeHaHue:
1
A= BQ <> A = (AB) (TQ),

rie A — HEKOTOPOE 4HCJIO, HepaBHOE HYJIO.
[Tpumenp.

Red=(x—2) (x+2) = (% x—-§-> (3% +6).

HaM HyxHO, clefoBaTeJIbHO, AJsl MOJYUEHHS IIPUEMJIEMOH Teopuu
JEJUMOCTH CUHTATh SKBHBAJEHTHHIMH MHOTOWIEHBI, KO3(pHILHEHTHI
KOTOPBbIX NPONOPLUHOHAJbHEI (TO €CTb MHOTOWIEHHI, HE SIBJSIOIHECS
HE3aBUCHMBIMH C TOUKH 3PEHHSI BEKTOPHOrO mpocTpaHcTBa). Heltpann-
HBIM 3/JEeMEHTOM YMHOMKEHMs Torja OyjeT He TOabKO 1-x (koTophii
oGosnayawT 1), HO Takke Ax® (KOTOpbiil 0603HayalT A), TAe A — npo-
H3BOJIbHOE OTJUYHOE OT HYJISI BELIeCTBEHHOE YHCJIO.

Kaxk 1 A/ 1e/biX ypces, OTHOLIEHUE «MHOTOUWJIeH A KpaTeH MHOro-
yjaeny B» uaM «MHOTOUJeH B Je/MT MHOrouseH A» SBJISETCS OTHOLIE-
HHeM MOpsiKa, TaK KaK TPAaH3HTHBHOCTb HMEET MECTO

3Q: A= BQ

3S: B=CS

Kpome Toro, eciu MHOTOWIEH AEJMHT ABa APYTHX MHOIOYJIEHa, OH
JeJHT Takxke U ux cymmy. Bcee caexcrsusa anroputma EBkaupa coxpa-

HSIIOT, CJAEA0BATeNbHO, CBOIO CHAY, BKMouasd BuBOA: Ecau D — nocnen-
HUH, OTJMUHBIA OT HYJI OCTATOK, TO MHOXKECTBO MHOT'OYJICHOB, SIBJISIIO-

}:é[E!T:AzCT].
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mUXxcst OCIIHMHU JEJHTeIMH MHOFOUeHoB A U B, coBnajaer ¢, MHOXe-
CTBOM JesuTesiel MuHorouseHa D).- ITOT MHOTOUJIEH SIBJISIETCS OGLI¥M
JleJIiTesIeM HauBBICIIEH CTeneHH (TakK KakK ero AeNHTelNH, eCJIH OHH cymie-
CTBYIOT, UMEIOT MEHBIIYI0, YeM OH,; cTeneHdb). Ero Ha3elBalOT MO aHaJjio-
THH CO CIYYaeM LeJblX UHee] 00WUM HAUGOAbULUM OeAumesem MHOTO-
uyteHoB A u B.

Muorouserst A M B Ha3bBAWOTCH 63QUMMO NPOCMbIMIU, €CJIH HX
o0yl HaWGOJBILKHA [eNHTeb ABJSETCS HEHTPaJbHLIM 3JIEMEHTOM
yYMHOMeHHs, TO ecTh Ax’. Chenyiomuil 3a HHM OCTaTOK B aJlOpHTME
¢ HEeOOXOJTHMOCTBIO ecTh 2.

Kak u ana uenwlx uucen, MOXKHO J0Ka3arb OCHOBHYIO TEOPEMY:
ecau MHo2ouAeH Oeaum npoussederue 08Yx MHOSOUACHO8 U 63AUMHO NPOCH
¢ 00HUM U3 HUX, mo oH Jeaum Opyeoil mHoeouren. HaM ocTaercs, cieno-
BaTeJbHO, COCTABUTH NMOJHEI NepeueHb JeJUTesell HEKOTOPOro MHOIO-
useHa. Ho 3jeck aHanorus ¢ UOeJnIMH 49HCJAAMH Hcye3aeT. Mbl He MoO-
MKeM [0JBEPTHYTh HCIBITAHKHI) BCE MHOTOWJIEHBl HUM3LIHX CTENEHeH, Io-
TOMY YTO JlaXKe MHOI'OUJIEHB! JAHHOH cTeneHH 00pasyioT HECUETHOE MHO-
KeCTBO.

Kak BBHISICHUTB, Pa3JIOXKHM JIM JIaHHBIII MHOTOUJIEH, H €CJIH Ja, TO
HalTH BCE €ro pasJoXeHUud?

[Tpexne Bcero caenyer oTiaTh cefe OTUET B TOM, YTO B03MONCHOCILb
PA3A0NMCEHUS 3ABUCUNT OML NOASL, 8 KOMOopom 6utbpanst KosghguuyuermoL.

Hanpumep, ecnu a — noaoxcumenrsHoe YUCI0, TO Mbl HMeeM:

w—a=(x—Va)(x+V a)

pasJoxkeHHe BCETla BO3MOKHO, eClii noJjle Ko3(hUIUeHTOB eCTh MHOMXKE-
CTBO BELIECTBEHHEIX UHCEI, HO He BCET1a BO3MOXKHO, €CJIH 3TO MHOXKECTBO
panMoHAJbHBIX YHCE.

Econ cuntatha, Kak U Bblllie, OJOXKHTEJBbHEIM, TO MOXKHO YOeLUTHC S,
4TO MHOTOUJIEH x® -- @ He pas3JjioKHUM: JIEHCTBHTEJILHO,

x?ba = (ux+v) (Wx-+v) =uux®4 (uo' +u'v) x4 v’
TpeOGyeT B CUY YCJIOBUS OTOXKJECTBJIEHHS, YTOOH GBIJIO
uw' =1>0, vv'=a>0, uv 4+u'v=0,

yCJIOBHS, HECOBMECTHBIE B I10JI€ BeUIECTBEHHBIX Huced. AGCoanmHo
HEPA3ACHCUMbIMU  MHO2OHACHAMU  ABASIOMCS  €0UHCMBEHHO MHO204AEHDL
nepeoti cmenenu; NOITOMY HX MOXHO CPaBHHTH C MPOCTBIMH UHCJAMH;
HO MHOTOUJIEHBI HaJ HOJIEM BEIIECTBEHHBIX YHCEJ HE BCE DPas/JIOXHMBI
B [IPOM3BeieHUe MHOXKHTeJel nepBoi crenenu. Hob6aBuM, YTO METOAOM
paclIHpeHus co31aH0 Gosee GoraToe IOJie, YeM IOJiE BeMECTBEHHBIX
4HCeJs, Ha3BAHHOE TIOJIEM KOMNACKCHOLX (UAL MHUMbLX) YUCEA; BCE MHOTO-
4JeHbl . Hajl 5THM MOJIEM Da3JIOKHMbl B NPOMU3BEJleHHE MHOXHTEJEH
NepBOH cTeneHHM. AHaJIOTHS € LEJBMH YHCJAaMH C TOH TOYKH 3peHHs,
KOTOpasl HaC 3aHHMaeT, 3JeCh sIBJseTcss coBepineHHOH (cM. kH. 111,

ra1. V).
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BriliecKka3aHHOro HeAOCTaTOYHO, YToObl PAcHO3HATHL B OOMEM CJy-
yae, pasJioXKHM JaHHBIA MHOTOUW/IEH HJIH HeT. Mbl yMeeM TOJIBKO pacrmo-
3HaBaTb, AGJNUTCA JH JAaHHBIH MHOrO4/JeH Ha HEKOTODBHIH 86/6paHHbLL
MHOTOUJIEH, JIH60 HenocPeACTBEHHO BHINOJHASA JeleHHe B OOLIeM CJIy-
yae, JHOO noJyyas pe3yJbTaT ¢ NOMOUIbI0 GoJee NIPOCTOro HpaBHJa,
eCcJIM JaHHBI MHOTOYJIeH MepBOH CTeleHH (IeJHMOCTb Ha X — q).

3. JleseHHe MHOro4IEHOB, PACMOJOKEHHBIX MO BO3PACTAIOU[UM
cTeneHsM

HccnenoBanue 3fech O4eHb OT/IHYAETCS OT MpPEABIAYHIErO, TAe Mbl
pPaccMOTpesi¥ TOJBKO OAMH NPHBHJIETUPOBAHHBI OCTATOK: MOCJEAHHUI
OCTAaTOK JeJIeHHs, B TO BPeMsl KaK NPOMEXYTOUHbIE OCTATKH SBJSJIHCH
4acTHYHBIMH JelHMbIMH. HO Tenmepb, Tak Kak onepanus npofOJKaeTCs
HEOTPAHHUYEHHO, HAM HYXKHO €e pacCMOTpeTh Ha KaxaoM sTane. (He
CMeIIUBaTh ¢ aaropuTMoM EBkaupa! Mei roBopum o6 OAHOM JieJIEHHH,
TaK Kak Je/JHTeJb He MeHSercs.)

HanomuuM, 4TO BplYMCJEHHE BBIIOJHSETCS CJAEIYIOUHM OGpas3oM.

Muorousienst A u B npexanodaraioTcs Takumi, uto § (4) — 8 (B) =
= p — MOJIOXKHUTEJbHOE HHCJIO.

Haxonsar gy, Takoil, uto A; = A — gpx"B yIOB/IETBOpSIET YCJIOBHIO
6 (A) > p, Gpy1, TaKOH, uro A, = A,— qp+;xPT'B yAOBJIETBOpSET
ycaoBuo 6 (A;) > 6 (4)), u Tak nanee.

Ecsin BbIHeCTH B KayecTBe OOLIEr0 MHOXWTENS YjieH HaHuMeHbILeH
CTelleHH MHOTOHYJeHa B, Je/leHHe MOXKHO IIPHBECTH K CJy4aio, KOrja
§ (B) = 0, uIH MOXKHO JaxKe NDPEeLNOJOXHTb, YTO YJeH HAHMEHbIIeH
cTeneH¥ MHorousesa B ectb [-x = 1. Torjga nanucannble yCJIOBHs
BBIpAXkKAOT, UTO ¢p BbIOpaH Tak, UTOGBI YHHUTOXHTb B A, uJieH cTe-
MeHH p; Jp+y BHIOPAH, UTOOBI YHHYTOXKHTbL B A, 4JjeH creneHH p + 1,
HT. A

[TosToMy, eciu @i — MHOMKECTBO 4JIeHOB, MOJYYeHHBIX Ha 3Tare,
JlaroIeM

Qi=qpx® + qpy1xP 4 L b GpaixPTE
Al =Ai—gpx?P*iB, §(Ai)>p+i,
TO MNOJy4aeTcs
A= BQi-+Air1, 8(4isv1)>d(Q).

Tenepb onpenenM CJAeAYIOUYIO ONMepalHuio: N0 JaHHLIM MHOTrouJe-
nam A u B, npuuem 6 (B) = 0, npu BeIOpaHHOM HAaTypaJIbHOM m HaHTH
Muorousess Q' 1 A’ 0o ycJaoBHAM

A=BQ 4+ A4, d@Q)=n, 6(A4)>n.

EZMHCTBEHHOCTh pelIeHHs BHITEKAeT H3 YiKe BBLISBJEHHBIX HEOGXO0-
IHMMBIX YC/IOBHH. Mbl MOMKeM, OfHAKO, yKa3aTb H NpsIMOe JIOKasaTeJib-
ctBo; nycth (Q", A”) — Toxe mapa MHOTOWJIEHOB, YAOBJIETBODSIOMIAsE
TEM K€ YCJOBHSM [0 OTHOLIEHHIO K TOMY K€ HaTypajbHOMY 1; BBIUH-
TaHHeM TOJydaeM: ' :

BQ—Q)+(A'—A)=Q, d@—Q)<n.
212



Torza
8(B)=0
BJieUeT 3a coboi
8|B(Q —Q"<n,
cJeN0BaTe IbHO,
§(A'— A" < n.

A 3TO COBMECTHO C HepaBeHCTBaMH
6(Ay>n, 8(A"y>n
TOIBKO B CJy4ae, KOrIa
AI — AVI
H, CJeJ0BaTesbHO,
QI — QII.

Jra onepauus AaeT OuYeHb BaXKHBIE TOKIECBA, C KOTOPHIMH Mbl
CHOBA BCTPeTHMCS IIPH H3YYeHHH palHOHANbHBIX Apobefi. CaMbie 3aMe-
yareNbHBIE TOXKJAECTBA NOJYYAIOTCS, KOIAa JeJuTeNb HMeeT (HOpMy
Ax <+ 1.

[Tpumep. A= 1, B= —x - 1. Onepanuio pacrosnaraior cJjie-
AVIOIHM 00pa3omM:
A= i B=1-—x
—1+x BES T

A= +x

—x+x?
A, = x?

— X2 x?

A= x3

l—x)(1)+x, n=0,
F—x)(14x)+x2 n=1,
l—x)(I+x4+x%)-+x3 n=2,

I=0—x)(1+x+x2+ ... +x")+x" Vn HaTypadbHbIX.

bt
—~ o~ e~

3akon oOpasoBanus Xo3bOhHIHEHTOB AJd JIOOOr0 Jenureng He
BHI9BJIAIRTCS CTOMBb NPOCTO.

IV. PaunoHanbHbie apo6u OT OAHOro HEW3BECTHOro

ITogo6HO TOMY Kak panHOHaJbHOE YHCJO OnpefensieTcss Nnapon
HEJBIX YHCeJl ¢ NOMOINBIO OTHOLIEHHS] SKBHBAJEHTHOCTH

a_—a—,* ,: ’
TEY <> ab —ba,
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TaK Ke BBOAAT H DALUOHAAbHYIO ascebpauveckyto 0pobb, UCXOAS H3
napbl MHOTOUJIEHOB H 1oJsiaras
A _ A . ;
F =g <= AR =BA"
M3 tunorpadickux coobpaxeHuii Mbl OyleM nucatb uHorga A/B.
B uacTHOCTH, eciH MHOTOousNeH A KpaTeH MHOroujieHy B, To ecTb
ec/id CYUIeCTBYeT WMHOrodsed @Q rakol, uro A = BQ, TO uMeeM:

A/B = Q.

Eciu MHOTOUAeH A He KpaTeH MHOTOUMeHY B, TO eBKIMIOBO Aese-
HHE Jaer
A= BQ+R, d(R)<<d(B),

OTKYJA

A R
2=Q+x, dR)<d(B).

Takoe TokzecTBO (TO €CTh paBeHCTBO, CHPaBEIJIMBOE JLJs JI060ro
3HaUEHHS HEHU3BECTHOTO X) OYeHb BAXKHO NPHU M3YYeHHH (PYHKUMH U HUX
rpaguxos. HepaBeHCTBO, oTHOCsLIEeCT K CTeneHsIM, JAOKa3blBaeT, 4To
JUIg GOMBIIEX 10 abCOJIIOTHON BeJHUKMHE 3HAueHMH HEH3BECTHOrO X,

" . R o
3HaueHue, NPHHUMAEMOe pAaUMOHANLHON QYHKUMEH &, cTOsiel B npa-

BOI YaCTH paBeHCTBA, Maso, TaK YTO MHOTOUIeH Q (X) JaeT yIOBJETBO-
pUTeNbHbIE NPUG/HKEHHBIE 3HAYCHES.

JeneHue 0O BO3pPACTAIONMM CTEIEHSIM, NPHOCTAHOBJIEHHOE Ha
sTane, KOTJa 4acTHOe MMeeT CTeleHb f, JaeT

A= BQn-+Ry, 8(Rp)>8(Qn),
€C/In NIPeAnoJIOXKUTD
8(B)=0
OTKYZa
A _ R
_Ean _}‘fv 6(Rn)>d(Qn)

C/ef10BaTeNbHO, 3TO TOXKAECTBO HMeeT BHA:

A _ n (Yot x4 +Yrxh)
F=taxt .. 4cux )+ o +b1)?+b21x2+...—{—bpxp , (1

rae by = 0.
Ec/ni HeH3BECTHOMY X NMPUJATh 3HAYEHHE ¢, MAJIO OTJHYAOUIEECsS OT

HyJId, TO paluoHa/JbHas Apobb, CTOAMAS B NIPaBOH 4acTH, NPUHHMAET,
OpH # AOCTATOUHO GOJBIIOM, MaJjble 3HAYeHUs (M3-3a HAJUYUSI MHO-
KuTeas x™*1), Tak 4To MHOrouJeH @, JaeT Takke xopolee npHOAHKe-
Hue K 3HaueHuio apobu A (a)/B (o).

B aHajuse 3To GyAeT yTOUHEHO NOCHe H3yUeHHs npenesoB. CKaxkem
JIHIOb, YTO 3aMHCHLIBATL PAlHOHANBHYIO ApOOb B BHAe (1)— 3To 3HAUMT
PassepHyms PAYUOHALbHYO Opobb RO CMENEHAM HeU3BeCmHo20 X 00
nopadka n. :
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Teopusi jpeiuMOCTH MHOrOYJIEHOB NPHBOAMT K BaXKHLIM CBOMCTBaM
palHuoHaJ pHBIX JpoGeli: OHa OTBeyaeT Ha BONPOC O COKPALNEHHH PALHQ:
HaJBLHBIX ApoOeit myTeM JeneHusi OOOHX UJIEHOB Ha OOWMH JeJIUTE/Nb.
OHa no3BoJisieT OCYINECTBJATL OUeHb N0/Ie3HBIC B aHa Hu3e peobpasoBa-
HUS; HallpUMeP, Mbl BHJIEJH, YTO €CJH MHOTOUJeHb A U B — B3aHMHO
IpocTsl, TO anroput™ EBKIKAA NpUBOJUT K ABYM MHorouseHaM X M Y,
TakuM, 410 AX - BY = I; 3To o03Hayaer, 4TO MOMKHO [MOJYYHTb
cllefylollee pasjiOKeHHe HAa CyMMY:

1 Y X : N N N
ABE= AT B OTVA =gt

V. MHOrouneHsl U payMoHanbHble Apo6u
OT HECHONbHUX KEU3BECTHDLIX

MHorousieH OT HECKOJBKMX HEU3BECTHHIX ~— 3TO BbIpaxKEeHUE,
ABJAIONIEECSI MHOTOYJIEHOM IO OTHOLICHHIO K KaXJIOMY HEH3BECTHOMY
C KOS(I)Q)HHHBHT&MI/I, B3ATBIMH H3 KOJIbIld MHOI'OY/IEHOB, ITODOXKICH-
HOTO OCTaJbHBIMH Heu3BeCTHBIMH. CJelOBATEIbHO, 3TO cymMMa OJHO-
YJIEHOB, TO €CTb CyMma HpOHSBe}leHI/II/UI BHJaa

o 40 a
ax@xd ... xn,

rie a4, Oz, ..., O, — [IeJble HeOTpHIATE/bHble uHcaa. Yucaa a
ABJSIOTCA Koa(puileHTaMy MHEOTOUIeHa. Cmenernsro MHOTOUJIeHa Ha3bl-
BaeTCsl HauOoJblllee K3 YHCENX o + Gy +— ... -} d,, COOTBETCTBYIO-
IUX OTJIMYHBIM OT HYJA KO3pHUIHEeHTaM.

Teopema. Ecau muoeourern P npunumaem snauerue 0, Kaxosvr Obl
HU OblAL BHAMEHUS HEU3BECTIHBLX , 10 6CE €20 KOAMPUILUeHMbL PABHBL HYAIO.

JHeficTBUTENBHO, TEOpEMA BepHA /151 MHOTOYJ/IeHA OT OfHOH HEH3BecT-
HOH H JOKa3plBAeTCH PEKYPPEHTHO, TaK KaK KOo3(hdUIMeHTH AaHHOTO
MHOTOUJIEHA, PACCMOTPEHHOTO KAK MHOTOWJIEH OT HEU3BECTHOH Xj,
SIBJISIIOTCSI MHOT'OYJIEHAMH OT 72— | HEH3BeCTHBIX, KOTOpBle 06pallaioTcs
8 HyJb JJISl BCeX 3HAUEHMH STHX HeH3BECTHBIX.

Omcroda caedyem, 4mo OCHOBHASL MEOPEMA O MONCOECHIBEHROCTIUL MHO-
20unern08 ocmaemca 8 cuse. UYTo xacaeTcsl NeJUMOCTH, TO MBI JOKaxkKeM
JIMIIb CJAEAYIUYIo TeopeMy, chopMy/JHpOBaB ee cHayajga s JABYX
HEHU3BECTHBIX X H Y.

Teopema. Ecau mroeouren P om Osyx Heussecmmuolx X U Yy npusumaem
snauenue 0 npu x = a, Vy u npu y = B, VX, mo ox deaumca Ha
(x —a) (y — B).

B camoM pene, Mpl yXKe OTMeda/id, UTO JeJeHHe MHOTOYJeHa Ha
(x — @) He TpeGyeT HUKAKOrO fejeHus Kosdppunuentos. [loaTomy ecau
paccMaTpuBaThb P KaK MHOTOWIEH OTHOCHTEJNBHO HEHM3BEeCTHOrO X
¢ KO3pHIMEeHTAMH, NPHHAJJMEKAIUMH KOJBLY MHOTOWJIEHOB OT Y,
TO JleJieHHe MOXKHO BBIIIOJIHUTb. TakK Kak MHOrouJieH obpamiaercsd B HyJb
NpH X = @, 3TO Je/ieHHue JaeT

P(x, ) =(r—a) Qi (x, ).

Ho P (x, B) obpamaercssi B HYyJb, KAaKOBO Obl H# OBLIO 3HAUECHHE

HEM3BECTHOTO X, B YaCTHOCTH, NIPH X 7 «, 3HAuuT, Q (x, P) obpamaerca
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B HyJb, KaKOBO Gbl HH ObLJIO 3HAYeHHE HEH3BECTHOrO X, a 3TO JOKA3bl-
BaeT, uto @ (X, y) Aeantcsa Ha y — P, Tak 4TO

3Q:(x, )1 Qi (x, v) =(Y—P) Q(x, Y).

Qr1cI0Ra BLIBOIHM

P(x, y) = (x—0) (y—B) Q2 (%, ¥).

3ta Teopema 06o06laeTcss HAa MHOTOWIEHH! OT JIIOOOrO YHCJA HEeH3-
BecTHbIX. CJIENyeT JIMLIb OTMETUTDb, 4TO B NpeIbIAYIIEM H0KA3aTeJabCTBe
MHOTOU/IEHBl OT X H § MOTYT HMETb CBOHMH KO03(hdHIHEHTaMH MHOTO-
4jleHbl M3 KOJbLA MHOI'OYJIEHOB, MOPOXKJEHHOTO IPYFHMH HeH3BecT-
HBIMH 24, 29, . . ., Z5.

OnHako TeopHs, OCHOBAHHAs HA €BKJHJOBOM J€JIEeHHH M aJrOpHTMe
EBKaMAA, 31ech yKe He IPOXOAHT, KaK 3TO IIOKA3biBaeT CJelyIOUIHH
IpHMep: ABa MHOrOYJeHa OT JABYX HeusBecTHHIX P = x u Q = y cJe-
JoBaJso Obl, OYEBHIHO, PACCMATPUBATH KaK B3aHMHO IPOCTbIE, HO He
cymecTByeT napel MHOrowleHoB X (x, y), Y (x, y), KoTOpLle oGecne-
yuBaji Obl TOXKIECTBO

X (% y)+yY (6 y) =1,
TaK Kak JIeBas YacTb He MOXKET HMETb UjleHa CTENeHH HYab.

Pannonanpible ApoGH OT HECKOJBKHX NMEPEMEHHBIX ONpeeasoTcs,
€CJIH HCXOAHTBb H3 MHOTOYJICHOB, TAK € KaK H [JIf c/1ydasd OJHOro nepe-
MEHHOTO.

Meron HeonpeneneHubix xoadduuuento. TeopeMa O TOXKIeCTBEH-
HOCTH MHOTOUWJIEHOB INIPHMEHSIeTCsl HPH pelleHHH 3ajay CJEAYIOUIero
THIIA.

ITpn kakom ycaoBHH MHorowsnreH P = x* 4 ax®y® + by*+ cx®+-
-+ dy*-+ e penurcs Ha mHoroumeH x%--3y* — 1?

PaccMoTpeHHe cTenedell MOKasplBaeT, 4TO 4acTHOe, eCJH OHO Cylle-
cTBYeT, HMeeT (opMy ux?-+ vy?- w; ero Kos(puuMeHThb SABJSIOTCS
HeH3BeCTHHIMH. Mbl HX omnpenenuMm, omooscdecmgasa P ¢ npoussese-
HHEM

(2% 4+ 3y — 1) (ux® -+ vy? +w),

JJ1s1 4ero Mbl NpupasHusaem APYT APYTY KO3(QpHUHEHTh MOAOOHBIX
4JIEHOB.

u=1; u=1;
3utv=a; 4v:-g—;
3v=>b; = —eg;
w—u=c¢; g a:3+—g~;
Jw—uv=d, lc= —e—1;

b
k—w%e, d—-—<3e+-3—>.
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Takum oGpasom, ABa ko3dxpHILHEHTa NPOH3BOJIbHE, HanpuUMep b H e.
Uepes HHX MosyyaeM HCKOMble 3HaYeHH S KO3(pHIHEHTOB 4, ¢, d K YacT-
HbIM 6yZer MHOroYJieH

b
x"‘—i——é—y“‘—-e.

VI. 3ameyaine 0 NpUMEHEHHN TPHIOHOMETPHMU
K anrefpanuecHMM 3ajjlauam

JKecTkocTb (hOpMYJT, OTHOCAIMIMUXCS K MHOTOUJIEHAM H PAlHOHAIbHBIM
Lpo0siM, HEeHHa TeM, YTO KaXABIH MHOTOUJIEH SIBJISIETCS HE3aMEHHUMEIM,
TOXKJECTBa NPOBEPAIOTCS NOUJEHHBIM CPaBHEHHEM, €CAuU MOAsKO (uey-
pupyrowyue Oyxesr Hezasucumst Opye om Opyea, TO e€CTb He CBf3aHbI
KaKHMH-JTHG0 COOTHOIIIEHH MU, ONPEAEISIOIHMY 3HAYEHHS HEKOTOPhIX
OyKB, KOIrJia 1aHbl 3HaUYeHHU st APYTHX OyKB. (UTOOE NpOBepUTH TOXKIECT-
BO, HYXKHO BCEerjJa OCTABJATH B HAJNWUWH JIHIIb He3aBHCHMble GYKBHI.)
Hao6opoTt, rHOKOCTb TPHIOHOMETPHUECKHX (hOpMYJ MO3BOJSET YUpaB-
JIATh BbIYUCJIEHHSIMH, Tpeciefys OnpelesneHHble HeJH: OCBOGOTHTHCSA
OT PajMKAaJOB, NPEJCTABUTh BhIpa)KeHHe B BHJE NPOU3BeeHUS, TIOHH-
3UTh CTeNeHb BbipakeHHs H T. 1. DTO OOCTOSITENBLCTBO 3aCTaBJ/ISET
OYeHb YacTO BBOJUTb B ajreOpaHyecKHe BLIUHCIECHHS 8CHOMO2QMENbHbIE
y2abt, HE3aBHCHMO JiaXKe OT PeOMETPHUYECKHX HHTEPNpeTauuii, KOTOpble
HHOTZ@2 JOCTaTOYHH!, 4TOGH! ONpaBlaTh 3TO BBeleHHe.

1. Cayuaii ogHoro umcaa. Jlo6oMy 4HC/IY @ BCerja MOXKHO IIOCTa-
BHTb B COOTBETCTBHE yIO/ & PaBEHCTBOM @ = tg «; COOTBETCTBHE CTaHO-

BHTCSl B3aHMHO OJIHO3HAUHBIM, €CJH IPHCOEIHHHTb YCJIOBHE
F1 ﬂ
—p ey
Ecnu g 3akmouedo mexay —! 0 +1 (—1 < a < + 1), To MOxHO
MOJIOXHTD

. 11 24
a=cosa, 0<a<{n, niw a=sina, ——2~<a<—2—.

B uacTHOCTH, 3Ta 3aMeHa NpUMeHseTCsl, YTOObl H30exaTh BBENEHHS
KBaJpaTHLIX pajHkaJoB 6naronaps ¢opMmysiam

. 1
1 +tg2a= y | —cos?a=sin*a, ———1=tg%a,

cos2 o
NO3BOJIAIOIMM H36eKaTh PajHKaJIOB B3 MHOTOYJIEHOB
14-x2, 1 —x% x%2—1,

a cTajo OKTh, B U3 JI060T0 MHOTOYJIeHa BTOPOH CTeNleHH B COOTBETCTBHH
C TOXKJECTBOM, KOTOpOe HpeicTaBJseT TpexuleH ax®-+ bx-+c¢ B BHAe
CYMMHLI HJIH Da3HOCTH ABYX KBaJpaToOB, M3 KOTOPBIX JIHIIb OfHH COHEp-
XKHT OYKBY X.
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2. Cayuait xeyx umcen. Meowcdy napamu (a, b) sewecmserrbix wuces
u napamu (r, o), COCMOAUUMI U3 HUCAQ U YeAd, ONPECeeHO B3AUMHO
00HO3HAYHOE coomsememeue Gopmyramu
a=rcosa, b=rsina, npusem aubo 0 <La << m,
aubo
r>0, 0gag2n.

Bcerna 6yneM nMetb tg o = % , OTKyJAa HaHAeTcs r C NOMOILbIO

OJHOT0O W3 3aJAHHBIX PaBEHCTB, HO B INIEPBOM CJAyUae «. ONpeJeJIeH,
OTKYJa BBIBOAMTCS 3HaK 4HcCJa 7, a BO BTOPOM CJydae HYKHO B3AThb «
43 TaKOTO pacdyeTa, 4TOOBI COs 00 UMeJ 3HaK yHcaa a (470 obecreyut,
4TO0bl Sin o MMeJ 3HaK 4yucaa b).

Pasymeercsi, Bcerga Oyaer r? = o+ b,

[IpumMepn TOpHJIOXKEHHI.

[Tycto
P(x, y)=ax-by.

Ecnu BBectH 7, @, @, ¢ pABEHCTBAMHU
[azrcosa; [x:Qcoscp;

b=rsina; Yy=0sing,
to P (x, y) nonyyaer clreAyIOUNHA BUA:
ro cos (¢ — a).

Awnajoruuuo
a (x*— y?) + 2bxy
CTaHOBHTCS
rocos (29 —a).

O0HOpOoOHbIE MHO2OMACHBL OM X W Y (TO €CTb TaKHe MHOTOUJIEHb!,
Y KOTOPBEIX BCe WIEHbl HMEIOT _OJMHAKOBYIO CTeNeHb) H PalHOHa/bHble
ApoOH, HMeoL{He TaKHe YJIeHbl, Tpeobpa3yioTcs BBeJeHHEM KpPaTHBIX
YT, YTO MOHHKAET CTelleHb.

[Ipumenp.

E = ax®+ bxy + cy?.
Ecau monoxkuTh
x=g0cosq, y=0sing,
MHOTOW/IEH MOJy4YaeT CJIeAVIOmMUA BHA:
2 .
E:%— [(a—¢c)cos2¢ 4 bsin2¢ - (a+c)].
[Tonarasa, paiee,
a—c=rcosa, b=rsina,

fI0JTyuaeM:

2
E=" [cos(2q>—a)—{-a—-tc—] )
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a--c¢ a--¢ .
B ciyuae, koraa ;L <Z |, MOXKHO TOJIOKHUTH —%— = cos funony-

E == rg®cos <q>—¥> cos <cp—(f_;—ﬁ> .-

B 3aBHCHMOCTH OT 10OCTaB/J€HHOH 1e/H BEIOHPAIOT U JYUIIYIO HOPMY.

3. Beenenue tTaHrenca. Jln1s npeoGpasoBaHusl palMOHAJLHBIX JpO-
6ell OT cos @ ¥ sin @, YHCJAHTe b M 3HAMEHATesab KOTOPHIX SIBJISIIOTCS
OIHOPOAHBIMH MHOTOUJICHAMH OAHOH M TOH Ke CTeNeHH, BBOAAT TOJBKO
tg a, pasnenus npefBapuTeabHO 002 YeHa ApobH Ha HaJJIexalluM o6pa-
30M BRIOpaHHYVIO CTeneHb cos o. OIHAKO 3TO BO3MOXKHO U B {oJiee 06mHX
caydasix, eCNH yaaercsl JoOMTHCS OJHOPOAHOCTH OXHOM U TOH Ke cTe-
fIEHH B UHCJIHTENEe H 3HaMeHaTese ¢ MOMOIIBIO TOXK/eCTBA

9HUTh:

cos? o 4sinfa=1,

fIO3BOJIAIONMIErO U3MEHUTL CTENEHb C COXpaHeHHeM ee HETHOCTH.

ffpumenp.
cosBa—sina  [cos® a—sin a (cos?a+-sina)](cos?a+sina)
2cosda-}sinda 2 cosd a-Fsind a (cos? a+ sin? a) o

t—tga(ttg?a)] (14-tg?a)
B 24tgda(l+1tg2a)

Tenepsr MOXKHO BepHYTbCA K anrebpe, rnogaras tg a = f.

4. Cnyyam cHMMeTpPUH M nceBiocumMerpud. [lofo6HO TOMY Kak
8 ajre6pe, €csId POJIH X H i CHMMETPHYHBI, BBOAST HX CYMMY M NpOK3Be-
JleHHe X -+ y = §, Xy = p H PacCMaTPHBAIOT X U Y, KaK Napy KopHel
ypaBHeHus u* — su + p = 0, Tak 4 B TPUTOHOMETPHUH, €CJIHK Peyb HJeT
O IBYX yIJax ¢ H P, KOTOphle (PHI'YPHPYIOT CUMMETPHYHO, BBOJAAT HX
CYMMY U PasHOCTb (MJIH Yalle UX NOJYCYMMY U [I0OJIyPa3HOCTh), IPHUEM
Pa3HoOCTh HAXOJAMTCHA MOJ 3HAKOM KOCHHYCA AJIsl COXPAHEHHS CHMMET-
pun. Mp1 6yieM TrOBOPHTb, UTO MMeET MECTO [MCEBJIOCHMMETPHUS, €CJH
CHMMETpHUsl HAapyluaeTcs JIMHIb HEecKOJbKUMH IlepeMeHaMH 3HaKOB
TAKOTO pOjJia, 4TO MOXKHO BCe e BBECTH CYMMY H Da3HOCTb YIJIOB,
OIIHAKO 3Ta NOCJefHss GUTYPUPYET HE TOJBKO TIOJ 3HAKOM KOCHHYCA,
HO H NOJ, 3HaKOM CHHYycCa.

YacTheiii cayvail. Bupaxenue, cummempuyroe OMHOCUMENLHO
sin ¢ u cos .

OHO CHMMETPHYHO OTHOCUTENBHO ¢ K —;— — @, TaK UTO MOXKHO BBeCTH

1
yroJl ¢ — -, HCIIOJIB3YSi:

cos@+singp=1"2 cos ((p——f-)

cosm-sincp:—;—sin2¢=—;——cos.‘2 (@——%) .
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(310 CcBOAHTCS K H3MEHEHHIO Hayasla OTCYeTa VIJIOB, COCTOSILIEMY
B TOM, 4TO 32 HauyaJbHHIA pajuyc Gepercsi mepBasi GUCCEKTPHCE CTapHIX
oceil.)

3aTtem BO3BpailalTcs K anareGpe, nogaras

u=cos<q>—%>, :

COSq>+sinq>=]/Q_u, cosq;simp:uz.—__;__

OTKYZa

Coxpansid ¢ —%z P, NOJTyyaeM:

cos p-sin == /2 cosp, COS(pSirl(p:—é— cos 2¢

H TaKxke
cos p—sin ¢ = — }/2siny.

ToAbKO JOCTAaTOYHBIA OMBIT B TPHTOHOMETPHUECKHX BbBIYHUCJAEHHAX
NO3BOJIACT TIPUMEHATE YKa3aHHbIE IIPHUEMEI C H3BECTHOM BUPTYO3HOCTDIO.

Bropas raasa

PEWEHUE YPABHEHMUH
@

1. Onpenenenun

B nocnepywomem 6ykBul P, Q, ... 6yayT ofo3HauaTh NpH OTCYT-
CTBHH INPOTHUBONOJIOKHBIX YKAa3aHHH MHOTOYJIEHBl, WJIH DallHOHAJ/bHbIE
Ipo6u, Han BooGue anrebpanyeckue, JHOO Jake TPHIOHOMETPHUYECKHE
BhIpaXKeHUs, A/ KOTOPBIX NPHMEHsieMble onepauny onpeseensl. [Ipen-
HOJIaraeTcsi, 4TO 3TH BBHIpAXKEHHUS MPHHHUMAIOT BIOJHE OnpeleseHHble
YHCJIOBblE 3HAUEHHS A/ JioO0OH CHCTEeMBl 3HAYEHHH Xg, Yo, 20, - - -»
(UrypHpYIOIIMX B HHX HEH3BeCTHHIX X, ¥, 2, . ... UTOOH yNnpoCTHTH
3anuch, Mol GyieM mnpedno/araTb, YTO HMEIOTCH TPH HEH3BECTHBHIX.
P (x9, Yo, 20) Oyper 0603Hayarnca yepes Py.

Kosdxpuunentsl BoipaxeHnus GepyTcs H3 NMOIAMHOMKECTBA . BellecT-
BEHHBIX UHCe/. 3HaYeHHUsi, NIpHAaBaeMble HeH3BECTHLIM, OepyTCs H3 MHO-
}KecTBa & BelleCTBEHHBIX UHCEJ, KOTOPOe MOXKEeT ObIThb MHOXKECTBOM
HJH KaKHM-JTHOO ero pacuIdpeHHeM: HanmpHMep, ecJu KOo3(xpHlHeHTb
NpeNoaraTCs 11ebIMH, TO JJ1f HEH3BECTHBIX NONYCKAIOTCS 3Haue-
HH$ pallHOHAMbHEIE HAH BHAa a + b )¢, Tae a, b, ¢ — palHOHaAbHbI,
HJIH Jaxe JONYycKaloTcs JiroOble BellecTBeHHBIe YHCaa.

Mbl npeanonaraeM, caeioBaTenpho, J = € = A.

ToxpectBo. Ecau jss moGoi cHCTeMbI {Xg, Yo, 20} 3HAYEHHIl U3 &,
NpHIABAEMBIX HEH3BeCTHBIM, P (X9, Yo, 20) = Q (X9, Yo, 20), TO roBo-
PAT, UTO Ha MHOXKecTBe & Buipaxenus P (x, y, 2) ¥ Q(x, y, 2) mosxcdecmeer-
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HO pasHbi. DTo 3anuchiBawT P (x, y, 2) = Q (%, y, 2), KOTAa MHOXe-
CTBO & ormnpejesieHo.

MMpumep. x =}/ %% ecu MHOKECTBO & SIBJISIETCS MHOXECTBOM
[OJIOKUTE/NBHBEIX BElleCTBEHHBIX Y¥CeJs, HO 3TO He BePHO Ha MHOXKECTBe
BellleCTBEHHBIX 4HceJs Jo6oro 3Haka.

Ypasuenue. [IBa BhipaxeHHs, BooOlile TOBOPs, He SIBJSIOTCS TOX-
JIECTBEHHO pPAaBHBIMH; INO3TOMY CTaBHTCH 3ajaya y3HaThb, sl KaKHX
CHCTEM 3HAYEHHH HEU3BECTHHIX BhIpa)keHHS P H ( NpHHUMAIOT OJHO
H TO K€ YHc/I0Boe 3HaueHue. OThICKATh BCe MHOKECTBA {Xg, Yo, 2o}, AdA
KOTOpBIX Py = Qo — 3mo 3rauun peuiurnsv YpasHenue

P(x, y, 2)=0Q(x, y, 2).

Kax0e MHOXKECTBO {Xy, Yo, Zo} Ha3bIBACTCS PeleHUEM YPOABHEHUS.
AHaJIOTHUHO pewiums cucmemy ypasHeHud

P=Q;
R=S;
L=m

— 3TO 3HAYHT HAaHTH BCe MHOXKECTBAa 3HaueHHH {x,, Yo, 2o}, SBJSIO-
muecst pelleHHsMH BCeX 5THX ypaBHeHMH. Kakaoe U3 5THX MHOMKECTB
HA3BIBAETCS  PELIEHUEM CUCHTIEMbL.

B nocnenyoiiem Mbt 6yAeM npeAnoJaratb, YTO MHOXKECTBO J , U3
KOTOPOTO B3AThl KO3(XDHLHEHTHI, SIBJSIETCA nosem (fesieHie BO3MOXKHO,
3a UCKJIIOUeHHEM JesleHdsl Ha Hysb). Ho 3HaueHHUs1, npujaBaeMble HeM3-
BECTHBIMH, OYAYT B3SThl H3 MHOXeCTBAa &, KOTOpOe CJEAYET KaxAblH
pa3 TOYHO YKa3blBaTb.

Taxk, Hanpumep, 4151 ypaBHeHUH

2x+3=0, x*—4=0, x*—3=0, x24+3=0

OyAyT HCCJEJOBATLCSA CYIIECTBOBAHHS pELIeHHE M HX YHC/AO B OJHOM
U3 caepyiolMX MHOXecTB. N, Z, Q*, Q niu R. Tlocsennee U3 3THX ypas-
HEHHUH HMeeT [Ba peLICHUS, eCAH & €CTb MHOXKECTBO KOMIIJIEKCHBIX
yucen (ku. III, ra. VI). -

11. PaBHocuanocrb (3HBHBANEHTHOCTD)
YpPaBHEHM

Zea ypasrenus Ha36i8a10MCA  PABHOCUNbHOIMU  ( IKBUBANCHMHOIMUL)
OMHOCUMENLHO HEKOMOPOo20 MHOJMeCmBa &, ecAl OHU UMEION 8 SMOoM
MHONHECMEe O0HU U Me Jce peuleHus; aHAJOTHYHO OIpeneJIsieTCsl PaBHO-
CHJIBHOCTb CHCTEM.

Sameuanue COIToHl TeOPETHKO-MHOXKECTBEHHOH TOUKH 3PEHHS
ypaBHeHHS

—4=0 =u x—2=0 paBHocuNbHH B R*,
x—2=0 u (x—2)2=0 paBHocu/bHH B R.
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Ho B reomeTpuu anre6panuecKix KPHBBIX, H3YYaeMbIX 10O HX ypaB-
HEHHUSIM, CHCTEMb!
[y:O1 [y:oi [y:O,
y=x—2, Y=(x—2p [=(x—2)7
COOTBETCTBYIOT Pas/HUHBIM CHTYalUsIM C TOUKH 3PEHHUS nopadka kpam-
Hocmy (ku. 11, u, 2, ra. 1) u xacanusa (ku. 111, r1. I11). Takum obpa-
30M, TaM eAHHCTBEHHO yMecTHON OyzeT Teopema IV, KoTopas craepyer

HHXKE,
B nocaenyromeM Mbpl NpUHEMAeM TeOPETHKO-MHOMXECTBEHHYIO TOUKY

3peHwus.

Mg mosmaraem MHOMeCTBO € YTOUHEHHBIM TAKHM 06pa3oM, 4TOOH
P, Q, ... Obliu ompejesieHbl H MPHHUMAJIHM ONpefeJeHHble 3HAUEHHS
Py, Qo, . .. I8 BCeX 3HAUCHHH HEH3BECTHBHIX H3 MHOMKECTBa &.

Takum o6pasoM, Korjaa GUrypupyer pajukas, TO BblpaxkeHne, HAXOAM-
lureecst TOJ, 3HAKOM pajHKasa, He JO/LKHO GbITh OTPHIATE bHLIM HH JLJI5
KaKHX 3JIeMEHTOB M3 MHOxecTBa €. HUKakKof 3HameHaTesb He JOJIKEH
o0pamarbCsl B HyJb. DTH 3anpellleHHble 3HaUYeHUs 3apaHee CUHTAIOTCs

MCKJIIOUEHHBIMH.
Teopema 1. Karxoso Oer Hu 6biao evipaxcerue R, ypasuernus

P =QuP -+ R =Q + R pasrocursroL.
JeficTBUTeILHO, ONepanuy NOJ BHIpAXKEHUSIMH Oblay BHIOpaHbl TOH

e CTPYKTYPBI, YTO ¥ ONEPalMH HaJ YHCJAAMH, TaK YTO
WAQO PO+RO'QO—1LRO]-
Teopema 1. Ham u3BecTHO ciejcTBHe
[Py=Qo]l => [PoRy= QoRol,
110 o6paTHAA HUMIMHKAUHS pacnadaemcs
[PoRo = QoRo] ==>[R; =0 mm (memckmouaomee) Py= Q).

(CioBaMH «HEHCKJIOUAIOUIEe UJIH» Mbl XOTHM CKasaTh, YTO 06¢ BO3-
MOKHOCTH HE HCKJIIOYAIOT APYT ApPyTra, OHH MOTYT OLITh CripaBeAJHBLIMH
OZHOBPEMEHHO.)

Orciofa mnpeokKeHHs:

1) ¥pasrenue PR = QR pacnadaemcsa Ha ypaBHeHHs R =0
u P = Q. VHaue roBopst, MHOXKECTBO pelleHUli ypaBHeHHst PR = QR
eCcTb 0ObelHHEHHE MHOXeCTBa pellleHu! ypaBHenust R = O H MHOKecTBa

pelueHuii ypaBnenus P = (.
2) Ecai R e npuHuMaeT 3HaueHHe 0 Ha MHOXecTBe &, TO ypas-

Hennss PR = QR 1 P = Q paBHOCHJbHEIL.
Teopema lll. HsBectHo, uro
Py =Q) <> [Py=Q niu Py= —Qq,

OTKYJia NPelJOKeHHs:
Ha muoxectBe, tae Py H Qo MMeeT OAHH H TOT Xe 3HAK, ypaBHe-

HES P? = Q* 0 P = Q paBHOCHJ/IbHBI.
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Mpuaoxenusn arux rteopeM. 1) Bcerna Bo3MOXKHO MONYYHTh YpaB-
HEeHMe, PaBHOCUJbHOE IaHHOMY, HO HMelollee B npaBo#l yacta 0. («Ilepe-
HEeCTH Bce YJIeHBl B OJHY U TY K€ YacThb».)

2) Bcerja BO3MOXKHO 3aMEeHHTb YpaBHEHHE, MMelolllee 3HaMeHaTeJ !,
ypaBHeHUeM Ge3 3HaMeHartesell. Ecnu useHbl ypaBHeHHS OB pallHo-
HaJbHBIMH APOGSIMH, TO UJIeHH IIPeo6pa30OBaHHOrO YpaBHeHHs OGyayT
MHOTOUJIEHAMH. YDaBHeHHE HAa3bIBAETCS TOTAA IeNBIM M 3aNUCHIBAETCS
B Bune P = 0, rie P — MHOTOUJIEH.

3) HMHorpa BO3MOXKHO DasJIOXKHTh ypaBHEHHeE.

4) OT ypaBHEeHHS, COAep:Kallero OfWH WJH JBa KBaJpaTHHIX paju-
KaJa, BCeTJa MOXHO NepedTH K ypaBHeHHIO 6e3 paiHKa/oB, AJs 5TOTO
M30JIUPYIOT ORMH pajHKaJ M BO3BOAAT MOTOM B KBajpar oba uJjeHa:
ecau paaukas OblJl eIMHCTBEHHBIM, OH HCuesaeT. Ecau umencs erne
OMH pajMKaJ, TO B UTOTE OCTAETCS JIHIIL OfUH PafuKal, H IPOUEAYDPY
noBTopsitoT. Ho ecan ux 6u1710 3, TO, BOOOIe FOBOPS, OCTAETCs CHOBA 3.
Heo6xoauMocTs HcCIeloOBaHUST 3HAKOB, UTO HHOTJA CBSI3aHO CO 3HAUH-
TeJbHBIMH CJIOXKHOCTSIMH, ONPAaBJBIBAET NPAKMUYECKOE NPASUA0: B 3aLia-
4ax MO 3JeMEHTAPHOH MaTeMaTHKe He caedyem 66odumo paduxaast us
soLpAdCeHULl, COOEPHCAUUX HEUBBECHIHbIE * .

Hanpnmep, ecnin HanucaTtb, uTo Tpebyercst HAHTH X, YLOBJETBO-
psomee ycaoBuAM x > 3, |/ x—3 = x--a, TO 3TO 3HAUHT, 4TO GBI
BoIOpaH MJAOXOH METOR AJisi PeIIeHHST CHCTeMEl

(V'=x—3 X=y—a

i y=xta [TostyueHHy10 CHCTEMY cnezxy.eT {yz —y—a—3:

npeo6pa3oBaTb B CHUCTEMY:
y>0. ’ ly >o0.

CnefyeT 3ameTHTh, 4T0 X >3, VX — 3 = x-++a DaBHOCHJBHO

3amnucH

x+a>0, x—3=(x-+a)?
npuueM Gecroie3HO COXpaHsITe TpeGoBaHHe x > 3, TaK KaK OHO ofec-
MEeYeHO CaMHM ypPaBHEHHeM.

Teopema 1V. Teopema o JAuHeHHOM KOMOMHHPOBAHHH.

[P:O; pasrocunvro (P =0;

Q=0 cucmene aP+56Q=0
[Nlocnennee ycnoBue Bhipaxaer, 4To () HA CaMOM JeJfi€ BXOIUT B KOMOH-
Hauo. J0oKasaTesbCTBO aHAJOTMUHO MpPEAbINYIIEMY.

Teopema V. O nojpcraHoBKe.

npu ycaosuu b ==0.

Cucrema
(x=F(y, 2); (x=F(y, 2);
P(x, y, 2)=0; pasrocuibra IP[F (y, 2), vy, z]:O
M Qx, g, 2)=0;  cucmene (0 iQ [Py 2), 5, 2=
(S 4, 2)=0 (S1F @ 2, 5 21—

* Dro He Bcerfla onpasaniBaerca.—IIpum. nepegod.
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[epexon or cucremul (1) kK cucreme (1I) HasbBaerca uckarouenuem x us-
ypasreruti; THBIMH CJIOBaMH, 3/iecb oO6pasyeTcsi paBHOCHJIbHAS CHCTEMa,
B KOTOpPOH JIHIIb OAHO YPABHEHHe COLEPIKUT HEH3BeCTHOe X: 3Ta GYKBa X
Hcyesja M3 JApyrux ypaBHeHuH. Teopema IV Takke MOMKET CJYXKHTb
AJIf BBIAOJIHEHHS! HCKJ/IOUEHHH.

[Tepexon ot cucremsl (11) k cucreme (1) HasbiBaeTcst BBeeHHEM BCIIO-
MOT'aTeJbHOIO HEH3BeCTHOTO X. UToGbl BBECTH BCIIOMOraTeJbHOE HeH3-
BecTHOe ¥ = F (y, 2), HYXHO clieslaTh TaK, 4ToObl BepaxeHue F nosBu-
JIOCh B YPABHEHHSIX OTHOCHTEJbHO HEH3BECTHBIX Y H 2.

[Tpumep. TpebGyercs pewnth ypaBHeHue ax? + bx-+c¢ = 0,
a # 0. JleBas yacTp 3amMIIeTcs CJeJVIOIIEM O0pasoM:

b \2 b2
a <x —i—g) —{—C—E.

MoxHo, c/ef0BaTeIbHO, BBECTH BCIIOMOTATEe/bHOE - HEH3BEeCTHOE i,
b
rle ¥ = X + 5, M HCIOJB30BATH CHCTEMY:

b
2 _ . b
{(ax Fox+c PABHOCHJIBHYIO (x=u 9
5 cHCTeMe i . b2—dac
(“=*+5 W= -

3amMeuaHHue DBseiresue BCHOMOraTeJbHOTO HEH3BECTHOTO i,
ONpEJIeJIEHHOT0 COOTHOIIEHHEM 4 = X - /I, MOXKHO OCYILECTBHTB, MOJ-
CTaBJIsIst BMECTO X JBYYJIeH & — H. MOXHO Tak:e BBeCTH BCIIOMOTaTeJ b+
HOE HEH3BECTHOE 1 C TOMOLILIO paBeHCTBA x = f (1), HO pas3/HUHBIE
3HAaUYEeHUsS HEM3BECTHOIO X MOTYT JaTh OJHO H TO K€ 3HaueHHe I/
HEH3BECTHOTO ¥. B TakHX C/ayyasix YTOUHSIOT MHOMXKECTBO, B KOTOPOM
B34TO HEHM3BECTHOE 4, YTOOHl 0653aTe/JbHO UMETh 63QUMHO 0OHO3HAUHOE
coomeemcmgue Mexcdy Heuseecmuoimu u W x. Hanpumep, ecam pis
—I1<x< ] BBOmAT Yroa u paBEHCTBOM X = COs 4, TO TpebywoT,
uytobel 610 0 < u < m.

HL. HnaccuvuecKMe YpanHEHHA M CHCTEMbI

A) OcnorHble ypaBHeHHS

(€ 3mech MHOKECTBO BEILECTBEHHBIX YHCEN).

1) Apduunnoe ypaBHeHHEe ¢ OLHHM HEeH3BECT
H Bl M.

ax-+b=0.

a+0[x= —b/a, pelenne eJHHCTBEHHOE;

a=0[b=5:0, pemenuss HeT (HEBO3MOXKHOCTb);

b=0, BcsiIKoe x, eCTb pelleHHe (HEONpeAeJIeHHOCTD).
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2) AByusneHHOe ypaBHeHHe, x" = k, n HaTypalbHoe.

o —
n HeueTHO x=1/k , OJ(HO pelueHHE;
>
n 4eTHo [x’—_- V ® , ABa pelueHHUs.
xl/:_‘/"k;'
"y—
k< ([ " HevetHo, x= — v —Fk, OfHO pellleHHe;
n 4YeTHo, pelleHHsT HET;
k=0 x=0, OJIHO peHIeHHe.
3)CucreMa ABYX adpPHHHBX YypPaBHEHHH
C ABYyMS HE€H3BEeCTHB MH.
ax+by+c=0;
ax+bytc =0.

Ecau omuH H3 KOS(pHIHEHTOB HEH3BECTHBIX OTJIHUEH OT HYJs,
HanpuMep a 5 0, To HcrmoJb3oBanHe Teopembi 1V mau Teopembr V
103BOJISIET HCKJIOUHTb HEH3BEeCTHOe X, M 3ajaua MPHUBOILUTCA K pellie-
HUIO JIMHe[HOTO YPaBHeHHs OTHOCHTEJbHO HEeH3BECTHOIO y, KOTopoe
AuBO JONyCKaeT EJWHCTBEHHOE peleHHe, JKu6O HEBO3MOXKHO, 16O
HeonpezeseHHOo. LEciH deToipe KoaduIHeHTa NPH HEH3BECTHHX BCe
paBHBI HYJIO, TO CHCTeMa, OYeBHUJHO, HEBO3MOXKHA, 32 HCKJIOUEHHEM
cayyasi ¢ = ¢’ == 0, Korjia HMeeTCs MOJIHAsI HeONnPeleIeHHOCTb.

Haxoxpaenue pelleHHs] CHCTeMBl HHTEPHPETHPYETCs KaK pasbiCKa-
HHe OOLUIMX TOYCK [ABYX HpPAMBIX HA IJIOCKOCTH, 3aJaHHBIX CBOHMH
ypaBHeHHUsIMH. DTH IpsMbIE, €CJH OHH CYIIeCTBYIOT, JHOO mnepece-
KaioTcst, JiH60 MmapansenbHbl, JHOO COBNAJAIOT.

CymiecTBOoBaHHe eJHHCTBEHHOILO pEIIeHHS BHIPAXKAETCSl YCJIOBUEM
8 = ab’— ba’ = 0. AHanoruuHo AJs Tpex ypaBHeHHH C TpeMs HeH3-
BECTHRIMH YCJIOBHE €IHHCTBEHHOCTH peIleHHS BhIpaXKaeTcs YCJIOBHEM

A=ab'c" +bc’a"+ca’'b”—ac'b”—ba’c"—cb’a” 0.

8 u A HasweBaIOTCA onpedesumesnamy U3 KO3bOHIHCHTOB YpaBHEHH.
Ananoruuno cucreMa p ahduHHBIX ypaBHEHHH C ¢ HEH3BECTHBIMH INPH-
BOAUTCH TOCJELOBATEbHLIME HMCKJIOUEHHSMH HJAM K OJHOMY ypaBHe-
HUIO ¥ MJIH K CHCTeMe JIMHEeHbIX YPaBHEHHH C OJHHM HEH3BECTHBIM.
CneunasbHoe HCCJENOBaHME AJS KaxAOr0 NpHMepa NPOBOAMTCA 6e3
TpyZa. Mel He KacaeMcd 37ech OGMIETO cayyast U ero HCCICAOBaHUS, TaK
KaK AJs 3TOTO TpebGyeTcsl TEOpUs OmpeAeauTenei.

4) CumMMeTpHYHaAaslT CHCTeMa

[x +y=s;
xy=np.
* MomeT GHTb C HECKONbKHMH HEH3BECTHBIMH.— Hpum. ped.

15 3akas Ne 9 225



Peillende, ecid OHO CYIIECTBYET, COCTOMT M3 Maphbl pellieHHH ypap-
Henust u® — su+p = 0. Ecam 310 ypaBHeHHe HMeeT JBa KOpHS u
u u’, TO CHCTeMa HMeeT IBa pellleHHs:

x=u; x=u";
y=u'.
Ec/M AHCKDUMHHAHT YPaBHEHMsI C HEH3BECTHBIM &4 paBeH HYJIIO,
TaK YTO 3TO ypaBHEHHE UMEET JIMIIb OAUH KOPEHb g, TO CHCTeMa HMeeT
€[IUHCTBEHHOE pellleHHe X = y = u,. HaKOHell, pelleHHe He CYIecT-

ByeT (C/ly4ail HEBO3MOMKHOCTH), eC/IH KBajJpaTHOe YDaBHEeHHE He HMeeT
KOpHel. 3aMeTHM, YTO HMMeeTcsi B3aHMHO OJHO3HAYHOE COOTBETCTBHE

MeXJLYy NapoH

”
y=u

(* ¥ %<y
H napo# _
(s, p), s*T>4p.

B) YpaBHeHusi, npHBOISIIHECS K NPeAbIAYIHM NPeoOpa3oBaHH M
HEH3BECTHBIX

1) BaxHeldillHe BCNOoMOraTeJbHBE& HEH3BECT
Hble, KOTOpDHE pPeKOMeHAYyeTCH BBOJXHUTBL u=
= X — a, uTto6bl HK30aBUTbCA OT HEKOTOPHIX WYJCHOB, HalpuMep
OT 4JieHa IepBOH CTeNeHU B KBaApaTHOM ypaBHEHHUH.

1=x% — B ypaBHEHUH, TJe HEU3BECTHOE X GUTYPHPYeT TOJALKO C YeT-
HBIMH [I0Ka3aTeJsIMH CcTeneHeH (Hanpumep, 6uxeadpamroe YypasHeHue).

1
U = X — MOXKHO BBOAHTb B MHOTOUJICHBI, Y KOTOPBIX UJICHbI, PABHO-
OTCTOSILIME OT KOHIIOB, HMEIOT paBHbie KO(DHIUeHTHl (cayuali eosspam-
HbLX ypasHeruil), TaK Kak BblpaxkeHHe X" -+ 7n BOIUHCIIAETCS AJisl moce-

JIOBaTeTbHBIX 3HAYeHUIl MOKazaTessl n B QYHKLUHH CTeNeHeHd HeH3BecT-
HOTO u4.

Haxkonen, Mbl yK€e yIOMHHAJIH O BBEIEHHU BCIOMOTaTe/1bHBIX YIJIOB
I/ peo6pa3oBaHUs BbIPAXKEHHUH C MOMOIIBIO TPUTOHOMETPHH.

HppanucnanpHast ¢opMa ypaBHEHMH, KaK TPHTOHOMETPHUECKHX
Tak H ajarebpaHueckHX, NO3BOJIsET, BOOOILE I'OBOPsl, NPOBOAUTh JIHUIb
NPHOJHKEHHbE BBIUUCAEHHS: €C/U LEeJbI0 HCCAeLOBAHMS SIBJSETCS
onpejejeHde TaKUX TNPUOIMIKEHHBIX 3HAYCHHH, TO IOHCKHM OOMUX
(hopMyJ1 MOT'YT OKa3aThCst GecnionedHbMu (cM. KH. 111 Anamus). 3anaua,
KOTOPYIO MBI pacCMaTpUBAEM 3[eCh, COCTOHT B CJICAYIOIUEM:

ITycme dana cucmema ypagrerutl (uau 00Ho ypasHexue), Koagdu-
HUEHMbL KOMOPbLX ABAAIOMCA Hesasucumeiny bykeanu; mpebyemcs naimu
8ce peulenus 6 eude eulpaxcerull, codepxcauwiux amu Koadduyuernme,
a MaKxce U36ECIHbIC 1UCAA.

YpaBHEHHST B TOM CJyyae Ha3bpBAIOTCH o0wjumi YpaBHEHHSIMH
paccMatpuBaeMoro Tuna. QPUrypHpyiolide B HHX OYKBBI, OTJIHUHBIE
OT HEeU3BeCTHHIX, HA3BIBAIOTCH napamempami. PellleHHe Ha3bIBAeTCs
anre6pavyecKuM, €CAM OHO JAaeTcst ajJreOpauyeCKHMMH BLIpaXKEHHSIMH.
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Boilie Mbl PEIUMJM YypaBHEHWsi TepPBO M BTOPOH CTENEHH C ONHHM

HEeH3BECTHBIM.
2) MayuenHne ypaBHEHHS TpPeTbeH CTENEeHH

ax® 4+ bx® +cx +d = 0.
a) Aaeebpauueckoe pewerue. BBelleHHe BCIOMOTATENbHOTO HEH3BECT-

b o
HOTO X = x + 5. MPHBOJHT K HCUE3HOBEHHIO UJEHa BTOPOH CTerneHH,
TAK YTO TOJYy4aeTcsl YpaBHEHUe
X34+ pX+qg=0.

BeejieM 3aTeM jiBa BCIIOMOTATEe/IbHBIX HEH3BECTHBIX ¥ H U C NIOMOILBIC
3aMenbl X = u -+ U, coxpaHsis 3a cofoi BLiGOP BTOPOTO yC/IOBHS, CBS-
3piBaromwero u u v. Ilosywaercs

u+ 03+ @Buo+p) (u+0)+¢=0,
YTO BHYIIAET MBICJb MOJOXKHTD

3uv-+p=0.
B uTOre Mml IOMKHB peliaTb CHCTEMY
X=u-uv; X =u-vu;
- _PF. PaBHOCHJIBHYIO 8,8 _ _ P,
(D Ho=—3 cucreme () § #o°= 757>
ud-vd= —q, wtovt=—gq.

[Nocnennue nBa ypaBHeHHS BpipaxkaloT, uTo (13, ©%) sBasioTcs napoi
KOpPHeH YypaBHEHHS

Zz—i—qZ———wO

CJIe,H.OBaTeJIbHO, [oJyyaem ,uBa cayuas:
VA YA A
A=g+F >0, X— V — +y —5 s

(¢popmyaa Kapdana u Tapma/zbu)*.

Ecnu A oTpHuaresgbHO, TO YKa3aHHBIN MeTOJ He HaeT HHKAKOTC
peLIeHUs.

Ho ecTb M yBepeHHOCTb, YTO peilleHHe KyGHYCCKOTO YpaBHEHHUSR
€IMHCTBCHHO, €CJIH OHO HafieHo, U YTO pellleHHI HeT, ecJu HX He yla-
JIOCh TIOJTYYUTh YKa3aHHBIM crioco6omM? KoHeYHO HeT, Tak Kax OmHcaH-
HBIH MeTOJ, MOXKeT JaTh TOJbKO PeHICHHS, YAOBJETBOPSICHINE YCIOBHUIC

4
X% > ———33, HeOoOXONHUMOMY JJISi CYLIECTBOBaHHS uuces u u v**. Ho,
KOHEYHO, OH JaeT BCe pelleHHs, YAOBJIETBOPSIOHIHE 3TOMY YCJOBHIC.

*06 wucropun peineHusi KyGuueckoro ypaBHenuss cm.: K. A. P w6 H u-
K 0B, Hcropna wmarematuxu, I, waa. Mock. yu-ta. 1960, erp. 116—120.—

Hpum. peod.
** JleficTBHTeIbHO, JJs JIOOBIX BEIIECTBEHHBIX 4 M ¥ uMeeM (4 —uv)2 > 0,
4
10 ectb (U v)2—4uv>0, orkyza, yuuTHBasA cuctemy 1, gaxopum: x2 > — —;——
Hpum. ped.
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b) Tpueornomempuueckoe pewerue. BBOZHM BCIIOMOraTe/ibHOE HEH3-
BecTHoe ¢, moaarag X = A cos ¢, A > 0, 0 < ¢ < m, coxpaHsas
3a coGoi BBIGOpP YHCJA A B RaJbHEHIIEM.

YpaBHEHHI0O MOXHO NPHAATh TOTAA CJAEAYIOMME BHI (€CJH 3aMe-
TUTb, 4TO A = 0 rogures Aulb AAd ciaydas ¢ = 0, HE OPeACTaBJAAL-
Wero HHTEpeca):

23 <cos3 +%cos cp) +g=0.

CpaBHeHHe 3TOTO YpaBHEHHS C TOXIECTBOM 4 cos® ¢ — 3 cos ¢ =
P

4
= c0s 3¢ HaBOZUT Ha MBICIAb MOJOXKUTH AZ == — '??’ H TOTHa MmOJy-
YyaeM CHCTEMY:
X =\cosg;
1
M= =75

A3cos 3¢ = — 4q,
TO €CTb

3"[/§q
o8 3@ = —
T e V=
0o
27 g2

B cayuae p < 0, :4—’)3< | HaxoasT Mo cos 3¢ TPH 3HAUEHMA AJs

@ H JJs COS ¢ M, 3HAYMT, TPH 3HAUEHMs Ans HeusBecTHoi X *.
YcsioBre paspemuMocTH Bblpa}KaETCS{ eJIMHCTBEHHBIM HEPaBEHCTBOM:

A= q+ <0

* YunTHIBasi BBeleHHOE YCJOBHE, HaM CleJyeT OTBICKHBATb YroJ 3¢ mo 3Ha-
YeHHIO0 cOS 3¢, KoTopoe mo abcoioTHOH BenuuuHe MeHblle 1. B npemenax 0, m
MBI HaiiieM TOJNBKO OJ(HO 3HAueHHe TAaKoro yria, KOTopoe Ha3oBem 0. B mnpene-
nax 0, 37 Mbl HaliJeM TpH TaKHX yria

ag, Gg--2m, —op+ 27
OTKYJa MOJYYHM TPH 3HauGHHS ¢, Aexamue B npegenax 0, T,

Op Op

oy , 2m
T B —et Y

C MNOMOIbIO KOTOPHIX M MOJYYHM TPH 3HAYEHHSA HEM3BECTHOIO X, paBHbie

‘/__Ecos 0 21/___c03 +2§° ,
9 l/—%cos(——%—l—%ﬁt—) .— Hpun. ped
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TO €CTb 3TO KaK pa3 C¢Jydal, KOTJa fepBblii MeTO], HHUEro He XaeT.
OTMeTHM, YTO 3THM METOAOM MblI He moJyuunud ¢GopMmynay, AAIOILYic
KaxkIblH KOpeHb MJH XOTS Obl OZMH H3 HHX Yepe3 anreGpanyeckoe
BoipaxeHHe oT p u ¢. [TosToMy 3azaua He MOXeT B 3TOM CJlydyae pac-
CMaTpHBAThCH C ajarefpamyeckod TOYKH 3peHHS, KaK pellleHHas.

3) YpaBHeHHeUeTBEDPTOH cTeneHH ax* | bx® +
+ ¢x2 4+ dx + e = 0. MoxHO mnpoBepuTh, uto: ) 3aMeHOH HeH3-

b o
BECTHOO X = X + ;- yHHUTOKAETCS UJIeH TPeTbell CTENeHH; 2) ec.n

3aTeM BBECTH HOBOE HEH3BECTHOe y, 1ojioxuB X = ky -+ h, H notpe-
foBaTh, YTOOH YypaBHeHHe OT Yy OBLIO BO3BPATHBEIM (CJELOBATENBHO,
paspeluMBIM C [OMOUIBI0 KBAJPATHHIX ypPaBHEHHH), HOC/e HCKJioye-
HUsl & M3 NOJIyYEeHHBIX YCJOBHI ypaBHEHHe OTHOCUTEJLHO A OKaxercs
JIMINb TPEeThbell CTeneHu.

Takum o6pasoM, pellleHHe YpaBHeHHs YeTBEPTOH CTENEHH CBefieHO
K [OCJeJOBATENbHOMY peIISHHIO YPaBHeHMIl TpeTbedl H BTOPOH CTe-
neHen *.

B 3akJiouenye noguepkHeM TOT AKT, YTO Mbl HE IOJHOCTBIO PEIlHJIH
3ajauy AJs ypaBHeHHH TpeTbell M UYETBepTOH cTemeHel, a K obweh
3ajiaye MH Jaxe He NOACTYIaJH. B pasipHeHineM Mbl MODBLITAEMCS 3TO
ciienatb, HO YyXKe ceHuac MOKEeM MpPH3HATBCH, YTO JIMIIL BHeECEM
HEKOTOPYIO SICHOCTE B 3Ty 3ajauy, HO He pemiuM ee. OHO M NMOHSITHO!
Hopeexxen A6esn (1802—1829) B Bospacte 19 JieT 10Kasajl HeBO3-
MOXKHOCTb DEIlEHHS B pajukajax oOmero ypaBHEHHs NATOH CTeNeHH,
alaaya (1811—1832), c noMombio CBOeH reHHaJbHOH TEOPHH rpynm,
Jl0KasaJj, 410 H JJs obLlero ypaBHeHHs J06G0H crenmeHn n, GoJipiied
ueThIpeX, 5Ta 3ajjaya HepaspeluMa.

* Brinonuus BBefienue y B ypaBuenue X4 4 pX? 4 ¢X + r = 0 u norpebo-
BaB paBeHCTBO Ko3hhHUIHEeHTOB NIPH WIEHAX, paBHOYAAJEHHBEIX OT Haualda H KOHIA
ypaBHeHHs (YWIEHB NPefNoaraloTcs pacnoioXeHHbIMH 1o yOrBawmell cTenesy y),
HAaXORAUM:

Re==ha L ph2 1 gh L r, 4k3h—4kh3- 2pkh gk,

OTKyfla, HCKawdasi k, nmojlyuaeM KyOHueCcKoe YpaBHEHHEe OTHOCHTEeJNbHO H:
2
2913+ (4r — p?) h2 — pgh — L =0,

Jna cocraBieHHs BO3BpaTHOIO YPAaBHEHHS OTHOCHTEJBHO Y JIOCTATOUHO
B3ATb KaKoe-HHGYJAb OJHO pellleHHe 5TOro KyGHUecKoro ypaBHeHHs. BosBpaThoe
ypaBHEHHE 9eTBepTOH CTeMeHH CBOJHTCS K HOCAeNOBATENbHOMY PelleHHIo cHavyand
OJHOTO, @ 3aTeM JABYX KBaJpaTHBIX ypaBuenu#i.— [Tpum. ped.



TPETbSJd KHUIA

AHANK3 \

OCHOBBl JIOKAJBHOTO M TJOOAJBHOTC HCCAENOBAHUS UHUCJOBHIX
hyHKI U ObIIH H3J0XKeHu B KHHTe 1, rjaBa IV. Mel HamoMHuM JIHIIb
caMple CyIHEecTBeHHBle [PeAJIOKEeHHs, TNpexJe UeM BBIBECTH H3 HHX
CJISICTBHS. M NPHUMEHWMTL BBEJ€HHbIE MOHATUS K HEKOTOPBIM YaCTHBIM
DYHKUHAM.

[leppasiraana

JIOHANBHOE HCCNEZOBAHMUE ‘-IMCHQBOﬁ MYHKLLUM
OBHOW NEPEMEHHOW
®

OCHOBHLIMH HOHATHSIMH SBJSIOTCS [OHATHE TMpejesa, TMOHsITHe
HelpPepLIBHOCTH (PYHKUMH OJHOH HepeMeHHOH B TOYKE M IMOHSTHE Ipo-
U3BOAHON 3TOH (YHKUHH B TOUKE.

Hanomunaem onpepenenusi:

1) ITpepen. Ecan ¢pyuxknus y = f (x) onpefiesieHa B HHTepBaJe
(a, b), 3a HCKIIOYEHHEM, GBITb MOMKET, TOUKH Xo, TO TOBOPAT, YTO OHA
CTPEMUTCS K npefeny L, KOTAa X CTPEMHTCS K X,, €C/IH JOOOMY IOJIO-
KUTEJBHOMY YHCJAY & MOMHO IOCTaBHTb B COOTBETCTBHE YHCJIC «,
TaKOe, YTO:

X = Xg, | X —Xo| <C @ obecneunsaer |f (x)—L|<e,
TO €CTb
Ve>0, Ja:[lx—x|<<al=[|f(x)—L|<el.
(Kak aTo BHJHO, Mbl OrpaHHYHBAEMCSH 3/leCh OKPECTHOCTAMH C LEHT-

pPOM B TOUKe Xg.)
IumyT:

f(x)— L,
X=X
qro umraeTcs: «f(x) cTpemurcs K L, Korja x CTPeMHTCS K Xo».
2) HenpepoBHOCTh. PyHKUHA f, oOImpejleleHHAss B HHTEp-
Base (a, b), HasbiBaeTCA HENPEPHIBHOH B TOUKe X, € (a, b), ecau [ (x)
cTpemutes K [ (xp), KoOrjza x CTpPeMHTCH K Xo.
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3)[IpounsBojguasg Pyakuus [ (x), onpelejeHHas H Hemnpe-
pbIBHAS B HHTepBaJe (@, b), UMeeT NPOU3BOAHYIO & B TOUKE X,, €CJH

) f =i o)

m(x
X —Xp

CTPEMHTCS K 4YUCAY K, KOrjga X CTPEMHTCS K YHCIY Xg.

1. BhiuucneHue npeaenos

Onpenesenne mpenena yKaswBaeT Cmoco0 JJIS NPOBEPKH, a He s
HaXOXIeHHs MJIH BeUHCJIeHHS npefena. Onsako anarefpanyecKHe
(hYHKUHH MOCTPOEHEI C MOMOIIBI0 TOJBKO ajrefpandecKUX Onepanui,
KOTOpBie CHayaJja MPHUMEHSIOT K JBYM 3JeMeHTapHBM (DyHKIHSM:

X ¢/ a, 10 ectb C(x)=a (nocTOAHHAA (YHKUHA);
X\ 1 /% TO ecTh [ (x)=x (ToKAecTBeHHas (QYHKUHUA).

HemenseHHO ycTaHaBJHBaeTcsl, UTO, €CJAH X CTPEMHTCH K Xo, TO
C (x) cTpemurcd K a, [ (x) cTpeMHTCS K X,, COIJIACHO ONpeleJIeHHIO.

JocTaToyHo NG3TOMY NOCMOTpPETh, KaK BJAUSIOT Ha npefien ajarebpau-
YyecKMe Onepanui.

Teopema. Onepayus «nepeiimu k npedeay» nepecmanosodra * co
CAOCEHUeM U YMHOXMEHUueMm. DTO O3HAyaeT, UYTO Opeles CYMMBl MJH
NpPOM3BEJEHHUST eCTh CYyMMa HWJIM [IPOHM3BeleHMe IpeiejaoB (yHKIHHU.
Pasymeercst, 3[eCh pacCMaTpHBAETCS JIMIUb KOHEYHOE YUCAO CJIaTaeMblX
UJH COMHOXKHTeJEH.

MBI OMKHB! BBHINOJHHTL NPOBEPKY 3TOFO YTBEPKAEHHA, XOTH OHO
UHTYUTHBHO M 0ueBHAHO. [TycTb nmosToMy u;(x) M us(x) — IBe QYHKUMH,
onpeieneHusie B (@, b) u CTpeMsllHecs COOTBETCTBEHHO K L; M Lo,
KOTJa X CTPEMHTCH K X.

Orcrona

Joy: x—xp| <oy =]uy (x) —Li|<<Tep; (1)

Ve,
O oy x—xg| << og=>| Uy () — Lo | < &. (2)
1) Cymw™a. Oyskuus s (x) = wy(x) -+ us(x) onpenenena B (a, b).
MoxeM JH Mbl ofecneuuTb JJas1 Joboro & > 0:

|s (%) = (Ly - Lo) | << &? (3)

Hocmamouro nonyuuts | uy(x) — Ly | 4+ | ua(x) — Ly << e, uro
1
2
U3 TIOJIOKHMTEJNbHBIX YHCEN ¢y H Gg, CYIIECTBOBAHME KOTOPHIX YTBEp-
KjaeT 3amnuch (1) u (2).

HokasatesbCcTBO pacnpocTpaHsieTcs TOTYAC Ha J00oe KOHEUHOe
UHCJIO CJlaraeMblX.

OéeCne‘{I/IBaeTCH, €CJIM Mbl BO3bMEM &g — H O, PAaBHBIM HAUMEHBIIEMY

* B Tekcre «compatiblen— coBMectHa.— IIpum. nepeeod.
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2) Hpohsaeneﬂue. p(x) = u (x) - up ().
MoxeM au Mbl obecnieuMTb AJs Jio6oro ¢ > 0

|p (%) — LiLy| <e? (4)
3anuceBasi JeBYIO 4acTb (4) B BHJAE CYMMbl MPOH3BEJIEHHH, HMEEM:

Lug (%) st () — LyLa | = | [ty (x) — Ly] 1 (x) 4 [z (x) — L) Ly | <<
<lug(x) =Ly |-Jug (x) |+ s (x) — Lo |- | Ly ]

HOCTaTOqHO NO3TOMY oﬁecneqmb HepaBeHCTBa
() =Ly Jus (0) | < 5 (1) 0 Jug(x)—Lo|-|Li| <5 . (2)

Ho B OKpPEeCTHOCTH TOYKH Xg, U (X) 630K K Lp. YTOUHHM, UTO 3TO
3HAUKT: MOXKHO o6ecneanb HampHMep, HepaBeHCTBO

1u2—L2!< |Lg|, B35IB |x— x| <<a'.

Torza (1) n (2') ofecneuuBaioTcs CJAeXYIOMHAMH TPeGOBaHHAMH:

W1(X)—L1§<213—12|:“318T2| nofug(x)— L2[<2|,
|24

HocTaTouHO MOSTOMY B3ATh 33 £¢ HaMMeHblllee M3 YHces, CTOSIIHX
B [PaBhIX YacTAX ABYX MOCJEAHHX HEpaBeHCTB, a 332 . — HAHUMEHbIIee
H3 yHcesa o H 0;, Oy, CYLIECTBOBAHHE KOTOPBLIX YTBepxjaercs B ¢op-
myadx (1) u (2). Torna BeIMoOJIHEHHME HEPABEHCTBA | X — Xo| << @ obec-
neyuBaeT BHINOJIHEHHEe HepaBeHcTBa (4).

Teopema pacmpocTpaHsieTcsl pPeKYPPEHTHO, B CHJY acCOMHATHBHO-
CTH YMHOXEeHHS, Ha Ji060e KOHeYHOe YHCJIO COMHOXHTeJeH.

3) Pysxkunusg, obpatTHas NO 3HAaYeHUSAM XaH-
Hol ¢yurouu Ilyetb wx) = 1/v (x).

a) Ecan ¢yHKuua v (x) IpeamosaraeTcsi onpeleseHHOR B HHTeD-
Bane (a, b), 3a UCKJIIOUYEeHHEM, OHITb MOXKET, TOUKH Xo H CTpemsuencs
K yHcay L, KOraa x CTpeMHTCH K X, TO HaM J0CMamotHo npecnoioxcums
L omauunoim om Hyas, 4ToObl O0ecmeuuTh onpefeneHde (YHKUHH @
B OKPECTHOCTH TOYKH Xo. JlefCTBHTeNBbHO, MBIl BHIENM BHIlE, KaK
ONpeJeIHTh MNOJOXKHTEJIBHOE YHCJAC ¢, Takoe, UTO

| x—xo| <@’ =3]0(x)—L| <=

DTO 3HAUYHMT, YTO B HHTepBajle (Xop— @', Xo+ @') byHKuus v (x)
He ofpamnaercsi B Hy/Jb. YTOUHHM emie (3T0 moTpebyercsl AJAsl AaJjb-
Hefilero), uto v (x) COXpaHsET OfUH H TOT XKe 3HaK. TakuMm o6pasoM,
dbyHKUHS W (x) onpeleseHa B OKPECTHOCTH TOUKH Xo.

b) Mbl MoxeM Ternepb 6e3 TpyAa MPOBEPHThb, 4TO

lw(x)—-;‘—‘<s (5)
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obecreyuBaeTCa HepaBE€HCTBOM

lo)—L]|
oL &
HOCTHTO‘{HO ﬂOSTOMy HUMeThb
1U(X)—L}<80, (II)
rae
eo=e-L|-g|L|=%";

OTCIOAA MOJIy4aeTCsl YHCJIO ¢, TAKOE, YTO HEPABEHCTBO | X — X | << U
obecnieyuBaer (1'). Ecam B3STh 3aTeM B KauecTBe O HaMMeHbIEe M3
MOJIOKHTENbHBIX YHCEJ Oy M ', TO HEPABEHCTBO | ¥ — Xo| << o ofec-
neyHsaeT HepaBeHCTBO ().

4) KBajngpaTHBHE KOopeHb H3 ¢yHKUHH [lyers
r(x) = Vo).

Ham noctaTouHo, Kaxk Mpl CKasaJH, NPEANoaoKHTh npefen L ¢yHk-
UMY O (X) DOJOXKHATENBHBIM, YTOOB O0ECNIEUNTD, 9TO U (X) MOJIOKHTEIBHO
B OKPECTHOCTH mopsifka o TOUKH Xp; (YHKOMs r (x) OnpejeeHa,
ClefloBaTeIbHO, B 3TOff OKpPecTHOCTH. JKesaemoe YCJIOBHE COCTOHT
B CJELYIOmeM:

Ir(x)—VL|<e, (6)
4YTO 3KBHBAJECHTHO YCJOBHIO
Vo) — V'L |<e,
UJIH Ke
ovix
<&
le (x>+VL’

JlocTaTouHo B3ATh &g = & l,/ L, mony4yurb COOTBETCTBYIOUIEE g
¥ B35ITh 34TeM B KaudecTBe « HauMeHbLIee H3 yuces oo H o'. Taknm

o6pasoM, r (x) uMeeT npeses, paBHb )/ L.

Ecan L pasno Hyaw, TO HYXKHO yO6efUTbCH, UYTO QYHKUIHS 7 (x)
ofnpeniesieHa B OKPECTHOCTH TOYKH Xg, YTO 4acTO NMPHBOAHT K Heo6Xo-
ILMMOCTH TIPHHSITH HOHSTHSI NpPaBOTO Mpejeja (KOrZa HYXKHO GpaTte
X >> Xg) H JIEBOTO mpeliesa (KOTAa HYKHO OTPaHHMYHMTLCHA NPeJnoJo-
KeHdeM x < X;).

Paccyxknenne pacnpocTpaHsieTCss Ha KOpDeHb CTENeHH g @ (x) =

q
= ‘l/v (x¥) ¢ mOMOILBIO TOXKAECTBA, KOTOPOE BLISIBJISET HPPaIlHOHAb-

HOe BBIpajKeHHe, CONpPSAXKEHHOe Pa3HOCTH j"/v (x) —9|/L. Peub uger
© TOXAECTBE

—bl=(a—0b)(a¥1-F a4 ... FatTR 40,
B cnydae korna g HedeTHo, L MEl 6y)1eM_r£g)monara"rb NOJIOKHUTENb-

q
HBIM, 4TOGL! JBEeHCTBOBATh TOJBKO c]/l vl
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B e Boja Bo Bcex ciayyasx, Koria JAeACTBHS Hax npelejaMH
HMEIOT CMBIC], ONePAalHus «epelTH K Npeley» NepecTaHOBOYHA C aJire-
OpaHueCKUMH ONEPALHAMH, BLINOJHAEMBIMH Hal (YHKLIHEAMH.

CaencrtBue. Aseebpauueckue QUHKYUL HENPEPLIBHL 6 KaxncdoL
mouke, 8 Komopoil oHu onpedenetisl.

SamMeuyanue BruumcneHHe om 46oK Buuncienus,
KOTOpBIE MBI BLIIOJHH/IM, JaoT OOJIbIle YeM HYXKHbBIH BHIBOJ;, OHH
MOKA3bIBAIOT, KAKYIO OLMIMOKY MOXHO COBEPLIHTh B 3HAUEHHH Xg, UTOGHI
oGecreyuTh, YTO OMHUOKA B 3HAYEHHH (DYHKIHMU GYRET MEHbIIE AaHHOTO

qucra e, Hampumep, nycts ¢yHKnH©L Yy = 3x2+ 4x—%Hy}KHO

1
UCCJAeA0BATL NPH X = Xo. [Ilomaraor w,= 3x2, u, = 4x, uz = — =

Jo3sBoJieHHast omubKa & 6yneT, Kak OOLIUHO, PABHO paclpefeneHa
MeXJy TpeMs YJeHaMH.

CorziacHO NpHBENCHHBEIM pacueTaM, J0CTaTOYHO Oyjaer BuiGpaTh *

€

e *e
ai<m, U5, G

3e
2.3

U a’<&%;.

Hanpuwmep, piasa x, = 100 Bo3eMeM a < /2700, TpeGyeMmbiti dopMy-
JONH AJA Oy

o xp=1/100 BosbMem a << &/60 000,
TpebyeMbll (POPMYJIOH AJA  O3.

Uto6rl 3TH pe3yJibTaThl He OblIH Gecnosie3aHo TpeboBaTeJbHBIMH,
He HYXKHO HEOCMOTPHTEJNLHO NPeyMeHbINaTh I1paBLle YacTH HepaBeHCTB;
06 3TOM MBI IO CHX NOp He 3a00THJIHCH, NMOTOMY 4TO HMeJH B BHLY
JIMIIB CYHMIECTBOBAHHME 4YHceJ o;, He HHTepecysicb HMX 3HaUYCHHSIMHU.
B cayuae mpakTHUeCKHX BBIUUCJEHHI, Ha3blBaeMblX «pacueToM OIlH-

6OK», caeayetrT 3aHOBO TIpOBOAKTL pacyeTsi, YUHUTbIBAdg CACJaHHOE
3aMedanue.

Il. Boiyucnekue NPpo%3IBOAHDIX

IIyets  y = [ (x) — yHKUHSA, ONOpeleseHHAss M HeENpephBHAS
B unTepBane (a, b). [TycTs nano 3HageHue Xx,, B34T0€ B 3TOM HHTEPBAJE.
Mpl XKesaeM HCC/e0BATh CYIECTBOBAHHE M 3HaueHHe Hpefiesa Bhpa-
_ [ )—F (x0)
KeHUST m (x) = P
O6GosnaueHud. Pasgocth x —xg H [ (x) —f (xo) Hasb-
BalOTCS COOTBETCTBEHHO npupauyeruem x U npupaweruem Yy (KaKOBLI Obl
HH GblIH WX 3HaKH!). OTH mpupameHus 0003HAYaI0TCsl COOTBETCTBEHHO
Ax u Ay **. Taxum o6pasoM, ecaiu QYHKUHSA f H YHCJO Xo JaHHI, TO Ay
aBastiercsa GyHKuMel npupamenus Ax ***. [IpousBojHas B TOUKE X,

* QopMmyJy AJs NMEPBOro uieHa MOXKHO [OJYYUTH, paccMarpueas x? Kak
npoussefeHue x-x.— Ilpum. ped.
*% YmectHee Gniio 6bl nucats Axy u Ayg.— IIpum. nepesod.
**E Ay =T —[(x) =T (%0 + Ax) — [ (x0).— ITpum. ped.
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ec/H OHa CYINeCTBYeT,— 3TO Mpejies] OTHOLIEHUS A 2Y korga Ax — 0.

Mel 060o3HauuM 3TOT mpegen uepes f'(xp), MOTOMY YTO B TeX CAydasx,
KOTOpble Mbl BCTPETHM, 3TO OyIET Kak pa3 3HaueHHe MNPOH3BOAHOH
¢yHkuuu, obosuauyaemoit uepes f'(x), B Touke x,. Hakomen, uyToGbl
00JIeTUUTh 3aNHCh, YCJIOBJMBAIOTCH 00O3HAYaTb uepes fo uucio f (xo),
a Takxe depes [, uncao f'(xo).

1) [IpousBoauasa cyMMb. Onepayus HaxoxoOenus npo-
13600HOU NEPECAHOBOUHA CO CAONEHUEM.

Ilyern, B camom fene, u (x) B v (x) — IBe (hYHKIHH, ONpefeeHHbIe
W HelpepLIBHEIE B HHTepBaJje (@, b) U HMEIOUIHe B TOYKE NIPOM3BOAHBIE
u, U v,. Mpl paccMaTpuBaeM GYHKIIHIO

5(x) =u (x)4 v (x).
Otkyza noJayuaercs
As
Ax T Ax T A¥

3HauuT, COrJIACHO TeOpeMe O Tpejiesie CYMMBl U OIpeJeseH o Npo-
U3BOJHOMN, S, CYIIECTBYET ¥ HPHTOM S, = U, + U,.

AHa/JIOTHYHO CyMMa KOHEYHOro 4Hcaa (QYHKIMH, HMEIONHX Kaxaas
MPOU3BOAHYIO B TOUKE X, HMEeT NPOHM3BOAHYIO, KOTOpasi PaBHA CyMMe
IPOM3BOAHBIX JAHHBIX (YHKUHM.

2)[IpousBoaHASY OPOU3BEJEHHH.

[Tyete p (x) = u (x) - v (x). CocTaBUM OTHOIIEHHE

Ap  u(xg+Ax)-v(xg+ Ax) —ugvg _ (to+ Au) (vg 4 Av) —ugug
Ax Ax - Ax

Au Av
00+u0 Ax—{— U —— Ar

B cuny TeopeM o mpefe/ne CyMMbl M Ipejese IPOU3BEIEHUS 3TO

U ’
OTHOLUEHHe uUMeeT npejen, Koraa Ax — 0, Tax xak: — u, (mo onpe-

Ax
Av ,
JeeHHI0), Az — Y (1m0 onpenesennio) ¥ Au — 0 (BeJeACTBHE Herpe-
DBIBHOCTH).
CrnemoBatesibHO, p (X) HMeeT NPOH3BOJHYIO B TOYKE Xy, PABHYIO

Do = UyUo -+ Uy,
Sameuanue. Ecam ug H vy OTVIMUHB OT HyJS, TO (opMmyJia
MOKeT OBITb 3amHcaHa ¥ CJeLYIONHM 06pasom:

Po __ Ho 4, Yo

Po Ug Ug

Hucno [y/fo Haswisaemes aoeapupmuseckoii npoussodHot pyHKyuu
f (x) 8 mouke x,.
(Moxno noxkasaTh B camoM JeJe, YTO 3TO NPOM3BOAHAS Jiorapupma
¢yHruun f (x), ecam ¢yHKUMA noJoxuTesnpHa.) I[losyuaercs, coe-
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AOBaTeJIbHO, OUEHb IIPOCTOE NpelJIOKEHHE: A402apumuueckas npous-
B00HAA NPOUBBEOCHUA PABHA CYMME A02APUPMUYECKUX NPOU3BOOHbLX
comnoscumened. Tlpennoxenns, jo0Ka3aHHbE LIS JBYX COMHOXHTeJNeH,
pacnpocTpaHsIOTCs HeMelJIeHHO Ha Ji0G0e KOHeYHOe YHCJIO COMHO-
WKHUTeJell B CHJY aCCONHATHBHOCTH YMHOMKEHHS ¥ CJ/IOKEHHS.

Orciona BLIBOZHTCS NpaBuIo: T1pousseOerue HecKoAbKUX (PYHKuyLLL,
UMEIOWUX NPOU3BOOHYI0, MAKNE UMEEM NPOU3BOOHYIO, DABHYIO Cymme
npoussederul, ROAYHEHHOIX NOCAED06QMEAbHOL 3aMEHOU 8 OaHHOM npo-
uzsedenuu Kanc0o20 COMHONCUMENR €20 NPOU3B0OHOLL.

B yacTHOCTH, ec/IH 71 HATYPaJbHO, TO TPou3BoAHAas GYHKIHHE [f (x)]”

TAKOBA:
nf () (%) —

I8 KaxJOTO 3HayeHHs] apryMeHTa x, JJs KOTOpOro ¢pyBKuus [ (x)
HMeeT NPOU3BOIHYIO.

CiefoBatesibHO, BBIYHC/JECHHE MNPOU3BOAHOH MHOrOUJieHa CTaHOBHT-
¢ HW3BeCTHHIM *

3y IpousBoaHasag QYHKULUH, OOpPAaTHOH MO 3Ha-
yeHUSAM JNaHHOA (GyHRuUHHU Ilyers w(x) =oGy e
{yHRuUA v (x) TAKOBA, YTO Uy OTJIMYEH OT HYJS M U (x¥) HMeeT IpOU3-
BOJIHYIO B TOUKe X,. TOTJa B TAKOM OKPECTHOCTH 3TOH TOYKH, B KOTOPOIl
v %= 0, uMeeM:

Aw ) - A, 1

Ax <vo+Av - Ax Ax vy (vg+Av) -

o
3HauHT, OpPOM3BOAHAS W, CYIECTBYeT H paBHA — 5%
0

Taxkum 06pa3oMm, A/l KaxKJIOro 3HAYeHHs apryMeHTa X, AJAS KOTO-
poro ¢yHknus v (X) OTVIMYHA OT HYJSA H HMeeT NPOU3BOJHYIO, HMeeM:
vl

I__
w = ———Z)? )
TO €CTb €CJH MepedTH K JorapupMHYeCKHUM MPOU3BOLHBIM
w’ v’
w v

Mprnaoxeunne. I[lycrs

f(x) =28

ITonyuaem
P v _ 2 omyna fr=do—u
f o u v’ YA - v2

Hrak, cTan usBeCTHBIM CIOCOG BHIUHC,ICHHMS NPOH3BOAHOH paNHO-
HaJBHOH JApOGH.

4) [1pousBofHasga KBajgApPaTHOTO KOPDHSA H3 ] aH-
HOH GYHKHIHH.

ITycTb

rxy=Vuv(x), v>0,

* Jlng 3Toro caeAyer eme yuecTs, yro x' = 1,— [Ipum. nepesod.
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npuueM u, cymecrByer. kiMeem:
A Voot Vo, _ Ao
Ax — Ax T Ar Vg Av+ Vo
3HauuT, npefes CyllecTByeT H paBeH

Yo
2Vv

Taxum o6pasoM, ¢yHKLHUA

—Vom

’

“MeeT NPOH3BOJHYIO
0 r' 1w
r 2 0"

’

r

. v
2Vv
MOKHO M3yuHTh TAKHM e NyTeM IPOM3BOAHYIO (QYHKLHH

q —_—
f(x)=Vv(x)

AJis1 J0060T0 HATYPaJIbHOTO 3HAYeHHS ¢. Ho Mbl HaljeM COOTBETCTBYIO-

WMA pesysapTaT, NPHMeHss ofuiHe TeOpeMbl, KOTOPHE CJeAYIOT jaJee.
Teopema 1. [Ipoussodnas ¢ynryuu om pyukyuu.

[Tycrs mana ¢yHKUHS y = [ (x), onpeJle/eHHas, KaK NpOHU3BeJEHHE
OTO6paXKeHHH B cebsl MHOXKeCTBa ASHCTBHTENbHBIX UHCEJ

Nt N Y
AN i 7
y=f(x)=gh (x))
y=gu), u=nh(x).
OT1cloga COOTBETCTBHSA

NI N e NI N

Hpe,zmo.nomeﬂnﬂ O HenpepbiBHOCTH KM O CYHIECTBOBAHHH NpPOHU3-
BOJHBIX BBIABJASAIOTCA B c.nenylomeﬁ cxXeMme!

X

3TO 3aNUCHIBAIOT:

Yot Ax /Ay

[¥X —— Xl = [U ——— ] = [y — yol
“-:ff[ﬁ hﬂ%[ —>go].
3Hauur,
[x~— x]= [ Au ﬁz %hogo] ’
TO ecThb /
—ﬁ%—»h;g;

Takum o6pasom, (pyﬂxumx { uMeeT mpOHM3BOAHYIO, KOTOpast paBHA
['= W'g mna Bcex 3HAUEHHH apryMeHTOB, AJs KOTOPHIX (YHKIHH H
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¥ g HMeIOT NPOU3BOAHBIE. DTOT BHIBOJ 3aNHCHIBAETCS Y4ACTO CJIEAYIOMHM
obpasom:

Yx = Yullx,
rjle HUXKHAs OYKBa YKasblBaeT INepeMeHHYIO, OTHOCHTEJNBHO KOTOpOil

B3siTa [NPOHU3BOAHAS.
MMpunoxenune DopMyas, MNOAYYEHHBE IJa8 [POH3BOAHBIX

.1 — .
byHKIMA i M V v (x),Moran GHTbH BEIBEAEHH M3 PacCMOTpPEHHI,

1 —
OTHOCAIMXCST K QYHKUMSAM — H V x. Tlocie Toro xak mosiyseHa mpo-
1 1 1 —
U3BORHAT — 5 (OYHKIHHK — H npousBofHas V3 ¢yrkuuu } x, Teope-
X

Ma | maer pnga
1

10 =55 fo= (=)o

r=Vo(x), fé:(?{/f)”’,“'

10 KaK pas yiKe H3BeCTHHIE HaM pe3y/bTaTel. Teopema 1 ocoGeHHO
oJIe3Ha, eCJIH BBOASITCS HECKOJbKO BCIOMOTATeNbHBIX (DYHKIHH.
ITycte, Hanpumep,

H a4as

1
Y=yerT
Mbi  paccMaTpHBaeM moOC/IeROBaTeJbHBE OTOOpaxKeHHS
u=x2+1, v="Vu, y:% )
CJref0BaTeabHO,

—X

’ ; s, X
=Yy Vgl = — —5 + ———er - 2X = — ==
Yo = o Culla v 2Vu Ve (@1

Teopema II. [TpousBogHasaga GYyHKIHUU OOpPaAaTHON
A2aHHOH GYHXKLHH

IMycry pana ¢yurnus y = f (x), umeomas npoussoguyio f, # 0
B TOUKe Xo. MElI mpuHHMaeM eine B KauecTBe AOMOJHHTEJLHOIO Mpe-
noJIOKeHue, yTo (yHkuus [ umeer oOpaTHYI (YHKLUHIO g, COTVIACHG
cxeme

f

>y
g
10 TpebyeT, 4TOOHl MEXKAY NEPEMEHHBIMH X H y CYIIECTBOBAJIO
B3aHMHO OJAHO3HAQuUHOE COOTBETCTBHE, TaK 4YTO q)yHKHHH f MOHOTOHHA:

TO Xe CBOHCTBO OYyZeT uMeThb ¥ pyHKuMA g. B sTOM cayuae Hempephis-
HOCTh BBIPamKaeTcsl HE TOJNBKO YCJIOBHAMH

VB, Fa:|Ax|<<a=|Ay|<<B,

x<
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HO ¥
[Ax| <<a<>|Ay <.

Mbl uMeeM B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXAY o H B
C nomoumbio QyHKUUA [ H g, KOTOpble COXPAHAIOT OTHOUIEHHE MOPSJKa
(MM MeHSIOT ero Ha NPOTHBONOJOXKHOe). Torga W3 NpeinoJOKeHH S
1

Ve, 3a:iAx|<a=>|—%—.F <
0

clenyer :
A 1
Ve, aﬁ:gAyg<ﬁ=>\A—’;—_f6_§<g.

J10 s?aqm, uTo QYHKUKA g MMeeT NPOU3BOAHYIO g, TaKylo, 4TO
go= 7 - Taxum oGpasoM, 0se 3aumno obpammsie QyYHKLLUL UMeom
0
8 COOMBEMCMBYIOW{UX — MOYKAX  NPOU3BOOHDbIE, KOMOPLE  ABASIOMCA
63AUMHO 00pAMHOIMU HUCAGMY. DTO 3ATHIIETCH:
oL
x = 7 -
xU
Ho caenyer 3aMeTHTDb, YTO, NOCKOJBKY Yy BhIpaXkaercs yepes Heaza-
BUCHMYIO NEPEMEHHYIO X, TociefusAs Gopmy/a JaeT NpOH3BOIHYIO X,
BHIDAXKEHHYIO yepes NepeMeHHYy0, CTaBIIyIO Tenepb ¢yHkumel. Iloaro-
MY, €CIH XOTSIT BBECTH apTyMeHT, BEIDAXKeHHe cliefyeT npeo6pa3oBaTh.
Yacto yaoGHO MeHSTh Ha3BaHHA 3JEMEHTOB JBYX MHOMXECTB: MHO-
JKecTBa MCXORHOTO M MHOXKecTBa 06pasa B 3aBHCHUMOCTH OT TOTO, Kakas
U3 JIBYX B3aHMHO OOpAaTHBIX (YHKUHE f W g paccMaTpHBaeTCs.
ITpumeprl ¢yukuui: xeadpam wu = v?. TlpomsBognas u'= 2v.
" o 1 1
Ksadpamwnod koperns y = |/ x. Ilpoussonuas y' = 5, = =
VS
Bonee ofwmuft BUA GYHKUMH: cmenexs ¢ TIOKasaTedeM g :u = 9.
[pousBognas u'= govil.
q 1 1
Kopens crenenu g :y =y x. Ilpoussognas y = —_— s
qY 9 za-1
ay X
Man, wucnonwp3ysi JorapudmuueckHe IPOH3BOJHLIE
y 1.1
y g x
Teopema O npoM3BOAHOM (YHKLUM OT (PYHKIUM JaeT TOTHA /I
9, — I 1 _ Py P 49—
— P 'y —.pxP 1 - 4 P—q .
y"“1/-x7y_’“yq xP px q x_’q/x ’
3HAYHT,

=]

—1

y' 1

L Py y=E4

Y q x q

TaxuM 06pasoM, AJs1 BCAKOTO MOKasaTessl n 1eJoro WK Apo6HOro,

HO TIOJIOKHTeJBHOTO, NPOH3BOAHAA (GYHKIMH
y=x" TaKoBa: Y= nx""1
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1 , 1
Ho z =, uMeeT mpousBOAHyl0 Zi = — ., TaK 4TO QyHKUHA

2=x", m>0
#MEEeT MPOU3BOAHYIO

’ 1 m-1 —mM~]
Zx = — xXmx = - MX .

B koHeYHOM cuere 0aa 4100020 4UCAG R, ROAOHCUMEABHO20 UAU
OMPuUUAMesbHoeo, 4eaoeo ual 0pobHoz0, npoussooxas yHKyuu

f{x)=x" paBma: f =nx""1,
a ecJi¥ BBECTH elle (QYHKIHIO OT QYHKIHH, TO NIPOH3BOXHAA PYHKIHH:
y=10"(x) paBHa: U,=nv"" .

5) I1poussodnole mpuzoHomempuueckux Gynkyul u obpamuoix mpu-
20HoMempuieckux  PyHKyuL.

B kuure I, B KOHHE TVIaBbl V Mbl H3YUYHJH aHAJMTHYECKHE CBOH-
cTBa (D)YHKOHH CHHYC M KOCHHYC M KaK TPHJOMXKEHNEe HAIJIH OCHOBHOH
pe3yJbTaT (B HEOCPE/ICTREHHOH CBA3H C MOHATHEM AJUHB AYTH OKPYXK-
HOCTH H C onpejeseHHEM pajHaHa).

Ecru x supawen 8 paduanax, mo, Kozda x —> 0,

P4

sin x

3ameTHM, YTO eCJIHM HCMNOJAb30BaTh MOHSTHE MNJOMIALH, TO YKasaH-
HbIH Opees BhITEKaeT TOTYaC U3 HepaBeHCTB | six x | <[ x| <<|tg x|,
KOTOpEHIE NOJYYaloTCs CpaBHEHUWEeM ILIOIAfeH, OTPaHUYEHHBIX B Kpyre
COOTBETCTBEHHO JBYMSA paiuycaMH ¥ XOpAOH, HJH RYroil, HJH OTpe3-
KOM KacaTeJbHOH *.

Omcroda 6visodumes, wmo QyrRKyuy sin 1 COs HenpepuisHsl 8 AoboL
mouke U Jugeperyupyemot, mo ecrme umerom ¢ Hetli npousgodusie. Dop-
MYJIBl CJIOXEHMS] BMecTe ¢ TeopeMaMH O BLIYHCJECHHH TNPENesIoB JAaioT

sinx—0 u — 1.

(sinx) =cosx u (cos x)' = —sinx.
Orciolla BHIBOAATCSA HpPOHM3BOAHEIE (QYHKIMI:
by — sin x
y=1eg cos x
H
z=cflg x,
paBHbIe
, 1
Y cos2x——l+tg2x
H
7 ___ 1 — 2
2 = —aEx -—(1 4 ctg X).

* Tpereps u3 3THX GUryp c oxHofl CTOPOHBI OTpAHHYEHA PaJUYCOM, a € ApY-
rofi — ero npoAoJKeHHeM Jo IepeceueHHs ¢ KacaTeJhHON, NPOBeIeHHOH B KoH-
e mnepBoro paguyca.— Ilpum. nepesod.
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B 6oJiee ofmem cayyae npou3BojiHble HYHKIHKH sin ¢ (x) U cos ¢ (x)
PaBHBl COOTBETCTBEHHO, €CJH ¢ BbIPAXKEHO B pajHaHax
CosQ(x)-Gx 1 —sin g (x)-@x.

[TpH M3yueHHH NEPHORMYECKUX SIBJEHHH OCOGEHHO YacTo BCTpe-
YaloTcst caefyiomue (hyHKIUM, B KOTOPHIX apTyMeHT { O3HadaeT BpeMs,
©f ¥ a BBIPa)KeHBl B pajHaHax, NPUYEM © H O — IOCTOSIHHbIE:

1 =sin (ef - a); u; = cos (of - a);

v =cos (0f + a), C TNPOU3BOAHBLIMU [

Uy == — o sin (of - a).

OyHKILUH, ObpaTHHEe PYHKOLHUAM CHHYC, KOC HU-
Hyc H TaHTreHc [as Toro uToOm obpaTHbie (GYHKIHMH OBLIH
onpefeneHs], HYXHO Cy3uTb HHTeDBAJ H3MEHEHUST TaK, YToOB pac-
cMaTpuBaemasl (yHKUHs Obla MOHOTOHHOI.

ITycth

. 7 A ’
y=sinx, xE[-—-T, -{—7], Yx =COS X.

O6partnast ¢yHKIHS MHIIETCH:
¢ = arcsin A *
(9 ecTb Ayra, CHHyC KOTOPOH paBeH YHCAY A).
HaxoiuM npoH3BOJHYIO
, 1 1 1
P = Ty TS Vi
Ecnu of6patHas GyHKUUS ONpefe/eHa APYTHM YCJIOBHEM, HANpUMED

3
F<Y<5,

TO ee 3aMHCHBAIT C 3arJaBHOA OYKBbI
P == Arcsin A.

B cooTBeTcCTBHHM C paccMarpUBaeMbIM YCJOBHEM OIpefeseTcs,
KakoH 8HaK cJjefyeT B3ATh Nepel PafHKaaIOM; B pacCMaTpHBaeMOM
cayyae OyieM HMETh:

, 1 1
AT v el

Iaa ¢yaxknun Arccos TIJaBHOe 3HadeHHe, KOTOpoe 0003HauaeTcst
uyepes arccos, COOTBETCTBYeT Ayre, 3aKJIOUEHHOH Mexiy uucaamu 0
u s, [losTomMy HMeeM:

@ =arccosh, O = —

1 1
sin® T Y/ T—az °
* O6o3Havenne opurumana Arcsin A He COBNajalo ¢ NPHHATHM B Haulei

nuteparype, rie Arcsin A 03HayaeT MHOTO3HAYHYI0 (QYHKIHMIO, M MHE ero H3Me-
uunu.— Ipum. nepesod.
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Pesyaptar ¢'= — @’ Jerko mnoudarh, Tak Kak cymma @ -+ ¢
1
TMOCTOSIHHA M HMeeT 3Hauenue 3 . Haxkosen, npu /moGom onpenenenun
IJIaBHOTO 3HAuYeHUd, Haljxem
1
’
(arcctg t) —1—_*_1‘? .

3aMeTHM, 4YTO Omepalust HaXOMXKACHHS IPOM3BOAHON, NMpHMEHEHHAs
K OGpaTHBIM TPUTOHOMETPHYECKHM GYHKIMSM, NOPHBOAMT K ajre6-
pandeckuM QyHKUUSM. TakuMm o6pasom, ecin Kamjaas aireGpandeckast
(byHKOusT uMeeT anre6paMdyecKylo INPOH3BOAHYIO, TO OOpaTHOE yiKe
He HMeeT MecTa. Ilepexon or ¢yHKHHH K ee nepBooOpasHO#, TO eCTh
K (OYHKIHH, HMeomed NepBylo (YHKIHIO CBOeH NPOHU3BOAHOH, He UMeeT
TOH K€ MPHPOIB, YTO 3ajadya HaXOXKJAeHHs NMPOH3BOAHOHN; 3TO 3ajnaya
1O INpHpofe cBoedl TyobanpHasi, a He JOKajbHasA. ['OBOPST Takke,
4TO 3TO 387342 HHTErPaNbHOTO MCUMCIeHHs, a He AuddepeHnHasbHOoro.
Mbl 6bliH BBIHYK/JEHBI 3aHATHCS 3TOH 3ajauell NpPH H3YUYEHUH MeEp
(xn. I, ra. VI) u BepHeMcs K Hell B CJeAyolielt TyaBe.

ill. BecKoHeyKble npeaensbl.
HeonpepeneHKbie BbLIPAMEHUSA

B mekortopuix caydasx (xd. I, ra. IV) Mel GbIIM BBEIHYKAEHB KC
MHOXKECTBY 3HaueHUH, HPHHUMAaeMBIX HEKOTOpOH (yHKuIUel, mnpH-
COEJIMHUTh HEKOTOPOE YHC/IO AJS1 TOTO, YTOOH ClieslaTh 3Ty (HYHKIHIO
HeNpephIBHOM.

Hamnpuwmep, ecan [ (x) onpenenena B untepBase (@, b), 3a HCKJ0O-
YeHHEM TOUKH Xo, U €C]H 3Ta (HhYHKIHS UMeeT npefed L, xoraa apry-
MEHT CTPEMHTCS K 3HAYEHHUIO X(, TO MB! JONOJHSEM ONpefeieHne GyHK-
nuu, nojarasi f(xy) = L.

[Tyers, Hanpumep,

fly =212
TaK 4YTO
) =x41

anst x 5= 0. Torga mosaraem f (0) = 1.

Taxkoe paciupenue onpefeNeHns ¢ IebI0 YCTPaHUTb HCKITIOUEHHEe —
Belllb BechbMa OGBLIYHAS B MATeMaTHKe; MBI HAXOAHM MHOTO IPHMEPOB
TOMY B I'eOMeTpHH. 3HaueHHe, BBeIEHHOE TakuM o6pasoM s f (xo),
Ha3bBIBAeTCS YaCTO «UCTHHHBLIM 3HaUeHHeM» QYHKUHH [ B TOUKE Xj.

1
Ho paccMoTtpum Temeph ¢yHKUHMIO [ (x) = *—x, B OKpecTHocTH

TOUKH X, HHUKakoe 3HaueHHe He MOXKeT OHITh TPHIHCAHO CHMBOJY
f (x0), uTOGBHl OGecmeunTb HENPEepPHBHOCTb. JTOT (DAKT, 3aMeHSIOWHH
B J4HHOM CJydYae CYIIECTBOBaHHe Npefiesia, BHIPAKAaeTCs CJENYIONIHM
o6pasom:

VA>0, Ja:[x—x|<<a=|f(x)|>A.
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(KaxkoBo 6kl HH GBIJIO MOJOKHTENLHOE UHCAO A, CYLIECTBYET YHCJIO
@, Takoe, uro | f (x) | npeBocxogHT A, ecaM 3HaueHHe apryMeHTa X
AOCTATOYHO OJU3KO K YHCIAY Xo.)

ITOT GaKT BHIpAKAT TakXke, ToBOps: «f (x) cmpemumca K becko-
HEYHOCMU, K020a X CMpemMumcs K X¢», YTO 3aIlHChiBaeTcsl TakK:

f(x) — .
x~—>x0

[TIo cymecTBy KO MHOXKeCTBY AEHCTBHTE/BHBIX HHCEJ IPUCOENH-
HSIOT YHCJ0, GoJibliee JI060TO AeHCTBHTENBLHOTO YHCHAA, TaK YTO OKpe-
CTHOCTb OTBeYalomie!l eMy TOUKH eCTb MHOXKECTBO YHCeJ y, A KOTOPHIX
0<<A<<|yl| (¥ A).

I'padrueckoe n3ofpaxkenre NPHBOIUT K OTAEJBHOMY PAaCCMOTPEHHIO
ABYX nogyokpectHocTei: 0 << A<y u y<<— A <<0. Takum o6pasom,
6eCKOHeUHO yJaseHHasl TOYKA OCH y-B pasjBavBaeTcs Ha JBe TOUKH,
KOTOphie 0603HAYaloT yepes — oo U -+ oo. [TosToMy B HaleM mpuMmepe
Mbl OyleM pasJinyaTh CJydau:

X <Xy, f(x)—— o0, KO'Aa X CTPEMHTCS K X, CJeBa;
X=Xy f(x)— -+ o0, KOrga x CTpPeMHICH K X, CIipaBa.
MEI JONOJMHHEM TaKKe OCb X-B ABYMS TOUKaMH -+ o M — co, HMelo-

LMMH Kaxjash MNOJYOKPeCTHOCTb. Hampumep, BeICKashiBahue: «f (x)
CTPEMHTCS K L, Korja x crpemuTcd - cow», 6yleT O3HAUaTh:

Ve, IB>0:B<x=|f(x)—L|<e.

DTO B3anHCHBAIOT:
f(x) — L.
x->-}-00
BrickasmBaHHe: «f (x) cTpemHTCs K -+ oo, KOIfa X CTpeMHTCs
K — oo», O3HAuaer:

VA>0, 3B>0:x<<—B=A<f(x).
DTO 3amMMCHIBAIOT:
f(x) — - oo,
X—>—00

(3naku abco/moTHON BeJHUHHBI OTCYTCTBYIOT, TaK Kak paccma’rpn-
BAIOTCSl MOJYOKPECTHOCTH.)

YUTo6bl MCMOMB30BATh 3TO PACHIMPEHHE MOHSITHS INpejena, HYXKHO
BEPHYTbCS K JOKa3aTeJbCTBY TeOpeM, OTHOCSIMXCS K Npejenaam.
Bes Tpyza MOxHO HafTH HpEJJIOKEHHS, IIOJHOCTBIO AHAJOTHYHBIE
yXKe JOKasaHHBIM [PELJOKEHNUSIM, €CH TOJbLKO JOTOBODHTBCS YTOU-
HUTb 3HaueHHE CHMBOJA ©o CJAEAYIOUIHMH YCJOBHUSIMH:

VoL: 4+ o4+ L=L+00=+0; —ow+L=L—0c0=—oo;
L>0:(+4o)-L=L-(+o)=+40; (—om)-L=L:(—®)= —o0;
L<0:(+ o) L=L-(+o)=—00; (—o)-L=L:-(—x)=+co.
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Hanpumep, mnocielHee paBEHCTBO DPAaBHOCHJIBHO YTBEPKACHHIO:
«Ecny fBe (GYHKIHH HMEIOT mpefesaMH, KOrja X CTPEMHUTCS K Xg, COOT-
BETCTBEHHO OTPHIATEJbHOE YHCJIO L UM — co, TO NMPOHU3BENEHHE 3THX
GyHKUUA CTpeMHTCS K -+ co». AHajsoruyHo (- o) - (— o) = —co.

1
Mbi MOXeM NPUHATL H TAKYIO CHMBOJHYECKYIO 3alHCh, KaK — = 0,

KoTopas o3Ha4aeT: «Eeau QyHKIUA crpemMuTcs K OECKOHEUHOCTH,
KOTJla X CTPEeMHTCS K X,, TO o0parHas el NnO 3HaueHHAM (YHKIUS
CTPEMHTCH K HYJMIO B 3THUX K€ YCJOBHAX». AHAJOrMYHO

1 —_—
—O—‘ = 0.
OpHako OHacHOCTb TAKOH 3amHCH OYeBHAHA, MOTOMY UYTO HeNlb3s
U3 Hee BuBecTH, 4T0 (- oo = 1. [leficTBHUTEJIBHO, YTBepiKIeHHE,
YTO [pOH3BelieHHe J[BYX (YHKIHE, CTpeMsLMXCS COOTBETCTBEHHO
K HYJI0 H K GeCKOHEUHOCTH, CTPEMHTCSI Bcerja K eAMHHHE, HEBEepHO.
Yrobel oTHaTh cebe OTHET B 3TOM, AOCTATOYHO, HalpHMep, paccMoOT-
peTh, B OKpecTHOCTH To4KH x = 0, ¢yHKuuu x, x2, x%, 5x%, KoTOpHIE
CTPEMATCS K HYJI0, U (PyHKUHH
4 1, 4 2
Tt T xB TTEgs 0 A

cTpemAudecss K GECKOHEUHOCTH, H HANTH NPOH3BEACHHS (BYHKIMIL
[epBOro THMa Ha (PYHKIHHM BTOPOrO THNA; B YKA3aHHBIX MNpUMepax
B KayecTBe Npefesa Mpou3BefAeHus Mbl Haiifem 0, uiu GeCKOHEYHOCTb,
HJIM KOHeyHoe yuc/10. Ho MOXKHO Taxxke He MOJYYHTE BOOOILE HUKAKOTO
npegea.

Tak, HaupuMep, paccMOTpHM

. <l> 1
U=Xx-s1n|{ — HU=—.
x x

Korga x — 0, oueBuaHO, 4 — 0 ¥ v — co. OfHaKO IpoH3BefeHHe

, 1
u-u=slIn (—)
X

KoJie6eTcss MeXAy uucjgamu —1 ¥ -1, He cTpeMsichb HH K KaKOMY

npeney.
HO,IL06HbIM O6paSOM HEBO3MOXKHO NpHAAaTh 3HAYEeHHUE CHMBOJIAM
0 o0
O'CO, F’ -O?, +OO—'CX).

Ecnu npumeHenue OGIMX NMPaBHJ NPH OTHICKAHMH INpefesa NpH-
BOIHUT K ORHOMY M3 3THX CHMBOJIOB, TO HeOOXOJHMO NPOBOJHTDL HCCIe-
JIOBaHHe B KaxIOM TaKOM cjaydae. Mbl pacCMOTPHM HECKOJbKO TAKHX
clyyaeB NPH H3YYeHHH KOHKDEeTHHIX (PYyHKUMHA. 3aMeTHM, HaKOHeN,
4YTO GECKOHEUHBbH Npeaes, NMOJYYEHHBIH NMPH HCCIeOBAHUH YIJIOBOIO
KOoa(huuMenTa NpsAMOK, JEerKO HHTePNPETHPYETCH: NMOJy4YeHHAs Ips-
Masi mapajesbHa ocu Oy.
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Bropas raasa

FNOBANBLHOE HCCNIEROBAHUE ‘-IHULOBOﬁ DOYHKUUU
OAHOW NEPEMEHHOM

3agaua COCTOMT B pa3biCKaHMM HHTEPBaJOB, B KOTOPBIX OMpene-
JieHHasi QyHKIMS Bo3pacTaeT HJIM YOBIBAE€T, a TaKxe B H3yUeHHH ee
rpacduka.

i. Npamoe uccneﬂosauue

Hexoroprle O4eHb NpOCTHIE TEOpPeMbl JarT HHOTAA BO3MOXKHOCTb
npsIMOro HccsenoBanus (yHKnMM. HamoMHuMM, 4rto (YyHKOH4, -onpe-
JlesieHHAs B WHTepBase (2, b), HAsbBaeTCs go3pacmaiouell 6 smom

unmepsaae, €clin
in» X2 € (av b), f(xz)_f (xl)

HMEeT TOT K€ 3HaK, 4TO H
xz"“xj.

Anasornyno ompezessieTcsi yObIBaHHE.

10 omnpefeeHHe MpUeMIEMO, Hame ecaH (QYHKIHSA HE OnpefeseHa
BO BCeM HHTepBaJe; JIOCTaTOUHO, UYTOGb OHa OBLa OnpejeseHa Ha
HEKOTOPOM MHOMKECTBe, LEJIHKOM ymopsanoueHHoM. Hanpumep, ¢yuk-
wag f(x) =x) (x! =1-2.3 ... x), onpenesenuas AJsi BCeX HATYy-
pasibHBIX 3HAUeHUH apryMeHTa X, BO3pacTaeT Ha MHOXKECTBe HaTy-
pPaJbHBIX UHCeJI.

Ha camoro ompeleseHnss HeMOCPEACTBEHHO BHITEKAIOT:

Teopema 1. Ecau ¢pynxyus f (x) — eospacmarowas, mo e03pacmaio-
wieti maxoge seasemcea pynkyus f(x) -+ k, KakoBO Obl HU GBIJIO TOCTOSIH-
HOe YHCJIO k. .

Teopema 2. Cymma KOHeHHO20 HucCAQ B03PACMAIOUWUX PYHKYUL
fi (), f2(x), ..., folx) ecmo ynryus eospacmarowas.

Teopema 3. Ecau ¢ynxyus [ (x) — eospacmarwwas, mo smo e
ceoticmeo umeem u Qyukyun a - [ (x), npu a nosoxcumessrom. Haobo-
pom, ecau @ — OMPUAMeAbHOe YUcA0, mo yHkuus a - | (x) ybsieaem.

Teopema 4. Ecau 0se noaoscumensrole QYHKUUL SBARIOMCA 603-
pacmawowumy, mo ux npoussedeHue mosce sozpacmaem. Ecau [ (x)
€CTh MOJIOXKHTEIbHAS Bo3pacTtaioinas (QyHKIHS, TO, KaKOB Ol HH 6Bl
IOJOKUTENBHEI NOKasaTeJdb p, BospacTaeT Takke [f (x)17.

Teopema 5. Ecau gynkyua f (x), omaudnas om Hyas, 603pacmarowas,
mo obpamnasn no auaserusm pynkyus 1/f (x) yovwarowas. Ecau QyHK-
uus f (x) moJoxHTeNbHA H I0KasaTedb p mogoxurteneH, 1o [f (x)]7?
yObIBaeT.

3T TeopeMBl JAIOT OKOHUATE/LHbBIE BHIBOAB, KOTJ@ MBI CTPOHM
¢GYHKUMIO, HCXONSI M3 X myTeM 00pasoBaHus ajreGpauvyeckoro panuo-
HAJbHOTO BHIPAXEHHS, B Komopom Oykea X guzypupyem Autib 00UH
pas.
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JlefiCTBHTENBHO, TEOPEMA D aeT 3aKOH H3MeHeHHS QYHKIUH U = X,
IJIsI LEJOro n, NpHUeM pas/uyaloTcs Caydau
X€(O, + @) 1 x€(—oo,0),
IOTOM PACCMATPHBAIOT MOCJEOBATEJbHO Takue QYHKLUHH, Kak
w=au-t+b, z=1/w u 1. 1.

Orclona ciiefiyer, UTO BaXKHO YMETb PAcClO3HABaTb, MOMKET Jin (YHK-
nua GbiTh HamHCaHHOH B yKasaHHOH ¢opMe, KOTOPYIO Mbl HA30BeM
Karonuueckoll opmoti. Hanpumep, 3T0 uMeeT MeCTO IJ51 KBaJpaTHOre
Tpexunena: ax® -+ bx -+ ¢, KOTOpEIfI MOMXeT OBITh 3amucaH B Qopme
a(x+ a)* - P, u a9 rapMonuueckoi GyHKUHH *

ax--b ,
wxde e (@#0),

KoTopasi MoxeT ObITh 3alucaHa B ciaefytomeil dopme:

a h
T
x

al

Teopema 6. Pynryus, obpamHas MOHOMORHO 603pacmarouieti PVHK-
UM, SBJISETCS BO3pacTamollell (aHAJOrH4YHO JJIsi yObiBanust). Mel mepe-
XOAMM, TakKuMm o00pasoM, OT CTelNeHHOH GYHKHUM K QYHKUUH KODHS
CTeNneHu 1.

Hakonen, Mbl 3HaeM yCJAOBHMA BO3pACTaHUS U YOBIBAHHA (PYHKIHH
CHHYC, KOCHHYC Y TaHTeHC, BHITEKawllue H3 HX TeOMeTPHYECKOTO
onpeJiesIeHUs.

Ho sTuXx TeopeM eOBepLUEHHO HENOCTATOYHO; OHH He IO3BOJSIOT
BHIBECTH 3aKJIIOYeHHe 00 H3MeHeHHH Jaxke, HanpuMmep, QyHKUuH x° — x,
KOTJa x mnoJoxuTeseH. Heo6Xxoxumo npoBecTH 60Jee TOHKOe HCCJe-
JOBaHue,

1. ChneAcCTBMA M3 NOHaNbHbIX runortes
BO BCEX TOYHAX MHTEepBana

Donee TOHKOe HCC/eIOBaHHe, UeM Bl H3JOKEHHOE, BLITEKAET
u3 OeCKOHEUHOIro 4Yycja [HNOTe3, BHIPAXKAIONMX HENpPephIBHOCTb HJIH
CyIIeCcTBOBaHHe NPOHU3BOAHON B xaxcdorl mouke x, HEKOTOPOTO HHTEp-
Bana (a, b).

Mu yxe noayuuau (xa. I, roi. IV) ¢ moMomipio TOHKHX J0Ka3aTesIbeTB,
OTHOCSILIUXCS HEe K anrebpe, a K aHaJNU3y, pAL OpPelJIOKEHUH, KOTOpHIe
3eCh HANOMHHAEM:

a) HempepuonBHOCTs, Ha oTpes3dke la, bl (10 ects
B JIOGOH TOUKE 3TOTO OTpPE3Ka).

Teopema 0 paBHOMEpDHOH HeNpPePHLIBHOCTH.

Ve>0, Ja:[x—x|<<oa=[[(x)—[(x)|<<e*.

* B Hawefi TepMHHONOTHE «ApOoOHO MuHeHHAst GYHKUHA ».— [Tpum. nepesod,
** VYxy, x5 € la, bl.— Hpum. nepesod.
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CnenoBaTe/ibHO, MOXKHO pa3buTh KOHeuHbli oTpe3ok [a, b] mna
n -+ 1 oTpesok, rie

nogb—a<<(n+41)a,

Ha KOTOPBEIX HEKOTOpas CTyneHYartas QYHKUMA annpokcuMmupyer f (x)
C TOYHOCTbIO JO &.

TeopeMa 0 TOUHBIX rpaHHLAX. MHOXKeCTBO 3HaueHMil, NpUHUMae-
MbIX (yHkouedt Ha [a, D], uMeeT TOUHYIO BEPXHIOIO TPaHb M TOYHYIO
HIDKHIOIO TpaHb. 3TH FpPaHH JOCTUTaloTcsl (YHKOHeH LT HEKOTOPLIX
3Hauyenuil apryMeuta x € la, bl.

TeopeMa 0 NpoMeXyTOYHBIX 3HaueHUdX. Kaxoe 3HaueHue, 3aKII0-
YeHHOe MeXJ1y TOUHLIMH [DaufiMM, JNeHCTBUTENbHO JOCTUraercs (QyHK-
Hiefl MpH HEKOTOPOM 3HauyeHuu aprymenta x € la, bl.

B)CymecTrBoBaHHe NPOH3BOAHOH Ha la, bl
Mbl npennosaraeM ¢yHKUMIO HenpephiBHOH Ha orpeske [a, b], HO
CYIIeCTBOBAHHE NPOU3BORHOH TpebyeTcs JHIIL B OTKPLITOM HHTEp-
Baie la, bl.

TeopeMa 0 KoHeuHnlX npupamenusx. CyniecTsyeT 3Hauenue E
aprymenta x € la, b&l, takoe, wuro f(b) —f(a) = (b—a)-[" (§).
OTa nocnefHssl TeopeMa JaeT NOPENJIOKEHHs], KOTOpbie IO3BOJSIOT
HU3Y4YUTb H3MCHEHHS HEMpPephBHbIX (YHKUME, MMEIOMHX [1POU3BOAHYIO.
JIleficTBUTENBHO, ecsid TJIo0anbHble CBEleHHs [Hampumep, o BO3pacrta-
HHH B MHTepBate (a, b)] nmosBossioT fesaTh JOKaIbHBE BHIBOAK! [0 BO3-
pacTanuu B TOUKe HHTepBana (a, b)], To o6paTHOe COBceM He OYEBHIHO:
Belb OKPECTHOCTH TOYEK Xo W Xy, [Jie MOXKHO OblIO, HANPHMEp, cpap-
HHTB f (x) KaK ¢ f (xy), T2K # ¢ [ (x;), MOTYT HE UMeTb HH ONHOH OOIIeH
TOYKH, H TOTAA HeJab3st OYHeT OTciofa BBIBECTH CIOCO0 CpPaBHEHHA
sexny f () H [ (xo).

XoTsa TeopeMa 0 KOHEUHLIX NPHpallleHHsX He JAaeT HHKaKuX cpeje-
HU#l 0 yncne &, HO camblii QaKT CYIECTBOBAHHA 3TOTO yydcaa MEXLY d
¥ b nosBoJjisieT JesaTh BHIBOABI C IOMOLIBIO DACCYXKAEHMH OT MPOTUB-
HOrO, COIVIaCHO TabJjiHIe

JIOKAJbHOE YTBEpKACHUE rnobajbHOE YTBEPK/EHHE
¢ Kascdoll mouke uHTepBana {(a, b) 6 unmepsase (a, b)
[ (x)=0 = f (x) nocrosinHag

x>0 = f (x) Bo3pacratomas
[ (x)<<O = [ (x) yOrBawomas

TaguM o6pasoM, H3ydeHHe H3MeHeHHUsT (DYHKUHHE CBEACHO K H3yde-
HHIO 3HaKa ee npousBopHoH. JIna anre6pandeckux QyHKUOHH 3TO 03HA-
uaeT CBECTH 33jlauy aHalu3a K 3ajage anre6pbl, Y4TO TeOPeTHUECKU
60Jlee NMPOCTO. ITO BO BCAKOM cCliyqae GoJsiee NPOCTO TaKXKe M NPAaKTH-
YecKH, [OTOMY 4TO JOCTaTOYHO HaHTH nNpHOJUXKeHHble 3HAUEHUST IS
IpUMedaTeIbHEIX TOYEK, YTOOBl MOJNYYHTh, BOOGLIE roBOPsH, AOCTATOY-
HBIE CBENEeHHS.
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BuiBompl H3 H3ydYeHHs H3MeHeHHT (QYHKIMH [pelCTaBaSIOT B Ta6-
JIHLle, HA3bIBaeMOH mabiuyel usmererys, Py 5TOM HHTepBaJ, B KOTO-
poM (YHKIMA onpenefeHa, pasCuBaeTcss Ha HHTEPBAJM, B KOTOPHIX
YyHKIMSA MOHOTOHHA. JHAUYeHHe (PYHKINY WIH €€ NpeLesl yKasbnBaercs
IVIST KaXKIOro NpHMedare/IbHOTO 3HAYEHHS; OTCYTCTBHe npefesa, e€C/lu
5TO HMeeT MeCTO, OTMeuaeTcs. Y Kas3hBAKTCA TaKKE 3HAYEHHS HJN
npefensl AAS NPOH3BOAHOH, YTO GYHET MOJE3HO M YTOUHEHHA Tpa-
duka.

IIpumenp.

2T 8. g X (4T
y=x2Y1—x%; g Vet

|

} * —® 0 VarT 1 -+ oo ;

TR

ERANY

|

|

y’ —c0 — 0 -+ 0 — —0 ‘

(y}—}-co N O /! M . 0

M =2%s.32. 7776 n, () 45;

V477 ~ 0,82.

K TOuHBIM 3HaueHHAM, YKas3aHHEIM B Tabauue, NPHCOEAHHSIOT
HeoOXoquMble IpPUO/HKEHHble 3HAUeHUsI, YTOGH OTMETHTb TOUYKH Ha
rpaguke, a Takke MJIA MPAKTHUECKUX [PUAOXKeHHH, ecad B 3THX
3HaUEeHUAX BO3HUKaeT HeOOGXOMIMOCTD.

Tperrss raasa

FPA®UKM
o

I. Tno6anbHOe uccnepoBaHue

Hccnepopanne usMeHeHHs (YHKUHH IOIOJHSETCS IIOCTPOSHHEM K
H3yyeHHeM ee rpaduka. Tabamna naer cBelleHHusi 06 oOieM XOle KpH-
BO#i, TaK KaK OHa yKasblBaeT HalpaB/JeHHE HaKJOHA XOpJ, COeAMHAIO-
IIMX TOYKH OLHOTO K TOTO Ke HHTepBaja. B ofmeM caydae, KOrza
3apaHee HEH3BECTHA NPHPOAA KPHUBOH, HYXKHO JJISl OPHEHTHPOBOYHOIO
BLINIGJIHEHUS] YepTexxa BBIYMCJAUTbH KOODJAHHATH 6osee MM MeHee MHO-
TOYHC/IeHHBIX TOYEK, KOTOPHlE YKAa3blBAIOTCSl B mabauye 3HaueHull.
B npumepe, NpHBefeHHOM Bbllle, B KOHUE IvaBbl 11 Ijaa yTouneHus
XoJa rpagpKa MOXHO HaHTH CJeNYIOIIUe TOUKHU:

x | —2{—1{0,5

y 12 | V20,23
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HcenenoBanue ynpoujaerci B HEKOTOPHIX CAyHasix, eC/H HCIOJb-
30BaThb cjenymouiue sameuanusi. Ilycrs (i, j) — eIMHHYHBEIE KOOPIMHAT-
Hble BEKTOpHl, TOT/A:

a) KpuBas noayvaercs u3 rpaduka y = g (x):

HOyTeM napa/yieIbHOro IepeHoca Ha aj, ecmu [ (x) = g (x) + a;

nyteM mnapaJ/elbHOTO niepenoca Ha bi, eciu f (x) = g(x — b);

nyteM adpUHHOTO pacuMpeHHs OT OCH X'x ¢ KoapduuuenToM kK,
ecn  f (x) = kg (x);

nyTeM a(@dUHHOIO paclUpeHus oOr Yy
oc Y’y ¢ xo3bduOHEHTOM A, ecau

X
x) = = .
[ x) g<h> 7
OTMeTHM TaKiKe OCEBYI0 HHBEPCHIO
OTHOCHTEJIBHO OCH X'X, ecln | (x) =

H  OTHOCHTeJBHO OCH 4'y, ecau
fo=g(+ ’ T
E\ % > . -1 0 a1 1 X
Dyskumn 2
f(x)=1g ()] Yepr. 33

TaK:Ke COOTBETCTBYeT HEKOTOpoe Mpo-
CTOe ToweuHoe npeoGpa3oBanue. [pyroe anajgoruyHoe rnpeodbpasoBasue
NOJAYUUM C TIOMOLIBI0 (YHKIUH

— 2
f(x) =g (**).

Crnenyer OTMeTHTb ellle cooTBeTcTBHE [ (x) = | g (x)], KoTopoe
npeoGpasyer ¢ MOMOUILIO CHMMETDHH OTHOCHTENBHO X'X JIHIIL Te LYTH
rpaduka y = g (¥}, KOTOpbLIE PACHOJIOMKEHHI IMOX OChl0 X'x.

b) Mayueune MoxeT OHITH YIPOLIEHO, €CJH HMMEIOTCHA CJEAyIoUHe
CUMMETPHH:

CUMMETDHA 10 OTHOIUIEHHIO K MPSMOH X = Xg, €CJH
Vx, f(xo+x)="1(xo—x).
CuMMeTpHsl MO OTHOWEHHIO K TOYKE X = Xy, Y == 4, €CIH
Vx, f(xo+x)+7 (xo—x) =2a.

¢) B cnywae Tpuronomerpuueckoil (yHKUHH CJIeAYeT Pa3bICKATH

nepuod, TO ecTb HauMeHblilee NONOKUTENbHOE UUCIO p, TAKOe, UTO
Vx, f(x+p)=1(x).

ViccnenoBanme BHIMOJHAETCS 3aTeM B HHTepBane (xo, Xo + P);
U3 MOJIYUEHHOH TAKHM 06pa3oM LYTH HaXOLAT MOJHBIA Ipadux myTem
napajieJbHbX MEePeHOCOB 3TOH NIYTH Ha BCE 3HAYeHHS, KPATHHIE BeK-
TOpa pi.

Il. NoxanbHOE KCCnegoOBaHMKe ,

ITocTpoenue mo TOYKaM ZOMOJHSIETCS [OCTPOEHHEM HO KacaTeJbHbIM
U HUCCJeJJOBAHHEM HaNpaBJeHHS BOTHYTOCTH.
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1. KacarteabHas

Teopema. Ecau (ynkyus umeem npoussoonyro 8 mouke xq, TO 8 mou-
Ke (xg, Yo) epagura ynkyuyu Kpusas umeent KACAMEAbHYIO, Yea060l
Koappuyuenm rxomopoil paser [" (xo).

DT0 DpelsoXKeHHe JHIIb [ePEeBONUT LPYT B Apyra onpeleseHue
KacaTeJbHOH K KPHBOH B TOUKE H OIpeJeseHHe NPOH3BOAHOH PYHKIUU
B TOYKe. B 3TOM nepeBoie npeAcTaB/asieT HHTePeC TOT PakT, YTO B OKpe-
CTHOCTH TOYKM Kacanusi KpHUBas OueHb OJH3Ka K CBOeH KacaTelbHOH
H TPaKTHYeCKH CJHMBaeTcss ¢ Hell. Mbl BcTpedaeMmcst 3fleck C BONPOCOM
0 KacaHHMHM, KOTOPHIH HYXHO YTOYHHTH.

2. BBejeHue K MOHATHIO KacaHUs

ToBopsit, uTO IBe KpHBble, HMeloliHe OOMLYI0 TOUKY (X9, Yo) H
B OKPECTHOCTH 3TOH TOUKM sABJsSIONMecs rpadukamu IBYX (QyHKuui
y =[x ny=g(x), UMeOT B 5TOH TOUKE KACAHUE N0 MeHbiied mepe
nepsozo0 NOopsdKka, ecJi OTHOILEHHe f(—*x% CTpeMHTCA K  HYJIO,

Korja x CTpeMHTCA K Xg. 210 3HAYUT, YTO B OKDECTHOCTH JOCTATOYHO
MaJoro nopsiika o MO2KHO ofecrneyuTs HEPAaBEHCTBO

[f()—g®)<elx—xl

TaguM o6pasoM, KpuBble OYeHb OJIM3KH APYT APYTY B OKPECTHOCTH
o6IIell TOUKH. B 4acTHOCTH, B TOYKe (X, Yo) YPaBHeHHEe KacaTesJbHOH
(B TpeANOJIOKEHMH, 4TO OHAa He mnapajnenbna ocd Oy) HMeeT BHIL

y=g(x) = fo (x—Xo) + [ (%o).
O6pasyeM oOTHOILLeHHE
fx)—gx)__ fx)—F (x0) —7
o

X—Xq X—Xg

[Tpenen 3TOro OTHOMIEHHS, KOTAA X CTPEMHTCA K X, €CThb fy — fo = 0.

TaguMm 06pasoM, Kpusas u ee KacameAvHAs UMEIOM 8 MO4Ke KACaHUA
Kacanue no menbuleld mepe nepsoco nopsdka. Kacanne HasbiBaeTcs
[(x)—g(x)
(x—x0)?
MHUTCH TaKkKe K HYJIO; KacaHHe HasplBaeTcs MOPSAJAKa, PaBHOTO
[(x)—g(x)
(x—xq)3

ITp u M e p. PaccmatpuBaercst rpadux Gykuuu y = x2 + x B TOY-
ke x = (0. Umeem:

ffi=32+1, fi=1, g)=x,

[()—g (%) f—e@_ 4
x2 3 .

TnOpAiKa, I10 MeHblei Mepe pPaBHOTO JABYM, €CaH CTpe-

110 MeHbIUCH Mepe TpeM, €C/IH CTPpEMHTCA K HYJJIO, U T. A.

=x — 0, Ho

3Ha‘II/IT, B JJAHHOM CJlyyae KpHuBafd H e¢c KacaTeJbHas UMEIOT B Haua
Jleé KOOpJAHWHAT KaCaHue BTOPOro IIOpAAKA. Kacareabnas rnepeceKaer
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KDHBYIO, TO €CTb IIEPEXOJUT C OAHOH ee CTOpPOHBl Ha ApPyryl. Takad
TOYKa HasblBaeIca moukol nepeeuba *.

TakuMm xe o6pa3oM BHAHO, 4TO rpaduk ¢yHkuuu y = x* + x
H ero KacaTeJibHasd B Hayaje KOODAMHAT HMEIOT KacaHue TPEThero
mopsifika: KacaTellbHAs He IepeceKaeT KPHMBYW), HO KDHUBas MMeeT
OUeHb MaNyl0 KpPUBH3HY B OKDeCTHOCTH pacCMaTpHBaeMOl TOYKH;
3TO0 TOuKa cgepxnepezuda. OTMETHM, 4TO MBI TOJNBKO 4TO yIOTpeGHJH
TEPMUH «KDHUBHM3HA» B MHTYUTHBHOM CMbIc/e. TeOpHsl KacaHHT [O3BO-
JIsieT NPHAATH 3TOMY MOHATHIO MaTeMaTHUeCKHH CMBIC/.
3. HanpaBjeHue BOrHYTOCTH

He nponosxkas H3yyeHHS KacaHus, MBI BBeleM cefuac NOHATHe
0 HanpasaieHuu eozHymocmu TpauKa, HCCAelyd, C KaKoH CTOPOHBI
CBOHMX KacaTeJbHBIX PACNoJIOXKeH rpaduK B OKPECTHOCTH TOYKH (Xg, Yo).

Mol TONBKO YTO BHIENH, YTO ypaBHEHHEe KacaTeJbHOH HMeeT BHI:

y=g(*), rne g(x)={fo(x—x0) +f (x0).

I'pacduk pacnosio:KeH Hal KacaTeJbHOH (TO eCTb CO CTOPOHBI BO3pa-
CTAIOIMKX OPAUHAT), eCAU BHIIOJHASTCA ycaoBue [ (x) — g {x) >0,
TO ecTb

(%) = (x6) — fo (x — %0) > 0. (1)
CorsiacHo TeopeMe O KOHEUHLIX IPHPALIeHHSX, MEXAY YHCJIaMH
X U x¢ CYUECTBYeT 3HaueHHe § apryMeHTa X, Takoe, UTO:

f () — 1 (x0) = " (E) (x — xo).
3HayuT, yCJIOBHE 3alHIIeTCH:
[/ (&) — 1" (xo)l- (x — x0) > 0. )
[TpennosnoxuM Temepb, YTO MNpPOM3BOAHAA OYHKuUs f'(x) cama
HelpephiBHA W HMeeT IPOM3BOAHYIO, M 00o3Ha4uM uyepes f” (x) 3Ty

npousBojuyo. CyIecTByeT HOBOe YHCJO, CKaxKeM Xy, MeXKIy 4YHCJIaMH
£ u xg, Takoe, 4TO
1
f &) —F (x0) =1" (x1) (E—Xo),
H pacCMaTpHBaeMOe YCJOBHE INONYYUT CJEAYIOUHMHE BHI:
f" (1) (E— x0) (x —x0) > 0. (3)

Ho & — x, uMeeT TOT XKe 3HAK, YTO H X —— X, 3HAYAT, YCJIOBHE
HaBepHOE YJXOBJIETBOPSieTCs, eclIH [ (X) MOJOXKHTeJbHA B KaxAOH
TOYKE PacCMaTpPHBAeMOH OKPECTHOCTH TOUKH X,.

O6parno, ecnd.HekoTopad QyHKIMS y = f (x) TakoBa, 4TO ee HPO-
H3BOAHAs CaMa HMeeT MPOH3BOJHYIO, TO ecThb ecau Gynruus [ (x)
¥MeeT BTOPYIO MPOHM3BOAHYIO [ (x), TO B J060OM HHTepBase, B KOTOPOM
Bropas mpou3BoiHas [’ (x¥) TOJOXKMTE/NbHA, KPHBAas pacloJoXKeHa
Haj cBoell xacarennHoél. [lefictButennHo, dyukuusa f’ (x) Bospacraer,

* 3Aecb HYXKHBH OblIH OB HeKoTophie yTouHeHHsA. Touka mepernba 6yjer
foNyuaThCs, €CaIM NOpPAAOK KacaHHs KacaTedbHOH npsMoft yeTHmfl.— Ilpun.
nepesod.
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uTo OfecnevynBaeT HepaBeHCTBO (2), 3HAuuT, U HepaBeHCTRO (1). B stom
cjly4ae rOBOPST, YTO rpadMK 06paujer 602HYMOCHIbIO 8 CIMOPOHY 603pa-
cmarus opouHan.

[as uutepBana, B KOTOpPOM BTopas rnpou3sogHas [ (x) oTpuma-
TelbHa, HCCACHOBAHHE NPOBOZUTCA aHANOTHUYHO.

B unrepBane, B KotopoM [’ (X¥) CylecTBYeT U HelpepLIBHA, BOT-
HYTOCTh MOMKET H3MEHWTb CBOe HalpapejeHdHe TOJbKO B TOYKe, Tie
[" (x) = 0.

Hrak, HANPOBACHUE B02HYMOCHLL epagpura usyttaemc;z C NOMOWbIT
sHaka emopotl npoussodHod [ (x).

4. Kpueusna. bonpmaa nan Menbiias KpHBH3HA 3aBHCHT OT 6oaee
UJIH MeHee GBICTPOTO BO3pacTaHud NPOH3BONHON, KOTOPas faeT Hanpas-

JIEHHE KacaTeJbHOH: TYT yiKe HacC
yh HHTepecyeT CaMO 3HauyeHHe BTO-
poit mpousBomHOH f” (x}), a He
TONBKO ee 3HaK. Paduycom rpu-
8u3Hb. R B HEKOTOPOH TOUYKe Ha-
3bIBAETC  paAHyC OKPYKHOCTH,
UMeloliell B 3TOH TOYKe C KPUBOW
KacaHHe HaUBLICIIETO TIOPSIKA;

1 "
tII/ICJ’IO7§ HA3bIBACTCA  KPUBUSHOU

B paccMaTpHBaeMOii TOUKE.
[Tpumep. HMumerca B Ha-
¥ Uajle KOODAHHAT paauyc KpHUBHU3-
HBl TapafoJibl, sIBJsAIOLIelcs rpa-
GUKOM (QYyHKLHHU

Yepr. 34 f(x) —_—% X% x,

Tak kak [" (x) = -;— + 1, to f* (0) = 1, u KacatenbHasi SIBJISIETCS

OGHCCEKTPUCOH TepBOr0 KOOPAWHATHOrO yria. KacaTeqbHast OKpYXK-
HOCTb, pAacroJIOXKeHHasi ¢ TOH CTOPOHBI KacareJbHOM, C KOTOpOfl pac-
[I0JI0KeHa KpHBasi, HMeeT ypaBHEHHe

(y—a)?+-(x+a)?=2a2 a=>0,
npHYeM Daiuyc paBeH: r = a V2.
B oxpectHocTH Hayasla KOODJAMHAT KacaTeJbHas OKPYMHKHOCTh —
310 rpadux GyHRuuH y = g (x), THe g (x) = a — V &® — 2ax — x°.
Yro6m u3yuuTh [ (X¥) — g (¥) B OKpECTHOCTH TOUKHM x = 0, Mbl

UCNONb3yeM BeIMYHHY, CONPSKEHHYIO HppaldOHATHHOMY Bhipame-
HU10. ByzeMm TOTZa MMeETh:

f()—g (1) =552+ (x—0a) + |/ @ —2ar—x =

1 2x2
= yx2
2p - (x—a)—Va®—2ax—x2
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BHAYUT, KOI'JAa X CTPEMHUTCH K HYJIO, TO

[(x)—g (%)
x2
CTPEMHUTCH K
1 1
2p a’
CrnenoBaTesbHO, KacaTesNbHasi OKPYKHOCTb HMeeT ¢ Tnapa6o.oii,
B0OOllle TOBOpSl, KacaHue I[EePBOrO MOPSJKa, HO 3TO Kacauue Oyaer
BTOPOTO MOPSAAKA IJi Takoii OKPYKHOCTH, y Kotopod a = 2p. Ilosro-

My palHyc KpMBH3HEI mapaGoJel B Touke O paBen R = 2p /2.

OKpY3KHOCTb, pajuyC KOTOPOH SBJAETCA PaiuycOM KPHBH3HLI
{1 KOTOpasi, eCTeCTBeHHO, MMeeT CBOIl LEHTP C TO# CTOPOHBI KPHBOH,
Kyla KpHUBasi BOTHYTa, HAa3bLIBAETCH COMPUKACAIOWLUCS OKPYIHOCHLOIO
K KpPUBOH B paccMaTpuBaeMoHl TOUKe.

Ilpn BHIOMTHEHHH YepTeka YMECTHO HCKaTh Bee ofmiye TOYKH mapa-
©0/ibl B ee cOIpHKacaolelics oKpyx)HocTH B Touke 0. Jns onpenesne-
HUsl a6CHUCC TOUEK IIepeceueHUsl MoaydaeTrcsl YpaBHEHHe

x® (x4 4p)=0,

TaKk yto X = 0 sgBJjserca TPOHHBHIM KOPHEM, a X = —4p — NPOCTHIM
kopHeMm. Orciofa cJefyer, YTO COMPHKACAIOMASNCS OKPYKHOCTb elle
BcTpeuaeT napaboay B TOUKe ¥ = —4p, y = -+4p, Tax 4TO OHA, KACAACL
napaboav. 8 mouxe 0, nepexodum ¢ Heli ¢ 00HOU cmopoHst napadoist
Ha Opyeyro. Dro obmuil ¢akT AJst CcompHKacawllehcss OKPYKHOCTH,
o00HO TOMY, Kak B TOUKe neperufa KacaTenbHas IepecekaeT KpHUBYIO.

D10 BBeJieHMe, CIeJaHHOe C TOYKH 3DEHUs KacaHusl, 6yneT AONOJI-
HeHO B naparpage IV.

MosHO npoBepHTh, UTO HYXKHBIF pe3yJbTaT MHOJAy4aeTcsl TaKke
fIpUpaBHHBAHHEM OGEHX BTOPBIX IPOHM3BOJAHBIX, TO €CThb C I[OMOILBIO
ypasuenus: f” (0) = g” (0). Uro6u ompaBiaTh JaHHBIE BHIIE ONpeje-
JIEHUS] KacaHHSl M KDPHUBU3HBI, ObLIO Obl CYLIECTBEHHO A0KAa3aTb, 4TO
YKasaHHbIE CBOUCTBA SBJSIOTCS BHYTPEHHHMMH, TO €CTh UYTO Pe3yJib-
TaThl MHBADHAHTHH! 1O OTHOLIEHHIO K NPe0OPA30BAHUIO KOODP/JHHAT.
Mel BepHeMCS K 3TOMY BONPOCY B KOHIE 3TOH [JIaBhl.

{ll. KccnepoBaHune GecHOHEUHbIX BeTBeH

1. KpuBag uMeer GeCKOHEUHYIO BETBb, €CJH IO MEHbIIEH Mepe ofHa
43 KOOpIMHAT TOUKHM M, nopoxpawme#l rpaduk, crpeMurcs K 6ecko-
HeuHocTH. B Tabsune H3MeHeHHs (PYHKUMH MOTYT HOSIBUTbCA CJle-
AVIOIIHe CJy4YaH; _

1) f(x) cmpemumes x Geckoneurocmu, K020a X CMpemumcs K Xo.
Mel roBopuMm Torpga, 4To npsiMas, ypaBHEHHE KOTOPOH X = Xx;, €CTb
acumnmoma 3ToH BeTBH. B oflieM cayyae y CTpeMHUTCS K OeCKOHEYHO-
CTH TOTO HJH HHOTO 3HAKA, B 3aBHCHMOCTH OT TOrO, CTPEMHTCH JIH
X K X, cnpaBa uju cjaeBa (npumep: y = 1/x).
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2) [ (%) cmpemumea k npedeay L, xoeda x cmpemumcs Kk Geckouey-
nocmu. [lpsimasi, BbipameHHasi ypaBHeHHeM y = L, ecTh acuMmroTa
KPHBO#, COOTBETCTBYWOINAS paccMaTpuBaeMOl GeCKOHEUHOH BEeTBH.
B ofmem ciyyae, KpUBasi pacmoJiokeHa CBePXY HJIM CHH3Y 11O OTHOUIE-
HHUIO K 3TOH TMPSAMOH B 3aBHCHMOCTH OT TOrO, CTPEMHTCS JH X K Gecko-
HEeYHOCTH TOFO MJH JPYroro 3HaKa.

3) Moxker CAyYMTBCS, UTO, KOTJa X CTPEMHTCS K GECKOHEYHOCTH,
f (x¥) He uMeeT mpenesa WJH CTPEMHTCS TaKikKe K OECKOHEYHOCTH (IIpH-
Mep: f(x) = sinx, J(x) = x?). Torza HyxHO pasjH4YaTh CJENYIOLIHE
JiBA TIOHSTHA:

a) AcHMATOTHYeCKOEe HampapjedHe OGeCKOHeuHOH BETBH

[lycrh fana KpuBas C, BETBb KOTOPOH MOAJEXKHT H3ydeHuio. Coefu-
HUM ¢ TOYKOH M, mopoxaawlled KpHBYIO, HEKOTOPYIO BHIODAHHVIO
Touky (. Ecau npamas OM jponycKaeT HEKOTOpoe NpeiebHoe Halpas-
JeHue 6, korga M GecKOHEUHO yHansieTcsi, TO TOBOPST, 4To 8 — acumn-
momuyeckoe  HQRPAsieHue, COOTBETCTBYIollee GeCKOHEYHOH BeTBH.
OTo omnpefesneHHe ONpPaBAAHO CJEIYIOMEH TeopeMoi.

Hanpasaenue 8, ecau omo cywecmesyem, He sasucum om 8oi0pPanHoL
mouku O. B camoMm pnene, nmycte O — npyras touka. Hanpasaenue &
XxapaxkTepusyercs TeMm, urto yroa (00 ,0M) cTipeMutcst K yray
(00, 8)(mod n). Ho xorma OM u O'M crpeMsartcss K GeCKOHEUHOCTH,
a orpezok 00’ (HKCHpOBaH, TO OTHOLIEHHE

oM _ 00
sin0’OM  sin OMO'’

[IOKAa3bIBAeT, YTO O//VTO' CTPEMHTCH K HYJIO; HO

(00', O'M) = (00, OM)-+(OM, O'M).
H, CHelNOoBaTeNbHO,

lim (00’, OM)=(00’, 8) (mod =) , yTO M TpebGOBAIOCH
JOKa3aThb.

Ecnu xpuBas sBiasercs rpapukom QyHkInuH y = f (x), To yIri1oBo#

KO3(pULHEHT HanpaBaeHns: O sIBJASETCA NMPELeJOM OTHOIIEHHS %— WIIH

TaKKe MNpPEeJeJoM, KOTHa X —> oo, oTHoweHHs (y — b)/(x — a), rae
IPOM3BOJIbHLIE @ B b BHIOGMPAIOT HAWJYHUIHM O6Pa3oM.

Ipumep. y=3x4+2+ % , HampaBJeHHe O HMeeT YIJIOBOH

kostbunment 3.
Y =sinx, acHMNTOTHYECKOe HalpaB/leHHe NapajeabHo ocH Ox.

y =Xx?, aCHMITOTHYECKOe HalpapJjeHde mapasiensuo ocu Oy.)

b) AcumnToTsl

Ecnu 6eckoHeyHass BeTBb MMeET aCHMITOTHUeCKoe HampasJeHue 6,
TO MBI H3YYUM IOJIOXKEHHSI 3TOH BeTBH 1O OTHOUIEHHIO K NpPSMBIM,
napanneabupM Hanpasienuio O. Ilycte A — kakasi-HHOYAb H3 3THX
NpAMEIX B H — opTOroHaJbHAasi NPOEKUHS HA 3Ty NPAMYIO IEpeMeH-
HO¥M ToukH M kpuBoit. Ecaum miamna MH wumeer npegen d, Korga M
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HEOTPaHMYEHHO YZajsieTcs, TO CymecTByeT npsMasi D, napasienbHas
HanpapJeHH0 § (3TO ofHA M3 OPAMBIX, OTCTOSIMIHX HAa paccTosHue d
ot A), makas, umo paccmoanue mouku M om smod npamoii D cmpe-
mumes K Hyao, xoeda M neoeparuuenno yoaisemcs TO H3ydaeMOH
BeTBH. Jra npsimad [ HaswiBaeTcsl acumnmomoill KPHUBOH, COOTBET-
CTBYIOHIE! 3TOH BETBH KPHBOH.

B sT0il hopmMe moHsITHE ACHMOTOTHI SIBJISIETCS BHYTPEHHUM (He3aBHCS-
M OT OCeH KOOpIMHAT), OAHAKO 3TO OIpeJesNeHHe Mpefnoaaraer
METPHUECKYI0 T'€OMETPHIO, a MpPEACTaBJASeT HHTEPeC MOJAYYHTh OIpe-
JleJleHNe acHUMOTOTH B adduHHOH (opMme.

BeickazanHOe OnpeiesIeHHe ACHMITOTHl PABHOCHIBHO CJENYIOMWEMY
Ecau mouka M npoexmupyemca na npamyro D napasrressno awobomy
HanpasAexLio, OMAULHOMY OM Hanpasienus D, mo paccmosnue om mouxu
M 0do amoil npoexyuw cmpemumcs K Hyawo, koeda M HeoepanuueHHo
yOaasemca Ha paccmompenrnod eemeu. Jjsi u3yueHHs rpaduKka Mul
HCIoJIb3yeM HanpapieHde ocH Oy Jjag Jo60ro acHMOTOTHYECKOro
HampaBJ/IeHHs, HemapasjeNbHOTO 3TOH ocH. UTo Kacaercss acHMIITOTH-
YeCKUX HampaBJeHu#l, napaiiencasix ocu Oy, TO, €CIn UuMeeTcs
aCHMITOTa X = X,, OHa BLISIBHTCS B Tab/ule H3MEHEHHS.

IIpumep. y=3x+42 —I—%. AcuMnrora nMmeer ypaBHeHue 2z =

= 3x 4+ 2, TaKk KaK y — z— 0, Korga x - oo.

Oyuknus y = (1/x) sin x xzaeT npHMep KpHBOH, HMeIOHIEH acHM-
nToTy (och Ox) M mepeceKaiomen 3Ty aCHMATOTY B G€CKOHEYHOM MHOKe-
CTBE TOWEK. ACHMINTOTAa, CJENOBATENbHO, HEe SBJAETCH 06A3aTe/NbHO
NpsMOH, K KOTOPOH KpUBAsl «<HEOTPAHHUYEHHO npubaukaercs 6e3 TOro,
4yTOGEl ee JOCTHULY!

ToBopAaT, 410 dge Kpussbie AaCHUMIITOTHUHBI OJHA OTHOCHTENBLHO ApY-
rOfl CBOMMH JBYMSI COOTBETCTBYIOLIMMH OECKOHEUHLIMH BETBSIMH, €CJIH
ceueHHe NpsSMBIMA (DHKCHPOBAHHOTO HampaBJjeHus d (Hampumep, Ha
HanpasJenne ocu (y) yCTaHABAMBAET MEXKAY STHMH BeTBSMH TOUEUHOE
cooTBeTCcTBHE M N /P, Takoe, 4yTo paccrosinue MP crpemurca k 0,

KOTJA 3TH TOYKH HEOUpaHHUeHHO yjaajsoTcs. QueBHIHO, €CJH OJHA
U3 KPHBLIX HMeeT aCHMITOTY, TO U JApYyras HMeeT Ty 3Ke acHMITOTY.
BeiGop HanpaBjaenusi d, OTJIHYHOTO OT acCHMIITOTHYECKOTO HampaBJe-
HHSI, NPOU3BOJIEH.

[Ipx mOCTpOeHHH AOBOJIBHO CJIOKHOIO rpaduka HILYT A KamkmOi
GeCKOHEUHOH BeTBH, IIPH OTCYTCTBHH HPSIMOJIHHEHHBIX aCUMNTOT, HEKO-

TOPYIO MPOCTYIO ACHMITOTHYECKYIO KPUBY1O. B npumepe y = x2 + 2 + %

GepyT AJAs H3YUeHHs BeTBH, Ha KOTOPOH X -—> oo, ACHMOTOTHUECKYIO
KpuByio 2z = x% - 2.

2, beckoHeyHble BEeTBU € NMPOEKTHMBHONH TOYKH 3pEHHS

B npoektuBHo# reomerpuu (cM. kH. IV, 4. 1, ra. 1) Bosuukaer
HEOOGXOUMOCTD JOMOJHHUTD TPSIMYIO 00H0i GeCKOHEUHO yaJeHHOH Tou-
ko, Ilycts Temepp Mul HMeeM mJockocTb II, o6pasoM kKoTopofi npu
NEePCNEKTHBHOM OTOOpa)KeHHH C LEHTPOM B S sBJjfeTcs miIockoets P,
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cogepxamas rpaduk. Ilycts U — ta npsamast niaockoctu II, oGpasom
KOTOPOH CJIVKHT OCKOHEUHO yRaJeHHas npsadas naockoctd P. Heko-
Topasi Touka o mpsiMoit U HMeeT cBOMM 00pasoM HEKOTOPYIO 6ecko-
HEYHO yJaJieHHyI0 TouKy miaockocTu P. Ilpoxoasied yepes o — orpe-
30K NPAMOH, SIBJISIIOIIMICA OKPeCTHOCTHIO TOYKH O, HMEET CBOHM 06pa-
30M O0BefuHeHHe TeX JABYX IOJYNDPSMBHIX, KOTOpble NPH 0006IeHHH
MOHSATUS Tpelesa paccMaTPUBAJINCL HAMM KaK OKpEeCTHOCTh Gecko-
HEUHO YAAJeHHOH TOUKH HpPSMOH.

PaccMotpuM B miockocTd P KpuByo C, HMeoIylo GeCKOHEUHYIo
BeTBb. Ee mpooGpa3 B maockocTd II ects KpuBas I', KoTopasi mepece-
kaer U B TOUKe «, TAe KpHBaf HMeeT, BOOOIE TOBOPS, KacaTeqbHYIO
T, omIHuHyi0 or U.

[TycTs @ — gakag-au60 Touka miockoctd I, O — ee o6pas B mio-
c¢koct P. Ml paccmarpuBaeM MepBBIE NYYOK; NPsSIMbe ®W, 3aKJIO-
qaolie CPeiH NPYTHX H MPIMYI0 ®O, K BTOPOH OYYOK: OpsAMBE i,
IIpeeabHoe TOJOXKeHHe KOTOPhIX, KOTAa M —> @, ecThb KacaTeJbHas T.
C noMOLIBI0 NepeneKTUBHOr0 OTOGPaKEHHA NOTYyYaeM nydok Om, KOTo-
pHIfl BLISIBJSIET acHMITOTHYECKOE HanpasJaeHde KpuBo#d C, mapasielnb-
Hoe npaAMol Sa, a 3aTeM NYYOK NPSIMbIX, HaPAJIEIbHEIX 3TOMY HANpaB-
JICHHIO, KOTOPhle, KOTAA M HEeOTPAHMUEHHO YIAJSIETCSl, CTPEMHTCH K
o6pasy ¢ KacaTeJqbHOI T; 3Ta mpsaMas f M eCTb acCHMIITOTa KpuBoit C.

Taxum o6pasoM, acumnmoma npedcmaen Kax KacamessHas & becko-
HeyHo yOasernHot moure. Viccnenys pasGuenye Ha o6/acTH, onpeieseH-
noe npsMeiMA U u T mutockoctd II, B cooTBercTByromuil o6pas B mio-
CKocTH P, MBI BHIUM, UTO €CJH o — OGBIKHOBEHHAasl TOYKa KpuBoil [,
TO €CTb eC/JH KpHBasl PAacloJokKeHa B OKPECTHOCTH TOYKH & C OJIHOH
CTOPOHBl KacaTeJLHOH T, TO acHMNTOTa OYyAeT GAM3KOH K KPHBOMH
B HanpaBJIeHHAX JABYX CBOMX HOJYINPAMBIX, TdK YTO KPHBAS pacio-
JIOKEHA B 3THX OKPECTHOCTSX C OJHOH H C APYroH CTOPOHBI ACHUMII-
TOTBI;, 8TO OOMUH ciydal, KaK Mbl OTMETHJIM Ha NpUMepax.

MoxHo paccMoTperh cayuaf, Korja o fIBASETCS TOYKOH meperuGa
HJIH TOUKOH BO3BpaTa, TO €CTh TOYKOH, B KOTOPOH JBE MOJIyKacaTelb-
Hple coBaznamwT. Eciu xacaTenbHOH K KpUBOH [ CJIyXKMT cama npsMasi
U, To GecKoHewyHO yiajieHHas npsMas ROJKHA PacCMATPHBATHCA KaK
acumnrora kpusoit C. B takoM ciydae roBopsr, uto kpusas C «kaca-
TeJbHa K OECKOHEUHO YJAJeHHOH IPSIMOM» HJHM «HMMeeT napaGoJiHue-
CKYIO BETBbY, IIOTOMY YTO 3TO HMEET MeCTO I napabodJibl.

IV. NouAaTHe o guthdhepesyuanbHOi reomeTpun
NNOCHUX KPMBLIX. KHHEMaTuKa

Uro6bl HPHAATH JOKAJbHOMY H3YYEHHIO HEKOTOPOH KPHBOH BHYT-
pEeHHHH XapaKTep, Mbl He MOXEeM JOBOJBCTBOBATbCS ONpeieseHHeM
KpuBOH Kax rpaduka ¢ynruuu [ (x). Mel ompemesuM KpHBYIO Kak
MHOXKECTBO ToueK M, ABASIOMMXCS KOHIAMH Bekropa OM, 3aBUCSINETO
HernpepriBHBIM 06Pa3oM OT HEKOTOporo napaMerpa f. Ecau ¢ — uucio,
H3Mepdiolliee BpeMsi, TO KpHBas HasbiBaeTcst mpaexmopuet TOUKH M.
HccnenoBanne Mbl GyJeM BLIMOJNHSTh B METPHUYECKOH TeOMETPHH.
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[lo oTHOmeHHIO K (PUKCHPOBAHHOMY OPTOHODMAaJIbHOMY Gasucy
c HauasioM B Touke O Gynem HMeThb:

OM=xit+yj,

e x u y — QyHKUHH apryMeHnTta f.
[Tosie3Ho TakKe BBECTH eiMHHUYHBIA BeKtop # orpeska OM. Ilona-
raem

{ (Z, m)=0 (mod 2n);
OM =ru,;

0 1 r — 370 noJISIpHEIe KOOPAUHATH! TOYKH M, sBasioliecs GyHKIHIMA
aprymenTa f, KaK K JeKapTOBbl KOOPJAHHATHL X U Y.

a) KacareabHas. CkopocTh

3HaueHHIO fo apryMeHTa { COOTBETCTBYET TouKa My, B OKPECTHOCTH
KOTOpoil Mbl OyieM Hu3ydaTb KpHBYIO. Ilist oOjerYeHHs] THUCbMa MbI
or6pocun 3HauoK (O, Tak YTO BHIYHCJEeHHe OYJeT NPHMEHHMO KO BCEM
TOYKAM, B KOTOPBLIX BBEJEHHBIE TNPEAe/]bl CYIECTBYIOT.

[TpousBoaHo# OTHOCHTENBHO apryMenTa { BekTopa OM HasbiBaeTcs
npejes BeKTopa:

! i
—7 A(OM) = MOM— o At J— u+r—IAu.

. Au
HccaenyeMm, uto npeicraBisieT co60i npefes OTHOLIEHHS AF "
ITo onpenemnenuro
. 1 =cos 0i--sin 0 j.

Au
3HayuT, OTHOLIeHHE AL HMeeT Tpeped

u' =0;[—sin0i-+cos0j]=0;w,
Tle W — eIHHUUHBIH BEKTOD, ONpelesNeHHBIA ycaoBHeM (4, w) =
= + < (mod 2n).
Ha;(orxeu, npou3BogHasi BekTopa OM 1o OTHOWIEHHIO K apTYMEHTY ¢
SIBJISIETCA BEKTOPOM, KOTODBIH Mbl 0603HAuuUM V, TaKk KaK eciu f ecTh

BpeM#, TO ITOT BEKTOD MO ONPENEJeHHI0 — GeKMOp CKOPOCMY JBUXKe-
HHUS ¥; 2TOT BEKTOP OIPEAENSIETCS TaK:

(OM) =V=x'ity j=r'un+rw. (1)

B cuny onpenedenusi 3TOrO BEKTOpPA H ONpPEAE/ICHHS KacaTeIbHOMH
B Touke M, HocuTeseM BekTopa V fABjsIeTCSl KacatelbHas K KPHBOH
B Touke M,. [Ipennosioxxum Terepb, YTO Ha KPHBOH BEIOPAHO MOJOMKH-
TeJbHOE HalpaB/eHHe, OHO ONpele]seT Ha KacaTeJNbHOH eIHHHYHBIA
sektop 7. Ilosmoxum
{ (i, T) = ¢ (mod 2mx);
x'=vcosg, y =vsing,

* V — nepBag OykBa QpaHIYy3CKOro ¢10Ba «vjfesse» M JIATHHCKOTLO «veloci-
{as», o3Hauawinero CKoOpocTb.— I[Ipum. nepesod.
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TaK 4T0 v sBJsieTcs ajre6pandeckoil Mepoll Bektopa V Ha opHeHTHpO-
BaHHON KacaTelbHOH. DyneMm wumers:

T=cospi-|singj (2)
H
V=1uT. (3)

Ipunoxenne
OxpyxHOCTb. Yuego r nocrosauHo; nonoxuMm r = R. Torga

OM=Run, T=w, V=Rg'T,

TaK YTO 37ech ¢ = 0 - %

[Tapa6ousa. Dro reoMeTpHYecKoe MECTO TOYEK, PABHOOTCTOS -
X OT HeKOTopod ToukKH O u HekoTopo# mpsamoii D. 3ajaeM aty nps-
MyIo ypaBHeHHeM X = d <C 0; onpejie/sieHHe BEIpaxaeTCst COOTHOIEHHEM
r=x—d, Tag uto r' = x'.

W3 pasencrsa (1) Torga cienyer, UTO OPTOTOHAJIBHLIE MPOEKIIHH
BekTopa V Ha BeKTOp i H Ha BEKTOp # PaBHH MexAy coGoil. DTo 3Ha-
yuT, UTO KACAmMeAbHaa napaaresvra Ouccekmpuce yeaa (I, u).

Yepr. 35 Yepr. 36

Daaunc. KpuByio onpefiefisioT, OTIPABJAASICE OT ABYX (DHKCH-
poBaHHEIX Touek (ee PoKycoB f; m Fj), Kak reoMeTpHuecKoe MECTO
ToueK M, CyMMa pacCTOSIHHI KOTOPEIX JO (DOKYCOB IIOCTOSIHHA M paBHA
2a > F,F,. Hanumewm:

FoM =r,, F-M = ryu,, r1+r,=2a.
HcxonuM H3 paBeHCTB
OM =OF,+ FM=0F,+FM
u GepeMm npousBogHble. [Tosydaem:
V=rum+rbw, =rgs-+r0,w,, mnpuueM r;= —r,.

3HauuT, OPTOrOHAJbHBIE MPOEKIHH BEKTOpPa V Ha BEKTOPH &y H U,
paBHBl MO abCOMIOTHOH BeJTHYHHE, HO OOPATHBI IO 3HAKY. DTO 3HAUHT,
UTO KacameAasHas — smo sHewrnan Ouccekmpuca yera (FAM, F:M).
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Funep6ouaa. HcenepoBanue aHaNIOTHYHO, HO ONpefedsioLiee
3Ty KPHUBYIO PaBEHCTBO HMMeET TAKOH BHJ:

lri—r2|=2a>F1F2.

[losTomy nomydaercst r; = r,, H KQCQMEAbHAA — MO GHYMPEHHAA
buccekmpuca yeia.

Sameuanune. Eciu coBepwiuTh mnpeoGpasoBanue napamerpa
t = h (M), TO Bce NpPOM3BOJHBIE, KaK YHCJOBHIX (DYHKIHH, TAK H BEK-
TOPOB, YMHOXKAIOTCS HA
yucao h' (M), HO enuHHU-
Hble BEKTOPHI, KaK # YTJIbl,
pa3yMeeTcsl, COXpaHSIOTCS.
B xuHemaTHKe BpeMsl HB-
Jasercsl obsi3aTeJbHBIM na-
pameTpoM, OTHOCHTEJbHO
KOTOpOro 6epyT NpOH3BOA-
Hble, TO €CTh HEe3aBHCHMOH
NepeMeHHOH; OHaKO B Teo-
METPHH IapaMeTp MOMKHO
BLIOHpATh: YAaCTO BBITOLHO Yepr. 37
6paTh B KauecTse napamer-
pa yrou 6 uau xe yroa ¢. Ho eme wunTepecHee BhIOpaTh napametp,
o6ecreynBaOIKil BHIIONHeHME paBeHcTBa: | V| = 1, ToecTh paBeHCT-
Ba x'2 - y'2 =1, uiu Takxe PaBEHCTBa:

npeaen (le— M0M> =1.

OToT mapaMeTp HMeeT pasMepHOCTb IJHHBLI, H €r0 HasbBaloT Kpu-
goaunetinod abeyuccol TouKH M Ha OpHEHTHPOBAHHON KPHBOH U 0003Ha-
4apoT uyepe3 s. Onpepessollee COOTHOIIEHHE:

MM
T 1,

lim AS —

TO €CThb
i XopAa MM -1
nyra MgM — 7’

BIIOJIHE COOTBETCTBYET TOMY, 4TO TpeOyeTcs OT IJIWHBI LYTH.
8) KpususHa
KpuBu3Ha COOTBETCTBYET CKOPOCTH H3MeHeHusi yraa ¢ = (i, T),
3ajaloliero HarpabsieHne BexkTopa 7. Bo3bMeM HO3TOMY NPOH3BOIHYIO
BekTopa 7; paBeHCTBO (2) paet:
T'=q' (—singi-+cos9j)=o'N, (4)

rie N — BeKTOp, NeprneHAHKYJAspHbIH Bekropy T, 3HAUMT, HOpMAAb-
Howl K Kpusod. DTO €NMHUYHBIH BEKTOD, ONpPEAEJNEHHBIH YCIOBHEM

(T, N) = + 5 (mod 2n). |
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Ecnn mapamerp ¢ ectb BpeMs, TO NPOHM3BOAHAsI BeKTopa V Haswl-
BAeTCsl YCKOperuem JBHKEHHsT TOUKH H 0ObIYHO o6osHauaeTcst yepes I
W3 pasenctBa (3) nosyuaercs, COLJIaCHO paBeHCTBY (4):

r'=vT4vg’'N. (5)

SHAUHT, MAHEeHUUANbHAR COCMABASIOWA YCKOPeHUS UMEem 8 Kaue-
cmse aaze0pautecKol Mepol HO OPUEHMUPOBAHHOL KacameAabHol npous-
B00HYI0 NO 6PEMEHU Om QA2eOPAUHECKOll Mepbl CKOpoCmu.

Ho kax HHTepnpeTHPOBATh HOPMAJBHYIO COCTABJISIONLYIO YCKOPEHHU st
vp’? B cayvyae OKPYKHOCTH Mbl HalllJIH:

V=R¢'T, 3nauur, v=R¢’, OTKy1a:
02

_R— .

ITonoxuM MO aHAJOTHH AJs JIOOG0H KPHUBOH:

R=—,

v’ =

R umeer pa3MEpHOCTL AJIKHBI U ABJASETCA YHC/JAOM CO 3HAKOM. Tak kak
v2 x’2+y’2
R2 =g = 73
% ?
TO 4nCa0 R HWHBApHUAHTHO MO OTHOIUIEHHIO K Hp606pa3OBaHHIO napaMeTpa

{ = h (»). K TomMy e R WHBapHaHTHO IO OTHOWICHHIO K NmpeolGpasoBa-
HHIO OPTOHOPMAJIbHOTO 6a3uca, TaK KakK H3 PaBeHCTB:

*

' BEITeKaeT x'2-+y2=X"2]-Y"?,
y=b-+Xsina+Y cosa, y +

a yroJ ¢, yBeJUYEeHHbIH HAa NOCTOSIHHBINA YroJ o, HMeeT HHBAPHAHTHYIO
IIPOHU3BOJHYIO.

Taxum o6pasoM, R — 5TO [LJUHA CO 3HAKOM, COOTBETCTBYIOLIAA
BHYTpPEHHHM 06pa3oM KaxJoH TOUKe KPHBOH. DTy BeJHUHHY Ha3BIBaiOT
paduycom KpususHer Kpusoli B PAcCMaTPHBAEMOH TOUKe, H Mbl HMeeM:

r=yityj=vT+%5N. (5')

[ x=a-}+Xcosa—Y sina;

MoK HO H3MEHHTH YCJIOBHE O HANMPaBJAeHHH eAHHHIHOIO HOPMaAbHOIO
BeKTOpa TaK, YToObl 4Hca0 R ObLJIO BCerja MOJOXKUTeNbHbIM. L7151
3TOrO HYXHO, UTOObl 5TO HAaNpaBJeHHEe 3aBHCEIO OT caMoi KDHBOI,
a He OT NOJIOXKHTEILHOIO HanpaBJeHHsd, ONPEIeNeHHOTO C MOMOLIbIO

6asuca. HanomuHaem Tenepb, 4YTO €CJAH HE3dBUCHMOE IeEPEMEHHOE
1

ecTh 8, TO ¢ = 1; 370 3mHauur, 4ro R = 7
8§

- 1 , "
O6GpaTHas BeqUYHHA -® = ®s Ha3bIBACTCHA KpUSL3HOU; OHA TOKa-

3bIBAa€T CKOPOCTb, C KOTOPOH Bpallaercs KacaTejqbHasi, €CIH yroJ
MOBOPOTa paccMaTpHBaTbh Kak (pyHKUHIO AYTH.
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CBs3b ¢ Teopueld kKacaHHs CHoea, kak B § II, 4,
npHHHMAeM abcuuccy x 3a napamerp. Toraa (bopmynbx npnoéperaxor
TAKOH BHI:

[xt—l : U COS

Rz%, Y= (1+tg29) =g (1+4%),
=y =y sin P,

OTKYyAa
(R = (k™
[y |
T/l TIPOU3BOJIHBIE B3SITEI OTHOCHTEJILHO apryMeHTa x. Takum o6paszom,
rpaduke AByx O&yHKuui: y = f(¥) H y = g (¥), KOTOpblE NPOXOXAT
yepes o,nHy H Ty XK€ TOUKY X = X, H HMEIOT B Hell OfHY U TY Xe Kaca-
TeabHyo [f (xo) = g (x0) U [ (x0) = g’ ()] 1 x TOMY ke Takue, uTO
CHpaBelJiHBO paBeHCTBO [” (xo) = g” (xo), MMEIOT B TOUKe X, OLMH
M TOT K€ PajHyC KPHBH3HEL. Hupaue roBOP#, ABE KDHBbIE, HMEIOLLMe
B HEKOTOPOH TOYKe KacaHWe [0 MEHBbIIeH Mepe BTOpPOTO MOpPAIKA,
VIMEIOT B 3TOH TOUKE TOT 3Ke PaAuyC KPHBHU3HDLI, ONpeJe/eHHbIH B yKa-
3aHHOM CMBIC/JE. B YacTHOCTH, CONMPHKACAIOWIAACS OKPYIKHOCTH — 3TO
OKPYXKHOCTH pajuyca R, KacaTeJbHasd K KPHBOH C Hajjexaliei CTo-
poHbl, ofecreynBarollell HeOOXOAMMBIH NMOPANOK KacaHHS.
3aMmeuanue. B cayyae npocTpaHCTBEHHOH KpHUBOH KHHEMATH-
YecKoe HCC/eoBanue Oblio Obl aHAJTOTHUHBEIM, HO, YTOGB OMPEeNHUTD
HaTNpaBAeHHe eJMHHYHOTO KacaTesJbHOro BekTopa 7T, OfHOTO YrJa
negocraToyno. [IpHXOANTCS BBECTH TPH KOCHHYCa yIyioB, o6pa3oBaH-
HBIX BekTopoM T ¢ ocamH KoopAuHatT. IIpoM3BOAHBIE 1O BTOPOro
nopsijika (BKJIIOYHTENbHO) BBOAST KPUBUSHY, & TIPOU3BOJHbIE JI0 TPETHETO
nopsaka (BKJIOYHTENBHO) BBOASIT Kpy4eHue, BeJHUYHHY, OOpaTHYIO
HEKOTOPOM JIMHE ¥ XapaKTePU3YIOMLYIO TOT (DaKT, YTo KPUBAs He gBJsIeT-
ca mjocko#l. B kjaccuueckofi MeXaHHMKe CYIIECTBEHHH JHIIb IPOU3-
BOAHBIE IO BTOPOTO NOPSAKA, BKJAIOUHTENLHO.

?

UerBreprasa raasa

NPHNOWEHUA OBLLUKX TEOPEM
©

1. CneynanbHblie BUAbI hyHKUMIA

Urobel o6ecrieudTh NOHUMAaHHE BCEro IperblAyLIero, YUTaTe b A0J-
JKeH OblJ1 IOCTPOUTDb TabJMIbI H3MEHEHHS!, a TakKxkKe rpaduku AJs MHO-
TOUHCJIEHHBIX IIPOCTHIX mpHMepoB. Ham ocTaeTcss JiMIlb OCTaHOBHTBCS
Ha HEKOTOpHIX 0OIHX coobpa)keHHsX, Kacamluxcad (GyHKOIUH KJjac-
CHUYECKHUX THIIOB.

1. Muorouaessbl

P(x)=aux"+ax™ 1+ ... FGuax +ap.
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OyHKIMSA onpefeseHa, HernpephIBHA M HMeeT NPOH3BOAHYIO, KAKHM Obl
HH OblIO 3HaueHHe aprymeHTa x. I'paduk Moxer GhTb HapHCOBaH
OZHHM pOCUYEDKOM; 3ITO YHUKYpCaAbHaa KpHBasd. Kpusas, reomerpu-
yecKoe MecTOo ToueK M;, Has3wlBaercs YHHKYDCAJIBHOH, €C/IH BEKTOp
OM 3aBHCHT payuoHaAbHO OT HEKOTOPOro mapamerpa ! Tak, 4TOGHI
To4Ka M onucbiBajga KPHBYIO IOJHOCTBIO H HENpPephIBHO, KOrja napa-
MeTp { mpoGeraeT oOrpaHMYeHHBIH HJIM HEOTPAaHHYEHHBIH HHTEpBaJ
MHOZKECTBA BELeCTBEHHEIX UHCes. 37ech apamMeTpoM sBJISIETCS POCTO
abcoucca X.

TTocnenoBaTenbHEe nponsao,rmble HMeloT YOBIBAIOIUE CTENeHH, TaK
4YTO JIMIIL [epBhle 7 He pPAaBHBl TOXKAECTBEHHO HYJIO. CBO60LLHI:I€
4JIeHbl STUX MPOU3BOAHBEIX 00pa30BaHEl IPOCTO C IOMOIIBIO MOCJENOBA-
TeJBHBIX KO3(pUIHeHTOB MHOTOU/IeHa P (x), pacnosioXeHHOro MO BO3-
pacTawlomuM creneHsM. Ho cBoGOAHBIM U/eH MHOTOYJeHa €CThb ero
3Havyenue npu x = 0; TakuM o6pa3oM, moJjaydaercs uHTepecHas dopma
3a0HCH MHOrOYJIeHa

P(x)=PO)+1P O+ P”(0>+---+12 PO+t
"‘12 = P ©),

WJIH, Jenasi 3aMeHy nepeMeHHOH X == X - X, H npuMeHss ¢opmyay
K MHOTOUJIEHY OTHOCHTENbHO X

P (x) =P (x0) 5550 P/ (xg) 4 .. + 0P () . 4
+1x——xo) P(")(Xo)

dra ¢opMyna HaswbBaercst gopmyaoi Taiiropa 0as muoeourera. Ee
o6obuienye Aas Ipyrux (yHKUUH CYLIECTBEHHO I/ TEOPHUH KacaHUd,
TAK KakK B Hell (PUTYpUPYIOT 3HAUEHHs IIOCICAOBATEJBHBIX IIPOM3BOJ-
HBIX B TOUKE Xo. Mbl He Oy/ieM 3aHHMaTbCS 9TOH Teopuel, A KOTOpoH
B Hacrosield pa6oTe HpoBejeHA JHIIL NOATOTOBKA.

Viayuenne MHOTOUJIEHA NpPH 3HAYEHHH apryMeHTa X, CTpPeMsAlieMcs
K GecKOHEeYHOCTH, NPOBOAMTCA Oaarofaps ciaeiywnoumel Teopeme.

Teopema. OmHouleHUe MHOSOUACHA K CO0EMY CIMADUIEMY HACHY CHipe-
mumes K& edunuye, kozda x cmpemumcs K 0eCKOHeHHOCHU.

B camomMm gene, umeeMm:

P a, 1 ]

SO [t

Bhipaxkenne B KBaJpaTHOH CKOOKe oOCTaeTCsl OTPaHMYCHHBIM, OHO
1

YMHOKaeTCs Ha YHCJI0 rl cTpeMdleecsa K HYJIIO, 3HAYUT, npaBad 4acTh

CTpEMHUTCA K €JHHHIE.
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A noBesenue onHOUJEHA z = axP, KOTja X CTPeMHTCS K GecKoHed-
HOCTH, VKa3aHO B C/ACAywoHled Tab/jHue:

x—> 40| x—> —
a>0 z—> 4+ | z2—> +®

p— UeTHOE

JHCJI0
a<<0 2—> —oo | 2> —00
a>0 22— +o00 | z—> —@
p — HeueTHoe

HHCJIO0

a<0 2—> — | 2 —> 40

CorsacHo chopMynTupOBaHHONH TeopeMe, MHoOrowieH P (x) Bemer
ce6s, KaK ero 4JeH HauBbICUIeH CTENeHH, KOTOPLIA MO3TOMY Ha3bl-
BAETCS €ro eaasHeim 4aenom. Takum obpasoM, MHOrousieH P (x) crpe-
MHTCSH K 00 WM K —co, B 3aBUCUMOCTH OT TOT'O, CTPEMHUTCS JIM K 00
WJIH K —co ero IJaBHBIA UJeH.

3ameuaHue OmHOWEHUE <HACMHOE CMpeMumcs K eOuxuye,
Koz0a x cmpemumca K OecKowedHocmu» eCTb OTHOLIEHHE SKBHUBAJICHT-
HOCTH MexAy (YHKUusMH, OJaropaps TeopemMaM O Ipejenax.

JleHCTBUTENBHO, 3/1eCH HMEET MeCTO:

pedIeKCUBHOCTD
f () .
oy b
CHMMETpUs
f(x)
g 1] =
TPAH3HUTHBHOCTH
f (x> £ F ()
— 1] [ ££ _91] [h(telj.

Moxuo 0603HaqHTb 3TO OTHOWIeHHE qepe3 f (x) oo g (x). C mpyro#
CTOPOHEBI, H3y4yasl aCHMNTOTHYECKHE KDMBBIe, Mbl BCTPETHJIH ADYroe
OTHOILIEHHE 3KBHBAJEHTHOCTH: (PA3HOCHL CIPEMUMCA K HYyato, Koeda X
cmpemumcs K OeCKOHeuHoCmuy.

HeficTBUTEIbBHO, HMMEeT MECTO:

pedyIeKCHBHOCTD
f(x)—F(x) — 0;

CHMMETpHS
Fx)—g@)] — 0= [gx)—F(x)] = 0;
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TPaH3UTHBHOCTH
[F()—g®)] — 0u [gx)—h(x)] — 0= [f(x)—h(x)] — 0.

O0raxo amu 080 OMHOWEHUA BSKEUBAAEHMHOCIU OMAUYHOL OpYye
om Opyea U HX HeCJeLyeT cMelInBaTh. HeoGX0AHMO OTMETHTD, TOCKONBKY

f—g@ _ [
IO RE

TO BTOpPOe OTHOLICHHE BJeyeT 3a co0OH IepBOe, €CJIM TOJIBKO g (X}
He CTPeMHUTCS K HYJO (H, B YACTHOCTH, €CJH g (X) cTpeMHTCS K 6ecKo-
HEYHOCTH); HO IIepBOE€ OTHOUIEHHe BJedeT 3a CcoGOH BTOpOe, TOJBKO
ecaH (yHKUMA g (x) ocTaercs orpanuuenHoi. [lostomy Owio Obi rpy-
6001 olINGKOH, paskHICKUBAsS NIPENeN, 3aMeHsITh NPHU JIOOBX 006CTOSATE b~
CTBAaX OJHY (PYHKLHIO ADYIoOH, eli «3KBHBAJECHTHOHY B CMBIC/E NEPBOTO
OTHOUICHH S 5KBHBAJECHTHOCTH. Bhileckasannoe npumeHnseTcs Ge3 name-
HEHHs MPH HCCJEJOBAHHU Mpefenia, KOrJa X CTPEMHTCH K HEKOTOPOMY
3HAYUEHUIO Xy, BMECTO TOIO YTOOBI CTPEMHTHCS K OECKOHEUHOCTH.
2. PanuoHansHble APOGK

_ N ax"+...+a
[ =5 = BoXP ... F by

@) Hynn snaMenartensi, eciy OHM CYLIECTBYIOT (TO €CTh 3HAUCHHS
apryMenTa x, ofpamaioliie 3HaMeHaTelb B HY.Jb), SBJSTCA CIHH-
CTBEHHBIMH 3HAUeHUSIMH, JJIs * KOTOPBHIX (YHKIUHS He HeOpepbiBHA.
Bo Bcex npouux Touxkax (QYHKLHS ONpejeseHa, HempephlBHAa U HMeeT
IIPOU3BOHYIO.

B panbuefiimeM Mpl GyJeM mpeanoJaratb, 4To 3TH HYJIH MHGTOYIECHA
D (x) He sBasOTCS HyJAssMu MHoroustexa N (x); B IPOTHBHOM CJydae
Mbl OBl COKpaTHJ/IH Jpobb, pa3fenus 06a ee ujeHa Ha NPOXOAAILYIO CTe-
neHb JAByUYJeHa (X — «), €M YHCJO @ ecTh OoOWui Hyab. Mer yxke
TOBOPHJIH O TOM, YTO B T4KOM CJydae CJIeA0BaJOo Obl JOMOJHHTL Ompe-
Jenenne QyHKUHH, IPHHHMAA 33 ee 3HaUeHHe IPH X = & TO 3HaYEHHE
(BO3MOKHO HyJeBoe HJIH GECKOHEUHOE), KOTOPOe NPHHHMaeT COKpa-
meHHas ApoGb U KOTOPOE Ha3bIBAIOT «MCTUHHBIM SHAUCHHEM» 3aJaHHON
¢yukuuu B Touke a. [locsme Toro, kKak cokpalllenue ApobH clenaHo,
Kax bl KOpeHb 3HaMeHaTe s, KOTOPblH HA3bIBAETCA NOA0COM QYHKINH,
SABJISIETCST A5l rpaduKa aGCuUcCoil aCHMIITOTSI, napaJenbHoi K ocH Oy.
ITepemena 3HaKa, KOTOPOMY MOABEpraeTcsl 3HaMeHaTeNlb, €C/JIH KOPEHb
HeueTHOH KPaTHOCTH, H COXpaHEHHe 3HAaKa, €CJM KOPeHb HMEeT YeT-
HYI0O KpaTHOCTb, ONpeLe/sioT IOJOKEHHE KDHBOH MO OTHOLIEHHIO
K acumnrore.

b) Lnst uayuenus GyHKIUM NPH 3HAUCHHAX apryMedTa, CTPEMSALHXCs
K GeCKOHCYHOCTH, NPHMEHSeTCs TeopeMa.

Teopema. Koeda apeymenm x cmpemumcs K Geckoreunocmu, payuo-
HaAbHAR PYHKYUS umeem mom ge npeder, 4mo u OMHOUIEHUE 2AABHbLX
HACHOB YUCAUMEAR U 3HAMEHAMEAA.
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3rto HENOCPEACTBEHHOE CJAEACTBHE TEOPEMBI O MHOTOW/IEHAX, NMOTOMY
YTO MOXKHO Hanucarthb )
N _ ax" N , D
D(x) = bpxP  aggx™ ' boxP ?

OTKYyJa BBIBOIMTCA: KOrjJa X CTPEMUTCA K 6eCKOHe‘~IHOCTI/I, TO
n>p|fx) —>co

np|f(x)—>0

_ %
n=p | [(x) —> e

¢) AcuMnTOTHUECKOE HampaBJeHHe rpaduka HMeeT CBOMM YIJIOBHIM

X
KO3(XpHUUHEHTOM IIpejies1 OTHOLICHH S ]i:(T) , KOTja aprymMeHT CTPeMHTCS

n
K GECKOHEUHOCTH. JTOT IIpejie)i paBeH Npejiey OTHOLIeHH ba‘) ;f — , OTKYJa
BHIBOJIBL:
n > p - 1. AcumnroTHueckoe HampapJeHHe napaajeapsHo Oy. BeTsb
sABJaseTcs1 napaboanuyecKo.
n << p -+ 1. AcuMmnroTHyeckoe Hanpap/eHHe mapaineqbHo oc Ox.
g

=p, [ (X)—> _;10__ Hmeercst acumntora y= > .
0 0

n<<p, f(x)— 0. Ocp Ox siBngeTCA aCHMNTOTOH.

n = p -+ 1. AcumnToTHUecKOe HamnpaBJecHHe HMeeT YIJIOBOH KO3)-
a
dunyent o .
bg
AcuMnToTa CymecTBYeT H OTHLICKHBAeTCS NyTeM JAeJeHHA
Mmuoroustera N (x) Ha mHorouneH D (x).

Hony!{aeMoe YaCTHOE HMEET IIePBYIO CTeneHb, TaK HTO

N _ R(X)

ACHMHTOTOP"I ABJISIETCSL MpfAMasi C ypaBHEHHeM
y=——x-+k.

B GoJee ofmem cayuae, korga n > p -+ 1, nejaende jaeT acHMOTO-
THUYECKYIO KPHBYIO, IpadiK HEKOTOPOTO MHOToWJeHa y = Q (x), ompe-
JIeJIEHHOTO PaBeHCTBOM: -

N (x) R
P =@+, d(R)<d(D).

3. HesBHble ¢yHKUHH
a) Anre6pauueckoil KPHBO! HA3LIBAETCS B AHAJHTHUECKOH reoMeT-
pHH KpuBas C IejnM ypaBHeHHeM F (x, y) = 0. Takas kxpuBasa He
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siBJIsieTCs1, BooGlle roBops, rpadukom dyHkuud y = f (x), a npencras-
JfeT OOBbeAHHeHHe AYT, SBJAIMIMXCS TaKUMH IpapuKaMd; 3TH Tpa-
{HKH MOXHO pasrpaHHYHTb, HCCJAEAYsd YHCJIO KODHEll ypaBHEHHS
F (xg, y) = 0 B 3aBHCHMOCTH OT 3HAUEHHMS YHCJIA Xy U OTAENsIS APYT
OT JAPYyra KOPHH, KOTOPEIE HYKHO IIPOCJEXKH-
A B4Tb II0 HenpepLIBHOCTH. TakHM o6pasoM, BO3-
HHKAeT BONPOC O HEASHbIX PyHKyusx: BooOlie
roBOpsi, Mbl He yMeeM BEIPa3HTb B SIBHOM BHUJIE
(GYHKUMH, Ha KOTOPLIe YKa3blBaeT rpaduk, ¢op-
MyJaMd THna y = [ (x).
O6parno, nycTb faHa  sBHAA (QYHKIHA
/ X y=[(x) u uputom anrebpauyeckasi, TO €CTb
Takas, B KOTODOH BCTPEYAIOTCSl JIHIIb CJIOMKE-
HHe, YMHOXEHHe, JieJeHHe H H3BJeYeHHe KOp-
Hell. MoOXKHO J0Ka3aTh, 4TO rpaduk 3TOH (PYHK-
IIMM MOXKHO paccMaTpuBaTh KaK 4YacThb aqre6-
Yepr. 38 pauHYeCKONl KpHBOH C ypaBHEHHEM

F (x, y) = 0.

[©

Hanpuwmep,
(y—x)P—(x—=1)=0;

y=x+V x—1 npuBomut K [
y—x>0.

Yro6nl noayuutb F (¥, y), YMHOXKaWOT Mex1y cOGOH pPasHOCThb
4y — [ (x) 1 conpsiKeHHBlE HPPALMOHA/bHBIE BbIpaKeHHS, YTOGH OCBO-
BoIUTHCS OT PAAMKAaJIOB; H30aBJSAIOTCS TakKe OT 3HAMeHaTeJeld W MpH-
PaABHHUBAIOT BbIpaxeHHe K HYJIO.

C Jpyro#l CTOPOHbI, 3TO MO3BOJSAET B NMPOCTHIX CAy4asiXx Pacno3HATh
NPHPOAY KPHBOII, HANPHMED PACMO3HATL OKPYKHOCTb, Napaboay H T. 0.,
OTKYJa NOJyYaeTcsi BePHBIH uepTexX Jns TpebGyemoro rpaguka. 3ame-
THM, JaJjee, cTerneHb MHorousesHa F (x, y) mokasbiBaeT MaKCHMAaJbHOE
YHCJIO TOUEK MepeceueHHs KPHBOH ¢ KaKoH-JH6G0 npsaMmoll y = ux + v.
DTa cTeneHb HasbBaeTcA nopadkom aarzebpauueckot kpusol. Ilopsanok
-OTPAHMYHUBAET BO3MOXKHOCTh MHOTOUHCJIEHHEIX H3THGOB KPUBOH; KpHBas
HEBEICOKOTO HOPAJKa MOXKET HMETb JIHIIb MPOCTYIO POPMY, UTO SIBJISIETCS
IIEHHEIM YKa3aHueM MpH IOCTPOeHHH Tpaduxa.

HoxasnBaetcs (kH. IV, 4. 3), 4TO KpHBBIE BTOPOrO HOPSAAKA MOTYT
ObiTh JIMUIb TPeX BHJOB: 3JJHICOM (HJIH OKPYKHOCTBIO), napafono
uiau  tunep6osoil, GopMbl KOTOPHIX H3BecTHbl. OTCI0Za BBIBOLATCS
<popMbl IpadHKoB (GyHKIHH

yzax—}—[3+]/m7)x—+c.

ax?4-bx--c

m ABJIAIOTCSA KPUBBIMH TPETLEr'O
T10psIiKa. Ecan 3uaMmenaTesb HMeeT ABa ILeI';ICTBPITeJIbeIX KOpH#, TO
TIOCTPOCHUE JBYX aCHMIITOT, NapaJ/ijeJbHBIX OCH Oy, H aCHMITOTHI,

f1apajnenbHofi ocd Ox, H SHAHME NOJIOXKEHHSI KPUBOH MO OTHOIIEHHUIO

Anasoru4Ho, KpUBHE Y =
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K acHMNTOTaM JOCTaTOYHBI, 4TOGBl BHISIBUTH (opmy Kpusoit. Crexyer
OTMEeTHTB, YTO IIOCKOJBbKY AaCHUMNTOTa, mapasnenbHas ocu Ox, Kaca-
TeJIbHA K KPHBOH Ha GeCKOHeUHOCTH, TO OHA TepeceKkaeT KPUBYIO elle
B ONHOH M TOJBKO B OAHOH TOUKE.

b) IlonsATHe cTeneny, OYeBHIHO, He IPUMEHSIETCS] K TPHTOHOMETpHYE-
CKUM GYHKUHSM H K TPAHCHEHIAEHTHBIM (QYHKIHSAM, TAKHM, Hanpuamep,
Kak

y=xsinx.

Takve QYHKUHH JAlOT TPHUMEPEH], YKasbiBawolie HA HEOGXOAMMOCTh
TOHKHMX [0KAa3aTeJbCTB, OTHOCSIIHXCS K mpefenaM. BoT Heckosabko
KJJaCCUYeCKHX NPUMEepPOB, OTHOCSIIMXCS K OKPECTHOCTH TOYKH, NpPU-
HSTO 3a Hauyano KOOpAWHAT.

YnpaxHenuda. ITocrpouts rpaduru ciaeayomux QyHKIUL.

.1
y = sin —. Her npesesa, Koraa x CTpeMHTCA K HYJIO.

.1
y=xsin—. @ yHKIMH NPUNHUCHBAIOT B TOUKe ¥ = () «<HCTHHHOE 3Ha-

YeHHe», paBHOe HyJio. Toraa ona HemnpepelBHA, HO
He HMeeT NpOH3BOAHOH npH x = 0.

y = x%sin —lx— ITocse Toro, Kak (hyHKIUS CAeAaHA HeNpepbBHOM
B ToYke x = 0, ee NpOU3BOJHAS B 3TOH TOUKE paBHa,
110 ONpefiesleHHI0, NpeAeJy OTHOLIEHHS % TO €eCcTh
HYJIO; OJIHAKO  mpousBogHas  ¢yHkumus y =
= 2x sin % — COos %He HempephuiBHA B ToUKe ¥ = Q.

.1
y = x*sin — . TpyRHOCTb 41151 §' HCUE3A€T; OHA COXPAHSETCS JIHLID

L9 y" ¥ IPOU3BOAHBIX GOjiee BBICOKHX MOPSIKOB.
4. JluHeliHaa QYHKUHUSA HECKOJbKUX HE3aBHCHMBIX MNepeMeHHbIX
MbI paccMaTpuBa/au paHee TOJILKO YHC/JAOBhHe GYHKIHH ORHOHN Hesa-
BHCUMOH nepemMeHHol. PYHKINA ABYX HE3aBHCHMBIX TIePeMeHHBIX OYAeT
0603HaueHa

{x1, xz}\ ;Y wH y=1[{(xy, x).

Ecau usobpaxats napy {Xi, X;} B TOYCUHOM JBYMEPHOM MpO-
crpaHcTBe ¢ 6asucom (I, I,), a y OTKJIAABIBATH NapasieabHO TPETbeMy
BekTopy 6asuca (ly, ls, I3) TpeXMepHOTrO IpOCTpaHCTBA, TO I'padHKoM
$YHKLIHH SBJASETCS MOBEPXHOCTb. Mbl MOXeM ee H3yyaTh € NMOMOLIBIO
nepeceyeHHil ¢ OUJIMHAPAMH, OCHOBAHHS KOTOPBIX BHIGHPAIOTCS IIPO-
H3BOJIBHO,

{ x1=0(f);
X2 = @2 (f),
TaK Kak y CTaHOBHTCS TOTZa (pyHKUHelH mepeMeHHO! ?:
Yy="Flps (), P2 ()]
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Ananorauno GyHKUMS 1 NEPeMeHHBX Xy, Xz, . .., X, HMEET rpa-
¢uKk B (n + 1)-MepHOM npOCTpaHCTBE.
OCHOBHBIMH SIBJISIIOTCS] AUHELIHbe (DYHKLUL

Yy=axy+aoxa+ ... - apXn.

Bynem paccMaTpuBaTh 4HCNia Xy, Xgy . .., X, KaK KOODIWHATHI
BeKTopa V mpocrpanctBa R™ n u3MepeHuil, y sBJIdeTCHd TOTAA JIMHeH-
HOH (byHKUHell 3TOro BekTopa, TaK uro nosaaraeM y = [ (). Koria
BEKTOD NOJABEPTaeTcsl ABYM ONePalMsM, XapaKTepH3YIOIUM CTPYKTYDY
BEeKTOPHOTO TPOCTPAHCTBA, TO QPYHKLUS Npeofpasyercs Mo CAeRYIONIHM

3aKOHaM!:
[ V)=Fk-[(V) u [(Vi+ Vo) =] (V)] (Va).

Uccaenosanune B Boinykaoft o6aacTn. [lpocne-
JuM H3MeHeHHe 3HaueHdsl ¢YHKUMH Yy, Koraa V = At 4+ B, 10 ecrb
KOTJla KoHel, BeKTopa V onucbiBaeT npsMywoo u3 R". O6aactb 3HadeHul
Ha3bIBACTCS BBINYKJ/OH, €CJAM OHA COOTBETCTBYET MHOMKECTBY BEKTO-
poB V, mis KOTODHIX fo<{!< ¥, TO €CThb ! NPUHALIEKUT HHTEpBaly,
onpejle/leHHOMY /s Kaxaoi nape (A, B). BuyTpeHuasa yactb ofjacTu
TOTJa onpeeieHa HepaBeHCTBOM f, < ¢ < f;, a ee TpaHHULa SIBJsIeTCS
MHOXKECTBOM, 3aJaHHLIM 3HaueHHsMH [ = {y U { = {;,. Ha oTpeske
npsaMoi y sapiaserca abduuHON (yHKUHell aprymenTta f;, Tak Kak Yy =
= at - b, cienoBaTeNbHO, OHA MOHOTOHHA OT 3HAYEHUS f, PABHOTO fg,
o sHaueHus #;. Orciona BLITEKAET, 4Mo (PYHKYUS HE MOXCErm umems
axcmpemysm (MAKCUMYM HJIK MHHHMYM) GHYMpPU 6bnYyKAol obaacmu.
B cayuae svinyxaotli muocoepanrold  obaacmu  (MHOTOYTOMBHOH, ecan
N = 2) ¢ KOHEUHbIM HUCAOM BEPULUH IKCMPEMYMOL JOCIULAIOMCA KAXCObLLE
8 HEKOmopoll eepuiuHe.

3 aMeuaHHu e Jta TeopeMa COXPaHET CBOK CHAY A5 adPuHHON
pyHKUUH

Yy=aX1 - Qoo+ . .. T Gpxn -k,

KOTOpas H3MeHeHHeM HayaJa TPUBOOUTCH K JHHeHHOH (YHKIMH.

Ecnu cocrasasiomue Yy, Ys, . . ., Yp BekTOpa U p-MepHOro mnpo-
CTPaHCTBA ABJAIOTCH JUHEHHBIMH QyHKUMsMU BekTopa V, To U Haset-
saemca 6eKmopHol Aurelinol Qynxyued eexmopa V. Has nporusomno-
CTaBJICHUA 3TOMY Y1, Y2, . . ., Yp HA3BIBAIOTCSA CKAAAPHOIMU AUHEUHOIMU
Pynryuamu Bexropa V.

NMoauauneitnsie Pyakuuu. [1ycTs MH HMeeM B n-MepHOM MPOCTpaH-
CTBe IBa nmepeMenHbIX Bektopa: V {xi, Xg, . . ., Xo} U W {1, Y2, - . -
. <« Yn}. Cxansipuas dyHKIHA

F(V, W)=auxys1-+ oot . . . - nXnln
HasbiBaeTcsl Ouavbeinnoit *. Ona JuHeHHa B OTAEJBHOCTH OTHOCH-
TeapHo V u W.

* O6wui cayyair OGuaunefinofi dyuxuun Takos: [ (V, W)=ayx;y+
n

+a1oxsyaF Auxays+ oo +ann¥nyn= > aijxiyj. —Hpun. peo.
- i, =1
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AnanornuHo onpenensiorcd ¥ HOJMUHEHHBIE, CKAaAgpHBIE HIH BEK-
TOpPHble (YHKUUH OT BEKTOPOB.

[Ipy W3y4eHHH BEKTOPHBLIX NMPOCTPAHCTB BBOAATCH NOJHJIHHEHHBIC
G$YHKIIH, Ha3blBaeMble onpedeaumenamu, KOTOPble Mbl B CBOE BpeMd
oGosnayany uepes & u A.

B reoMeTpuH OCHOBHLIMH NpHUMepaMH JHHEHHBIX QYHKIHH B Tpex-
MEPHOM METPHYECKOM MPOCTPAHCTBe ABJSIOTCSl CKalfApHbIE NPOH3Bele-
HHS ¥ BeKTODHEIE NPOU3BEAeHHsI JBYX BeKTopoB (kH. I, ri. V).

B ¢ussKe BBOASTCS BEKTOPHBIE NOJS, TO e€cTb O6JAaCTH, KamKIoH
TOYKe KOTOPLIX CTaBHTCS B COOTBETCTBHE BEKTOp, M DACCMATPUBAIOT
CKaJIApHBe H BeKTOpHble (YHKIMH HECKOIbKHX MePeMeHHBIX, sBJA0-
fIMXCS B CBOIO Ouepellb CKajAsipHBIMH HJHM BeKTOPHBIMH.

il. NpuMeHeHne uccnesoBaHUA PYHHKYHH
H pelieHMI0 ypaBHeHHH

Urto6ul n3yunth ypasuenue [ (x) = 0, T0 ecTb HaliTH 4HCJIO KOpHEH,
OTAEMUTh KODHH H NOJYYUTh METOJ TPHOIHKEHHOTO HX BBIYHC/EHHS,
YMeCTHO HCHOJNb30BaTh OcobeHHOCTH Trpaduka ¢yHrmuE y = [ (x).
Mpl OTMETHM JIHIIb HECKOJbKO CYLIECTBEHHBIX MOMEHTOB.

B untepBane (a, b), rae QyHKIHUS HeNpephHIBHA U UMEET IPOH3BOJ-
HYI0, JBa KODHA ypaBHeHUs, TO ecTb ABa HYJIA (PYHKUHH, pasieleHbl
110 KpaiiHell Mepe OAHHMM HYyJeM NMpPOHM3BOAHON (TeopeMa Posa).

B cuny TeopeMbl O INpPOMEKYTOUHBLIX 3HAUEHHSX, €CIH (QYHKIHS
fIpi X; U Xy INPHHUMaeT [ABa 3HAUYEHHS TPOTHBONOJIONKHEIX 3HAKOB,
TO MEXJY 3THMH UMCIaMH HMeeTcsl 10 KpaliHed Mepe OJHO 3HaueHHe,
1npu KoTopoM GYHKIHA f (x) ofpaiiaeTcs B HYAb; €CIH K TOMY Xe PYHK-
LU MOHOTOHHA B WHTepBase (X, Xp), TO B 3TOM HHTepBa/ie B TaKOM
Cyuae COJEPXKHTCS eNUHCTBEHHBIH HYJb.

Haxouet, ecau f (x) — MHOTOWIEH A-i CTENeHH WJIM PalMOHAJbHAS
Ipo0Ob, YHCAHTENb KOTOPOH HMMeeT CTeleHb 7, TO YPaBHCHHE He MOXKeT
uMeTh COJblIe YeM 1 KOpHeH.

Crenyer 3aMeTHTb, UTO, KOTJ4 MBI IIOACYHTHIBAEM YMCJIO KOpHeifl,
PVKOBOACTBYACH TOJBKQ CBEJEHHAMH O BBIIYKJIOCTH rpaduka, Mbl
HE MOXKEM YuYecThb NOpsijiKa KpaTHeIX KOpHei. K 3THM cBeleHusiM Cie-
JyeT ellle NPHCOEIHHUTh Pe3yJIbTaThl, KOTOPhIe JAET MOHSATHE KacaHHd.
Ecau p1st pacecMOTpeHHOTO KOpHS @ He ToJBRO f (@) = 0, Houf" (@) = 0,
TO rpaduk Kacaercs ccd 0x, Tak UTO KacaHHe IO MeHbilell Mepe NePBOTo
fIOpsiilKa U KOpeHb II0 MeHblleldl Mepe NByKpartHbii. Ecau, kpoMe Toro,
[” (a) = 0, To KacaHHe 110 MeHBIIIEH Mepe BTOPOTO MNOPAIKa U KOPEHb
0 MEHBILEA Mepe TpeXKpaTHBIH U T. A. HakoHel, Kak MBI y&Ke YIIOMH-
HaJld, aCHMITOTHYECKOe HanpaBjieHnue Ox COOTBETCTBYeT sl anreGpau-
YeCKOTO YpaBHEHHS OJHOMY OeCKOHEYHOMY KOPHIO, a aCHMITOTa,
napajnesabHass Ox, yKasblBaeT Ha [Ba OGECKOHEUHBIX KOPHA (0O MeHb-
el Mepe).

I[Tpumep. dokasaTe, Yyro NpOU3BOAHAS A-TO MNOpsgKa (YHK-

MK y=;2—+—r HMeeT 7 KOpHeH.
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Pe}(yppeHTHbIM paccyxieHieM IpOBepsAeTCs, UTO 3Ta NMPOU3BOAHAR
HMeEeT BHI:
y(n) - —P"__
(21t
rje Pn ~— MHOTOUYJIEH CTEICHH «f1», OTKYHa BLIBOANUTCA NOCJACLOBATE/ILHO
CylleCTBOBanue n KOpHeﬁ C IOMOLIELIO TabJaHIHI

X —0o0 oo
Yy 0 0
y |0 0 0
g | 0 0 0 0

XoTs npH cyYete HyJed KamxAO0H QYHKIHUH NPeinoXkeHHe OTHOCHTEABHO
CTeNeHH He YUHThiBaeT GeCKOHEUHHIX KODHed (B 3TOM COCTOHT TOUKA
3peHus1 anreGpsl MHOTOUJIEHOB), MBI Bce 3Ke (yaeM yYUTHIBATH U GecKo-
HeYHBle KOPHY JJIS1 TIONYYEeHUS HYJEBbIX NIPENesioB NPH X, CTPeMsIIeMCst
K GeCKOHEUHOCTH.

[IpuMep nccneZOBaHUS CYyIleCTBOBAaHUSA KO Pp-
H e #1. Jlano ypasuenne: x* + px + g = 0.

PaccmorpuM dyHKUIHIO:

y=x3+px-+q, otkyga y = 3x%4 p.
Tabauua 3HaueHH#A NO3BOJSET CHEJATh 3CKU3 Tpaduka.

x| —oo —+ oo

) p>»0 HmMeeTcs oinH KOpeHb
y | —o A 4o
x| —co —xp+x0 -+ oo

2) p<L0

Y| —c0o S M\ym,/ +oo

N Y R I
3
Mm ="+ .

TakuMm o06pasoMm, mosydyaeM BLIBOABI (COIepKallMe o6a cayuas).

4p®+-27¢*>0. Opnud Kopews.

4p34-27¢* << 0. Tpu KopHs.

4p®+-27¢*=0. [IBa XOpHS, M3 KOTOPHIX

OJHH JABYKPaTHBI.
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Ocraercsl, c/el0BaTeNbHO, ONPENEJNHTh BCe KOPHH MeTOAaMH KHuru 1,
raaser 11, § I1L

Hcnonp3yeM 3TH BBIBOAK BO BBEJEHHH K KOMIUVIEKCHBIM YHCJaM
(rn. VI).

MeToa BcnoMoraTeabHHB X KpPHBBHX. [lycts Tpe-
6yerca  HCCIelOBaTh  TpPAHCUEHIGHTHOE  ypaBHEHHUe

2x +1—3xsinx = 0.

CrpouM Ha Tex e ocsixX rpabuku GyHKIHA:
2x+1

— .

=8inx; z2= 5

Of1mue TOUKM 3THX KPUBHIX HMeIOT CBOUMH a6CIICCaMH OTHICKHBae-
Mble KODHH (MHOTAa NPUXOJMTCA OYeHb TILATEJNBHO YTOUHATH OYIH
KPHBBLIX, DacloJIOKeHHe KOTOPLIX He OueBHAHO). PaccMoTpeHuble
B 3TOM IIPHMepe KPHBLIE MOXKHO ObIJIO Gbl HCIIOIB30BATh, YTOOH H3YUYHTh
U3MeHeHUe (PYHKIUH

y=x2+4x-+3(xcosx—sinx),

nepBasl NPOM3BOJAHAs KOTOPOH ecTb JeBass 4acThb [PeLJIOKEHHOro
ypaBHeBUsI.

[Ipu6auxennoe BHUHCJAeHuHe Kopueid Ilpen-
TIOJIOKHM, 9TO OIMH M3 KOPHeH Onpele/leH H 3aKJIO0YaeTcsl B HHTepBaJe
(%1, x3), U IyCTh [ (xy) ¥ [ (x5) UMEIOT NPOTHBONOIOXKHBIE 3HAKH. MOKHG
NONy4IUTh JOBOJBHO XOpoluee Npubau-

JKEHHOe 3HAUeHHWE KOpHS, eClIH 3aMe- y 4 r

HuTH Ayry M M, ee Xopnoii; BbIUHC/IE-
HHe aGcuucesl TOUKHU, B KOTOpO# XOpaa - C,
nepecekaer ocb X'x, BHINOJHSETCS He-
MelJIeHHO (MeTOIOM JHHeHHOH HHTep- \

noasuuy). Ilycrsb x; — HalileHHOe 3Ha-
yeHpHe B5ToH abcuMcchl. BpluHCaIeHHe
3HaueHHs [ (x¥3) YKasplBaeT, HYKHO JHU 04331~ G
3aMEHHTD UHCIOM X3 UYHCIO Xy HIH X3, g5 G D,
focjie Yyero HauWHAIOT CHawasa, HO yiKe
C HOBBLIM TIOJYUEHHLIM HHTEPBaJIOM.

DT0T MeTOX KOMOGHHHPYIOT, BOOOIIe 0 06 \ 1 X
roBopst, ¢ MerogoM HbloTOHA, cocCTOS-
IIMM B 3aMeHe JyTH KPHUBOH KacareJb- Hepr. 39

HOH B OJIHOM U3 ee KOHIIOB; 3HaHHE Ha-
NpaBJeHUs BOTHYTOCTH KpHUBOH NO3BOJsSET INPeIBHIETb, KaKas
H3 KacaTeJbHBIX ABJsSeTcsl GIaronpUATHOMH.

YroMsiHEM, HaKOHeL, NPHHIMI OXHOTO U3 Menmodos umepayuli
BBUJlY HHTepeca, KOTODHI TaKHe MeTOABl NpelcTaB/AeT A/ MAIIHHHBIX
BHIYHCJIEHHT.

[Tycte TpebyeTcs pelluTh NPUGIUEKEHHO YpaBHeHHE:

X34+ Ex=—4q=a0,
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IlpocneanM Meron Ha dHepTexe, o6pa3oBaBHOM KpHBO#H I M mps-
Mo#l A, rpadukoM COOTBETCTBeHHO QYHRUHE ¥ = x% u 2 = — 5x + 4.
OrnpapasieMcs, HanpuMep ot 3HadeHus x = 1. OHO 1aeT Ha KpuBOH
Touky Cy, OpAHUHATA KOTOPOH omnpellenser Ha npsaMoi Tcuky Dy, abcruc-
ca KOTOpoil onpeneisieT HA KpuBOH Touky C, M T. X. DTa nOCIeI0Ba-
TeJbHOCTh TOUEK NpHOAMKaeTcs K TOYKe I[epeceueHusi, abCuuccy
KOTOPOH @ Mbl Pa3bICKUBaEM.

Hurepec 3TOro MeTofa Npu HCMONL30BAHHHE MAIIMHBL COCTOHUT B TOM,
YTO JOCTaTOYHO HACTPOHTH MAaIMHY Pa3 HaBceTZa (3ech HA BBEIUMC/AEHHE
kyGa z uucia Xx; W Ha BbIUHCJEHHe BblpameHus x;., = 0,8—0,2z).

Manmua caMa 00Ka3biBaeT, CXOAUTCS JIM I0CJEROBATENBHOCTD
BBIYHCJIEHHBIX Ydcend x;. IIpH ycloBHH, 4TO 3Ta CXOOMMOCTH K HCKO-
MOMY KODHIO ofecrieueHa, MeToj NMpeACTaBJACT TakkKe GOIBIIOH Teope-
THYECKUH HHTepec.

Haxounen, orMeTHM ellle, KPOME HCIONB30BAHHS MAIIWH, TaKike
MCIOJIb3OBAHUE [Isl PEIeRHs YMCIOBBIX 3aja4 PasJIMUHGIX UHCIOBbIX
Tabnyil I HauepueHHHIX CEMeHCTB KpPUBHIX (20aKoB).

lO,?lS‘ 10,727 |0,723

0,216

X 1\10,6 l{
|

0,757 ll
2 | 11 ‘0,4331 10,362

0,384{

a==0,725.

ITarasg rnasa

NEPBOOGPA3HLIE
e

Teopust Mepul Hac npusena B xkaure I, rnase VI, k nepeooGpasusm
GYHKIHAM, KOTOPhIe I03BOJSIOT BBECTH HEKOTOpEie mjontagd. Mel Bep-
HEMCS K 3TOMY HCCAeIOBAHUIO, VIeAdd OCHOBHOE BHUMAHHE He 00aacTaAM
W HX MepaM, a NepBoo0Pa3HbIM, KaK YHCJAOBHIM (QYHKIHSIM.

1. O6iuan nepBoObpa3sHan HEKOTOPOM
hyHEY AU

1) ®yuruus F (x) HasbiBaeTcs nepgoobpasHot Gyskunu f (x) B HeKO-
TOPOM HHTEpBaJe, ec/d [ (X) — npousBOAHAs QYHKIHA GYHRUHH F (X).

Teopema. Ecau 0ge pynryuu F (x) u G (x) ssasioncsa nepeoodpasHoliill
o0noti 1 mot oce pynryuu [ (x) 8 Hekomopom uHmepeare, mo PA3HOCHb
G (x) — F (x) nocmosnna. B caMoM Jiesle, 3Ta DASHOCTb HMeeT IIpPO-
U3BOAHYIO, DABHYIO HYJIO B JI060H TOUYKe MHTepBaJja, a Mbl JOKasasH,
Kag CJefCTBHE TeopeMbl O KOHEUHBIX NpHpaNIeHHMsX, 49TO TOTAa 3Ta
passoctb nocrosinda (kH. I, . V).
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Tax kak ¢yHkuun F (x) n F (x) + C HMeIOT OHY H Ty e NMpOu3-
BOAHYIO (YHKLHIO, KakOBa Obl HH 6blia moctosiHHass C, TO Mbl 3aKJIO-
yaeM, YTO ecJd Hekoropas (GyHKuuA [ (x) HMeeT «acmuyw nepsoobpas-
nyto F (x), To ceMmeficTBO ee mnepBOOOGPA3HBIX COCTOMT H3 (QYHKUMH
G (x) = F (x) + C. 3ro cemeficTBO Ha3bIBAaOT o6wel nepsoobpasHol

dyHRIMY f (X) ¥ DUIyT:
: &Ff (x)=F (x)+C.

C siBnsieTcs NPOU3BOJMBHON MOCTOSTHHON; Ka)KIoe U3 ee 3HayeHHH ompe-
HesisieT HeKOTOPYIO YacTHYIO HepBOOGPa3HYIO.

2) Brpiuucaende o6uweli nepsooGpa3Hoil, eciH OHA CYIECTBYeT

a) TaGnuua, ykasplBawomas npousBoiHbie (YHKUUM A48 ofime-
ynorpe6uTtenbHLIX QYHKOMH, JaeT nepBoobpasHble NPOCTHIX (QYHKUHH.
Takum oGpasom,

f(x)==x™, n HaTypaJbHOE, Pf (x)=n 1 : PG
1 n HaTtypaJsbHoe, ) 1 .
F=rg - OTJIHYHOE OT Pt ()= —nd1 an 1 +6
e HHHUILBL,
P P
ZH
Foy=x0, x>0, L = —1. Ff @)=t fC.

[lepBasi crpoka 3Tolf TaOJHIBL, TaKHM 0O0pasoM, NpHUMEHUMa IJsi
MmoGoro pauuoHadbHOro yucena n == — 1. M3 ¢ynkuuii storo Tuna

1 - o .
aumb f (x) = — He HMeeT NepBOOGPA3HOM, oONpeie/isieMOd MO YKa-

3aHHbIM (opmysaam. M3 storo Mbl sHe OyleM Jlenars BbIBOAA, YTO 3Ta
nepBoobpasHasi He cyuiecrByer. JleACTBHTe/bHO, PaccMOTPHM clle-
AyioLlHe pe3yJbTaThl:

f(x)=sinx Pf(x)=—cosx+4C
f(x)=cosx Pf (x)=sinx+-C
1 Pf (x)=arcsinx+C
f(x)=hl~_x? u
- Pf ()= —arccos x+C
F=1+tgx Pf(x)=tgx+C
f(x)_l—|-x2 P (x)=arctgx+C
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Mbl BuIMM, 4TO ecii Obl Mbl He 3Hamd OGpaTHHIX TPHTOHOMETpHue-
CKHUX ¢yHKUMH, TO Mbl Obl He 3HaJH NpPO CYLIECTBOBaHHE NepBOOGpPas3-
HBIX st ajgre0paH4ecKHX (PyHKIMH:

1 1

VIi—x® " 1422 °

1
Janee Mpl noxaxeM, 4TO PyHKIHUA ~ HMeeT o0y nepBooOGpasHyo.

b) Ecnn Hekoropas (yHKIHMS He HAXOIUTCH B H3BECTHOH HaM
Tab/uIe, TO NBITAIOTCS MPHMEHUTh OLHY M3 CJeLyIOLUIUX TeOpeM, BhITe-
KalolHX W3 CBOUCTB NPOU3BOJIHOM.

1. Teopema, Ecau F (x) ecms nepeoobpasuas gynxyuu [ (x), mo
k F (x) + C ecmo obuasn nepsoobpasnas gynkyuu kf (x).

2. Teopema. Ob6ujan nepgoobpa3HAs CYMMbL HEKOMOPO2O (KOHEYHO20)
qucaq YHKYUL ecmb cymma obuux nepeoodpasHulx OanHblx (PyrKyul.

TTosTOoMy cTapaioTcs NPeACTaBUTh (DYHKIHMIO, NepBOOGPa3HYI0 KOTO-
PO MBI pasbICKHBaeM, B BHIe CYMMBI IPOCThIX GyHKUMA. B wactHOCTH,
ec/li peub HIeT O DalHOHaJAbHOH ApPOGH, TO BaxkHad IyaBa ajareGphl
OOCBsilleHA TAKOMY PasfIOKeHHIO; 3Ta IJ1aBa JOMOJHAET TO, YTO Mhl
CKasaJy T0 NMOBOLY HeJeHHsT MHOTOUJIEHOB.

3. Teopema o 3aMeHe nepeMEHHOW. ITO C HEKOTOPOH TOYKH 3peHHUs
TeopeMa, oOpaTHas TeopeMe O HAXOXKIEHUH MNPOH3BONHONH GYHKIMH
oT QyHKIHH.

Hercsa dyuknua F (x), Takasi, uro6ul 6ei10 F’ (x) = f (x). Ecan
paccMmaTpHBaTh NEPEMEHHYIO X, Kak (yHKUUIO HeKOTOPOH BCIOMoOra-
TeJbHOf TepeMeHHOH #, TO MOXHO OyJZeT HCIMOJb30BaThb CHCTEMY:

(x:g(u); g (u) — nanHas QyHKIHA, HMeIOUas MPOH3BOAHYIO

xu=g"(u).
\ Fi,=F% -x}.
I[Ipumep. HaiizeM cHoBa ofuylo nepBoobpasHyl0 (QYHKIHH
1
fx)= Vica

1 n P .
BeeneM mnepeMeHHVIO u, —% << u <<, NOLCTAHOBKOH X = SN U.

Torna
1

cosu

F'(u)= -cosu=1.

3uauwr,
F=u-tC=arcsinx--C.

B kauecTBe ympaXXHeHHs NOCTYIIHM aHAJOTHYHO ¢ (YHKLHeR
f)=VT1T—x.
Ta xe saMeHa mepeMeHHOH 1aeT:

F’ (u)=cos"’u=%(1 - cos 2u),
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PyHKIHIO, NepBOOCpa3sHyld KOTOPOH MBI 3HAEM, TaK YTO
F:z% (u—[—%sin 2u> +C= —%(arcsin x+x V1 —x2) +C.

HyxHO yMmeTb mesecoo6pasHo BHGHpATh 3aMeHbl [lepeMeHHHIX.
Orciona BO3HHKaeT HccefoBaHue GOJbIIOrO MPakTHYECKOro HHTepeca,
HO KOTOPHIM MBI He GyIeM 3aHHMAaThCH.

4. Hcnoan3oBanue ¢opmyasl AJsl MPOH3BOAHON NPOM3BEAEHMS
Hnmeem

(uv) =u'v+v'u.
Orciolla BbIBOIHM:
uv =& (u'v) -+ & (uv’) +C.

Ecnu ogva u3 nepBooGpasHbIX, cofep:Kalluxca B 3Tod QopMyne,
H3BeCTHa, TO BTOpas BLIBOIMTCH H3 Hee.
[Tpuwmep. [lycrs
f (x)=xarctg x.
Bynem uMmets:

f(xy=u'v,

x2
u="=, v=arctgx.

[TocMoTpHM 1O03TOMY, MOMKeM JIH Mbl HaHTH NepBoo6pazHyio oOf
1 1 1 1
o e2 —— ——
uv”2x1+x2—z[l 1+x2]'
Mgul HaXOBHM, UTO

& (uv') = l 5 (x—arctgx) +C.

€C/IH B3ATb

Hckomasn nepBooGpasnas 6y11eT, CJIELOBATEJIBHO,
uv—& (uv') :%(xz—}— 1) arctgx—%x—k C.

CpenaHHble BbIllE 3aMEUAHHSI KaXKyTcs OENHBIMM M OTPHIBOYHBIMH;
OfIHaKO NPH YMEJOM HX HCIOJb30BAHHH OHH NPEJCTABSIOT JOCTATOYHOE
OpYyZAHe JIJs1 3JeMEHTapHOTO PasbiCKaHHSI NepPBOOGPa3HbIX.

il. TeoMmeTpuuecHan MHTEpNpeTayun
nepsoobpa3nbix

Msui cefiuac cBsKeM nepBOOGpasHyI0 (YHKIMIO, eCqi OHa Cylne-
CTBYeT, ¢ rpaukoM JaHHON QYHKIUH f (x) U YTOUHHM HCCIeNOBaHHe,
npoBelileHHoe B KHHTe I, ¢ JIpyroft ToUKH 3peHus.

Myers f (x) — dpyﬂxum onpejesieHHasi M HENPEpPLIBHAsE B WHTEp-
Bane (a, b), AB — nyra COOTBETCTBYIOWIETO rpa(bﬁxa M — Touka
rpaduka, KOTOpasi NMpPOEKTHPYETCS B TOYKY 1 OCH x"x ¢ abcruccoit x.
Mbi npesnosnaraeMm, 4TO KpHBOsimHefinas Tpamenusi aAMm umeer
NJIOIAAL: TOTJa 3Ta IJION3Ab ecTh GyHKUHst A (x) abenucesl X Touky M.
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OcnosHas Teopema. Pynkyus A (x) ssisemes wacmuoti nepeoobpas-
noil ynryuu [ (x).

M3 narnsuelx- coo6pakeHuii CHO, YTO NPHPALIEHUIO X — Xo = Ax
cooTBeTcTByeT npupamieHue A — momane XKpHBOJHHEHHOH Tpane-

A
OMH, NOYTH DaBHas uyHCay [ (xo) Ax, Tak 4r0 K% [OYTH paBHSETCA

ey [ (o).
Ho 6GoJtee cTporo 310 Hy:HO BbIPa3HTb TaK: B HHTepBase (Xg, Xo+Ax)

HenpepblBHAas (DYHKLMS 3aK/IOYeHA MeXAY TOYHLIMY Tpansamu M u m,
crpemsamuca K f (xo), Korna Ax crpemurcs x 0.

a) [lpennosioXuM cHayala, 4ro [ (X) noioKumesbHA B WHTepBaje
(a, b). CornacHo omnpeleeHHIO MJOMIALH HMeeM:

m|Ax|<<|AA|<<M|Ax|,
3HAYUUT, ‘
m <Z j 2—? ! <M.
Ho A uMeer 3uaxk npupamienus Ax, clie0BaTeNbHo, m << % < M.

Korna Ax crpemurcst K 0, To m u M crpemarcsi K f (xo) B cuay
HENPEpLIBHOCTH (YHKUUH, ClefoBaTenbHo, AW/Ax umeer mnpenen,
paBHu [ (xo). Takum ofpasom, U (x) sBAsieTcq oxHOH M3 mepBoOGpa3-
HBIX GYHKIHH f (x). UTOOB YTOUHHTEL, KAKOH H3 HHX, HOCTATOYHO 3aMe-
THTB, YTO IUIOIIA/b PaBHSAETCA HYJO pH x = a. [ToaToMy ecsn u3BecTHA
ofiHa u3 nepBooGpasuuix F (x) hyukuuu f (x), To nrowane KpuBOIKHEH-
Hofi Tpaneuun aAMm paBHa

A (x) =F (x) — F (a).
N (x), ecTecTBeHHO, He 3aBHCHUT OT TOrO, KakKyl0 H3 NepBOOOpa3HHIX
0003HaunIM yeped £ (x); 3Ta pasHOCTb 0GO3HaqaeTcA
A (x) = F5F (x).
Tak, B 4acTHOCTH, IVIOUIAJbIO KPHBOJMHHefiHOR Tpamemun aABb

Syner
U (b) =&FLf (x) =F (0) —F (a). (1

Ecnu a u b naHel, TO 370 YxKe He QYHKUHA, & YHCJIO.

Ilpumep (popvyna ApxuMena). Hilercs mromans Quryps,
3aKJI0UeHHOM Mexay napaGosofl u ee Xopuoi AB, nepneHAuKyJIsIpHOH
K ee OCH. BplunciseM cHauaja Iomans Gurypel, 3aK/IOUEHHOH MeXLy
napaGonofi ¢ ypaBHeHHeM Yy = x®/2p, OCbIO X-B W TpAMbIMH X = 4,
x=b.

HMeeM 371€Ch:

=—a>0; f(a)=[(b)=b}2p="h;

F (1) =5 ¥

N@—FWF&F@Fﬁ%Wz%Qm<%W>=%@m&
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3HayuT, MCKOMas MmioWaAbk paBHsercs 2/; IJOMAZH NPSMOYTOJb-
uuka aABb. .

6). Ecmu dyukuusa f (x) orpuuatenbHa B paccCMaTPHBAEMOM HHTEp-
BaJe, TO JJIs BHIYHCJIEHHA NJOMAAU HALO PaccMaTPHBATh aGCOMIOTHBIE
3HayeHHs QPYHKUHH [ (x) u uncess M u m. Ho Mbl 3HaeM, UTO H3MeHeHHe
3HaKa QyHKIMH [ (x) BreyeT 3a coGolf M3MeHeHHe 3HaKa NepBooOGpas-
Holt F (x). 3naumt, nns o60o0LIEHAS 3alHCAHHON BbIHIE (POPMYJEI MBI
NpUBeieHHl K HEOOXOAHMOCTH paccMaTpHBaTh INIOMIANb, HMEIOHLYIO
3HaK -+ 1/ HHTepBaJOB, Tle rpaduK PpacnoJoxeH HaAZ OCbIO xx',
W —, ecid TpaduK PacmoNokKed NojJ ochbio xx’.

QPopmyaa (1) npumensercsi Toria 6e3 yuera 3HakKa QyHkuud [ (x),
HO OHa J2eT CYMMY, TIe BXOIAT IVIOMIALH NOJOXKUTENbHbE UJH OTpPH-
1aTesbHEIE B 3aBUCHMOCTH OT 3Haka ¢yHkuuu f (x). UTtoOb nosyuurtb
CYMMY TOJIOMHUTENbHLIX IUIONAAEH, HAJ0 B OTAENBHOCTH BHIYHCISITH
TJIONLalH, COOTBETCTBYIONIHE HHTepBadaM, riie GyHKuus f (x) coxpaHser
OJMH M TOT e 3HaK, 4To TpeCyeT OTHICKAHHS KOPHei YypaBHeHUA
f(x)=0.

¢ [lmomanys HeorpauuuesHo#d o6mnactu Ecan
X cTpeMHTCsl K GeCKOHeYHOCTH, a [ (x) crpemuTca K 0, TO MoxeT cay-
quthest, 4To 9 (x) CTPEMHTCS K KOHEUHOMY Npeliely; IO ONpeleseHHIo,
3TOT mpeflen GyleT HasblBaTbCs IVIONIAJbI0 HeOrpaHUYeHHOH 00JacTH,
3aKJIOYeHHOH MeXIy opauHaTo#l aA, KpHBOH M OCBIO X-B.

[Ipumenp.

F) = Fl@)=——.
B unrepsaje, rae x noJoxurtensso, umeeM &; = 1/a — 1/x, xoTopbiit
crpeMntcs K 1/a, Koraa x crpeMuTcsl K +-0o. AHANOrH4HOe HCCe0Ba-
HHEe MOXKHO NpOBECTH B cjyyae, Korga f (x) — oo mpu x — b.

ill. CywyectBOoBavne nepsooGpa3sHbIX.
fMMepBooGpa3nan yHryunn 1/x

Mur nokasanu B kuure I, rmase 1V, uro eciu dyuknus f (x) nenpe-
peiBHa B (a, b), 10 o6macts aABb, onpenenensas ee rpapuKoM, HMeeT
MJIOIAb. JTO 3HAUHT, 4TO 1S x € (a, b) dyuxkuusa A (x) cymecTsyeT.
MBI TOJIBKO YTO BHAEJH, YTO 3TO YacCTHasl nepsoobpasHas QyHKOHH [ (X)
H 4TO CYILIECTBYeT Takxe oflnas nepsoobpasHas

Fif () =A(x), &f(x)=U(x)+C.

Dyukuus F (x), ompenenenHasi KaK uacTHas IepBOOOpasHas JaH-
Holt dynkumu f (x), H3yuaeTcs, HCXOAA OT 3TOH (pyHKUMH, KOTOpas
fIBJISI€TCSt ee MPOU3BOAHON H 3HAK KOTOPOH NOKasbiBaeT HEMOCPEACTBEH-
HO HanpaBJeHHe u3MeHeHusi Gynkuui F (x). [IpubiaukeHHbe 3HaYeHHS
nepBooGpasnoit F (x) monyuyaiorcss BbIYHCICHHAMH IJiowWafiel (npamo-
YTOJIBHHKOB HJIM Tparnenuii), o6hefHHeHHe KOTOPHIX 06pasyeT NOKPHITHE
paccMaTpuBaeMoil 06/1aCTH, WK, HANPOTHB, 3T0 OObeJHHEeHHe BKJIIOYEHO
B RaHHYI0 06JacTh. Jluuip npenensl GeCKOHEWHBIX oOJacTell TpeCywoT
HHOTAA JJIs1 CBOEro OmpefieJieHHsi MCCIeNoBaHduil JOBOJBHO TPYAHHIX.
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B KauecTBe mpuMepa }cC/JelOBaHHA (DYHKUHH, onpele/leHHOH Kak
nepBoo6pa3Has, H3yUHM pBepBooGpasHylo QyHKuuH 1/x.
dynkuua 1/x, 6ynyun HenpepblBHOH B HHTEpBase (@, b), rne a u b
NOJIOKHTEJNbHEl, HMeeT B TaKOM HHTepBaje oOOILyI0 HepBOOGPasHYIO.
PaccMOTpHM yacTHYHO nepBoo6pasHyo, KoTopas ofpauiaercs B HYJb
npu x = 1. Mel oGo3nauum
1

ITo ompenenennio Gpyuruun f (x), ecjau noaoxutenpHas abcuucca
TOYKH ¥; YMHOXEHA Ha HEKOTOPOE [1OJIOXKHTEJNbHOe UHC/O Xy, TO OpIH-
HaTa pasjiejieHa Ha x,. OGo3HaynM uepe3 M, TOUKY ¢ abeuuccol xo = 1.
Mexny obnacteio mgMMmy (x; — abcuucca TOYKH my) H 06NACTHIO
myMoMams (x; — abcrucca TOYKH Mgy, XX — abcuycca TOUKH flg)
CYIIECTBYeT ~TOYEYHOE COOTBETCTBHE, sABJIONIECCA —IPOH3BEJCHHEM
adbdhUHHOrO paciuupeHuss OT OCH Y y ¢ K03p(hUINEHTOM, PaBHBIM X,
1 abdUHHOTO PACIIMpPEHHs OT OCH X'X ¢ KODPHUIUEHTOM, paBHBIM 1/X,:
3HAYMUT, HMEEeTCs COXpaHeHHe NJIOLANH, CJAeL0BATENEBHO,

L (x1) = L (x4x2) — L(x3).
Hnave rosops,
Va,xe>0; L{xx)=L (x)+ L (x9).

B cusy acconuaTuBHOCTH YMHOXEHHA H CJIOXKEHHS 3TO 0600uiaerca
s J060r0 YHCAA TOJOMKUTENbHBEIX 3HAYCHHH apryMeHnTta x, TakK 4TO
oroOpaxeHnue N /,L (x) crasut

B COOTBETCTBHE IIPOM3BEJEHMIO uHCeN
X cymMMy uX o06pasoB. Mul ysHaeMm
oToOpakeHue, KOTOpoe MBI HasBaau
norapudmuyeckol yuxiuedi (xu. 11,
. I1D).

OcuoBanue f — 370 Takoe 3HaueHUe
apryMmenra, npu koropom L (B) == I.
¥ Ecau 00CTPOUTE KPUBYIO HA MUJJIHMET-

poBo#i OGyMare, TO Mbl HafigeM npub/IH-

JKEHHOe 3HauyeHHe 3TOTO YHCAa, KOTO-

poe, KaKk TIOKasblBAaeT TEOPETHUECKOe
ucciefoBanue, 6au3ko K 2,71828. Kak # 9uca0 &, 370 TPaHCUEHJEHT-
noe yucao (kd. I, . II, §4 ). Ero ofosnauvaor GykBoft e. Takum
00pasoM,

y

Le)=1; L()=n L(ev/a)= f’

Ly=0; L(=)=—m L(em>

Haxkonen, KakoBo Gbl HH ObLIO YHCIO X, OyAeM HMeTb, TaK Kak
IJIONab — HeNpepbiBHAS QYHKIUSA,
L (e¥) = x.
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3r0 03Hayaer, 4yroJorapugpMuyeckas ¢yHkuus L (x) siBaseTcs o6paTHO
fiokasaTeNbHOH yHKIMH e*. [Tpousponnas nokasaTenbHOH (GYHKUHH,
cJie[IoBaTeJIbHO, o6paTHas MO 3HAYEHHSIM TPOHM3BOAHOH Jorapubmuye-
cKOi yHKUUH.

Us

v=L(W), Vi=-r
nojyuaerca u = e*, u, = 4, TO €CTb MNOKA3AMEAbHAA PYHKUUA PABHA
ceoetl npousBoOHOL.

O™u JABe B3aMMHO o6paTHble (YHKUHH HCKJ/IOUHTENbHO BaXKHBI;
BMeCTe C ajreOpaMyecKuMd, TPHIOHOMETPHUECKHMH H OGpaTHBIMH
TPUTOHOMETPRYECKHMH (YHKUUAMH OHH JONOJHAIT apceHas, Heo0-
XOIVMBIA IJISl W3YUYEHHS OCHOB aHajm3a *.

Ilepexon oT ry06afbHBIX JAHHBIX K JIOKAJIbHOMY HCCJeJOBaHHIO
COCTaBJIAeT NpeaMeT Oupheperyuansrozo uciucrenus. OGpaTHBIH nepe-
Xoll, KaK, HamnpuMep, Tepexol OT u3ydeHus GyHKUUH f (X) B KaxKno#
TOUKE K PAacCMOTPEHHIO ILIOMIagy, OpelesieHHONH B HHTepBaste (a, b),
COCTaBJIACT NPeAMET UHMespaibHoeo ucducrenus. VIsyyenue mnepBo-
o6pasHbBIX ecTb OfHA M3 TJIaB 3TOro Hcumciexus. Hamu jpano numb
BBeJleH}Ee B 3Ty OOLIMPHYIO 06JacTh MaTeMaTHKH, KOTOpas 3apOIHJACH
elie B 3M0Xy ApxuMena B BHIE TeODHM MephHl B 3aTeM pasBHJAChH
B XVII Beke, Gnarogzapst cO3ZaHHIO MEXAHHKH.

Onpenenennoe nudpepeHuHaNbHOE COOTHOILEHNE BbIPaXKaeT, HaNpHU-
Mep, MPHYHHY IBUKEHHS B JAHHOM MeCTe M B JaHHBIH MOMEHT (TaKoB,
HanpuMmep, 3aKOH BCEMUPHOTO TATOTEHHS!, 3aKOH AEHCTBUA 3JEKTpHYE-
CKOro moJis Ha yacruny). OnpeliejieHHOe HHTErpajJbHOE COOTHOLIEHHE
BbIpaXKaeT 3aKOH JBHKEHHS B HNPOCTPAHCTBE C TEUEHHEM BpeMeHH (KaK,
HanpuMep, 3akoH Kensepa o ABHMKEHHH IJIaHET). DTOT IBOSAKUH acHeKT
IPHYHH H 3aKOHCB ABJseTCS cO BpeMeH HbIOTOHA OCHOBHBIM B T€OpeTH-
yeckoil usmxe.

Illectaa raasa
HKOMINNEKCHbLIE YUCNA
o

Korga Mbl nyTeM mnoc/ef0BaTeNbHBIX PACIIMPEHHH BBEJH MHOMXKE-
CTBO BelleCTBEHHBIX YHCEJ, HCXOAS M3 MHOMKECTBA HATYDPaJbHLIX YHCel,
TO 3TO He HYKIAJOCh B ONMpaBIaHHu: OCIIEH3BECTHO, HACKOJILKO HeO6-
XOOMMBl 3TH pacIPOCTPaHeHHble MOHATHSA. MBI NOCTPOMJM MOJIHOE
MHOKeCTBO, KOTOPOe MO3BOJIUIO HaM JIOKa3aTh TEOPEMBI O HeNPePLIBHbIX
QYHKUMAX H, B YacTHOCTH, TEOPEMHl O MPOMEXKYTOUHBIX 3HAUCHHSAX,
B Bonpoce cyuiecTBoBaHHs KOpHe#l ypaBHEeHHs1 HMeETCH IMOJHOE COTJa-
CcHe MexJy TeM, 4YTO NOKa3biBaeT rpadHkK, W TeM, YTO JaeT YHCJIOBOE
MHOXKeCTBO.

* Tlepeunciennbe GyHKUHH OOBIYHO HA3BIBAIOT JEMCHTApHLIMH (QYHKLHA-
Mu.— [Tpum. ped.
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3aueM e TOTAA BBORUTDH HOBbIE YHC/IA U KAKOI IEHOH MOXKHO JOCTHUb
storo. Ha BTOpO#l BOnpoc Mb! OTBETHM HEMeJJIEHHO, HAMH GyJeT noreps-
HO OTHOIIEHHE NOPSJKA; TaK YTO MBI OKaxKeMCsi JOBOJBLHO JHaJeKH OT
uhgcna — Mepel. UTo Kacaercs mepBoro Bompoca, TO HCTOPHYECKOe
BBeleHHe IT0Ka3biBaeT, KaK 3TO HOBOE MOHSTHe YTBepXHJIOch. Hekorto-
pble TeOMeTpPHYECKHe NDHJIOKEHHs JafyT JHlIb c1aGoe MpeAcTaBleHHe
0 BaXHOCTH KOMMJIEKCHBIX uuceJl B MaTeMaTHKe. OCHOBHLIMH 3Ke §IB-
JSEOTCA WX MPUJIOKEHUS B aHanuse. Tak, Mbl MOXKeM YKas3aTh Ha OCHOB-
HYIO TeopeMy anreGphl, KOTOpasi, Jaxe B3fiTas B OTHEJNbHOCTH, HaeT
AOCTATOMHOE ONpaBjaHHe BBEICHHIO KOMIIIEKCHBIX YHCE.

I. UcTopuuecHue cBepeHus

CpaBHHUM pe3yJabTaThl, TNOJYYeHHBIE aHAIM30M H anre6poll s
ypaBHeHHHA BTOPO#l H TpeTheil CTeNeHH.
[Tycts mano ypaBHeHHe:

x4 px+4g=0.
M-I HecsienyeM BONPOC O CYIIECTBOBAHHH KOPHeH MOCTPOeHHeM rpaHKa

dbyuxmu
f(x)=x2+px+gq.

, P p?
Wmeem: ' (x)=2x -+ p; f(——7> = -—(T——q> = —A.
3HayuT,
A > 0—1Ba KopHS;
A << 0—Her KoOpHel;
A=0—oaun KopeHb (nBOfHOM).
C gpyroil CTOPOHH, MBI yMeeM pelllaTb yPaBHEHHS H IOJyyaeM
KOpHH, KOTJa OHH CYILIECTBYIOT, HO MeTOJ HUYero He JAaeT, KOTAA OHH
HE CYLIeCTBYIOT. 3HAUHT, HCCJeJOBaHHe TPOBeleHO YIOBJETBODPH-

TeJbHO.
[ycTs Temeps MBI HMeeM ypaBHEHHe TpeThell CTeNeHH:

¥+ px+qg=0 (1)

(kK uemy cBOmMTCH H3yueHHe YypaBHeHHs1 ax® + bx* +cx +d =10
¢ NOMOMIBIO npeobpasoBanusa Hauvana X = x + sb_a)‘
HcenenoBanre CyIEeCTBOBAHNS KOPHeH GBLTO BHIMOJTHEHO C MOMOMIBIO
byHKIHH
f(x) =3+ px+q.
Mbl HanoMHHaeM BLIBOJBI:
A=—42p—73-+q2<0———'rpp1 KOpHS,;

A>0 — OJIHH KOpE€Hb;
A=0 — 1iBa KOPHS, U3 KOTOpPHIX OJHH JBOWHOM.
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C npyrofi cTopoHbl, nepecMOTpHM pellleHHe B TOM BHIE, KaK Mbl
ero cefiuac npencrasnsem (xu. II, u. I, ro. I, § 3). 1o pemenue
6610 ocyniecTBiaeno Tapranpeii 1 KapaanoMm eiie 10 BBeJieHUd B Haua-

Ae XVI cronetuss o603HaveHuii GyKBeHHOfl ajreGphl.

BBoauM 1Ba HeH3BecTHBIX, mojarass X = ¢ -+ U H COXpaHaAs 3a
co6oil BO3MOXKHOCTh MOAUHHHTh 3TH HEH3BECTHblE YCJIOBHIO, KOTOpOe
6yzer BHIGPAHO MO3JHEE C [ENBIO YIPOIEHHS CHCTEMBI. Tak KakK ypaB-

HEHHE OTHOCHUTEJIbHO ¥ H U HMeeT CJIeILy}OLU,I/If/'I BHI:
ud+ v+ (Buv+p) (@ +0)+¢=0,
TO BbIﬁIrIpalOT Takoe yCJOBHE
Buv+p=0.
CucreMa CTaHOBHTCA CJeAyIomIef:

X=u-70;

uv=—-§—;

ut+0v3= —q,
TO eCTb

x=u-t0v;

3

3,3__ __ P° .

Wot= —ors

urtvdi=—gq;
"I eLne:

[ U=ud (x=u-tuv
(5) ps
V = 03, UV == - '77— N
U+V=—g.
3uaunt, U u V gBAS10TCA KOPHAMH Pe30JbBEHTHI
P
X2 4-gX— 57 = 0.
Mbl BcTpewaeM cHOBa BHIpaXKEHHE:
_ Ap3
A=+
H HcclleoBaHHe ypaBHenus (6) naet:
—_— q 1 . = 3 M
U— ——2—+—2-]/—A,1 u=VYT;
9 1 yr. =yV.
Ve —2—— VA; ) v V

A << 0. Her pemenui.

A>0,

xX=u-+uv.

Opxo pemenue.
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Orkyza sTa Heyjaua? Belb Ham K3BeCTHO MO pesyJbTaTaM, NOJY-
YeHHbIM C MOMOLILIO aHasu3a, 4yTo npH A <C 0 HMelOTCA TPH pelleHHs.
CoryiacHO paBeHCTBaM (2) ¥ (3) 3THM MeTOZOM MOXHO NOJYUYHUTH JIHIUb

4
KOPHH, ynosneTBopmoume YCJIOBHIO x2>——3’—’ ; HO BBIYHC/IEHHE

3HaueHui f ( 2‘/ nf <+2 |/—- ) MOKA3bIBaeT, UTO Kak

pa3 Toraa, Korja HMe}OTCﬂ TpH KOpPHA, OHH 3aKJIOUYEHBI MEXIY

—2 ‘/ —_ g— u +2 ‘/ — g . BMecrto Toro uro6hl 0CTaBHTb 3TOT METOA,

KaBIIMH Bce, HAa YTO MOXKHO OblIO HajesTbcd, Bombennu B 1572 romy
npeojofeBaer TPyAHOCTh. OH 3aMeyaeT, 4TO BHIUHCJACHHE MOXKeT LaBaTb
pe3yabTaT Takke B CJIydyae OTPHUATENIbHOro A.

Tak Kak Hac HHTepecyeT JHlUIb X = y + U, TO NOJaraem:

r=a+& [U=m1+wWH4%%+ﬁ%
v=a—p, TV |V = (a3 30p®) — (307B -+ BY).

Mgul 3HaeM, 4ToO

U4+V=—g=2(a®+3af?;
U—V=V)A =2(3a2+p%-P.
Eciu A — oTpunare/bHOe YHCIO, TO MOJAraem:

— &, YE =5 T,
p=vV —1

Koneuno, /' —1 He cyutecTByer, HalMCAHHbIE YHCAA JIHIIb KXMHUMbIEY.

Ho Bce yeTpauBaercs, Tak Kak )/ —I Hcuesaer.
[Tonyuaercs:
o —q =2 (a®— 3ay?); aS—3ay? _ g
X =40, §=2 (3&—-?2) v, 3HAYHT, 3agy__,v3 3

Mgt y3HaeM ypaBHeHHe, fatomee tg ¢ B QyHKUHH 3Havenus tg <%> ,

H TaKxKe

TaK yro, mojaras tg ¢ = — -+, TmoAyuYaeM:

OTKYyJAa
—g =203 (1— 20
q=2aq (1 3cig 5 )
4TO NaeT 3HAUeHHe O, a 3areM M x. TakuM oGpasoM, mnoayuaeM TpH

3HaueHHs /I HEH3BECTHOrO X, TaK Kak tg % HMeeT TPH 3HauYeHHS AJf
OJIHOTO 3Ha4YeHHd g @. ITOT MeTON MO3BO/IAET BEIMOJHUTL MPUO/HIKEH-
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Hble BLIYHCJIEHHS TaK e XOpollo, KaK ¥ (opMyJa, coiepxamias paiu-
KaJsbl, HO Mbl IOKHHYJH aare6py pajiH TPHTOHOMETPHH. DTHM IyTeM
MOXKHO MOJIYYHTb, KaK Mbl 3TO BHIEJH, GOjee MPAaKTHUECKHH MeTO,
pasbICKHBasi KOPHH B ¢opMe X = Q COS ¢ H HCIOJNB3Yys QopMyay,
nawoimyio cos 30 B dyukupu or cos 8. OqHako He B 3TOM COCTOMT sl
HAC CYyTh BOMpOCa: JAJisl HAC BaXKeH yclleX MeTOJAa, BBOLSIIET0 MHHMEIH
CHMBOJI B XOJl¢ BEIYHCJIEHHI TAKHM 06pasoM, 4ToGbl OH HcYe3 B KOHIE.

Ec/u Mbl TOMycTHM, TaKUM 06pa3oM, «MHHMbIe» KOPHH JJisl ypaBHe-
HUSI BTOPOH CTelleHH, TO Mbl JOJIKHbI NIPUIHCATh 3 KOPHA YPaBHEHHUIO
2 —1 =0, nockompky 22 —1 = (z— 1) (22 4+ z 4 1), st Kopum

1 —14+V3V=1
2

H

O603HauuM uepes " U j” 5TH MHHMble KOPHH. 3HAUYuUT, ypaBHeHHe

== a GyIeT UMeTb 3 KOPHS: 2o, j 2y, j "2o. HoTOrAa Hamu ypaBHenus (5)
AAIOT TPH 3HAUEHHs ISl ¢ ¥ TPH 3HaueHuda misg v. He naer jm sto
9 snauenuit ansa HeussecTHoro x? Her, Tak Kaxk (3) u (3") yxe He paBHoO-
CUJIbHEL, H HYXKHO 6yJeT BLIOpaTh TaKHe 3HaYeHHs U H U, yTOOH obecrie-
9HUTh DPABEHCTBO:

v=—p/3, a ne uv= —pj’'/3, u ve uv= —pj"/3.

Kopoue roBopsi, Bce KaxeTcsl BIIOJIHE COIVIACOBAHHBIM, H 3TO HAcC
IPHBOIUT K TOMY, 4TOObl CHCTEMATH3HPOBATh U Y3aKOHHTb ymoTpelie-

#ue cumpsona )/ —1, Koropuiit 0603HauaioT yepes i. Tak Kak yxe Kapaan
# ero yueHuk Peppapu ymesu CBORZHThL PelIeHHs ypaBHEHHs 4eTBepTOH
CTENEHH K peIIeHUI0 YDaBHEHHS TpeTbeH CTeNeHH, TO CTaj0 SICHBIM,
4TO NMPHCOEJAHHEHHE STOTO eMHCTBEHHOTO CHMBOJIA {, KOTOPHIH KasKeTcs
CrelanbHO CBH3aHHBIM C YpaBHEHHEM BTOPOH CTeNeHH, ofecreyHBaeTr
CYUIeCTBOBaHHe TPeX KOpHeH 1715 ypaBHEHHA TPeTbeH CTelleHH H 4YeThl-
pex IS YPaBHEHHS YeTBEPTOH cTeneHH. Toraa e 1okasaJoch BO3MOXK-
HBIM H BEPOSITHBIM, UTO BBeJEHHE STOr0 eIHHCTBEHHOIO HOBOIO CHMBOJA
ofecrieynBaeT CyIECTBOBAHNE N KOPHEH, JeHCTBUTENBHBIX HJIH MHHMBIX,
NPOCTBIX WM KPATHBIX, AJSl KaXKJOr0 ypaBHEeHHS CTeNeHH f. ITOT
pe3yJsbTaT, JOKa3aHHbiH BhoclencTBMM Kol ¢ NOMOBIO aHalu3a,
paccMarpuBadicsl Kak jgocroBepHeil JdanamGepoM (1717—1783), marema-
THKOM, HANHCABIUMM 3HaMeHaTeJlbHYIO ¢pasy: «[IBuraiitech pasbiie,
a Bepa NpHJET NOTOM». DTy TeOpeMY, OCHOBHYIO TeopeMy anreﬁpu
Ha3bIBalOT yacTo Bo Ppanuun Teopemoit Ianambepa.

K 1800 rony Obl1O YLOBJIETBOPEHO H OINpeleeHHOe XKeJlaHHe NoJy-
YUTh KOHKPETHOe IpeACTaBJeHHe, YTO, Ka3aJoch, BHYILIHJO JiOBepHe
K MHHMBIM uhcaaM. Beccenb *, a 3ateM Aprad ** HCTONKOBAIH MHUMBIE
yucja, Kak MPeACTaBMAdAOLHe reoMeTpHYeCKHe npeoOpa3oBaHusd Ha
IJIOCKOCTH.

* B 1799 r.— Ilpum. peod.
** B 1806 r.— IIpum. ped.
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B nacrosiiiee BpeMsi MaTeMaTHK B GOgbllefl CTeneHH OCO3HAJM CBOIO
TBOpUeCKYI0 cBoOoiy. He mnpeneGperast reoMeTpHUECKHMH MOJEJSIMH,
Mbl CceHyac INOCTPOMM MHOXKECTBO KOMIWIEKCHBIX YHCeJ aGCTPAKTHLIM
06pasoM NyTeM paclIHpeHHA MHOXKecTBa JEeHCTBHTENIBHBIX 4HCe.

1l. Mone KOMNONEHCHBIX yMcen

1. Mbl npucoeiMHsieM K MHOXKeCTBY R JIefCTBHTEJBHBIX YHCes
(o603nayeHHBIX TakuMH GYKBaMH, Kax a4, a’, b, x, y) sneMedT, 0603Ha-
YeHHHIH OYKBO#l i, MpHYeM pacllipeHHOe MHOXKeCTEO OyleT HaleseHO
CTPYKTYPOH, KOTOPYIO €My NPHIAIT CJeLyIollue Olepanyn:

YMHOXEHHe uHCAa { Ha JAeHCTBHTeNbHOE 4HCJO, 0GO3HAYeHHOE
uepe3 bi, unu ib.

Cnoxenue a + bi (umu a -+ (b).

OTHoOlEHNe 9KBHUBAJEHTHOCTH
a=a’;
b=10'.

DneMeHT a + b HasblBaerca komniexcHeim wuciom. Ecam b = 1,
T0 a+ li nuuerca a -+ i.

2. Bo MHOMXeCTBE KOMIIEKCHBIX YHCEJ ONpejefsiioT

a) CnoxeHHe.

(@+bi)+(a'+b'i)=(a+a)+ (b+D)i.

3HaAYHT, UMEEeT MECTO KOMMYTaTHBHOCTb, CyinecTByeT HeATpasibHBbIi
anement 0 -+ 0i.
b) YMHOXeHHEe Ha HNeHCTBHTeJbHOE UHCIJO.

m (a -+ bi) = ma +-mbi.

D1d  ABe Olepalud MPHIAIOT MHOMKECTBY KOMIVIEKCHBIX 4HCes
CTPYKTYPY BEKTOPHOTO MpOCTpaHCTBa. MBI MOXKeM MOITOMY IOCTaBHTb
B COOTBETCTBHE MHOMKECTBY KOMIUIEKCHBIX YHC@J pas/JHYHble Teo-
METPHYECKHE MOJEJIH. V

1) BextopHas Mopnaedab. basuc AByMEpHOro BeKTOPHOTO
NpoCTpaHcTBa Mul 0GO3HAYHM (#, §) W MBI NOCTABHM B COOTBETCTBHE
KOMIIEKCHOMY u4Hcay @ + bi BekTop am + bi. Mexny nBymMsa 3THMH
MHOXKeCTBAMH HMeeTcsl, pasyMmeeTcs, H30MopdH3M.

2) Toueunas MoJesab. Ecau BHOpaHa cHCTEMa KOOPAMHAT,
TO ecTb TouKa O u 6asuc (#, i), TO KOMIVIEKCHOMY YHCly a -+ bi cTaBAT
B “COOTBeTCTBHe TOYKY A, HasbBaeMylo addUKCOM KOMIJIEKCHOTO
qHcJa, KOTOpas onpelesseTcs CAeRyoHM 006pasoM:

OA=au-bi.

3. YmHOXeHMe BBOIHMTCS paBeHCTBOM: {-{ = — l.
Mel Tpe6yeM KOMMYTaTHBHOCTb H AUCTPHOYTHBHOCTDL MO OTHOLUEHHIO
K CJIOXKEHHIO, NpPUMeHssl Onpeesaioulyio Qopmyay:

(a4 bi) (@’ 4 b'i) = (aa’ — bb’) 4 (ab’ + ba') i.

a+bi=a -+ b’'i, uTo o3HayaerT: [
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HeiiTpa/bHbiM 2jieMeHTOM sBJAsieTcs 4guciao 1 -+ OL.

TakuMm o6pa3oM, B BEKTOPHOH MOJENH ONepalus YMHOMXKEHHs ompe-
fJeseHa C IOMOILBIO caefyiomiell Tabaunbl YMHOMKEHHA Oa3sHCHBIX
BEKTOPOB

u i
u u i
i i —u

OTKYyJa, HCOOJb3yA YMHOXEHHE Ha JellCTBUTENbHOE YHCJIO, III/ICTpI/I6y~
THBHOCTb H KOMMYTATHBHOCTD, NOJYyYaeM:

(an+bi) (@'u+b'i) = (aa’— bb') n+ (ab’ + ba’) i.

3ameuareJbHasg TreoMeTpPHYeCKas HHTepOpeTauusd 3TOH ONepalHu
noNyJaercsd, ecau 6a3uc OpmOHOpMAer, YTO Bcerja npejinosaraercs
APH TEeOMETPUYECKOM H300paXKeHUH KOMILVIEKCHBIX uyucest. [Hefictu-
‘T€JIbHO, HallHMCaHHbIE BbIPaXKeHMsA HABOJAT HA MBLIC/AbL IIOCTABHTL B COOT-
seTCTBHE nape a, b mapy, cocrosmyio u3 uucya r >0 u yraa 0, onpe-
JEJNIEHHOTO ¢ TOYHOCTBIO 0 KPAaTHOr'O 27 PaBEHCTBAMHU:

a=rcos9, b=rsin;
TaK YTO
z2=a- bi =r(cos0 - isinb),
{IpHYEM r paBeH HyJ/O Juwb anad gucaa O -+ 0i. B toyeuHo#i Mopenu
OM=r u (u, OM)="0 (mod 2m).

Muwyr: r = | z|. 310 Mm0o0ysp KOMILUIEKCHOIO upcaa 2. Yron
0 (mod 2mt) — 3T0 apeymenm KOMIIEKCHOTO 4YHCJ/a, KOTOPHINI 0603HA-
qaercs uepes arg 2.

DopMyJia YMHOKEHHS AaeT TOTHa:

2=r(cos 04-isinB);
2" =r"(cos 8’ 4isin®’);
3paunr,

MoOyare npoussedenuss paser npoussedenu0 modyaed.
Apeymenm npousgedenus PAGEH CYMME APeYMEHMOoe.

. 14 . .
B gacrhoct, 0 - { = cos 5 -+ isin ; . 3HaudT, YMHOMCEHUe

22’ =rr' [cos(040") 4 isin (04 6%)].

#a 0 -+ i npeoGpasyem 6eKmop nymem 8PAUYEHUL HA Y204 —;i .

YMHOXeHHe Ha z = r (cos O -+ i sin 8) npeoGpasyer BeKTOp NyTeM
BpallleHHs1 Ha yroa 6 ¢ nocaepyomefi roMOTeTHEH ¢ KOI(D(PHIIHEHTOM 7.
Taxkum 06pa3oM, appHKC JaHHOTO KOMIIIEKCHOT'O YHCJIA MOABEPTaeTCst
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npeo6pa3oBaHHIo NONO6HA C HeHTpoM O, YoM BpalleHusi 6 H ¢ Kosd-
(hHIHEHTOM 000U 7. ;

UYro6bl MHTEPNPETHPOBATb KOMMYTAaTHBHOCTb YMHOXKEHHS, pac-
cMoTpuM cpasy addukc A gaHHOrO uMcaa a + bi U apduke M MHOXKH-
teas x -+ yi. [Tycre u — adduke uncna | -+ 0i 1 P — addukce npous-
Besenus. Torga tpeyronmpHukn UOA u MOP mnpsaMo mogoGHB Apyr
LPYry, Kak u tpeyroaisHHkH UOM u AOP.

Bripaxenne r (cos 0 + i sin 0) HaspBaeTcst mpuzorHomempuueckott
popmoti Komnaexcroeo uucaa. Ita GoOpMa BEITOIHA, KOTAa pPeub HAET
O npou3BeieHHH. B uacTHOCTH, TPHIOHOMeTpHUYecKasi (opMa MOKasbl-
BaeT, YTO BCSKOE KOMIJIEKCHOe 4HCJ/O, OTVIHYHOEe OT HelTpasbHOrO 3Jie-
MenTa cioxendsa 0 + {0, umeer o6parHoe uncao r’ (cos 0’ -+ i sin 0°).

JleficTBHTE/IbHO, PaBEHCTBO

227=1+0i=cos0+4isin0
PaBHOCHJIBHO YPABHEHHSIM:
rr’=1, 046" =0 (mod 2m),
KOTOpblE HMEIOT, 33 HMCKJIOUEHHEeM cjyyasi, Koraa r = 0, eIHHCTBeH-

HOe pelIeHHe:
1

r'=—, 0’= —0(mod 2x).
r
ITO 03HAUAET, UTO MHOMECMBO KOMNACKCHBIX HUCEA SBAACMNCA NOAEM.
BriuncjieHde 4YacTHoro B jAekaproroit ¢opme. Hakizem a’, b’ us
yeaoBus (a + ib) (@' + ib") = 1 4+ 0i, uto naer:

aa’ —bb' =1;
ba' +ab’ =0.
[Tonyuyaercs
o —=b 1
a b a’4p?’
3HauuT,
r . a—bi
a -1 b”'. = ﬁ——f—? .
[ToaToMy numyT:
1404 a—bi

a--bi ~ a?--p2

CTOMT cpaBHHTb 3Ty GopMyay ¢ (GopMyJoH, CBsSHIBAIOIEH uppa-
IIMOHAJIBHOCTH, KOTOpble BBOASAT KBAAPATHLIC KOPHH

1 _a—bVc

at+bVec  a2—bic

H Mbl OGHApYXHM CHOBa, 9TO { HrpaeT poJb panukania )/ —1. Oxuako
opmarso Mo cebe 3anpewjaem NPUMEHAMb 3HAK PAOUKAAA K KAKOMY
661 Mo Hu. ObLA0 HUCAY, He ABASIOUEMYCS BEUIECITIBEHHIM U ROLOHCUMEAOHBIM.
Pajgukan ¢ KakaM-au60 nokasarteseM (2,3 HJIH n) HHKOTEAa He 6GyxeTr
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NPHMEHSATLCS K OTPULATEJIBHOMY M TeM 6oslee K KOMIJIEKCHOMY YHCIY,
H CaM pajfKaJ BCeria NpejcTaB/seT YHUC/O MOJOKHUTEIbHOe HIH HYJIb.

Haxkonen, Mbl KOHCTaTHpYeM, YTO UMEETCSI H30MOP(HU3M IO OTHOIIe-
HHIO KO BCEM BBEJIEHHBIM ONepalHsM MeKAY MHOKECTBOM BelleCTBEHHBIX
qHceNl M TOAMHOXKECTBOM, OGPa30BAaHHBIM KOMIJIEKCHBIMH YHCJaMH
a + 0i, To ectb TemH, KoTopble MMeloT aprymeHT O (mod 2m) min
1t (mod 2m), npUYeM HepBbie COOTBETCTBYIOT MOJIOXKHUTEIBHEIM, 8 BTODLIE
OTPHUATEJBHEIM BeLIECTBEHHBIM YHCJIAM. YCJOBJIHUBAIOTCH IOITOMY
OTOXKIECTBJISITh TAaKMKe M 3alUCh: BIpPeAb UHcI0 x¥ -+ 0f 6yleT nucarbes
npocto x. AuanormuHo ycnoBuMcs nucate yi BMmecto 0 + yi. 310

JT K
KOMIIEKCHBIE HHCJIA C aPTYMEHTOM 5 (mod 2a) unn —- 5 (mod 2m},

B 3aBHCUMOCTH OT TOTO, TMOJOXKHTEJBHO YHCJIO Yy, HJH OTPHIATEJNBHO,
9TH UYHCJIA Ha3LIBAIOT HUCMO MHUMbIMU.

Jl/s1 HeKOTOPOrO KOMILIEKCHOTO 4Hcaa a -+ ib a HaswBaeTcd seuse-
cmeennold yacmero, a bi — mHumotl uacmero. KOMIJIEKCHBIE 4YHCJIa
a + bi 1 a — bi HA3LIBAOTCST CONPANCHHBIMU KOMNACKCHOIMIL HUCAAMU

(momo6HO ToMy, KaK @ -+ b )/ c u a — b /¢ HasbIBaIOTCS CONp SIZKEHHBI-

MH HppanuoHaabHOCTsAMH). CyMMa M NPOH3BeficHHe JBYX CONPSKEHHDIX

KOMIIJIEKCHBIX YHCEJ SIBJISIOTCH BeUIECTBEHHBLIMH YHCaaMH (IPH TOH

HECKOJIbKO BOJIbHOH TEPMHHOJOTMH, KOTOPYIG MBI TOJbHKO UTO BBEJH).
IefiCTBHTEIBHO,

(a-f-ib) -+ (a—ib) =2a+-0i = 2a;
(a+ib) (a—ib)=(a®+ b%) 4+ 0i=a? 4 b2

Ecan z = a + ib, To uncs0, compsnpKkeHHOe 2, 00O3Hauaercsl 2z =
= aq — ib.

AdxpHKCEl IBYX KOMIJIEKCHBIX CONPSAMKEHHBIX YHCEJ CHMMETPHUHBI
IpYyr ApPYry IO OTHOWIEBMIO K ocH Ou, HasblBaOIIEHCS 6ewjecmeenrol
0Cbt0 H KOTOPYIO NPHHHMAIOT 3a ocb abcuuce x'x; appuKChbl HX CYMMb
H HX NPOH3BEIeHHs TaKXKe HAXOLATCHA Ha 3ToH ocH. Yucmo muumas
ocb — 3TO OChb OPAMHAT y'y B ToueuHO# MojesH. [TnockocTs, B KOTOPO#
TOYKaM OTBEYAIOT KOMILJIEKCHBIE HYHCJ/4, HA3bIBAETCH KOMMNACKCHOU
RAOCKOCIbIO.

4, Bo3BeleHue B 1-10 CrerneHb W H3BJeYeHHe KOPHA -l CTemeHu
B NOJie KOMILJIEKCHBIX YHCea

a) Ctrenend. Ilyctb n — HaTypanbHOE 4YHCIO; n-s1 CTENeHb
KOMIIJIEKCHOTO YHCJIa JIeTKO BBIYHCJASIETCS] B TPHTOHOMETPHYECKOH

dopme:
z=r{cos04isinB), z"=r"(cos nd - isin nh)

(popmyra Myaspa).

B cayuae r = | addurcn M, nocieioBaTeNbHEIX CTeneHel pac-
TNOJIOKEHB! Ha OKPYXKHOCTH pajuyca 1 c nedarpom B O. OHH sIBJISIOTCH
B 5TOM CJIydyae BepIIHHAMH MPAaBUJILHOH JIOMaHOH JIHHHH C OEHTPaJbHBIM
yriom 6. 3ta mocnelOBATENBHOCTh TOUEK CONEPIKHT KOHEYHOe YHCJIO0
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3JIEMEHTOB TOJIbKO B c/lydae, KOrJa CyHecTBYeT HaTypaJibHOe p H HaTy-
paJjibHoe n, Takue, 4ToGbl ObIIO
2 .
nb=2pn, 10 ecTh 6=-n—pn,
MHbIMH CJIOBAMH, KOTJa OTHOLICHHE YIVIOB, H3MepsieMbIX 4YHC/JIaMH
0 u m, ecthb paumoHasbHOEe 4ymncjo. Torga rosopsar, yto 0 H = Memcdy
cobotl cousmepumsl. B 3TOM cliydae HocJaeoBaTeJbHOCTh TOYEK HEPHO-
AHYHA M COCTOMT M3 BEPUIMH NPaBHJIBHOTO MHOTOYTOJNBHHKA, A YUCAO
Pa3AuYHbIX Cmenenell 4UCcAQ 2 KOHedHO W PaBHO n (ecsH, pasyMeercs,

apo6b % HECOKpaTHMa).

Ecjy MOLYJ/Ib 7 He paBeH eHHHUIIE, TO OCAELOBATEIbHOCTD CTEleHeH
BCerja GecKOHeYHAa, TaK KaK II0CJe0BaTeqbHOCTb CTeleHeH MORyJsi
ecTh GeCKOHEYHas I0C/Jef0BaTe/]bHOCTh, BO3pacraiolas H/iH yObiBaio-
as, B 3aBUCHMOCTH OT TOTO, GOJBbIie JIH MOAYJb r 4eM €IHHUNA HJIH
MEHbILE.

b) Kopau cteneH d n. KopHHU n-{ CTeNleHH U3 KOMIIJIEKCHOTO
qucsa

Z2=r(cos0+isinb)
LAIOTCH BBIPAXKEHHEM:

k . .
u=yr <cos ——~9+’12 T 1 isin 9___+n2kn ) .

Bce 3HaueHHs u moayyarmoTcs, eClIM NPHLABATH LEJOMY 4HCay &
TdKHe 3Ha4YeHHs, YTOObI HOBble APTyYMEHTHhI BCe OBIIH PpPa3/HUHBIMH
(o mMonyimo 2m). CrefoBaTe/bHO, HYKHO BBIOpPATh n 3HaueHHH AJas k.
O6bunO GepyT A5 & 3HAUEHUS:

0,1, 2,...,n—1,

HJIK ke, B 3aBHUCHMOCTH OT 4e€THOCTH 4ucJjaa n, 6€pyT JJs

n=2m:—(m—1), —(m-—2),...,—1, 0, 1,...,(m—1), m,
a pas
n=2m+1i: —m, —(m—1), ..., —1,0, +1,...,(m—1), m.

Caedosameabro, 6cec0a umeemca n PasiudHbix KopHed n-ii cmenenu.
¢) AlByuyJeHHOe ypaBHeHHe DBbue ckazaHHOe paer
pelleHHe YpaBHEHHs, HA3bIBAEMOTO OBYYACHHLIM YPABHEHUEM:

2" =c.
1) OguH M3 KOpHell Bcerja BeMIECTBEH, €CAU ¢ — BELiECMBeHHoe

nOAONCUMeNbHOE 4ucio. ITOT KopeHb ofo3Hayaercsa |/ ¢; TaK Kak apry-
MEHT YHcJ/Ia ¢ paBeH HyJIo ([0 MOAyJIo 27t), TO APYTHe KOPHH HMEIOT BHA:

%(cos —2%n—+isin—2%£>; E=1,2,...,n—1.

Ecau n ueTHO, TO CYIIECTBYeT ele BTOPOH BEUIeCTBEHHLIH KOpeHb,
o n nr—
KOTOpPLIfi COOTBETCTBYeT 3HAUEHUIO k= < » ¥ OH PaBeH — |/c .
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2) Ecau ¢ — eewecmsenroe ompuyamensHoe Yucio, TO €ro apryMesT
paBeH 1t (mod 2m). Cpenn KopHeH

n1/-c<cos (1+2k)n L sm(1+2k)n>

OJIMH BELIeCTBEH, €CJIU 71 — HEUYeTHOe UUCIOo, TO ecTth n = 2m -+ 1.
310 TOT KopeHb, K KOTOPBIEl COOTBETCTBYeT 3HaueHH £ = m (mod n).
Ou paBen —} —c.

Ec/u n 4ueTHO, HHY OJHH KOPEHb HE SIBJISICTCS BEIIeCTBEHHBIM YHCJ/IOM.

3) Ecau ¢ Komnaexcho, TO He MOMKET CYIIECTBOBaTb HU OJIHOTO
BEI[eCTBEHHOTO KOPHA £-H CTENEHM, UYTO O4EBHAHO, TaK KaK BCSKas
HATypa/ibHasl CTENEHb BEIECTBEHHOIO UHC/IA €CTh TAKXKe BellleCTBEH-
HOE UHCJIO.

OcHoBHBE YaCTHHE CJAayYad.

=1l=2=11uz2"=—1;
Be= —l=2=+4ind"=—
0 - , T .. '1/2_ . ” /
B=i=z :cos~4—+tsm~4—=——(l+t) n 2= —2
el =1, 2 =cos2- ~{—zsn 2(1+z]/3)n
h(l——il/3ﬁ).
Tak xaxk 22" = 1, TO ecau OOO3HAUHTL 4Yepe3 | OJMH U3 HTHX
MHHMBIX KyOHYHEBIX KODHEH M3 eAHHHMUBI, TO ApYrof paBeH jZ:
P=—l=22=—1,2=—j, 2"=—j%

lHi. YucnoBble hyHHLUUM HOMNAEKCHOr0 NEPEeMEeHHOoro
Peub uaer o6 0TOGpaKeHUH N /rZ MHOKEeCTBA KOMIIJIEKCHBIX

ymcea B cebs.

Ecau Mb1 BBeieM B paccMOTpeHHe a(pHKCH yHcea Z H ux 06pa3oB Z
B TOH e IJIOCKOCTH, TO YUCA08GA (PYHKYUA KOMNAEKCHOEO NepeMEeRHO020
uMeerm MO0eAbI0 MOYEUHOE COOMEEeMCmane 8 NAOCKOCU.

[Ipumeps.
=2z-+a — napaJJiejbHBEIH [epeHoc.
Z = qz — nojob¥e ¢ eHTpoM B (; OHO CBOAHUTCS K TOMOTe-

THH, €COM @ — JeHCTBHTEbHOE YHCJIO, H K Bpa-
HIEHHIO, €CIM MOJYJAb UHC/IA @ PaBeH eIUHHIE.

1 — mpousBefleHHe HHBepcuH (¢ nomwocoM O U cTe-
HeHbl0 1) 1 CHMMETPHH MO OTHOLIEHHIO K OCH.

Z = T Kak u a/s1 RefiCTBUTEJIBHBIX UHCEJ, MHIIYT:
a
= —7-+ —5 — NPOU3BE/icHHe NPE/IeCTBYIOMKX IPeoGpaso-
24— BaHHH.
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CrenyeT OTMETHTbH, YTO BCE 3TH NpeoGpa3oBaHMsi COXPAHSIOT YIJibi
(no 3HaueHHIO H 3HaKY). Mbl cefiuac moiiMeM, 1ouemy 3To Tax.

A) Tonojorust B KOMOJAEKCHOH MIOCKOCTH

Kommntekcuoe 4HCIO 2 HAXOAHTCSI B OKPECTHOCTH NOpfAAKa a (& —
JIeHACTBUTE/IbHOE TIONIOKHUTEIbHOE YHCIO) YHCIA 2o, €CJIH

}Z-ZO‘<:G:
TO eCTb €CJH
N%A4<:a,

rae M u M, asasiorca adpUKcaMy 4ucesa 2 H Zg.
Tak kak MOAYJb |z — 2o | MPEACTaBJEH B METPHYECKOH TEOMETPHM

pacctosiHueMm, TO IJId HErO0 HMEeT MeCTO HepaBEHCTBO TPEYroOJIbHHKA:

21— 20| <21 — 23 |22~ 2.

»

B coOTBETCTBHH C 3TUM MLl GyJieM FOBOPHTD, UTO HEKOTOpas PyHKIHS

Z = (2) crpemuTcs K npefeny L, Korjna z CTpeMUTCS K 2o, ecy | Z — L |

CTPEMHUTCH K HYJIO, KOTAA | 2 — 2, | cTpemurcs K HyJo. [Ipoussoanas

dyuruuyu Z = f (2) B TOUKe 2, €CTb NIpPeAes, el OH CYIIECTBYEeT, Bhpa-
Z2)— T (g

JKEHUS L(Z)—-fz(—") , Koraa | z — 2z, | crpemutcs K Hymo. OgHako, crpa-
— <0

IINBAETCH, KAKYIO HHTEPNPeTAlKi0 CJeAYeT JaTh 3THM ONpeleJieHHUsM,

KOTOpBble HaNpatiHBAIOTCSH €CTeCTBEHHBIM 06pasoM?
HOast ynpoiueHdusi M ONpeNeJeHHOCTH DPacCMOTPHM TpHMEp.

[Tyere pana ¢yHKUHS
=22

B OKPeCTHOCTH TOYKH
H=2+41i, Zy=02+ i) =3+4i.
OGosunauum g, My, m, M abdukce uyncen zq, Z,,
2=x-tiy u Z=X+iY = (x +iy)?=x*—y®+ 2xyi.
Tenepsb cocTaBisieM PasHOCTb
Z—Zy=2—2=(z—2) (2 +7),

OTKyJa
Z—7,
2—2g

=2 - Zp.
3aMeTuM, uTo M3 |2 — z¢| — 0, TO ecTb mym — 0, caenyer:
l2|—>|2| u argz - argz, (mod 2m).

B Gonee obmeii ¢opme HMeeM: )
lim|z|={limz| u lim (arg z) = arg (lim z), (mod 2x).
Orcioga ciefyer HeMeAJeHHO, 4TO, KOFAQ 2 CTPeMHTCS K 2o, Z — Zg
CTPEMHTCA K Hy/o (HenpepHBHOCTb (PYHKUHH) H %—:—22;0 HMeeT npe-
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IeJ1, paBHbl 229. 3HAYHT, JaHHAs QPYHKUHSA UMeeT B TOUKe Zg POU3BOL-
HYIO
Zo’ - 220.

HutepunpetTanks [lycTb reomeTpadeckoe MeCcTo ToUeK m —
KpHBast y, KOTOpas NPOXOAMT yepe3 m,. Ee o6pas npu oTtoGpakeHHH
AN /Z, TO €CTb MM /M,~— 9T0 Kpusaa I, KOTopast npoxo-

auT yepes M. IIpennonoxum, UToO KpUBas y HMeET B 1My KacaTelbHYIO f.
Ecau o0603HaUMTb, KaK BCerja, 4epe3 u eJHHHUHBIE BEKTOp, Ha-
npaBJeHHbI MO AEHCTBHTEIBbHON OCH XX, TO MBI HMeeM:

(, mom)=arg (z—zy) u (@, MoM)=arg (Z— Z,),
OTKyJa
A A
(rom, MoM) = arg (Z— Zo) —arg (2 — 2} = ag———— -
740
VI3 npeianosioxeHHs CYHIeCTBOBAHMSA KacaTeJbHOH { ClelyeT, uTG
HOcHTesb MM umeeT npefesbHoe nosokenne T', KacaTeslbHOE K KPH-
Bo#t I" B Touxke M, ¥ Takoe, uto (¢, T) = arg Z, (mod ) (714 110 Mogyio
27, ec/iM OPHMEHTHPOBATh KacaTeJbHbe MO COOTBETCTBYIOUIHM Hanpas-
JICHUSIM).

B nawewm npumepe (¢, T) = arg (22¢) = arg (2y), KOTOPHI B BbI-
6paHHON TOYKe paBeH:

arc tg <—;—> = (g.

3HayuT, KakoBa Obl HHM Oblia BbIOpaHHAsl KpUBAsi Y, KPHUBLIE y H [
MMEIOT COOTBETCTBEHHO B TOUKAX Mg U M, KacaTejabHble, 06pa3yoUlye
Mexay coboit ToT xe yroa (f, T) = @o. OTclona HeMeIJIEHHO cJeiyer,
4TO €CJIH PaCCMOTPETH JiBe KPHBEHIE Yy H Yg, llepecekaloiuecs B Touxke M,
10J JAaHHBIM YTJIOM, TO HX 00pasel, KpUBLIe [y ¥ [, MEPECEKAOTCs MO
TeM K¢ OPHEHTHPOBAHHLIM YIVIOM 10 mod &t uau jaxe no mod 2m,
ecJM paccMaTpUBATb CXOJCTBEHHBIE HANpPAaBJeHHs IBHIKEHHS 110 KpPH-
BOH. JTO 3HAYHUT, UTO npeobpasosanue m_ //M , Mo0eas npeobpa-

308aHUA Z\ /Z, coxpanaem yeaol.

Hanpumep, npeoGpasyeM ¢ NOMOBIO BLIGPAHHON  (QYHKIHE
Z = 2> = (x + iy)* HBe nepHEHAHKYJISPHBLIE IIPSIMBIE

{x =2; [x TIPOH3BOJIEH;

Y TPOH3BOJEH y=1.
[Tonyuaercs:
X= 4—y? Y2
Iy [y: 4y — napa6odgna X:4——1€.

r {X=x2—1 y2
2y oy — napaboJga X=_4___],
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Yraosble Ko3(xpHIHEHTHI, B3sIThIE IO OTHOLIEHMWIO K OCH Y, JaioTca
npousBofHbiMH X,. B paccMaTpuBaeMoi TOUKe HAXOLHUM:

—Y/8=—1/2u LY/2= 12

KacaresnbHble JeHCTBUTENbHO NepNeHAMKYJAPHB; mapabossl mepe-
CEKAalTCA MOJ HPAMBIM YIVIOM, KaK H JiaHHble IHpsMBLe.

Urak, coxpanenue yeaos céA3GHO C CYWECMBOBAHUEM NPOU3BOOHOL
PyHKYUL.

B) HameHeHHe apryMeHTa BJOJb 3aMKHYTOro KoHtypa. OcHosHas
tTeopema aareGpol (Teopema JanamGepa)

1. B nmocsenymomeM Mbl paccMaTpHBaeM 3aMKHYTHIE KpHUBHE y 6e3
JBOAHEIX TOYEK, NOJydYalol[decs HenpepblBHOH JebopMaiHell OKpYyXK-
HOCTH HJIM OBajia ¥ KOTOphie rpoberaworca agxpurcom m 9ucja Z OfUH

pas B IMOJOXKHUTETbHOM HalpaBJeHHH.

4l O6pas M onuceiBaeT B S5THX YCJIOBUSX
P ¢ TAKKE 3AMKHYMYyw KPUBYIO, TAK KakK B
OTOGpaKeHuy z\ /Z, KOTOpOe OIl-

pelensieT (YHKOHUSA f, YHCJAO 2 HMeeT
ompefesenHrlil o6pas Z. Tak Kax omHO
U TO Xe YHucjao Z MoxeT OwnTb ofpa-
30M HECKOJIbKHX uHces] 2z, TO 3aMKHY-
Tasi KpuBasi I’ MOXKET HMeTb KpaTHbie
TOYKH U Jlaxke BCEe ee TOUKH MOTYT GBbITb
=  KPATHBIMH!
0 X Hamnpumep, paccMOTPHM CHOBA (PyHK-
nuio Z = 2% Ecau y eCcTb OKPYKHOCTb
¢ neHTpoM B O H papuycoM 2, npobe-
raemasi, Kak Mbl CKa3ajJH, OJUH pa3 B
MOJIOXKMTEJIBHOM HanpasieHdd, T0 I OyLeT OKPYKHOCTBIO C HEHTPOM
B O M paguycoM 4, Kotopas OGXOIWTCA JBA Pasa B IOJOXKHTEIBHOM
HalpaBJeHHH, TaK Kak

Yepr. 41

arg Z=2argz,

€CJIM, Hanpumep, arg z BospacraeT oT yucaa 0 jgo 2m, TO arg Z BO3-
pacraet or yucaa 0 a0 4.
2. TlycTs Gostee o6muM 06pa3soM Mbl HMeeM MHOTOUJIEH

Z=ay(z—a)’ (z—b)2 ... (2—u)t

cTeneH” p 4+ g + . .. 4 ¢t = n, Bce KOPHH KOTOPOro ABHO BBIEJEHEI.
BosbmeM B kayecTBe KpHBOH y 3aMKHYmyro Kpugyro (HanmpuMmep,
OKDYXHOCTb), KOmopas oxpyocaem agipurco ecex xopued a, b, . . ., u.
B criy pasencrsa:
argZ =argay-f-parg (z—a)+qarg (z—b)+ ... +targ (z—u)

¥ TaK KaK KaXJplA BEKTOP MM, MM, . . ., MM BpaliaeTcs Ha yroJ 2
B MOJIOXKUTEJbHOM HAMpaBJeHHH, TO, KOTAa Touka M BO3BpaTUTCS
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K CBOEMY OTHPaBHOMY I1OJIOKEHHIO, aPI'yYMeHT uhcaa Z, MeHssCh Hempe-
pHIBHO, yBeqawuutess HA (p + g+ ... + ) 2n = n-2m.

3. Ilycte Z = f (2) — HEKOTOPBIN MHOIOUIEH M IIYCTh Zo — HUCAO,
He ABAAIWIEECS HYAeM MHO204AeHa, A Yo — KPHBasg, OdeHb OJH3Kas
K mo— addrkey umcna z,. Touka M, He coBmagaer ¢ Togykoir O
H TOuKa M OmHUCHIBaeT Kpusyio [y, OdeHb 6JA3-
Kyio Touke M,. HenpepniBHOCTS GyHKIMA f gk
03BOJISIET YTBEPK/AATh, YTO MOKHO HAHTH TAKYIO y
JAOCTaTOUHO MaJsyi0 OKPECTHOCTD U {11y) TOUKH #1y,
yToObl M3 v U (mM,) CIeL0BaJIO, HarpuMep

12 <|Z) <27,

|arg Z-—arg Zy| << a << .

Torpa ecnu Touka m onucCHBaeT KPHBYIO Y,
TO Toyka M onuchiBaeT KpuByio I' Takum obpa-
30M, UTO MOCJE BO3BPAINEHHUS K HCXOAHOH TOUKe
HUCXOJAHBIH apryMeHT, MeHSfCh IO HENpephIB-
HOCTH, MPHHUMAeT CHOBA HCXOJHOE 3HaueHHe:
3HAUHT, M3MEHeHHe apryMeHTa paBHO HYJIO.

Tenepsb, HaunHAA ¢ KPHBOH Y,, AeOPMHPYEM KpHUBYIO y; KpuBas [
Takke JedopMmupyercs. VismeHeHHe aprymenTa uncjaa Z, paBHOe cHa-
yaja HyJo Aas [ o, CMOXKET CTaTh OTJHYHBIM OT HYJsI, PaBHBEIM, HanpH-
Mep, YHCIY It MaH 25, HiaH —27, TOJBKO ecyid I npofijeT Yepes HayaJo,
TO €CTb €CJH Yy BCTPETHT TOUKY, ABJSIOIYIOCH HYJeM (GYHKIHH f.

Urax, wusmenenue apeymenma wuucaq Z MmO%cem CMAmo OMAUYHBIM
0N HYASL NOCAE 8036PAUEHUS K UCXOOHOMY NOAOINEHUID MOAbKO 8 CAy4ae,
ecau ynryus [ (2) umeem no xpaiineid mepe o0un Hyss. (Mb1 npusHaem,
4TO paccyxJIeHHe HYXJAaJochb Obl B YTOYHEHHH: JEHCTBHTEJNBHO, MBI
OnUpaeMcsl Ha HENPepPLIBHOCTL ceMelcTBa KDHBBIX Y H ceMelcTBa HX
06pasoB, TO eCTb KPUBBIX [, UTO A/ HAC JIHIIb HHTYHTHBHO OUEBHAHO.)

4. [lpuHuMast 3TOT pe3yJ/bTaT, TelNepb OYEHb INPOCTO J0Ka3aTb
OCHOBHYIO TeOpeMY: A060U MHO204AEH UMEEM no MeHobuwield mepe o0um
HyAab. JlOCTaTOYHO NPOBEpPHUTb, YTO MOMKHO B35ITh TaKyI0 KPHBYIO Y,
4TOGEI YHCJIO Z NpeTepresio B UTOre H3MeHeHHe aprymeHta. JleHcTBH-
TeJbHO, MHOTOUJIEH

Uepr. 42

Z=f@R@)=a"+az" + ... -+ a a0
MOMKeT OBITh 3anUCaH TakK:
ag a
Z=2z" [a0+7»f- e z—,’f] =2"Q (2).
Ciien0BaTeNbHO,

arg Z=narg z-+arg Q (2).

Ecan y — OKpy»KHOCTb, HampuMmep, ¢ HEHTpoM B O H JOCTaTOUHO
Goapwioro papuyca, T0 Q (2) ocTaercs mo MOAYJIO H apr'yMeHTY CKOJb
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yrofHo O/IH3KHM K dj; CJeJ0BaTelbHO, YTOYHSISI, KK B 3), Mbl BHAHM,
4TO apryMext uucia Q (z) He noaBepraercs u3MeHeHuio. [losTomy apry-
MEHT uHcja Z yBeNHYUBAETCsl Ha n-21, UTO H JIOKA3blBAET CYUecmeo-
8amue no Kpaiined mepe 00H020 HYAS.

5. Decrnose3Ho yTOYHATH HEMOCPEICTREHHO 3TOT pe3yJbTar, MOKa-
3biBast, YTO HMeeTCcsl B TOUHOCTH £ KOpHel, 4To OblIo Gl pesyJ/bTaToM,
COOTBETCTBYIOIMM JOKa3aHHOMY B 2).

B camoMm pene, 6ca areebpauueckas meopus MHOSOUACHO8, USA0NHCEH-
HAA 8 Npednososerult, H4mo Koag@uyrienmol—JelicmeumenbHbie YUCAd,
COXPAHSLM CUAY, ECAL KOIDHUYUEHMbL NPUHAOALHCAM MO0 KOMNAEKCHDLY
qucen.

B ugactHOCTH, ecj¥ MHOTOYJEH MMeeT HYJAb @y, TO OH JAEJHTCS Ha
2 — ay. Ilycth mostoMy @y — HYJIb MHOTOUJIEHA, CYIIleCTBOBaHHE KOTO-
poro yTBepxkjaercss B 4); TOrJla CyllecTByeT yacTHOe CTelleHH n — |,
CKaxeM, MHOTou/eH Py, TakoH, 4To

[(&)=(—a) P (2)

Ho P4 (2), fBasificCb MHOTOYJIEHOM, HMEET HY/b dp (KOTOPBIH MOXET,
pasyMeeTcs, OKasaTbCsl PaBHBIM YHCHY @4), OTKYLa CJeAyeT CYIIECTBO-
BaHMe MHOTOUJIeHa P, CTeNeHH n — 2, TAKOTo, 4YTO

[(2)=(z—a)(z—a) P2 (2) u 1. 1.

HakoHel, B KayecTBe YACTHOTO [OJyYaeTcsl MOCTOSIHHAS, 3HAYMT,
f (2) nmeet n KOpHe#l, ¥ MHOTOUJIEH NpeNCTaBUM B (opme:

f2)=a0(z—a)(z—a) ... (z—ay).

dro ocHoBHAd Teopema aareGpwl. KancOoul MHO204ACH cmenenu n
umeem n KOpHed, PASAUMHLIX WAL  COBNAOQIOUWUX, HO COCHUMARHbIX
C02AACHO NOPAOKY UX KPArmHOCMU 6eUECINBEHHbIX UAU MHUMBLX.

Crejyer OTMETHTb, UTO PACCYKAEHHS M3 3) COXPaHSIOT CBOIO CHJIY
I/ MHOPHX GYHKUMH, OTJAYHBIX OT MHOTOUJEHOB: JIOCTATOYHO, YTOGDI
VAOBJIETBOP SLIHCh HEOOXOAHMBIE YC/IOBHS HellpepHBHOCTH.

Teopema cyliecTBOBaHMS, OUEBUJHO, HE JAaeT HMKAaKOH (hOpPMYJH,
yTOOBI BLIPA3HTb HA CaMOM JeJie KOPHH C NOMOIIbIO KO3(PhHIHCHTOB
MHOTOWICHA.

IV. 0630p npunosernnii HOMNAEHCHbIX YHCen

KpoMe TeOpeTHYECKOTO HHTepeca H HCMOJNb30BAHUSI B aHajH3e,
KOMIJIEKCHEIE YHCIA ABJSIOTCS He3aMeHHMBblM OpYANeM B ajiredpe, Aaxe
TOT/Aa, KOTA HYXKHBI pe3y/bTaTel B BellecTBEHHOH 00/acTH, a TakKxKe
B FeOMETPHH 1JIst 06 beAMHEHH I TEOPHIT, BHEIIHE OTJMYHBIX APYT OT APYTa;
BBEcHHE 3THX YHCEJ, KPOME TOro, yIOGHO Kak CPeJCTBO AJA pellieHHs
HEKOTOPhIX TeOMETPHUECKHX 3ajad.

1) B aareGpe MHOrouJieHoB ¢ BellleCTBEHHbIMH KoadunHeHTamu
CYIIECTBEHHOH TEOPeMOH SIBJISICTCS CJAEAYIONIAN: eCAl MHO204ACH C etye-
CMBEHHbIMU KOIDDULLERMAMU UMeemn KOMNAEKCHOUL KOPeHb, Mo OH umeem
6 Kauecmee KOPHA MAKJe YUCA0, CONPANEHHOE NEPEBOMY.
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B camom gesie, ecau
P(z)=P(x+iy)=X(x, y)+i¥ (x, y)

HMeeT BelIeCTBEHHblE KO3(XpHLHEHTHI, TO
P (x—iy)=X(x, y)—i¥ (x, y)
CJIe/IOBATENIBHO,
X (%0, Y0) =0,
P (z2p) =0<= 0
Y (X0, 40)=0,
rae 2o 0603Ha4aeT KOMIJIEKCHOE YHCJIO0, CONpSIKEHHOe YHCAY 2. MHOrO-
4jeH JeJIUTCS TOTAA Ha
(z— 20) (2 —20) = (2 — X0)* + Y5-

CliefioBaTeNbHO, Kasovii mHoeouren P (X) ¢ eewecmsenHbimu Koag-
puyuenmamnu packiradeisaemcs 8 npoussederue NOCMOAHHO020 YUCAA HA
MHosxcumean (x — @)%, coomsemcmayioujue OeLicmeUmenbHbIM KOPHAM,
u Ha mroxumerw (x* -+ px + qF, coomsemcmsyiouue KOMMAEKCHO
CONPSIHCEHHBIM KOPHAM.

1 .
Mpuwmep. x4 1 =0 umeer KOpHH% (X1Zki), oTKyzAa
1=V 2x+1) (22—} 224 1).
KoMmmiekcHble UYUCAA MOCHYKHIM JHIIb IPOMEKYTOUHBIM CPEICT-

BOM, YTOOBI NOJNYYHTL 5TH Pe3yJbTAThl B BellleCTBEHHOH 06JacTH.
2) B Tpuronomerpun dopmysa Myaspa

(cos 0--isinB)" = cos nb+isinnd

<> P (20) =0,

JaeT, eC]M pa3BepHYTh W OTHENUTHb [AeHCTBUTE/IbHBIE H MHHMblE YACTH:
{ c0s 28 =cos?2 8 —sin20;

n= sin 26 =2 sin 6 cos 6.
€05 30 = co0s3 0 — 3 cos Bsin26;
n= sin 30 = 3 cos? 0 sin 6—sin3 0.

c0s 46 = cos* 0 —6 cos? 0 sin?2 0 +sin* O;
n= . . .
sin 40 = 4 cos® 0 sin 6—4 cos 0 sin30
U Tak jnaJee. ’
Kospdunuentamu cayxar 4uc/aIa, KOTOphe Mbl OGO3HAYMJIM uepes

(Z) (xu. II, 4. 2, ra. I).

3) B merpuueckol MJIOCKOH reoMeTpuu BEKTOpP MOXKET ObITh Npes-
CTaBJIeH KOMIJVIEKCHBIM YHC/JIOM. MOMKeT CaOyuYuThCsl, YTO OINepaiuy,
KOTOpbie HYKHO BBIIIOJHHUTL HAJ 3THM BEKTOPOM, XOpOIIO HHTEepIpeTH-
PYIOTCS BLIYHMCJEHHSMH C KOMIJIEKCHBIMH YHC/IaMH. Tak 3Ke U B TEOPHHU
3JIeKTPHUECTBA, €CJIM NPEeACTaBHTb CHHYCOHJANBHYIO (YHKLMIO BEKTO-
poM (mpefcraBjeHHe DpeHess), TO METON, HCMOJL3YIOIMI BBeleHHE
KOMILIEKCHBIX YHCeJ, N03BOJIsIeT MOAXOAUTh K 3ajauaM Ha NepeMeHHbIH
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TOK C IOMOIUbI0 (GOpPMyJ, AHAJOTHYHHIX (OPMYJaM IJs MOCTOSIHHOTO
TOKAa.
_az+b
Me1 yxe BHAeNH, 4TO QYHKUHA Z = —— P
o6pa3oBaHus, coxpaHsiomue yriaol. CielyeT OTMETHTh, YTO CHMMETPHS
I10 OTHOLIEHHUIO K OCH, NPHHSITOH 3a AeHCTBUTENBHYIO OCh, COOTBETCTBYET
O0TOOpaXKeHHIo:

az b 3ajiaeT npocThie npe-

z:x+ty\ /,z:x—zy.

3TOT mnepexof XK CONPSIKEHHOMY UYHCJIY MeHseT HalpaBJseHHe YIJIOB;
3TO OTOOpakeHNe He MPHHANJEKHUT, CIeA0BATeIbHO, K QYHKIHAM, K KO-
TOPBIM IpUMeHuMs! pesdyabTatel M3 1. VI, § 111, 3.

IIpumMmep ONpHJAOKEHHS B TeOMeTpHH. YCIOBUe,
HeoGXOAUMOe H JOCTATOYHOE JJIsl TOro, uToOk yeThipe Touku A, B, C, D
HaxXOJHJIUCh HA OJHOH OKPYIKHOCTH, MUHIETCS TaK:

(AC, AD)= (BC, BD) (mod ). (1)

Teopema [lans He MOXKET BBECTH AB€ APYTHE CTOPOHBI YETEIPEXYTOJb-
Huka: AB u CD; Mpl He MOeM HeNlOCpeACTBEHHO BhIBeCTH U3 ycoBus (1)

(AB, AC)= (DB, DC) (mod ), (2)

HeCMOTpS Ha PaBHOCHJbHOCTb 3THX YCJOBHH.

HHTepnpeTaiust ¢ NOMOIIBIO KOMIIJIEKCHBIX YHCesa JaeT Jerko 3TOT
pe3yJbTarT.

O6o3HayuM uepes a, b, ¢, d 4nucaa, AJas KOTOPLIX NaHHBIE TOUKH CJIY-
x)aT addurcamu. Bo3MOKHOCTL ONHCaTh OKPYKHOCTL BOKPYT YeThIpeXx-
YTOJIbHAKA SaHI/ICbIBaeTCH TaK:

—% (mod ), (1)
UJIH 3Xe, BBOJSI ABOHHOE OTHOILeHHe (KH. IV, 4. 1, rn. 1I):
arg (‘j a4t ) =0 (mod ), (1)
YTO PABHOCHJBHO YTBEPKAEHHIO:
d—a d—b
A= s, —p €CTb BELIECTBCHHOE YHCJIO.

Mb1 H3MeHEM MopSIIOK, B KOTOPOM B3SITHl UeThIpe YHCJIa, 00pasylo-
HIHe JBOHHOE OTHOIEHHE, C ITOMOLIBI0 TOXK/IECTBA:

(b—a)y(d—c)y+({d—a)(c—b)=(c—a)(d—0). ()
OrTcioia BHIBOAUTCS, UTO

b—a d—b

c—a " d—c¢
4YTO U JOKa3blBaeT paBeHCTBO (2).

OTMeTHM HHTEpPeCHHIH caydai, KOTAa OJHO M3 3THX JBOHHBIX OTHO-
IIeHUH paBHO —I1; Torja ApyTHe paBHBl YHCJAaM 2, Wan 1/,; coortBet-

=] —A ecTb BellecTBEHHOE UHUCJIO,
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CTBYIOLUHH YeTHIPEXYTOJbHHK HA3bIBAETCS 2APMOHUYHBIM, €T0 CTOHT
H3YYUThb B KAyecTBE YIPAXKHEHUS.

Uro6bl BBIBECTH K3 IPelIIECTBYIOUIHX pPABEHCTB COOTHONIEHHE
MeXIY MOAYJISIMH, YTOUHHM, UTO 3TOT YeTBIPEXYTOJIbHHK, 0603HAueH-
it ABCD, Boinykianif. Torga namucanHble PaBeHCTBA BEPHHI TaKXke
1o MoxyJo 2x. Ho Hanucats

arg (d—a) (c—b) =arg (c— a) (d — b) (mod 2s)
03HawaeT, YTO BEKTOPbI, H306paKarol(ie KOMIIIEKCHBIC YHCIa
(d—a)(c—0b) u (c—a)(d—0),

napaJsijie/ibHEl ¥ OAKHAKOBO HANpasJeHw. 10 e BepPHO IS MoGOro us
3TUX BEKTOPOB M BeKTOpa, M3obpaxaromero uucaa (b — a) (d — o).
ToxpectBo (J) maeT Torga, eciu yuecTb MOIYJIHM 3THX MapasjieJbHBIX
BEKTOPOB,

AB-CD +AD-BC=AC-DB (dopmyaa Ilronemes).

Cor/1acHO HePaBEHCTBY TPEYTOJBHHKA, €CJAH BOKPYT BBITYKJIOTO
YeTHIPeXYrOJbHHKA HeJb3sl ONHCATb OKPYKHOCTb, TO GyIeM HMETb:

AB-CD+AD-BC > AC-DB.

4) B anaasumuveckoli eeomempuy IBYX HJIH Tpex H3MepeHHH NPHXO-
IST K HEOOXOAMMOCTH JONYCKATh JJIs1 KOOPAHHAT KOMILJIEKCHBIE 3Haue-
HHs. COOTBETCTBYIOIIHE TOUKH HA3LIBAIOTCS TOTAA MHUMbBIMU MOYKAMU.
Hanpumep, Ha MJIOCKOCTH OKPYIKHOCTb H MpsiMasi C YPaBHEHHAMH:

4P =R?, y=mx-p,
€CJ/IM OHM He KacaloTcs, TO IepeceKaloTcs B IBYX TOUKaX, KOTOphie OYAYT
BEINECTBEHHBIMH HJH MHHUMBIMH, B 3aBHCHMOCTH OT TOTIO, 6y11eT JIH
HMETb BELIECTBEHHbBIE UJIH MHHMbBIE KOpHH ypaBHeI—me A a6cuncc TOUYEK

nepeceyeHust
(1 +m?) 2+ 2mpx +p?— R*=0.

PaccMaTpHBaOT TaKKe MHUMbE KPU8ble, B UACTHOCTH, OKPYXKHOCTH
C JeHCTBUTC/JBHBIM IEHTPOM, HO € YHCTO MHHMBIM paguycom. Torua,
Hanpumep, moOoi TYyYOK OKPYKHOCTEH HMMEET JBe OCHOBHHIE GasHCHBHIE
TOYKH U JiBe NpeJieqbHble TOUKH *.

Onpezenenue paccTOAHAS MeXAY ABYMSI TOYKAMH COXPAHAIOT Ha
nockocT OM? = x* + y%, HO JBe pa3/HuHble TOUKH MOT'YT UMETh H HY-
JIeBOe pAaCCTOSHHE, HampUMep, TOUKA C KOOPAHMHATAMHU X = @, Y == ia
HAXOZHMTCS Ha HYJIEBOM PACCTOSIHHU OT HayaJja, Tak kak x* + g% = 0.

Taxue pe3yJibTaThl MapajoKCaJbHOTO BHAa MOKA3HBAIOT, YTO HYKHBI
HEKOTOpble MPEJIOCTOPOKHOCTH MNPH HCIOJB30BAHWH 3TOrO MeToja,
BBEJIeHHOTO B OCHOBHOM reomeTpoM [loncesre. OpHako Teopus ajreo6-
pauMuecKHX KPHBBIX 6e3 9TOrO MeToJa 06XOJAUThCSI He MOXKET.

* Peub HAeT 0 ABYX COOCTBEHHHBIX TOUKaX, OOLIMX BCeM OKDPYIKHOCTAM NyukKa,
U 0 ABYX HYJIEBBIX OKPYXKHOCTAX myuka.— Ilpum. ped.



YHYETBEPTAYJd KHHUTA

FEOMETPUHU

['eoMeTpHsi H3yuaeT HEKOTOPOe MHOXKECTBO 3JIEMEHTOB, Ha3bIBAEMBIX
TOYKaMH, U HEKOTOpHIe MOAMHOMXKECTBa 5TOTO MHOXKECTBA: MPSMEIe, NJ0-
CKOCTH HJH, BooOme ¢urypsl. BBonsiTcsi HeKOTOpHIe Omepaldd, npH-
MeHsieMble K 3JeMeHTaM; OHH MO3BOJAIOT ONPEeleaHTb OTOOpaxkeHHS
OJIHOTO HOJAMHOXKECTBa Ha JApyroe (HampuMep, ToYeuHble npeobpasosa-
HHA.) DTO O3HA4aeT, YTO ceomempus MOXKET pacCMaTPHBATLCH Kak
modens Hexomopoll arcebpol, K KOTOPOH HYMKHO NPHCOCAUHHTbL HEKOMO-
pyro monosoeuro, BBOISIYIO INOHATHS HenpepbiBHOCTH. Takum o6pa-
30M, MBI paccMaTpHBaeM HayKy O IPOCTPAHCTBe asre6paH3oBaHHOH
He TOJIbKO NMOTOMY, YTO I'€OMeTPHI0 MOXKHO CBECTH K YHCJOBBIM pacue-
TaM (KaK B aHAJMMTHUECKOH reOMeTpHH).

Onnaxo, nocjae TOrO Kak COOpaH:! BOGAHHO CBORCTBA HEKOTOPBIX
OCHOBHBIX (HIYD H HEKOTOPHIX OTOOpaskeHHI NpOCTpaHCTBAa Ha cebs,
OKa3blBaeTCsl BO3MOMKHEIM MPOBOAMTL CHHTETHUECKHE DacCyKAeHHs,
onUpalollyecsl Ha HalJIfAHbIE NpeiCTaBjeHHs (PH3HYECKOIO NMPOCTpaH-
CTBa, M BHOBb NOJYYHTb, TAKHM 06pa3soM, CBOHCTBEHHYIO TPaJHIMOH-
HOH reoMeTpHH EBKJHIA MaHepy MEIIJICHHS.

Ecnu ucnosnb3oBath 3TH Ke caMble COOOpa)eHHsi, HO HCXOAHTb U3
ApPYTHX AKCHOMAaTHYECKHX OCHOB, TO MOXHO NPHHTH K IOCTDOEHHIO
pas/IHYHbIX TeOMeTPHii; MBI BBEIEM Te U3 HHX, KOTOpHIE OUeHb OJIM3KH
K eBKJHAOBOH TeOMETPHH.

PaccyxXkieHHd TaK Ha3bBaeEMOTO «TeOMETPHUECKOr0» THIIA MOTYT ObITh
0XapaKTePH30BaHH CJeLyIomuM 00pa3oM: OOBEKTOM T'eOMETPHUYECKOro
HCCJIeOBaHUsl ABJSIETCSI CJAMINKOM 6oratas CHTyauus, 4ToObl MOMKHO
OBlJIO BHISIBUTD BCE NIPeJIoJaraeMsle 3/1eCh CRBOHCTBA. B KAkl MOMEHT
HYKHO BBIOHDATh Te CBOHCTBA, KOTODHle NPHBOAAT K KOMOHHANHSIM,
yKe HCTILITAHHBIM B KauecTBe JIarollX H3BECTHbIC H MOJIe3HLIE BHIBOIH.

BMecTO CHMBOJIMKH HEKOTOpPOH CHCTeMbl YpaBHEHHH, NOJjexaed
npeobpa3oBanuio, HCNONB3YIOT OoJiee MM MEHee CJOMKHBIE CXeMbl, TJe
Kax/0e YMO3aK/JIOYeHHe pAaBHO3HAYHO MHOTOUHCJCHHBIM aJreGpauye-
CKMM oOriepalMsM, BLINOJHEHHHIM B TeODHH pas H HaBcerja. Kaxkgoe
M3 3THX YMO3AK/IOYeHHHA HasbIBAETCH meopemoti, 370 B HEKOTODOM pOZE
KaMeHb, OTeCaHHBIH 3apaHee M T'OTOBLIH CJAYKHUTb A/l NMOCTPOHKH 37a-
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HHA. Ho ocoGeHHBIH HHTepeC HMEIOT COeAMHEHHsI TaKHX KaMHeH: reo-
MEeTPHsi HCIIOJb3YeT ITH TeOpeMbl AJIs HCCJIELOBAHHUS EOMEMPUHECKUX
npobaem. V13 HUX-TO U U3BJIEKAIOTCSI TeOpeMEbl 60Jiee CAOXKHbIE, YeM Iep-
Bble, H KOTOpDbIe TIPHBOJAT K HOBBIM IpoGseMaMm. Tak reomMeTpust 060-
ramaercsi A0 OECKOHEUHOCTH H Pa3BepThIBAETCS] B CAMOCTOATENBHYIO
HAyKy, KpacoTa KOTOpOH H3BecTHA.

3ameuadue. HapucoBanHule Ha camoMm fene GUIypbl HeoO-
XOJMMBI JIUIUb B YACTHBEIX CAy4YasiX, B KOTOPBIX HX JelCTBHTENLHO HYKHO
paccMatpuBaTh. Mol OyzeM vaile Bcero H3yd4aTh TOJBKO OYeHb OOLIHe
MOAMHOXKeCTBa, 00JIaZalol#e IPOCTHIMH CTPYKTYPAMH, TaK YTO PHCYHKH
OyayT orcyTcTBoBaTh. OfHAKO yuTaTesio OyJeT O4eHb YacTO MOJIE3HO
HauepTATb HEKOTOpHle HAOpPOCKH, YTOOHI CJeIHTH 3a 06O3HaYeHUSIMH.



I[Teppass wacrth

ADDOUHHAA TEOMETPUA U NPOEKTUBHASA
FEOMETPUSA

I[lepBasg rmasa

ADDHHHAA TEOMETPMA
® .

Mz BBesint B raiaBe [11, kuuru I, ¢ oano# cTOpOHE], BEKTOPHOE TIPO-
CTPAHCTBO KAaKOro-i1ub0 4YHC/Ja H3MEPeHMH, a ¢ APYroH CTOpPOHHI, ero
TO4YeuHblH 06pa3, KOTOPBIA Mbl cefigac 6yAeM Ha3bIBATh «[TPOCTPAHCTBOMY .
Jtor 0o6pa3 ompefensercd, KOrAa jaHa HauyampHas Touka O H 6asuc

{v4, Vs, ..., Uy} BEKTOPHOTO NpOCTpaHCTBa. Hanpumep, B IJIOCKOH
reOMeTpHH penep (cucmema xoopduram) Oyler o0603HAYATHCS TaK:
0; {u, v}.

B reomerpun mnpoctpaHCTBa (nOApasyMeBaeTcsl Tpex H3MepeHHit)
penep OyIeT Taxoi:
0; {u, v, w}.

B addunno# reomeTpry MBI BBOJHM B BEKTOPHOM IPOCTPAHCTBE TOMb-
KO JiBe OlepanuH, XapakTepH3yIolmue CTPYKTYPY NPOCTPAHCTBA: CJIO-
JKEHHe MW YMHOXKeHHe Ha YHCJIO, KOTOpoe Mbl OyleM Bcerja Ipenno-
JaraTbh BelleCTBeHHHIM (pedb, CJeJOBATeNbHO, HIAET O BeH[eCTBEHHOI}
ahpUHHOH TeOMeTpHH).

§ 1. OcHOBHbIE hurypbr®

l. TeoMeTpuA nNocCKOCTH (reoMeTpun
BBYX M3IMEpeHuni)

Penep O; {#, v} npexnonaraercs 3aganHbM. Mpl BUAEIH, UTO HEKO-
Topei Bekrop U BeKTODHOTO TPOCTPAHCTBA 3aJdeTcsl OXHO3HAYHO
CBOHMH KOOpAHHATaMH X, y:

U=xun-+yv,

a HEeKoTopad TOoYKa M, uMemas KoopiuHatel X, Y, 3alaercd Tak:
oM=VU.
A) BekropHoe mnpocTpaHcTBO oOpueHTHpOBaHo: mnapa {U, V},
OIpe/ieJIcHHasl paBeHCTBAMH
U=xu+yv, V=xu+yv,
* B oreuectBenHoit nuteparype (ocofeHHO MO NPOEKTHBHOH TeOMEeTpPUM) daile

ynoTpeGJsieTcss TepMHH «KOHGUTYDPALHsI», KOTOPHIM ME TakKe GyAeM MOJIb30BATHCS.
— ITpun. pead.
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cocTaBJsieT 6asuc, ecad yucao § = xy’ — yx' OTJIHYHO OT HYJId, IPHYEM
3HaK yucaa § mokasbiBaeT, uMeeT Jd napa {U, V} nonoxutenbuyo
OPHEHTAIHIO (TO ecTb Ty e OPHeHTalMIo, YTO U napa {#, v}) WK xe
oTpHIaTeabHYyI0. Tak, Hanmpumep,

{U, V} u{V, U} umeroT npOTUBONOJIOKHbIE O HeHTALWH;

{U, V} u {—U, —V} umeoT Ty e OpHEHTalLHIO;

{U, V} u {—U, V}, xaku {U, V}u {U, —V}, uMeor npoTUBO-
IIOJIOKHBIE OPHEHTAIHH.

B) Nlpsmas. HanomunaeMm, 4YTO €Cc/IH JaHa HeKoTopass Touka A
U HeKOTOpHH BekTop U (He HyJeBOK), TO NpsaMasl ONpefessieTcsl, Kak
MHOXECTBO ToueK M, yAOBJ/IETBOPSIOMUX PABEHCTBY

AM =mU,

rie m npoGeraeT MHOXKECTBO % BEIECTBEHHBIX YHCEJ.

U ua3sbiBaeTcst Hanpagasiowum sexmopom npsimoii. Vs onpenenenus
cJIe[yeT, 4TO KaxKAas mpsAMasl HHBapHAHTHA B [EJAOM: OTHOCHTEJBHO
JreG0TO  mapalijIeJbHOTO TepeHoca, 3aJlaHHOTO BekTopoMm all/, KakoBo
Obl HU OBLIO UYHCJO a:

Vm, m\__/,m—{—a;

OTHOCUTEJIBHO JIIO00H TOMOTETHH, EHTPOM KOTOpPO#l SIBJISIETCS OfHA H3
TOYeK INpaIMOH:

Vm, m\ /,k(m—a);
OTHOCHTEJIBHO JI000H MHBEPCHH, IOJIOCOM KOTOPOJ ABJ/fieTCs OJHA H3
TOUEK TNPAMOH:
k

. JSm—a’
1 BOOOIle MO OTHOWIEHUIO K JIO60MY JIPOOHO-JIUHEAHOMY IipeoGpa3oBa-
HHIO Hal noJem %:

Vm, m

km--h
Hmeer Mecro:

Teopema. Kaomdana npamas Jeaum naockocms Ha 0dse obaacmiu.

[lpucoeauHuM K HanpasJasiolmeMmy BekTopy U gaHHO# npsiMOl npy-
roit Bektop V, He mapasjenpHbll nepsoMy. IliockocTs — 3T0 MHOXKe-
CTBO TOueK M, ompejneseHHBIX paBeHcTBOM AM = xU +- yV.

JBe Touku M; u My, He pacrno/ioxkeHHblE HA JaHHOH NpsMOH, Ha3kHl-
BAaIOTCsl MPHHAAJEKAIMMH 0010l 1w moll ge 0baracmu, eClIM YHCJIa Yy U Yy
umeom 00UH U Mom Je 3HAK. JTO SABJAETCH OTHOUIEHHEM 3KBHBAJIEHT-
HOCTH. MOKHO NpPOBepUTH, UTO OINpEJe/ICeHHOE TAKHM 00pa3oM pasbue-
HHe Ha O0JIACTH He 3aBHUCHT HH OT TOYKH A, BHIGpPaHHOH Ha IpsIMOH,
HH OT HallpaBJ/sIoOEero BeKTOpa Ha TOf ke npsiMoii. Takum oGpasom
TIOJIYYEHO pasbuerue NI0CKOCTH Ha yacmu: ABe 00sacTH 6e3 ofIux ToueK
U caMa npamas (pasGueHve HA TPH MOAMHOKECTBA).
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Boinyxaocts Kaxaoi u3 obGaacreil. HyxHo nokasame, umo ecau Ose
mosKu Haxo0amcs 6 00Koi u3 amux obaacmell, mo ompesok, ux coedu-
HAarnwud, npuradiescum amod osce obaacmu. JeHcTBUTENBHO, NMYCTh

AM,=xU+y,V, AMy=xU+y,V,

TJe uUMCia iy M Yp ONHOTO H TOTO xe 3Haka. OTpesok M;M, — 310 Teo-
METPHYECKOe MeCTO Touek M, Takux, uTo

MM =mMM,, 0<m<1,
OTKYyAa
AM = {(1 —m) x; +mxl U+ {(1 —m) yy +mys] V,

1 ro3pdunueHT BekTopa V' HMeeT, JeHCTBHTENBHO, TOT e 3HAK, YTC
¥ KaxJ0e M3 9Hcen y; M y,. HaoGopor, ecnin M,y u M, HaxonsTcs B pas-
JIHUHBIX 0GJIACTAX, TO €CTh €CJH Yy H Y, HMEIOT Pas3juuHBle 3HAKH, TO
TOYKa M,, COOTBETCTBYIOWAsl PaBeHCTBY
(1—m)y, +my,=0,

TO €CTb YHCJY My = ﬁ%z’ aBysgercs obwedl Touko# orpeska M M-
H 3aganno#i npsamod. llycrb, Hanmpumep, Y, << 0 <Cy,; TOrAa [nBe
NOJYNpsIMBle, KOTOpHIE COOTBETCTBYIOT 3HAUEHMAM M < My, C OXHOMN
CTOPOHBI, H 3HAUEHHSIM M > MMy — C APYTOH, PACHOJOKEHB! B Pa3/ny-
HBIX 06JacTsX.

Takum o6pasom, mol eUOUM, YMO A06QS NPAMAS, HEe NAPAAIEAbHAS
sadanrod, codepocum 6 xaxcOod obaacmu nO NOAYNRPAMOL.

Ipsvaa B asaauTHyecko# reomerpu. IlycTp naH HekoTOpHi
Gasuc {#, v} B MJOCKOCTH K Touka O — HayaJjo KoopauHaT. [Ipsmas —
3TO reOMeTpHuecKoe MecTo Touek M (x, y), TaAKHX, UTO €CAH Xg, Yo —
KOOpAHHATH TOUKH A H ecsau

U=an - bv,
TO
(x— xo) #+ (y— yo) v = m (ar -+ bo).

YpaBHeHne npAMOH noJydyaeTcsi, CJENOBaTebHO, HCKJIOYeHHewm
YyHCJa M K3 YPaBHEHHH:

{ X — Xo=ma;
Y—Yo= mb,
T4K YTO MOJYyUYaeTcs
b (x — x9)—a(y—yo) =0.
O6parHo, Bcsikoe ypaBHeHMe ux + vy + w = 0 npeicrasJiser nps-
MYIO, €CJIM YHCAa ¥ M v He paBHBI 06a HYJ/IO: B CaMOM JelJle, MOXHO

Oyzer B3ATh @ = —v, b = u, a B KauecTBe X, Yo JIOGYIO napy uuces,
VIOBJETBOPSIIOUIHX PaBeHCTBY uxp - vyo + w = 0.
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C) OcHornbie GuUrypsi
I)Mapanaeanorpamm [IlepectaHoBka CpefHHX ToYek
B PaBEHCTBE BEKTOPOB, ONpEJE/JeHHBIX CBOHMH KOHIAMH:
{AB=CD]<>[AC = BD].
LleHTp mnapaJsenorpamma:

( AB=CD; .
2) Kondwurypanus daneca. Ecan
04’ =kOA

H ecan B v B’ — nBe jpyrHe TOYKH, TO
[OB’ = kOBl <«=>|A'B’ = kAB].

D) Ipunoxeuus

1) Addunnags kondurypauus Jesapra (UaH roMOTeTHUHBE Tpe-
yroanHHKH). [lycTh TpH npsaMele @, b, ¢ IPOXORAT COOTBETCTBEHHO depes
napst Touek A, A’; B, B'; C, C’, takux, uto AB, A'B’, TaKk %e, Kak
1 BC, B’C’, cOOTBETCTBEHHO MapaJjieflbHbl, TO €CThb

dk: A'B'=FkAB u 3h:B'C’' =hBC.

JlokaxeM TeopeMy:
a, b, c IepecerarTCs B OJHOH TOYK " n AC napanJesbHnl ],
la, b TCsl B OJ{HON Touke] <= [A'C
HefictButenbHo, ecln @ W b nepecekaiorcss B Touke O, TO TeopeMa

daJgeca jpaer
OA' =kOA, OB =FkOB,
OC' =hOC +(k—h)OB*
A'C'=h0OC -+ (k—h)OB—kOA=FkAC— (k—h) BC**.

3HAYUT, OJHO U TO XKe YCJOBHe B = h BEIpasaeT KaK KOJJIHHeap-
uoeth Touek 0, C, C’, Tak u napaanenusm npsmuix A'C’ u AC.

Ecan npsiMble @ ¥ b mapaJenbHbl, To ¢urypa Qaneca sameHsiercs
napaJsenorpaMmom. JlokasatenbcTBo TpeOyerT, 4ToGH mpsiMble a, b, ¢
GBlTH pasJIMYHBIMH, TakK JKe Kak u npsmsie AB u BC. B oco6uix ciy-
uasix, KOIAA 5TO HE .MIMEET MeCTa, TeOpeMa TepsieT CHJy.

2) Addunnasn kondurypauus IMackanst. e mpsimeie 8§ u 8 co-
JepaKaT COOTBETCTBEHHO mno Tpu Toukd A, B, C u A’, B', C'.

JloKaxeM TeopeMy:

[AB'||A'B u BC' || BC]= A’C|| AC’

(cuMBOJ || 03HAUaeT mapaJJeNbHOCTD).

3HAYHT,

H

* Us OC = OB’ +-B'C'=kOB-+ hBC=kFOB + h(OC— OB).— IIpun. ped.
** U3 A'C'= OC' — OA' u OB = OC — BC.— Ilpun. ped.
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[lyctb, B camom fene, O — obmast Touka npsmeix 6 u 6', a U u
U’ — HanpaBJsoIpe BEKTOPHl 3THX MNpPSAMBIX. BCJIEACTBHe KOMIMHe-
APHOCTH HMeeM:

OA=all, OB=0bU, OC=clU,
OA'=a'U’, OB =b'U’, OC' =c'U".
O6a npeinosoxKeHHs O Iapajyeu3Me BhIPaKamTCs PaBeHCTBAMH:
aa’ =bb" u bb' = cc'.

Orciona BHITEKaeT

aa’ =cc’,
YTO U BHIpaxKaeT 3akJIOUEeHHe TeopeMsl *.
(B rnaBe 11 mel mo3sHaKoMEMCH C TIPOEKTHBHLIMH ¢urypamu Hesap-
ra u [lackanas.)

il. TeoMeTpua TpexMepHOoro npocrpaHcrea R?

Penepom cayxur O; {#, v, w}. Mbl BHjenu, 4TO CyIeCcTBYeT BO3-
MOKHOCTb OPHEHTHPOBaTh Gasuc {#, ¥, W} ¢ NOMOUIBbIO 3HAKA HEKO-
TOpOro Bblpaxkenust A, o6pa3soBAHHOTO H3 KOMIIOHEHT Ga3HCHBIX BeK-
TOPOB. B HalllHX reOMeTPHYECKHX HCCJIEJOBAHHAX MBI GYAEM HCHOJb-
30BaTh CJEACTBHS OPHEHTAIHH, KOTODHIC HPOBEPSIOTCS BBIYHCJIEHUEM,
B YaCTHOCTH:

1) {U, V, W} MeHsieT OpHeHTALHKIO, €C/IH epecTaBUTh MeKIY coGoH
Kakue-TH60 JBa BeKTOpa; TaK, HampHMep,

{u, v, wi {v, W, U}; {W, U, V}
HMEIOT OJHY H Ty K€ OpPHEHTAHHIO, NPOTHBOMNOJOKHYIO OpHEHTALHU
TPOEK:

(U, w, vi; {V, U, W} (W, V, U}.

2) {U, VyW}y {—U, - V’W},{'—U, V7 “—W}H{U, _Vy - W}
HMEIOT OJIHY H TY K€ OPHEHTAlHIO, NMPOTHBOMOJOKHYIO OpPHEHTallHH
TPOEK:

{_‘Uv V1 W}7 {U» _"V, W}, {U’ V7 _'W} H {'_'U1 _'V’ —‘W}

3) Ecau Z — BekTOp, 3ajaHHbI# 110 oTHOWeHHUO K 6asucy {U, V, W)
CBOUMH KOOpJAHHATaMH a, b, c:

Z=aU+bV-+cW,

10 {U, V, Z} uMeer Ty xe opuentanuto, uto 1 {U, V, W}, ecau ¢ —
OJIOXKHUTEIbHOE UHCJO.

* JlaHHOE LOKa3aTelbCTBO TepsieT CUAY, ecau npambe 8 H 8’ mapannenbusl,
OJJHAKO TeopeMa ocTaeTcs cnpaBefTHBoH. B 3ToM ciyuae ee IoKa3aTelbCTBO
BBITEKAET U3 OCJE0BaTeIbHOI'O PACCMOTPEHH s TpeX napaniaenorpammos ABA’B’,
BCB'C’, ACA’C’, npuueM TpeTHH UETHPEXYrONbLHHK SIBISIETCA Mapalieso-
rpaMMoM, NMOCKOJBKY JBe ero cTopoHsl AC u C'A’ paBHB ¥ uapajlelbHbl. —
Hpum. peo.
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Tpu Bekropa U, V, W HasbBaOTCA KOMRAGHAPHbIMU, €CIA CYylle-
CTBYIOT YHCJa m H p, Takue, uro W = mU 4 pV *.

[Trnockocts 3amaercs Toukoii A u mapoit {U, V}; 310 MHOXeCTBO
Touek M, Takux, uto BekTop AM KomniaHapeH c Bekropamu U H V.

Jlio6as MJIOCKOCTb — IeoMeTpHUYecKoe MecTo Todek M, Hias KOTO-
poix AM = mU + pV, rge m u p npoGeraoT MHOXKECTBO BeIIECTBEHHEIX
uuces, JASMHT MPOCTPAHCTBO HA JBe BHNYKJble 00/1acTH, KOTOpHE
pasnuuaroT ¢ nomompio Bekropa W, nomosnsiomero 6asuc {U, V}
njaockocTd. Ecnu Hekoropas napa {X, ¥V} us Gasuca {X, ¥, Z} kom-
nsiaHapHa ¢ napo#i {U, V}, To 31a napa HMeeT Ty e OpHEHTAIHIO, 4TO
u {U, V, W}, ecsi komnioneHTa Bekropa Z 1o BeKtopy W noJoxkuTen-
Ha; B 3TOM cJy4yae OBOPAT, UTO Z HAXOLHUTCS C TOH 3Ke CTOPOHHI IJIO-
cKocTH, uTo U W. Vcxons u3 3THX 3aMedaHuil, MOXKXHO CPABHHTb OpHEH-
TAlMIO ABYX Kakux-1uto 6asucos {X, ¥V, Z} u {U, V, W} CleRyomuM
o0pasoM. BBosir, HanmpHMep, HEKOTOPHIH BEKTOD K, KOMHJIaHaprIH
napam {U, V} u {X, ¥V}, u gpyroii Bektop L, KOMIJIAHAPHEI Tapam
{V, W} n {X, Y}. Tagum o6pasoM CpaBHHBAIOT MOCJENOBATENbHO
opuentanuu tpoek {U, V, W} {K, V, W}, {K, L, W}, {X, V¥V, W}
u {X, ¥V, Z}. OcHoBHEIMH (GHUTYypaMH SBJISIOTCA napassesenuned
u gueypa Paseca, oTKyAa noaydaerca adpunnas ¢urypa [esapra,
B KoTOpoH mnJjockocth ABC u A’B’C’ napaJjefbHbL.

Teopema daneca B npoctpascree R3S,

Ecau wecmo mowex A, B, C u A’, B’, C' pacnoaoscenst no mpu
COOMBEMCMBEHHO HA 08YX HE KOMNAQHAPHLIX NPAMbIX, MO

Ac _ AT
AB  AB

JefiCTBUTENBHO, NO IMPEANOJOKEHHIO
3k, k': AC=kAB u A'C'=F'A’'B’,

<>[A4’, BB’, CC’ rowmmjiaHapHhI].

OTKyla

AC—A'C =kAB—FA'B'=k(AB—A'B')+(k—F')A'B,
TO €CTh

AA'—CC' =k (AA'—BB')+ (k—F') A’B’ **,

OTKYJa
C'=(1—%k)AA' kBB —(k—Fk') A'B’.

Ho AA’, BB’, A’B’ ofpasyorT (a3uc, CJIeI0BaTeJbHO,

[k=Fk']<>[3A, p:CC’ =1AA’+pBE],

YTO U JOKa3bplBaeT TeopeMmy.

* 3Jech U HHUXKe aBTOp mpefmonaraer, uyTo BekTopn U, V o6pasyior Gasuc,
TO eCThb JIUHeNHO He3aBUCHMH. B camom obmem caydae TpH BeKTOPa HA3BIBAIOTCH
KOMNJIaHADHBIMH, eCyiM OHM JinHelino 3aBucuMu, ToecTem U4-p V 4+ g W = 0,
rie xoTs OB OJJHO M3 YHCeN /m, p, § OTINYHO OT HyJAs. KoMniadapHuoe B 9TOM

CMHCJIE BEKTOpH MOLYT OKa3aThCs KOJJHHEADHBIMH HJH Ja)e HYJb-BeKTO-
pamud.— ITpum. ped.

*#* Us sammkanus jdomanofi AC 4+ CC' - C'A 4+ A'A = 0 H aHaJOTHUHO
AB L BB' - B'A’ + A’A = 0.— Ilpun. ped.
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1. Teopua yeHTpa TaAMecTH (GapuueHTpa)*

Mzl cefiuac 0600iUM (B mpOCTpaHCTBe JIOGOI0 UHCIA H3MepeHHH)
HEKOTOpbLIE XOpOWO M3BeCTHBIE (OPMY.JIHL.

1) Ilycts A, B — napa Touek. CepenHa G oTpe3Ka, UX COSIHHSIO-
Iero, YAOBJETBOPSET DPAaBEHCTBY:

GA-+GB=0,
TaK 4YTO, KakoBa Ohl HHM Oblia TOouka O,

OA+ OB=20G.
Ecar panbl tpu Toukn A, B, C, To MOXHO OnpeiendTb Touky G,
TaKylo, 4TO
GA--GB+ GC=0.
HeficTBHTENBHO, TO YCJIOBHE MOXKHO 3amMUCaTh TakK:
AG=GB+GC=2G4",
rge A° — cepeanna orpeaka BC, Tak 4TO
AG=244".

Ho, Tak Kak HCXOJHOE pAaBEHCTBO CHMMETPHUHO OTHOCHTEJIBbHO
A, B, C, mu GyneM HMeTb TakxKe:

BG=%BB u CG=3CC

Orciofa npefIoXKeHHe: 8 2000M MpeysossHuKe Meduansl nepecexa-
10MCA 8 MO4KE, PACNOAONEHHOU, CUUMAA OM BEPULLHbL, HA PACCIMOAHUL,

pastiom 3/3 meduaro.
Kpome Toro, eciun O — HeKOTOpasi TOUKA NPOCTPAHCTBA, TO

04+ OB+ 0C = 30G, V0.

Mu cefiyac st0 0606IHM.
2) Paccmompum n mowex Ay, As, . .., An. Cywmectsyer mouka G,
maxkas, 4mo
GA,--GA,-- ...+ GA,=0,

u, Kaxkosa 6Gut Hu beira monka O,
OA,+0OA,-+- ...+ 04,=n0G.

JloxasaTenbCTBO NPOBOAMTCH pekyppeHtHo. [lyets g — Taxas
TOYKa, YTO

gA1+gA2+ LEPRY +gAn_1:0.

* Bosee nofpo6Ho 0 HEHTPE TAXKECTH H MNPUNOKEHHAX 3TOrO NOHATHA
cM. B kuure M. b. B a 1 K, TeomerprHueckue TPHIOMEHUS NOHATHA O LEHTpE
TaxecTH, M., 1959, crp. 230.— ITpum. ped.
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Dra TouKa npeanosiaraeTcsi yxe onpejejenHod. Torga Touxka G
onpenenasiercd no c¢opmyae Illanas cienymolidM 00pasoM:

A,G=(n—1)Gg ™, otkylna
[OA;+... 04 =(n—1)0g]=

(fpsMOe JOKa3aTeNbCTBO JaeTcs jasjplie s Gosee ofwWero mpepso-
JKEHHS).

Touka G, KOTOPYIO MBI TOJIBKO YTO ONPEJeNUJIH, HAa3blBACTCS eI~
pPOM Mmssecmu UIH GApUyeHmpPOM N MOUeK, KOMOopsiM NPUNLCAHbL PAG-
Hole Koaghhuyjuermor (WIIH e YeHmpoMm CPEOHUX pacCmoAHULi, COTJIACHO
TePMBHOJIOTHH, KOTOpas Tenepb He sBJSETCS PacIpOCTpaHEHHOH).

3) Obwan meopema 0 yeHmpe MANECHU
O6o3naunM OGYKBOH { Lejgoe UHCJO0, KOTOpOoe MOXeT HNpUHHMATH

3Havenust 1, 2, 3, ..., n, a OYKBOH u; — YHCJO HJH Xe BEKTOp,
3aBUCSHIMA OT [. Mp 6yneM 0GO3Ha4yaTh CHMBOJIHUECKH 2u; CYMMY
aJqre6panuecKyl0 HJH TEOMETPHUECKYIO: Uy —+ ug -+ ... -+ Up.
[lycre Tenepp Ay, As, ..., An, n TOUEK, KOTOPBIM INPHIHCAHEE
COOTBETCTBEHHO KO3(pULHEHTH my, Mg, . . ., M,. Mbl Xenaem jpoka-
3aTh, UTO CYUIECTBYyeT Touka G, Takas, 4TO
2 (m,G4;) =0, (1)

eCJIM TOJBKO Zm; = O, u uTo, KaKoBa Ob HH Gbuia Touka O, 3Ta TOU-
Ka G YJOBJETBOpHAET pPaBeHCTBY:

Has storo mMbl JOKaxeM cHayaja, 4T0 Touka @, onpefeseHHas
paBeHCTBOM (2), He 3aBHCHT OT TOukH 0. 3Jtoro GyJeT JOCTATOMHO,
TaK KakK, ompele/HB TOUKy G C MOMOLIBIO CMEeNHaJbHOrO BHGOpa TOU-
kKM O, MOXHO GYIeT 3aTeM MOMeCTHTb TOUKY O B G, ueM ¥ JOKaXKeTCsH
paseHcTBO (1), u60 JeBas yacTb paBeHCTBA (2) o6paTHTCA TOTAA B HYJIb..

[Tyere nosatomy O v O — z1Be Kakue-1HOO TOUKH. B mpaBoll wacTk
COCTHOLIEeHHs (2), KOoTopoe onpefessieT TOUky G, koraa touka O Buibpa-
Ha, 3aMeHHM OA; uepe3a Q0" + O’A;. Torna 3T0 BoipaxkeHHe MOJYYHT
CleAYIOWUH BUL:

(Zm,) 00’ + 2 (m,-O'Ai),

* s tpeboBanuss GA; 4 ... -+ GA,_4 + GA, = 0 naxopum:
ApG=GA+...+GA,_4.
Ho B cooTBeTCTBHH €O CBOHCTBAMH TOUKH g MOJyyaeM:
GAyj+ .. +GAp_y=(n—1)Gg,

UTO M JaeT MNpHBeIeHHOoe B TeKCTe COOTHOWIEHHE, NO3BOJASIOLIEE ONpeleaHTH
nonoxenune G@G: .

n——l

A,G= Apg.— Ipum. ped.
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TAK YTO Ta K€ camas Toyka G YIOBJIETBOPSET TAKKE PaBEHCTBY:
(E2m;) 0'G =2 (m;0' A4;).

B canyuae korga Zm; = 0, Touka G GoJIbile HE CYIECTBYET, H JOKa-
3aTeJIbCTBO 11OKa3biBaeT, ute § = Z(m;- OA;) — BexTOp, He 3aBHCH-
muii or ToukH 0. Touxa (G, KOI'Zla OHA CYUIECTBYET, Ha3bIBAETCS yeHMl-
pom maxcecmu (uau GapuyeRmpom) modek A;, KOMOPLLM RPUNLCAHD!
Koahpuyuenmor  m.

KoMMyTatusBHOCTDb. Touka G, OYeBHIHO, He 3aBHCHT OT
TIOPSIAKa TOUeK, eCAHM TOJbKO KaxAash TOYKa COXpaHsdeT CBOH Ko3(-
PHIHEHT. -

AccouuvartusBHocCTb. Pa3obbeM Bce TOUKH Ha JABa KJjacca,
ocTaBagsl AJ8 Kaxkpohd ee xosdduurent. I[lycts Touka g — LeEHTP
TSOKECTH p NEepBEIX TOUYEK, 2 TOUKa g — LEHTP TIKECTH OCTAJABHHIX
n — p touexk. Hemensenuo BuauM, 4to Touka G €CThb LEHTDP THKECTH
TOYKH g, KOTOPOH NPHINCHBAETCH KOSMPULUHEHT 1y - Mg+ . . .+ My,
U TOUKH g’, KOTOPOH MpHOHCHIBACTC KOSPOUUHMEHT Mpyy -+ . . . — My,

[Ipunoxedua B cratuke Bce KO3(HUUHEHTH m; NOJOXKH-
TeJbHEl W NPOROPUMOHAJBHB MaccaM COOTBETCTBYIOMUX Touek. [lpu
9TOM HCTOJIKOBAHWH CJIy4all HEeBO3MOXHOCTH CYIIECTBOBAHHS IEHTPa
TSKECTH HE MOMKeT npeiCTaBHTLCS.

[IpuMepn reoMeTpPHYECKHX NPHJOKEHHH.
Teopema Yembl. BrizeneM ycioBHe JJisi TOrO, 4TOOH TPH TOYKH A’,
B’, C’, pacno/ioxeHHbie COOTBETCTBEHHO Ha cropoHax BC, CA, AB
HEKOTOPOTO TPEYTOJbHUKA, ObIM TakHMH, 4tobbl npsambie AA’, BB,
CC’ nepecexasch B OJHOH TOUKe,

3amerum, uto ecau npamee AA', BB', CC’ nepecexaiomcs 6 Hexo-
mopoti mouke G, mo moxcHo npunucame mouxam A, B, C maxue xoagh-
uyuenmor o, B, y, umobst mouxa G A8A74GC6 YEHMPOM MANCECIL CUC-
memot.

JleACTBUTENIBHO, COIVIACHO TeopeMe o0 acCOUHATHBHOCTH, €CJAH
TaKHe KO3(p(pHIHEeHTH CYLIEeCTBYIOT, TO Touyka A’ JO/KHA OHTh LeH-
TPOM TaXecTH Touek B v C 4 aHaJOTU4HO TouKa B’ f0/KHA GbITh UeH-
TpoM TaxecTd Touek A ¥ C. To, uto Touka nepecedeHust npsaMeix AA’
H BB’ gABjisieTcs UEHTPOM TAKECTH CHCTeMbI, ofecneuydBaeTcs paBeH-
CTBaMH:

pA'B+yA'C=0, yB'C-+aB'A=0,
4TO ONmpefessAeT YHcad «, f, Y C TOUHOCThI0 RO OOIIEero IPOH3BOJIBHOTO
MHOXKHTeJIS:
B AC  y "B'A

Y AB' o BC
To, uTo GapHIeHTP HaXOAKTCH TaKke Ha npsaMoi CC’, BhipaxaeTcs
YCJIOBHEM:

a_ CB
B C'A
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YcaoBHe COBMECTHOCTH 5THX PaBEHCTB TaKOBO:
AC B'A CB

AB BC CA

3T0 COOTHOIEHHE, KOTOPOE HEOGXOHHMO M AOCTATOYHO IS TOTO,
urobnl npsimeie AA’, BB’, CC’' nepecekaiuch B OJHOH TOYKe, Ha3bl-

BaeTcs coomHoueHuem Yeeo:. MOXKHO MpOBECTH aHAJOTHYHOE HCCJIEN0-
BaHHe B R%, oTHOcsileecs K TpaHsaM H peGpam TeTpasipa.

—1.

§ 2. Aqnpuuuble ToueuHbie npeoGpaszosanua

Mgr usyunin panee (ku. I, ra. 1V) ofmue coo6pakeHHss H OCHOB-
Hble OMNpejesieHHsi, OTHOCSIIHMecS K TOYEUHHM npeoGpasoBaHHUsIM.
31ech Mbl pacCMOTPHM TakHe OTOGPa)KEHMsl TOUEMHOTO NpPOCTPAHCTBA
Ha ce6s1, KOTOpbIE ONMpENeNsioTCS C MOMOLIbIO JBYX OHepanuil, Xapak-
TEpU3YIOMMX BEKTOPHOEe MNPOCTPAHCTBO: CJOKEHHE BEKTOPOB H HX
YMHOXeHNe Ha YHCTO.

i. G6uee athcuHHOe npeclpa3zoBaHue

1. Onpenesenue. Ecau JaHH JBe CHCTEMH KOODAHMHAT B TOUEUHOM
NpPOCTpaHCTBE, TO KamjAOH TOUKe M, onpejeneHHOH NO OTHOLIEHHUIG
K mepBOf CHCTeMe, MBI IIOCTABHM B COOTBETCTBHE TOUKY M, MMEHOILYiC
OTHOCHTE/JBHO BTOPOH CHCTEMBI T K€ KOOPJHHATH, KOTOphlEe TOUKa M
HMeeT B INepBO#.

Hanpumep, B TpexMepHoM mnpoctpauctse V M

OM=xu-+yv+z2w, OM =xu’ +yv 2w’

Orciona BeiTekaer, uto Hadasa O u Q' coomsemcmeyrom dpyz Opyey,
pPasHo Kak u coomeemcmesyroujue - sexmopel oboux 6asucos. Adgunroe
moueyHoe coomeemcmeue onpedeieHo napod coomeemcmeyowux Opye
Opyey mowex O, O u npeobpasosaruem 6EeKMOPHO20 NPOCMPAHCIMEE
6 cebs:

u\ /,u’, v\ /fo', w\ /w’,
KOTOpoe HasbBaeTCs Aurelnnim npeobpasosaruenm. Toueuno adpdumnoe
npeo6pasoBaHie B f-MEPHOM IPOCTPAHCTBE ONpelessieTcsl 3aiaHHEM
n + 1 touek O, Ai, Az, ..., Ap ¥ X 06pa3oB, eCjH TOJbKO CHCTEMA
BekTOopoB OA;, OA,, ..., OA, n cuctema ux 06pasoB o6pasyior,
Kaxpas, 6asnc. O6paTHoe npeobpasoBanne (KOO COOTBETCTBHE B3AUMHO
OJHO3HAYHO) Onpejie/IeH0 COTJIacHO (opMyJiaM npeoOpasoBaHHsI CHCTe-
MBI KOOpAMHAT. TakuM o6pasoM, Ha IJIOCKOCTH COOTBETCTBUE Ompeje-
JEeHO TpeMsi mapaMHd TOYekK, He JieXalHX Ha OAHOH NpsMOM, a B Npo-
CTPaHCTBE UETHIPbMs NapaMH TOYek, He JIeKAMUX B OFHOH IJIOCKOCTH *,

* To ecTb HH mepBasy, HA BTopas TPoiiKa TOUeK He JEXKHUT Ha OLHOH NpsAMoil;
HH TepBag, HH BTOpas uYeTBepKa TOYEK HE JIEXKHT B OAHOH MJOCKOCTH,—
Ilpum. ped.
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2. lpoussepenue adpuaHnx npeoGpasosaxuil. CornacHo camomy
OIpeJe/IeHHIO, NPOH3BeJeHHe HEKOTOPOro uucia adxpuHHBIX mpeobpa-
30BaHHl cHOBa ecTb adpuHHOe npeobpas3oBaHue, eCIH JONYCKATh
TOK/eCTBEHHOe NpeoGpasoBaHHe, ONpefieIeHHOe JABYMSI COBNAJaioLlMH
CHCTEMaMH KOOpAHHAT. 310 npeoGpa3oBanude sIBJSETCS HEHTPaJbHBIM
3JIeMEeHTOM NpOH3BeJeHus 1npeoOpasoBaHmid. Tak Kax HMeeT MecCTo
aCCOIMAaTHBHOCTD U cymecTBYeT obpaTHoe npeobpasoBanue A1 JoGoro
fupeo6pa3oBaHyus, TO MBI NPHXOAUM K 3AKJIOUEHHIO, UTO MHOMECHIBO
apunnsix npeobpazosanuli HEKOMopo2o MOYEUHO20 NPOCMPAHCMEA 8 cebs
obpasyem epynny.

CrezosaTesibHO, TpaHCHOPMHpOBaHHUE OAHOrO adduHHOrO npeobpa-
30BaHHU APYTHM JAeT npeoGpasoBaHue, TaKKe NpUHAJexKallee TPyIe.

3. Husapuantnl. Kaxue cBOHCTBAa HEKOTOPOrO IMOJMHOXKECTBA
F Tod4ek [poCTpaHCTBA COXpaHSIOTCS mpH moboM addpunaOoM 1peoGpa-
30Banuu? QueBHAHO, Te, KOTOPBHIE BLIPAXKAIOTCA TOJbLKO JIHLIbL Hepes
KOOpJMHAThl TOYEK: TAKOBLIMH SBJSIOTCH, KaK ITO 3aMeyaercs HeMeJ-
JIeHHO, YCA08Ue NAParteausma ABYX BEKTOPOB, IKBUBAACHMHOCHIL IBYX
BEKTOpDOB U GoJee oOIMUH Caydall omHouwieHue 08YxX KONMUHEAPHbIX
gexmopos. CllefoBaTeJbHO, YCJIOBHE PACMONOXKEHHUS Ha OJHOH IpsaMoH
coxpaHsercs, o0pas npamoil ecme npamas U ob6pasz ompesxa (OpPHEHTH-
POBAHHOT'O HJIM HET) ecmb ompe3ok (CO CXOACTBEHHOH OpHeHTalyeH).
To ke camoe UMeeT MeCTO 15l NAOCKOCTIL, NAPAAREAOZPAMMA U Napai-
Aenenuneda, unn xe Aast uryp Paneca, Hesapra uiau Ilackans.
Touxa, coOMBemMCcmeyioman UYeHmpy msaxcecmu mouek ¢ 0aHHemy npu-
AUCAHHBIMU UM KOd(Duyuenmamuy, ABASLMCA UEHMPOM MAXCECTU
00pa308 NUX  MOYEK, KOMOPLIM NPURUCANRSL Me e KoppuiyueHmel.

O6paTHoOe npenJOXKEHHUe. J0boe 83aUMHO 00HOBHAYHOE
moueuroe npeobpasosaHue MOUEHHO20 NPOCHIPAHCMEA 8 cebs, Komopoe
COXpaHsAenm Napaslesusm 1 OMHOWEHUE NAPAANEAbHLLY BEKMOPOS, eCctib
aghchurroe npeobpasosarue.

IlpoBeneM, HanpHMep, paccy:KAeHHe B TPeXMepHOM [IPOCTPaHCTBE.
[TycTb MBI IMeeM deThipe HekoMiIaHapHeie Touku O°, A, B’, C’ Bo mMHo-
KecTBe o6pa3oB; uX npooGpasut 0, A, B, C Takke He KOMOJIaHAPHHI,
160 ecan Obl npsiMasg OA mepecekasa npsamywo BC B Touke D, To oGpas
D’ sTol#t ToukM JoMKeH Gbin Obl ObITh oOwied Touko# mpsmbix O'A
u B'C’, uro uckmoueno. Ilpamas OA Takxke He MOxeT OHITH mapaJ-
JenpHof npsamoii BC. 3HAUUT, STUMH NapaMy TOUEK ONpPE/e/IeHO HEKO-
Topoe adxpunHoe mpeoGpasopanue. Ho Torga ato mpeoGpasoBaHue
COBIajaeT ¢ 3ajJaHHbM, H60 06a 3TH npeoOpa3oBaHUST COXPAHSIOT
Onepalnuio HaXOXKAEeHHUST LEHTPa TKeCTH, a KaxAYio TOYKY M MOXKHO
onpeJieINTe Kak ILeHTp TsnkecTH Touek O, A, B, C, KOTOpBHM HpH-
[HUCAHBI TMOAXOLAMYE KOPhHHIHEHTHI.

3ameuanue OCHOBHOE MNpelsOKeHHe, KOTOPOE Mbl TOJBKO
yTo chopMyJHPOBAMH, 3aK/IOUAeT H3GHITOUHBIE NpeAnonokeHus. [loka-
3aTE/BCTBO HCMOJb30BAJO JHIIL COXpPAHEHHE DACIOJIOKEHUs Ha mps-
MBIX, IPOXOASAMHUX yepes Toukn O, A, B, C, u coxpaHeHye OTHOLIEHHUS
OTpPE3KOB, PacMmOJIOMEHHBIX HAa TAaKUX TPSMHIX.
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4. Touxka 3peHHsI aHAJUTHUECKOH TreoMeTpud GyleT paccMoTpeHa
B § 3. OHa npHBOZUT K MAaTpHIAM,.
il. YacTHble cnyvan ahuHHbIX npeobpasozaHuif

A) HMapannenasusiii nepeHoc
Hasara O u O' pasausnst, HO 6A3UC BEKMOPHO0 MPOCMPAHCMBA
coxpansemcs.

OM = xu+ yv -+ 2w paer O'M’ = xu -+ yv - zw.

3uxaumur,
VM, OM=0O'M’, (1)
YTO, MOCJIC NePeCTAHOBKU CPEJHHX, SKBHBAJIEHTHO YTBEPKACHHUIO:
YM, MM' =00’ (2)
3azauneit BekTop OO’ = V Ha3bIBaeTCA 8eKMOPOM Nepesoca. ITOro

BeKTOpa JOCTaTOYHO, YTOOBl ONpEJEJHTh TNapasjelbHblll IepeHoc,
COTJIaCHO TeopeMe:
Ecau Oan eexmop 'V, mo coommuouerue

VM, MM' =V G}

onpedeasient napasienbroill neperoc, To ecTb TOUEUHOe mpeobpa3oBaHue,
OCTaBJIAOlee HHBADHAHTHLIM 6a31C BEKTOPHOI'O MPOCTPAHCTBA. B caMoM
Jese, AOCTaTOYHO NMPUMEHHUTh npeoOpasoBaHHe B KAKOH-IHO0 BhIOpaH-
HOH cHcTeMe KOOPJAHMHAT, 3aMEeTHB, YTO PaBeHCTBO (3) JAaeT paBeHCTBo (1).

Teopema. [Ipu napansessrHom neperoce obpas awboeo eexkmopa —
Mo eeKmop, sKeunoAeHmmuplll (paBHONAPAJJENBbHBIH) nepsomy.

B camom pese, npumenss (3) Kk Toukam M u P, HaXOiHM, [epecTas-
JSIST CpeHHe:

VM, VP, MP=M'P'.

Of6patHoe npeanoxeHue. Ecau danvt Ose nape. coom-
semcmeyrouux mouex AA" u BB', 045 komopoix AB = A’'B’, mo coom-
semcmaue, onpedeserHoe Ccaedyowum o06pasom:

VM, A’M'||AM u B'M’ || BM,

ABAACMCS NAPAAAEALHOIM NEPEHOCOM.

HelicTBuTe/IBHO, 3TO NpeobpasoBaHUe CTABUT B COOTBETCTBHE Ka(-
Ooit mouxe My, He pacnoaoscenrol Ha npamod AB, obpas, KoTopbifl
€OBIIafiaeT ¢ 06pa3oM 5TOH TOUKH B Napajijie/bHOM IIePEeHOCE C BEKTOPOM
AA’ = BB’. Uto0b HMeTb BO3MOMKHOCTb CAEJATH 3AKJIIOUEHHE, OTHO-
cslllleecsT U K TOYKAaM, PAaCIOJOXKEeHHBIM Ha npsimoli AB, HyxHO jaonod-
HUTEJBHOE NpelloIoKeHHe: JuGO YCIOBHe HENPEepHIBHOCTH B OKpe-
CTHOCTH 3TOH npsaMoH, JHOO ycJOBHe COXpPAaHEHH OTHOLIEHHH paccTod-
HUfl JUIs TOUeK, PAacCHo/OXKEHHBIX Ha npsmMbix AB = A'B’.

[IpennosoxeHus OblIM Obl JOCTATOUHBIMH 6e3 BCAKHX HCKJIOUEHHIT,
ecqd Obl OHM OTHOCHJIHCh He K ABYM, a K TpeM Toukam A, B, C, He
JexalmuM Ha OJHOH TIip sIMOH.
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Mpon3Benenne mnapainebHHIX mepeHocoB. Mol  paccMmaTprBaem
TOXKJECTBEHHOEe Ipeobpa3soBaHHE KAaK NapasJjeJbHBHl lepeHoc Ha
HyJeBOH BeKTOD. TOrJa napaifesvvie NepeHocsl HEKOMOpOo20 motey-
HO20 npocmparcmsa 6 cebs obpasyrom epynny OTHOCHTEJBHO YMHOMKeE-
HHS 1peo6pasoBaHuil.

ITponssezenye HeCKOMBLKUX apaJITe/bHbIX [IEPEHOCOB — 3TO NapaJ-
JIEJIbHBIH TepPeHOC, BEKTOpP KOTOPOTO PaBeH CYMMe BEKTOPOB COCTaB-
JISIIOIU X TIEPEHOCOB; C/IeAOBATENbHO, UMEET MECTO KOMMYMAMUBHOCHb.
3ameTHM, YTO M3 TPYONLl HApaj/eNbHBIX TEPEHOCOB TPEXMEepHOro
OPOCTPAHCTBA MOXMHO BBIAEJIHTb NOATPYINY [EPEHOCOB Ha BEKTOPHI,
napaJjuie/bHele JAHHON IJIOCKOCTH; Torja Jobad miaoCKOCThb, Hapad-
JeJbHAsA STOH NJIOCKOCTH, HHBAPHAHTHA B LEJOM H IOABEPraercs
NEPEHOCY, KOTOPBIH HAa3hIBAETCH 02parUdeHUEM OGHH020 NepeHoca
Ha amoti naockocmy. AHAJIOTMYHO MOXKHO paccMaTpUBaTh MOATPYNNY
napaJe/bHbEX NePeHOCOB, XapaKTepH3YeMhlX BeKTOpPaMH, MapaJJenb-
HBIMH 34JaHHOMY HaIlpaBJ/EHHUIO, H ee OlPaHHUeHHe HA NPAMOR 3TOro
HanpaBJeHuA.

Touka 3peHHs aHaJMKTHUECKOH reomerpuu. Ecau cucTeMa KOOPJu-
HaT BeI0paHa, TO napa/uJle/IbHBI IepeHOC OmpefesieH CJIeAYIOHIUMH
PaBEHCTBAMH:

M(x, ys 2)\__/,M’(x’zx—‘ra, y =ytb, 2=z-+tc).

B) lomoterns

Tomomemueil nasvieaemcs agpunHoe npeodbpasosanue, ROAYLGEMOE
nymem YmHoxceHus eeKkmopos darnoeo basuca {#,v, W} HA 00HO U Mo
sice  JeticmeumensHoe “UcAO.

Tak, B TpeXMepHOM NpOCTPaHCTBE

0; {u, v, w}\ /,,O’; {n' =rFun, v'=Fv, w =kw}.

Mnaue rosops,
OM = xn +yv -+ 2w naer O'M =k (s yv-+z2w0);
HTaK,

VM, O'M’ =LOM (1)

ABJAETCA COOTHOIUEHHEM, OMPeNeIsOIUM TOMOTETHIO.

Uncao k, HasbBalomleecss Kosghhuuyuenmom eomomemuu, NOIKHO
IPeAnoJaraThCsl OTJUYHLEIM OT HyAd. Ec/H 9TO 4HC/IO0 PaBHO €IMHHIE,
TO mpeoGpasoBaHue SIBJASETCS MapaJiiesbHbiM nepeHocoM. Takum obpa-
30M, NAPAIICALHBIL NePeHOC — MO 20MOMmemus ¢ Koaphuyuenmom
eduHuUQ.

OcHoBHas TeopeMa. Bcakas eomomemusn ¢ Kodppuyuenmom, omauy-
HbM O eJuHuybl, umeem OOHY UHBAPUAHMHYO MO4YKY.

B camom gene, ecid O u O pasjuyHbBle TOUKH, TO Ha mpsamoit 00’
cymectByer Todyka C, OnpelejeHHass YPaBHEHHeM:

Cco’ =£Co, (2)
312



TO €CThb

(1—k)0OC=00"'.
Wz pasencts (1) u (2) cnenyer:
VIM, CM':kCM, (3)

YTO H JOKa3hBaeT HHBApPHAHTHOCTL TOUKM C.

Dta Touka C HaspiBaercst HEHTPOM eomomermnuu. 310 eJMHCTBEHHAS
MHBapUaHTHAsl TOYKA, COTJIAaCHO paBeHCTBY (3), Tak Kak k =+ 1.

O 6 partHo, ecau danvs uneapuanmuas mouka C u 4ucao k = 0,
mo npeobpasosanue, onpedesenroe pasercmeom (3), AGAREMCS coMome-
mued.

Jns poxasaTenbCcTBa JOCTATOYHO PACCMOTPETb CHCTEMY KOOpAUHAT
¢ Hayasom B C, B3sB TPOM3BOJbHBIN GasHuC.

Fomomemus onpedesena, caedosamenbHo, CB0UM YEHMPOM U CEOUM
rosgppuyuermom. B papenctse (1) O 1 M npOU3BOJBHE, OTKYAA Ipel-
JIOXKEHYE:

Ilpu zomomemuu KancOoiul 6EKMOD YMHONAEMCA HA Koguyuenm
eomomemuy. Tlos3TOMYy HMeeT MecT0 HMHBa2DHAaHTHOCTbL HanpasJeHHI
BEKTOPOB, U, CJIEIOBATENBHO, NPSIMOfl CGOTBETCTBYET npsMas, OTPE3KY
COOTBETCTBYeT OTPE30K; aHAJOTHYHO MapaJjiesorpaMM H mapaJjijese-
n#ney COXPaHsioT CBOIO IPHPOLY.

3ameuanue 06 OpHEHTAIHH COOTBETCTBEHHEIX BEKTOPOB: YMHOXKEHHeE
Ha k cOXpaHsieT OpPHeHTAaUHIO, eC/IH % MOJOMKUTENBHO H MeHsieT ee Ha
IPOTHBOMNOJIOXKHYIO, eCld k oTpuuarensHo. (B nyngre 3 Mbl BepHeMcst
K 3TOMYy BOIIPOCY.)

Adpyroe o6bpaTtHoe npenaoxedue. Ecau danst Ose
napet coomsemcmeernoix novek A, A" uw B, B’, 0as xomopeix

A'B' =FkAB,
mO coomeemcemeue, onpede/zeHHoe yerosuamu:
VM, A’M' || AM u B'M’'||BM,-

ecms  eomomemus.
B camom jese, npeamosioxKuM, 4TO & qél H pacCMOTPHM, Kak
H Bbime, TouKy C, onpeneneHHyi0 ypaBHeHHEM

CA' =kCA.

I'omoterus, ¢ nentpoM B C, ¢ KoahpHIMEHTOM &, JaeT LJisi KAkA0H
TOYKH M TOT Ke ofpas, UTO H 3aJaHHOe npeoOpa30BaHHE, 32 UCKJIO-
uenyueM, ObITb MOXKET, caydast, Korja Touka M HaxomuTcs Ha mpf-
Mol AB. Ham HyxKHO TOrZa JIONOJIHHTH IPEANOJIOXKEHHUS, KaK U IpH
napaJie/JbHOM TepeHoce.

1) Ilpoussenenue romorernil. CoOrjacHo CaMOMY ONpeIeJeHuo,
IPOU3BeJieHNe TOMOTETHI TaKKe TOMOTeTHs (KOTOPash MOXEeT OKa3aTh s
napajyesbHbIM IEPEHOCOM HJH TOXKJECTBEHHBIM MpeoGpasoBaHueM).
Kpome Ttoro, mo6as romotetdsi HmeeT 00paTHOe npeobGpasoBaHue:
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TOMOTETHIO TOTO K€ LEHTpa U C 08paTHBIM KO3(ODHIHEHTOM, COLJIACHO
paseHcTBY (3). [lostomy mroocecmso comomemud (BxJodast napan-
JielbHBle TIEPEHOCH) 00pasyent 2pynny OTHOCHTENBHO YMHOMKEHHS,
I'pynna napaJJenbHBX IEPEHOCOB SBJSETCS ee MOArD yHIIOH.

Ecuau nenonp3oBaTh GopMy 3anucH (1), To mnojayuyaercs HEMEAJEHHO,
4TO KO3(XpHIHEHT TOMOTETHH-NIPOU3BENEHHS SABJSETCH [POH3BEICHUEM
KO3(xDHIIHEHTOB NepeMHOXKaeMbIX roMoreryit. OIHAKO OCTaeTcst onpeje-
JATh LEHTP TI'OMOTETHU-IPOH3BEACHUS HJIM JKe €CJAH B pesynprate
YMHOXKEHHSI MOJYUHTCS Tapasj/ejbHBIl JePeHOC, TO BEKTOD 3TOro
nepenoca. Jlaxe He BHINOJHSS HCCJACKOBAHHUS, Mbl MOXKEM HEMELJIEHHO
yOEeIUTLCI B OTCYTCTBHH B OGIEeM CAYyYae KOMM V-
TATHMBHOCTH HNPOH3BEeJEeHHMS TOMOTETH I

O6o3HauyaeM uepe3 G, roMOTETHIO ¢ IeHTpoM B Cy U Koadduiuen-
TOM ky M @HAJOTHYHO 151 .. CpaBuuM obpaset C' u C" Touku C,
B JBYX IMPOH3BEIEHUSIX:

B 1 X Ha: CoC' = kyCoCy;
B e X F1:CiC"=k,C,C'.

3uayur, C’ u C” pasauunsul, Tak Xaxk k; % 1 (S, He ecTb ToXKIe-
CTBeHHOE TpeoGpasoBaHue).

HenocpencTBeHHOE HCCJAEeROBaHHUE TOMOTe-
THHU-TTPOU3BEJLEeHUST ABYX TFTOMOTETHIH.

[Tycrb naHpt rOMOTETHH #; (ueHTp C; M KOPDUUUEHT Ry) U SH»
(uentp Cp U KO3(DDUIHUEHT Ks).

Cxema npou3BeleHHs TOMOTETHH GyAeT TaKoBa:

M \%1/—7 Mi\Q%’Z/ M.
N X Iy A
Ilo onpeaenenuio

VM, C1M1:klciM H CzMngzchi.

HcrmounM npoMeKyTOUHYIO TOYKY M; ¢ NOMOmBIO COOTHOIIEHHSA
Hlans:
CM, = C1M1 —C,Co.
Iosryuaeres:
VM, CoMy= ky [k, C.M—T,C>l. (1)

Hckomas Touka C, ecqHd OHa CYyIuecTBYeT, onpejeseHa, C/Aej0Ba-
TENbHO, YPaBHEHUEM

C:C = ky [k,C1C — C1C3l, 2)
uJIn .
(1 — k4ks) C,C = (1 — k) CCs. 2%

314



O6muin cnyuaii: kky, 5= 1. Paerctso (2') ompegessier
Hekoropylo Touky C. Beluutasi mousexHo paseHctBa (1) u (2), moay-
yaem:

VM, CMy=kik,CM, (3)

4TO OnpefieisieT ToMOTeTHIO ¢ HeHTpoM B C u kosdduuueHTOM kyks.
HacTHbifi cayuai: kky; = 1. Her UHBapUAHTHHIX TOURK,

HO paBeHcTBO (l) cranoBuTCcs npu ky = —ég:
VM, Co:My= C:M —kyC,Cs,
UTO Mbl 3AMHCHIBAEM:
VM, MM;=(1—k,) C,Cs, (4)
4TO omnpejlensieT napaJJeNbHBEE IepeHoC Ha BEKTOP
V={(1—ky) CiCs.

B el BOJBH.

Riky 2 1| F (%01 1 Fi 2 g By | kiky=11F\ 1 1 Fix 2 o F
1 o e
k= kko; V=(1—ky) CCs.

(1—kik) C,C=(1— k) C,Coe |

B cuay cymecrBoBanus 06paTHOro npeofpasoBaHus LISl TOMOTETHH
U IJs mapajeIbHOrO NepeHoca 3Ta Ke cXeMa B caydae Riky = 1
JaeT HaM NPOU3BEJiCHHEe TOMOTETHH H MapaJiielbHOTO MEepeHOcd, HJIH
napaJJsieNIbHOTO [epeHoca H roMoTeTud, B ¢opme: ;' X € = K,
u e x 0767;1 = ;.

MoxHo Taxkxke chopMyaHpOBaThL De3yabTaT: 0e uzypet, omomie-
mudHble 00HOU u moi swe gueype (Fy) 6 08yx somomemuax ¢ pasHuimu
Koahhuruenmanu, nOAYHAIMCES 00HA U3 Opyeotl Aymem napariesbHo20
nepexoca.

Sameuanue l.[Ipoussesenue 1ByX FOMOTETHH KOMMYTATHBHO
TOJIBKO B CJy4Yae, KOTZa OHH HMEIOT TOT Ke LEHTP.

SaMmeuvuanue 2. EaMECTBEHHBle NpPSIMble, HHBAPHAHTHHIE B Ile-
JIOM TpPH TOMOTeTHH,— 3TO HpSMEBElE, IPOXOAsLHe yepe3 LEHTP; NpPH
napaJsiesbHOM IIepeHoce —— 3TO NMpsIMble, MapaJJeNbHble BEKTOPY Iepe-
Hoca. dtuM oGBACHseTCs, uTo UeHTp C Obla Haiinen Ha CyC,, a BeKTOp
V oxasasica napasinensaoiM BekTopy CiCo.

2) Touka 3peHHs aHAJUTHYECKOi reoMeTpuu. Eciyu KOOpAMHATHAS
cucTeMa BHIOpaHA, TO TOMOTETHUHOE COOTBETCTBHE onpefiensiercd cJje-
AYIOIUMH (OPMYJIaMH:

M(x, y, z)\ /,M’(x ——kx+a, y =ky+b, 2 =kz-c).

OHpelIeJIEHI/Ie I/IHBapI/IaHTHOI/I TOYKH OCYIECTBJIAECTCA H3MEHEHHEM
Hayaga KOOpAHHAT C IeJbl0 CAejJaTh COOTHOLIEHHWsT OAHOPOIAHBLIMH
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(To ecTb npeoGpasoBaTh afxpHHHBEE COOTHOLIEHHS B JIMHeHHEle ORHO-
POAHBIE).
Mexny X =x—a u X = x' — a COOTHOIIEHHe 3aMHIIETCS:
X' +o=k(X+a)+a,

uyro cBopuTess K X' = kX B cayuae, xorja:

G:L_—k .

Ananoruuso onpefensitoTes i U y. 3ajaua HMeeT pellieHHe IpH &2 5= 1.

[Ipunoxenune. Teopema Menenasa. Ha Tpex cropoHax Tpe-
yrojpHuka ABC naxonsaTcs cooTBeTcTBenHO ToukH A’, B’, C’, ompe-
JleJIeHHBle OTHOLIEHH sIMH:

AC W—ﬁ C'B
AB ' BC ' TA
umeTea ycaosue, umober mouky A’, B, C' sescaru na 0dHoL npamoil.

Mbl paccMaTpuBaeM TPH TOMOTETHH: 4 ¢ HeHTpoM A’ M Koaddu-
LHEHTOM «, ¥, C HeHTpoM B’ n KoappuuueHTOM P H g C UEHTpOM
C’ u xosdduuHeHTOM Y.

Touka B, paccMoTpeHHasi, Kak TOYKa HeKOTOpo# ¢urypel F, npeob-
pasyeTcst roMoTeTHell ¢y B Touky C, KOTopast roMoTeTHell §F» npeod-
pasyercs B Touky A, KoTopasi, B CBOIO Ouepelb, Npeo6pasyercss roMo-
TeTHeH 3 B TOUKY B. IT0 3HAYHT, YTO NPOHUSBEJEHHE YKA3aHHHX
Tpex rOMOTeTHH ecTh IIpeoOpasoBanue PYINL, KOTOPOE HMeeT TOuKky B
B KauecTBe JBOHHON TOYKH. 3HAUUT, 3TO TOMOTETHSI C IEHTpoM B B
1 kosddunuenTom 2 = afy, ecau 3TO TPOH3BEJeHHE OTJIHUHO OT eJH-
HHIBI, JUGO 3TO TOXKIECTBEHHOE NpeoGpasoBaHMe, €CJH 9TO IPOH3Be-
JeHUE DABHO EIHHHIE.

@) Ilpennonaraem, uro Touxu A, B’, C' jexaT Ha OIHOH NpAMOR;
ecJqd IIPOH3Be/eHHE YHNOMSHYTHIX TOMOTETHIl ecTb TOMOTETHsI, TO ee
ueHTp B naxoxutcs Ha aTofl mpsamoit A’B'C’, uto TpeGyer, 4TOGH!
A" u C’ coenamu ¢ B, a TakoH cayyali He npejcTaBJ/sieT HHTepeca
H K TOMY 3Ke HCKJI04aeTCs B CWJIY CYLIeCTBOBAHMS YHMCsiA O. 3HAUYHT,
NPOU3BEJEHNEe 3THX T'OMOTETHH — TOXK/JAECTBEHHOe NpeoGpasoBaHue,
H afy = 1.

Orcrojia npeanoJoKeHue:

Ecau A’, B', C' — mouku, omauyupie om 6epuiuH MpPeysorbHUKa,
Aescam Ha 00HOU npamoll, mo umeem MeCmo pPaseHCMmso:
7 R A
a¢ B da. (1)
A'B B’A C'B

b) OGparHo, NpeanoJOXKHM, 4YTO 3TO PABEHCTBO BBHIIOJIHEHO, TO €CThb
affy = 1. Torga npoussefenne Tpex TOMOTETHH — TOXKAECTBEHHOE
npeoGpasoBaHye, 3HAUHUT, NPOU3BeJieHHEe MEPBHIX ABYX sBJsETCS Ipe-
o0pa3oBaHHeM, OOpaTHBIM TPETbEMY. IJTO 3HAUHT, B YAaCTHOCTH, d4TO
BCe TPH IIEHTpa JieXaT Ha ofHoH mpsimoil. CieloBaTeNbHO, M3 pABEH-
ctBa (1) eoumexaem, umo mouku A’, B', C’ sexcam Ha o0HOt npamol.

Y5
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3nauut, cooTHoureHMe (1) xapakTepusyeT PpAaCMOJIOMKEHHE TOUEK
A’, B’, C' Ha ofHOU NpsMOH; 5T0 €CThb COOMHOweHue Meneras.

OtMmeTHM, YTO 3TO COOTHOLIEHHE NoJyyaercs: Gojiee HENOCPeLCTBEH-
HO, ecJqH OXapaKTepH30BaTh pAacHOJIOXKeHHe TpeX TOYeK Ha OAHOMH
NpSIMOH BO3MOXKHOCTBIO CIIPOEKTHPOBATb HX HA HEKOTOPYIO NpAMYIO
B OfIHY H Ty Ke TOUKY, 4 3Ta Onepauus COXpaHseT OTHOHIEHHS a, 3, Y.
AHaJIOTHYHO MOKHO HOCTYIHTH, YTOOBl BBIPa3HTb, YTO YeTHIPE TOUYKH,
pacnoJoxeHHBle HA pefpax TeTpasjpa, JexaT B OGHOH H TOH xe IJO-
CKOCTH.

YnpaxHeHHe. 13 teopemnl MeHes1as BriBecTH TeopeMy UeBhbl.

3) OpueHTayuusa npocTpavHcTBA M 3HAK KO3 pHIHMEHTa roMOTETHH.
3ameruM, 4To M06asg TOMOTETHS C OTPHUATeNIbHLIM KO3((hHIHEHTOM
MOKET paccMaTpHBATbCH KAaK INpPOU3BeleHHe TOMOTETHH C TeM JKe
HEHTPOM H C MOJIOXKHTENbHBLIM KO(PpUIHEHTOM TOH e abCOJIOTHOH
BeJTMUHHEI Ha TOMOTETHIO C TeM K€ LEHTPOM H ¢ KOIxpHUuHeHTOM —I.
Jta mnocJelHsd TOMOTETHS! HA3bIBAETCS CUMMEMpPUEl OMHOCUMEAbHO
mouKy — HeHTpa ToMOTeTHH. [OMOTeTHS C HOJIOKHTEJbHEM KO-
¢dunyerToM (MaH, Gosiee KOPOTKO, MOJIOXKHUTEJIbHAsT TOMOTETHSI) COXpa-
HseT OpHeHTalHMIo 6a3HCOB, TaK KaK BEKTOPH COXDPAHSIOT CBOX HAaIpaB-
JIEHHsI H opueHTanuHu. HaM HOCTaTOYHO MO3TOMY MCCJELOBaTh, COXpa-
HAeT HJHM He COXpaHseT OpHEHTALHI0 CHMMETPHUS 0O OTHOLIEHKIO
K TOUKe,

a) Odnomeproe npocmparcmso. COOTBETCTBYIOUIME APYT APYIY Bek-
TOPB! ¥ U — NPOTHBOIOJOXKHKE, TaK YTO Ha NPAMOH IIPH CHMMETPHH
AMeeT MeCTO H3MEeHEHHEe OpHeHTAaIHH.
"~ b) Hdeymeproe npocmparcmeo. basuc {w, v} cramosurcs {—u,
—o}. Mui 3HaeM, 4TO 5TH JBa (Gasuca HMEIOT TY Ke OPHEeHTALHIO.

¢) B mpexmeprom npocmparicmee OpHeHTanus, HaoGOpOT, MeHseT-
cd, Tak Kak {#, U, W} CTAHOBUTCA

{—u, —v, —w}.

Takum o6pasoM, cummempus NO OMHOWEHUIO K MOuKe, a4 MAaKdie
20005 OMPULAMELLHAS 2OMOMEMUS MEHAEM OPUCHMALLIO 8 NPOCHIPAH-
cmge 00H020 UBMEPEHUS UAU MPeX U3Meperutl u coXpanaen OpueHmayun
8 npocmparcmee 0syx usmeperuil.

Ecan paccmaTpupaTb TOMOTETHIO B IJIOCKOCTH, KaK OrpaHHUeHMe
TOMOTETHH, PACIpPOCTPAHEHHOH Ha BCe NPOCTPAHCTBO, TO BEKTOp W,
JononHsoniuit 6asuc {#, v}, u ero o6pa3 W’ HaxOAATCH NO pasHble
CTOPOHBl OT IIJIOCKOCTH, YTO H OOBSICHSIET HECKOJBKO HEOXKHIAHHOE
Opefsyee NpeioKeHue,

4) Heckonbko ¢uryp, roMoTeTHUHBIX APYr APYry

a) urypa, pacnojJoxeHHas B NJOCKOCTH,
He IpPOXOoOAsiuel yepes NeHTp TOMOTEeTH U, [Ipeod-
pa3oBaHye paccMaTpUBAaeMOH MJIOCKOCTH HAa3BIBAETCS NEPCHEeKTHBHLIM
OTOOpaXKeHHEM IJIOCKOCTH Ha NapajieJbHylo IJOCKocTh. durypa,
sBJsomascs obpasom Gurypsl (F), ecTb NMJOCKOE CeUeHHE MHOMKECTBa
IPAMBIX, COEMHHSIOMMX HeHTP (MM TOUKY, TIJe INOMEIaeTcsl rJaa)
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¢ ToukaMu ¢uryprl. Ecin (F) — KpHBasi JIMHHS WIH MHOTOYTOJNBHUK,
To o6pa3 (F’) sBAseTCd CEUeHHEM KOHyca HJH MHOTOTPaHHOTO yrIJa,
TAKHM 00pa3oMm OnpeaejeHHOro.

by YcnoBHue TOMOTETHYHOCTH ABYX TPEYTOJab-
HH KoB. Ilycte ABC 1 PQR — fBe TpexTOUeUHBIE COBOKYNHOCTH.
CorJylacHO H3yYeHHBIM OOPATHBIM TeOpeMaM, HOCTATOYHO IOCMOTPETB,
VEOBJIETBOPSIET JM XOTsI Gbl OZHO M3 WIECTH TOUEUHBIX COOTBETCTBHIY,
KOTOpBlEe MOMXKHO VCTAHOBHTBH MEXIY STUMH TPOHKaMH, IKeJaeMBIM
VCJOBHSIM, TO €CTh HMeeT JIH MeCTO COOTBETCTBEHHas! NapaJsLIejbHOCTh
H NPONOPLHOHAJBHOCTL JJIsi ABYX mnap cTopoH [dopmyna (1)1, uan
Ke, napajJsenbHel JH TPH CTOPOHE! CBOMM ofpaszaMm (2-9 obpaTHas
Teopema). EciM TOMOTETHS CYHIECTBYET, TO OHa €LHHCTBEHHAs.

¢) YcnoBHe TOMOTETHYHOCTH JABYX Mmapa.-
genorpamMmmoB ABCD wu PQRS. IlpennonoxuM, UYTO ORHO
U3 COOTBETCTBUH MEXAY STHMHM (QUrypaMu sIBASeTCSt TOMOTeTHel,
9TO 3HAUWT, YTO, HATNPHUMep,

PQ= —RS=FkFAB, PS=FkAD.

B cuny stoit romotern ToukKaMm A H B COOTBETCTBYIOT TOYKH P
n Q. Torma nerko yGeauThCs, YTO

AN_ 9
B \ . P
HE INOAXOJAHUT, TAK KaK JOJMXKHO 6bITb

QP= —FkAB n QR= +EkAD.
Ho coorBercTBHE

AN_ R
B\_ ¢

onpejfesisieT TOMOTETHIO € Kos(puoueHTOM —£k, KOTOpas IOJXOAHT,
B TO BpeMsl Kak

AN__ 79
B_~R
He II0AXOAUT.

TaxuMm o0pasoM, ecau 08a NAPAALCA0SPAMMA SOMOMEIMULHBL, MO OHU
20MOMemudHbL Osyma w moavko 08yms crnocobamu.

IBe uerBepku PQRS u RQPM, romoternunnie uerBepke ABCD
C TNpPOTHBONOJIOXKHBIME KO3(p(hHIHEHTaMH, CHMMETPHUHBl JAPYT JApYTY
- OTHOCHTEJILHO HEKOTOpOH TOUKH. UeTHOe YHCJIO TOMOTETHH NOJy4YH-
JIOCh TOTOMY, YTO BCSKHI NapaJjjesnorpaMM HHBAPHAHTEH B IEJOM
OTHOCHTEJIBHO CHMMETPHH C HEHTPOM B TOUKe IlepecedeHHsl AHaroHaJeH.

Bonee o6muM o6pa3oM, ecJd HeKoTopasi (Hrypa HHBapuaHTHA
B LEJOM OTHOCHTEJNBHO HEKOTOPOH TOMOTETHM HJH HEKOTOPOro mapasn-
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JIeJIBHOTO TIepeHoca, TO BcAKas ¢urypa, TOMOTETHYHAs MePBOM, TOMO-
TeTHyHa el AByMs crnocobaMi. CjieflyeT 3aMeTHTh (B 4eM MOMKHO cefe
OTHATh OTUEeT, NOCTPOUB (QUTYPY), UTO €CJU Peub HAET HE O CUMMETPUH
OTHOCHTEJIBHO UEHTPA, SBJISAIOIEHCA eOUHCMBEHHbIM 63AUMHBIM (UHBO-
MOYUOHHBIM) NPeobpas0sanUem & 2pynne 20Momemull — neperocog, TO
¢urypa, MHBapHaHTHASA B I[eJOM OTHOCHTEJBHO OGECUHCJIEHHOTO MHO-
JKECTBA TOMOTETHH HJIH NapasienbHbIX NEPEHOCOB, HE MOMXET OhITh
OrpaHHu4eHHOH.

C) Addunntern

1. Ad¢unHoe cxaTHe K miockocTH. Pacemorpum addusnoe mpe-
o6pasoBanne, OnpeielenHoe COOTBETCTBYIOUIMMH IPYT APYTY periepamu
O {n, v, w} n0;{u, v, w'}, npuueM O u O" cOBmajawT u #' =#,

=9, w = kw, rjae k-s&()—tmc.no

Ecmn k& = 1, TO npeoGpa3oBanue ToXKAecTBenHoe. Mbl npennonaraem
mosTOMy k== 1, M COOTBeTCTBHe OIpelesNeHo TakK:

OM:xu+yzf+z-w\ /OM'zxu+yv+kzw. (1)

ViHBapuanTHBIME SIBJSIOTCS TOYKH IIOCKOCTH p, NMEIOIIe ypaBHe-
nue z = 0. Kaxznoii Touke M cOOTBeTCTByeT HHBAPHAHTHASA TOUKA M1

Om = xu - yov,

KOTOPYIO Ha3blBAIOT npoexyuell mouku M Ha naockocme p, napaiiesoHo
6eKmMopy w.
VimMeem, Taxum o6pasom,

mM=zw; mM = kzw,
cJIe10BaTeJIBHO,
VM, mM' =kmM.

O6parTHo. Ecin jana naockOCTb p, BeKTOp W, He Hapannielb-
HBIH 3TOH NJIOCKOCTH, H IeHCTBHTEJbHOE YHCJIQ R, OTJIIMYHOE OT HYJs,
TO MOXEeM pacCMOTpeTb ToueyHOe NpeoOpasoBaHue, KOTOPOe KaxKIoi
TOuke M CTABHT B COOTBETCTBHe TOUKY M’, COrJIaCHO YCJIOBHIO:

mM’ =kmM, (10

rie m — Npoekiust Touku M Ha WJIOCKOCTb p B HaNpaBJeHHH, napal-
JIeIbHOM BEKTOPY 0.

Bce TOYKH NJIOCKOCTH p MHBAapHAHTHBL. BO3bMeM TpPH TakHe TOUYKU
0, A, B, He pacnosioxkeHHble Ha OXHOH NPSIMOA. HyCTb C — TOUKa,
He NPHHaJJexalas IUIOCKOCTH p; ee obpasoM sBJserca Touka C’,
onpefencHHas pasedcTeom ¢C’ = keC. IlpeoCpasoBanue, O KOTOPOM
HIeT peub, saBasierca apduHHLIM [peoOpasoBaHUEM, OnpeleseHHbIM
penepamun QA4, OB, OC u OA, OB, OC’.

210 npeolGpasoBaHue Ha3LIBAIOT aQ(QUHHBIM CIKATHEM K IUIOCKOCTH O
o HanpaB/leHMIO w ¢ KoshdunuentoM k. O6patHOe mpeoGpasoBaHHe

ecTb auuuTeT ¢ KOSPOUUHEHTOM 4 .
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Eciu & = —I1, To 310 cummempus OMHOCUMENbHO NAOCKOCMU P
N0 HANPABALHUID, NAPAAIEABHOMY 6eKmopy W. D10 eANHCTBEHHBIH
B3aHMHBIH (HHBOJIOUHOHHEIH) apPUHUTET OTHOCHTEIBHO IJIOCKOCTH.

CpoiictBa. Kpome o6mux cBolictB adduHHBIX npeoOGpasoBaHui,
MBI [OJyYaeM 3Jechb HEeCKOJBKO MPOCTHIX CHEHHANBHBIX CBOHCTB:

1) Ecin Hekoropas mpsiMasi TlepecekaeT IIOCKOCTh p, TO ee 00pas
TIPOXOIUT Yepes 3Ty TOUKY, OOHIYIO NPsIMOLl H MIOCKOCTH p. DTO MO3BO-
JISIET CTPOMTh CXOJICTBEHHBIE SJIEMEHTHI IPOBeJAeHHEM IPSIMBIX, HCXOXS
W3 IBYX TOYEeK M HX 00pas0B HJM, eClIH HCHOONh30BaTh Mapasienu
K BEKTOPY W, UCXOAA M3 OXHOIN TOYKH W ee 06pasa (3TO HaXOOHMT cebe
IpUMEeHeHHe B HauepTareJIbHOH TI'eOMETPHH).

2) MuBapuaHTHHE HaunpaBaeHU . B cuay Boue-
CKa3aHHOTO 5TO HANpaBJeHHd, TapajijiesbHBle BEKTOPY W HJIH INIO-
CKOCTH p.

Ilpsamag, napanjenpHas w, coxpadsercd B uejoMm. [ipamag, napain-
JleJIbHasl TIOCKOCTH p, MMeeT IapaJJesabHbld el o6pas.

3aMeuasnie. [TocneaoBaresqbHOCTh TOUEK, CAESAYIOIIHX 33 TOY-
KOH HJIH TNPeAlIecTBYIONMX TOUKe, He Jekailell B INIOCKOCTH p, Ta XKe
caMasi, KaK ¥ B TOMOTeTHH ¢ Ko3(DPHUHMEHTOM £ H HMelollell HeHTpoM
[IPOEKIMIO TOYKH HA IIOCKOCTb p B HANpaBJeHHH, NapajjielbHOM .

Wuaue roBopsi, oepanuuerue apurHo20 CHAMUS K NAOCKOCMU P
HO NpAMOI, nAPAIIEAbHOL BEKMOpY W, ecmb 20MOMEMmus.

Orpannuenne aduHHOrO CKaTusfg K IVIOCKOCTH p Ha IUIOCKOCTH,
napajjieIbHOH BEKTOPY 0 M NePeceKalonied MI0CKOCTh p Mo npsiMol d,
Hasvisaemes (NAOCKUM) ApOUHHOIM coamuem K ocu d, N0 HANPASAEHUIO
w ¢ xoapuyuenmon k. Tlpsamag d He o0s3aTeNbHO OpPHEHTHPOBaHa,
HO ee HasbIBAIOT «ochbioy adduuuTeTa *.

IMpoussegenue ahGUHHBIX CKATHE K IJIOCKOCTAM.

EnuncTBenHbIl npocTofl cayuail nmonyuaercsl, KOrja UHBapUAHTHBIE
HanpaB/eHHs] COBNAfalOT B OGOMX mnpeoGpasoBaHHssXx. Mwl npeamoda-
raeM TIOSTOMY CHauaja, YTO AACCKOCMU Py U Ps NAPAAACAbHBL, G HANPAG-
4etiue w obuee. Mbl o603HauaeM uepes &, u kg KoabduuHeHTH addu-
HHUTETOB.

1) Ecau npeAnonoxuThb cHayaja IJIOCKOCTH p; H Py COBHALAIONTM-
MH, TO TIOJAyYaeM HeMENJEHHO, YTO MpOU3BeleHHe TOXe sABJSeTcH ,
aQhUHHBIM CKATHEM K TOH Ke IVIOCKOCTH ¢ KoaddunueHToM £k, (3TO
6yZeT TOXKIECTBEHHLHIM TIpeoGpasoBaHueM, ecau Rk, = 1)

2)06muit caydai. Iliockocmu py u ps pasiuuus u napas-
AebHbL, @ eekmop W obwuti. Ecam nponsBenesue sBngercst abpUHHBIM
CKaTHEM K IIOCKOCTH, TO €r0 OCHOBHasl RJIOCKOCTb p MNapanfefbHa
JIAHHBIM TWIOCKOCTAM (YTO BEITEKaeT U3 PacCMOTPEHHS] MHBaPUAHTHHIX
HalpapJeHnii), U 3Ta IJIOCKOCTh MOXeT OLITb OnpejeseHa NO OXHOM
HHBAapHAHTHOH TOuKe. PaccCMOTPHM mMoO3TOMY Kakywo-nu60 Touky M,
ee o6pas M, B adpdunurere (p,;), 3areM obpas M, Toukn M, B adpdunu-

* Camo npeobpasoBaHHe KpPaTKO Ha3LIBAOT TaKXe «oCeBbiM adbrHHTeTOM
(ua mnockoctu)s.— [pum. ped.

320



TeTe (py). STH TPU TOUKH JeXaT Ha OJHOH npaMof, mapaJjnebHoH
BEKTOPY W M IlepeceKaiollell NMJIOCKOCTH py U Po B TOUKAX My W Mly.
Orciona uMeeM:

m1M1 = kimiM, M2m2 = kzmgMi.

Mpi yMeeM HAXOIUTH NPOU3BENEHHE ABYX TOMOTETHH, SIBJISIOLIMXCS
OIPaHHYEHHSIMH DACCMOTPEHHBIX NPeo6pa3OBaHHH Ha INpPIMOH MyMl,.
HcnonbayeM mo3TOMY NOJMyYeHHBle Pe3yJbTATLI, He IIOBTOPSS BhIUHCIE-
HUH.

O6muil cayuai. kky,= 1. Ha npsimoit m,m, cymectByer
MHBapHaHTHAs TOYKa M, ONpeleseHHAS YpPaBHEHHEM:

(1 — kjkz) mynm — (1 *kz) mym,,
¥ npeobpasoBaHMe Ha MMy OUPENCJCHO CJeLyIomuM o6pa3oM:
VYMe MMy, mMy= kikomM.

Ecan tenepp M nsMensercsa B IPOCTPAHCTBE, TO BeKTOD My Ml, OCTAETCS
SKBHIOJIJICHTHBIM (PHKCHPOBAHHOMY BEKTOpPY:

W =ow.
3HauuT, TakkKe

TeomeTpruecKoe MeCTO TOUEK #1 €CThb, CJIEeOBaTeNbHO, MJIOCKOCTh P,
napasjiesabHas INIOCKOCTIM p; U py.  [lpeobpasosanue-npoussederie
A8AAEMCS QPUHHBIM  CoHcamuem K NAOCKOCML P, NO HANPABACHUI),
napaiiesbHomy eexmopy w ¢ Koagduyuenmom kiR,

Hactue i cayuai kky,=1.Ilponssenenne yxe He BJsET-
ca addUHHBEIM CKaTHEM K TAOCKOCTH, TaK KaK TOYKa /m He CYIIeCcTBYeT,
HO B 5TOM cJlyyae npeoGpasoBaHue onpefiesieTcs c/AeLyoluM o6pasoM:

VM, MM2: (l —‘kz) My, — (1 ——kz) aw,

M 1I03TOMY SIBJAFETC Napa/eJbHbIM INEPEHOCOM.

O6patno, npou3spelenne abhuHHOrO CKaTHs K IJOCKOCTH 110 Hanpas-
JIGHHIO W Ha napajjelbHBI IIepeHOC B HalpaBJeHHH BeKTopa w@
ABJSIETCS CHOBA adpUHHBIM CKATHEM K IJIOCKOCTH.

Takum o6GpasoM, agurHbie cHOMuUsL K NAOCKOCMAM 300GHHO20
HONPABAEHUS. N0 OOHOMY U MOMY dce HANPAsAeHLIO W obpasyom epynny,
eCAU CO2AACUMBCA PACCMAMPUBANTL NAPAAIAbHbIE NEPEHOCHL. 8 HANpas-
ACHUU W, KAk apeuunse coxcamus (MAOCKOCTH KOTOPHIX HaXomATCA
Ha GeckoneuynoctH). Mbl ne GyneMm u3yuath B OGLIEM CJlydae IPOU3Be-
jeHue ABYX adPHHHBIX CHKATHH K IVIOCKOCTSM, TaK KaK MNOJYYeHHOE
ath¢duHHOE npeo6pa3oBaHHE HU YeM He 3aMeyaTeJbHO, 34 HCKJIIOUeHHeM
ca1yvas, KOrja OCHOBHaf INIOCKOCTh p Ta JKe, a HANpaBJsIOUlNe BeK-
TOPBl Wy H W,y PA3NHYHLL. DTOT Clyyail MOXKHO OYACT M3YYWThb B Kaue-
cTBe ympaxkueHus. (B ofumem cayuae, Korga kikg = 1, MOXKHO Oyner
MCTIONb30BaTh TeopeMy MeHesiasi, yToGbl JOKa3aTh, YTO IPOH3BeliEHHE
ecTb adHHUTET TOro Xe THOA.)
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2. Oceroii adpuHMTET (B NMpPOCTPaHCTBE)
CucTeMBl KOODAMHAT, ONpefensiomye Takoe adduHHOE Mpeo6Gpaso-
BaHHe, XapakTepuaylorcst TeM, uto O' coBnangaer ¢ O H

w=un, v=~k, w=>rktw,
OTKYZA TOYEYHOE COOTBETCTBHE:
VM, OM:xu—i—yz)+zw\ /,OM’:xu—+k(yv+zw).

TeoMeTpuyeckoe MecTO MHBADHAHTHEIX TOYEK — 5TO npamas d,
nposesiennas yepez O no Hanpaefaenuio . Kaxnoi Touke M cooTBer-
CTByeT Todka m 1npsaMol d, onpelesieHHas paBeHCTBOM Om = xI.
Iro npoexyus mouku M Ha npamywo d napaltjienbHo nraockocmy 1),
HanpasJeHHe KOTOpo# 3afaHo napo#i Bektopos {v, w}. Toraa npeoGpa-
30BaHHe oOnpejlensercs Tak:

VM, mM' =kEtmM.

Ono xapakrepH3syerca npsiMmoli d, HanpaBieHueM miockoctd I1 u kosd-
dunuenToM k.

OTO 3HAUHUT, UTO O02PAHUMEHUE PACCMAMPUERAEMOZ0 NPeOOPAB0EAHUS
Ha moboti naockocmu P, napaasessroti naocxkocrmu I1, seasemes comome-
muell ¢ Kosgpuyuenmom k, UEHTPOM KOTOPOH SABJASIETCS CJel Tips-
Mot d ma maockocTH P.

Ocpanuuerue npeobpasosanus Ha aobold niockocmu Q, npoxodsauied
yepes npamyio d, okasvieaemces NAOCKUM ocesuim agpunumemonm. Takum
06pasoM, IIOCKOe adPHHHOE C:KATHe K OCH MOXKeT pacCMaTPHUBATBLCA
Ju60 Kak orpaHnHueHde adHHHOTO CKATHA B TPEXMEPHOM NpPOCTpaH-
CTBE K INIOCKOCTH, JHOO Kak OrpanuHYenye oceBoro adbunnutera (adpduu-
HOTO CIKaTHfl K QCH) TOXKE B TPeXMepPHOM HpPOCTPAHCTBE.

Ecmu 2= — 1, To oceBoii aQpuHHTET HA3BIBAETCH CUMMEMpuel
N OMHOUEHWIO K Npamoti d no HANpasAeHUAM, NAPAAALALHLIM NAOCKO-
cemu 11,

3. Adduuurersl M opUeHTALHS TPOCTPAHCTBA

AdduHuTeTE € HONOKUTENbHBIMH KOIBODHIHEHTAMH, OUYEBHANHO,
COXPAHSIOT OPHEHTALHIO TMPOCTPAHCTBA. [IpPeANONONKHMM NOITOMY, YTO
k — oTpuuaTeNbHOE YHCIIO.

TpexMepHoe mpocTpPaHCTBO.

Addunnoe CkaTHe K IVIOCKOCTH: OPHEHTAIMS MeHseTcs.

OceBoil adxpunuteT: opueHTauust coxpausiercd. Bipouem, oceBoit
apdUHUATET MOXKET paccMaTpHBaTbCs, KaK Npou3BefcHHe IBYX adduH-
HBIX CXKATHH K TJIOCKOCTSIM ¢ TeM e KO3pUIHeHTOM.

JdByMepHoe npocTpaHcTBO. Addunurer * ¢ orpu-
IaTeJbHLIM KO3(QHIHEHTOM £ MEHSIeT OPHEeHTALMIO IVIOCKOCTH.

D) HNpoekyusa oaHo# NIOCKOCTH HAa IPYryio, napajjesbHO HAnpas-
JIEHHIO HEeKOTOpoil npsamMoii

Ilyctb nmanbl 1Be TJIOCKOCTH p H p’, OIpejeJieHHble penepaMu
0; {u, v} u 0'; {u, v'}. AbDDUHHEIM COOTBETCTBHEM MEXAY STHMH

* HMeerca B BHAY cwaTHe X ocHM.— [Tpum. nepesod.
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ABYMSA MNJOCKOCTAMH Ha3blBaeTCd COOTBETCTBHE, COXpaHAWIee KOOop-
JUHATLI:

OM =xn -+ yv N OM =xu"+yo'.

310 ceyeHHe NpeoGpa3oBaHHs TPEXMEPHOIO NPOCTPAHCTBA, B KOTO-
poe morpyxesel 00¢ IIOCKOCTH, HOO ecaM JOHOJHUTL 6asychl IBYMS
NPOU3BOJNLHBIMU BEKTOPAMH W H @', TO YKa3aHHOe COOTBETCTBHE MOXHO
ONpefle/IMTh TakK: '

OM = xu -+ yv + 2w, OM =xu"+yv +z2w';
2=0; N z=0.

I1poexyueil Hekomopotl naoCKOCIU p HA Opyeyro NAoCKocme p' napaa-
ACABHO HANPABACHUIO W HA3bIEACMCS COOMeencmeaue MexXLy cielamMu M
1 M’, o6pa3oBaHHBIMK HA IVIOCKOCTSIX p ¥ p’ NPAMBIMH, Napajieb-
HBIMH BeKTOpy w. [okaxeM, uro 310 agduuHoe npeoGpasoBaHHe.

Ecnu p u p’ napanjenbubl, TO MBI BHAUM, UTO IOJIydaercs napas-
JeJpublil nepeHoc. IIpeinmonoXHM NO3TOMY, YTO IWIOCKOCTH p H p’
HMeIOT OOILYIO NPSIMYIO d; B KaueCTBE CHCTEMb! KOOPAHHAT Mbl BO3bMEM
HeKoTopoe ofiiee navano O, nmpuHalIexaliee NpaMol d, 1 HEKOTOPELH
BekTOp # = OA, pacnosioXeHHblfi Ha npAMO# d, Tak 4to Toukn O u A
nHBapuauTHbl. [locse TOro xak Mbl ZONOJMHHM B p CHCTEMY KOODAMHAT
HEKOTOPHLIM BeKTOPOM @ = (OB, He npuHajjiexaliuM npamoil d, Mel npu-
MeM 3a BeKTOp ¥" BekTop OB', rne B’ — o6pas Toukn B.

[Monoxum BB’ = w; toraa {u#, v, w} u {u, v, W} ABASIOTCA
IByMd GasHcaMH TpeXMepHOIO BEeKTODHOI'O HNpOCTPAHCTBA, H COOT-
BETCTBHE YCTAHABJUBAETCS TaKHM 00pasoM:

OM = xu - yv;
OM =x'u+yv;
Ho us I;epBbIX TpeX PaBeHCTB IOJyHacM:
MM = (x'—x)u(y —y) v+ y'w.
CrefoBaTesbHO, HOCKOABLKY {#, U, W} aBasieTcss 6asucom, {;ix:

y'=A
3Hauum, coomeemcecmaeue acﬁqbuﬂnoe, onpeaeJeHHoe paBCHCTBAMHU:

OM = xn -} yov;
OM’ = xu+yv'.

O6paTHO, nycTh JaHbl JB€ IJIOCKOCTH, TNepeceKamlgecs
no npsiMoit d. AbduUHHOE COOTBETCTBHE MeKAY IJIOCKOCTSAMH p H p’,
OCTaBJIAIONIee HHBAaPUAHTHBIME 1Be ToukH (O u A) npsaMol d, siBisercs
npoeruueil napaisnejbHo HanpassaeHHio BB’ npsiMoii, coenuusoumedi
JBe COOTBETCTBEHHBble TOUKH, He PpaclloJOKeHHble Ha npsiMoll d.

Canexncrtsue. Ecau TpH IUIOCKOCTH p, pi, Pz HMEOT OCHLYIO
npAMYy10 d, TO NPOU3BeJieHHe NMPOEKIUHH IJIOCKOCTH P Ha IJIOCKOCTh Py
M TPOeKIUM TMJOCKOCTH p; HA TUIOCKOCTb pg 9BJAETCS TNPOEKIHMEs
MJIOCKOCTH P Ha TJIOCKOCTh Po.

V—v=w, MM =iw.
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3aMeyaHnHe IO NOBORAY TEPMHHOJOTH . M3yuen-
Hoe IpeoOpasoBaHHe (mapaJsJieslbHOE IPOEKTHPOBAHHE) HA3BIBAJIOCH
KOT/Ia-TO LMJAMHAPHUECKOH IIPOeKilHel; NepCneKTHBHOe mNpeobpa3oBa-
HUe Ha3bIBadH KOHUUeCKO# mnpoerumed (oM. . I1).

§ 3. NuHeilinbie npeoGpa3oBaHusd. MOHATHE O MaTpULUax

B ToyeyHOM NPOCTPAHCTBE Mbl ONPEASTHIH agdpurnoe npeodpaso-
sanue, UCXOAs U3 Mpeo6Pa30BaHUsl PenepoB, KOTOPHE MBI Tellepb OyneM
0603HayaTh

O{, j kY u O'{i',j, k.

CrenoBatesibHO, 3TO NPOH3BEAEHHE TNapasiesbHOro nepexoca Q0
1 npeo6pasoBaHus, BEIIOJHAEMOTO TOJNBKO Hal BEeKTODHBIM NPOCTpaH-
CTBOM. JTO TOCJENHee HA3LIBAETCH AUHELHbIM O00HOPOOHBIM npeobpaso-
6aHuem, U ero Mbl cobHpaeMcsl HM3yunThb, HANDHMep, B TPeXMEPHOM
NpPOCTPAHCTBE.

@opmyabl, onperensiomue BekTopst &', j', B’ ¢ nomompio Gasuca
{i, J, Rk}, obpasyior auweiinyio cucmemy, CBS3BIBAIOLLYI0 BEKTOPHI:

( U =0d4-bj+ck;
J' = sl boj + Cok; (1)
k' :a3i+b3j+03k.
Ecau {i’, j', B’} o6pasyior Gasuc, TO MBI ONpelesuM OTOGpaKeHHe

BEKTODHOTO NPOCTPAHCTBa Ha cefs, CTaB B COOTBETCTBHE KaXKAOMY
BEKTODY

V=xi-t+yj+zk
ero o6pas V' = 6 (V) = xi’ + yj -+ 2k’.
Ecan nonoxurs V' = x'i 4 y'j - 2’k, 10 crapele u HOBBE KOOp-

AMHATHL BekTOpa V' CBsSI3aHBl CHCTEMOH OOHOpPOOHGLIX YypaBHEHUU nep-
80U cmenexu, HasniBaloleiics Aunetinoll cucmemotl, CBA3LIBAIOHIEH YHCIa:

(% =ax+axy+ as;
Yy =bx -+ boy + bs2; (2)
2 =cx ey +c32.
[IpeobpasoBaune %, onpeneneHHOe TakuM 00pa3oM, HasblBaeTcs
Auneldnvim omobpaxceruem (npeoopa3osaruem) 6eKmopHo20 NpPoCMpaH-
cmsa Ha cebs.
B uacrmocrh, sicHo, uTo 3TO mpeoOpasoBaHMe OIpeleNeHO OToGpa-
xenusamu (1)
U'=%{), j=9%() k' =%6(k).
ro npeobpa3oBaHue XapaKTepuayeTcsl KBaApaTHOH Tabiuned Koagd-

¢UIHEeHTOB, QUTYPHUPVIOIMX B paBeHcTBax (1), a Takke B paBeHCTBAX
(2), onHako ¢ ToH pasHuueil, YTO CTPOKU H CTONGILI MEHSAKOTCA MECTaMH
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1 9TO B paBeHCTBaX (2) mpeo6pas3yiorcsl yxe He BEKTOPH, KaK B paBeH-
ctBax (1), a koopauuatel. Mbl GyzieM TOBOPHTh, YTO MeXIy 3THMH JABY-
MA BHIaMH Ipeo6pa3oBaHUsl € HMeeT MECTO KOHHPABAPUAHHIHOCMb.
MbI yenoBaMcsl 06o3Hauats yepes T TaGauIly KOI(POUIHEHTOB PABEHCTB
(1). Ora Tabauua HasbiBaeTCs mampuyer, ¥ Mbl IHIIEM:

a by ¢
T=1|a bz Co
as bz c3/

HMuorja 3ameHAIOT GoJibliirie CKOGKH JIBOMHBIMH BEPTHKAJIBHLIMU JIHHHSA-
MH:

a by ¢
T 2 b2 Coll .
as by c3

3HaK = COOTBETCTBYET YCJOBUIO HA3LIBATH DAGHLIMU MAMPUUAMU
TaKHe, KOTOPHIE COCTOAT U3 TEX JKE HJEMEHTOB, TaK XK€ PACIOOKEHHBIX.
Matpuna (2) K0a(pdULUEHTOB HA3BIBACTCH MPAHCHOHUPOBAHHOU
N0 OTHOUIEHHI0 K npexwiayiieii. Ecam MBI ee nHadoBeM M, 1o Gylem
nucaTh:
M=1trT

(nnorza ynorpe6asior o6osnauenue AT, uan TA, Bmecto irA) *.
O6partuo, KBagparHas Tabjauna U3 JeBSITH YHCeJ He BCeraa
onpefensieT JHHeHHOe TpeobpasoBanue @ TAKOTO pojia, KaK Mbl 37eCh
TpeGoBanu, a HUMeHHO Tpoiika {i’, j', B’} nomxHa 06pa3oBHBATH GasuC.
310 BHIpaxKaercs TeM ¢akToM, 4TO cucTeMa (l), Tak ke Kak M CHCTe-
Ma (2), MOXKeT OHITH paspellleHa OTHOCHTENBHO TPeX 5JeMEeHTOB, (uUIy-
PUPYIOLIMX B TPABBIX YacTAX, TO €CThb YTO MOXKHO [MOJYYHTB:

i=Aj +Byj -+ Cik';
j = Apl’ + By j’ + Cok’; (1)

J

k
[' x=Ax"+ Ay’ + As7;

y=DBx" + By’ + Bsz'; (2)

2= Cix’ + Czy, + C3Z’.

MBI yXKe BHJeNH, YTO YCJOBHE 5TOIO TAKOBO:

A = a;b503+ biCoty + €10503— a1Cobs — biascs — c1braz # 0.

HoBrle MaTpuubl TOXe SBJASIOTCA TPaHCIOHHPOBAHHBIMU OJHA

10 OTHOIIEHHIO K APYrofl, OHH 00pa30BaHbl M3 JAEBSATH HOBLIX KO3(bH-

* B mpawell Jurepatrype TpaHCHoHMpoBaHHe o6o3HauaeTcs B3HAKOM «'s,
a tr A o3nauaer ciaep matpuunl 4, TO eCTb CYMMY €€ JHaroHaJbHbBIX SJEMEHTOB. —
ITpum. nepesod.
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IHEHTOB, H COOTBETCTBYIOT Ipeo6pasoBaHuio, o6paTHOMY npeoGpaso-
BaHHIO €. VX HaswBAOT 00pamHeimu MAMPUYaMy TO OTHOIUEHHIO
K MaTpHllaM, DaccMOTPeHHBbIM Bbllle, W o6Go3Hadaror 771 u M1,

DBonee o6umuM o6pa3oM yCJOBHUJANCH HasbBaTb mampuyed no6yo
NpAMOYTONbHYI0 Tabauny 4ducesa. Te MaTpHUB, KOTOpEE Mbl ceiffuac
paccMaTpuBaeM, Ha3bIBAIOTCS pecyaapHuimu mampuyamu *, a coort-
BETCTBYIOIIME UM Npeo0pa3oBaHHUa G HAa3bLIBAIOTCA peSYASAPHbIMU One-
pamopamuy; Is1 HUX CYLIECTBYIOT oOpaTHble MaTpPHIBl U o6paTHble
OnepaTopsl.

3ameruM, uTO ecau Mmartpuiua 1 peryisfpHa, TO peryJsipHa TakiKe
H ee TPaHCIOHHPOBAHHAS MAaTPULA, NpPHYeM MaTpHIbl, oOGpaTHbie
3THM JABYM, TakK:Ke peryJaspHol. IJTO KBalApaTHble MaTPHLLL ONHOTO
U TOTO Ke nopsdka (MOPSAKKOM HA3BIBAETCS YHCIO /JEMEHTOB KaMIoH
CTPOKH HJH KaxIOro cTonbia).

Taxkum o6pasoM, KaxKIOMy peryJspHOMY onepatopy ¥ Mbl mHocra-
BHJIM B COOTBETCTBUE MATPHILY, OJHAKO OHA 3aBHCHT OT Gasuca {I, j, k},
BLIOPAHHOrO B KauecTBe KOOPAHMHATHOH CHUCTeMBl JIHHEHHOFO MPOCTpaH-
CTBa, B KOTOPOM JieficTBYeT oneparop &, B TO BpeMsl KaK 3T0 npeobpa-
30BaHUe HUMeeT BHYTpeHHHH cMbica. OTcloga BhITeKaeT HeOOXOMUMOCTD
olpeNe/quTh BO MHOMECTBE DEryJAspPHBIX MaTPHI| OTHOLIEHWE SKBUBA-
JICHTHOCTH: J[BE DeryJisipHble MATPHULBI HA3LIBAIOTC HOOOOWbIMU, €CIIH
OHHM NPEACTaBJASIOT OAHH M TOT e PeryjaspHLii onmepaTop B NpocTpaH-
CTBe, OTHECEHHOM JIBYM pasJHuHBIM ©as3ucaM.

[Ipumep. Ilyctb mMul umeeM npeobpasoBanve €, 3afaHHOe
caefyioniuM 06pasoM: [ =i

(acdbpunnOe cxKaTHe IO HANpPaBJEHHIO, J =
napaJiesbHOMy BeKTOpY k) k'=mk.
3uayur,
1 0 0
T={10 1 0
0 0 m
[Tpumem 3a HOBHIE 6asuc, Hanpumep,
( u=1i ( #=u
i v=J; oTkyga | ¥ =1,
w=1i-| &, ( w'=(1-ma+mwe.
Hopas wmarpuma sanuumiercst Tak:
/1 0 O
0 1 0

l—m 0 m
Ona npescrasisier TOT ke ad(UHUTET, HO €r0 Hanpap/eHHe He fa-
panjeJbHO HH OJHOMY M3 HOBBLIX 0OA3HCHBIX BEKTOPOB.

* Tlo Hameil TEPMHHOJIOTHH ! HEBBIPOKACHHbIE, HIH HeoCOOEHHbIE, MATPUILEL. —
fTpum. nepesod.
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[lpoussenenne marpuil.
Mebl onpefienusM TNpoM3BelleHHe ABYX Npeo0pasoBaHHH CXeMOW:

Vi g AV)I=8V)\_g AV =%V

[lpousBefienne 10 cHX NOp Mbl of03Hauamd Tak: 6 X €', uo
¢ HOBOW TOUKH 3peHHsi, 4TOOH! Jy4llle HAOMHHTb, YTO B ACHCTBUTENS-
HOCTH pedb HIET O QYHKUUH OT QYHKIHH, BLIOHDAIOT O6paTHHIA mOpsi-
JOK: NpOU3BejeHHe muilercs B TaKoMm Buje: €' O @, To ecTb MOCHEN0-
BaTebHBIE ONEPANHUH 3alHCHIBAIOTCA CNpasa HA.Aes0.

[pousBesenue IBYX peryJApHBIX ONePaTOpPOB eCThb TaKkKe pery-
Jasipuelit omeparop. Ecau MaTpuma omepatopa @ 10 OTHOLICHHUIO
K ucxopHomy 6asucy ects T, a Marpuua oneparopa ¢’ no OTHOLIEHHIO
K MOJIydeHHOMy o0pasy sToro Gasuca ectb T, To Matpumy 1" mnpo-
U3BEJEHHS] OIEpPaToOpoB, PAcCMOTPEHHYIO OTHOCHTENBHO HCXOLHOIO
Gasmuca, HasblBalOT npoussederuem Oeyx mampuy v nuwyt: T"=T"OT.

3anumeM 310 B siBHOM BHie. lmeeM:

Z

=a i+ b j+ck;
J =asi +bsj ok
k' :a3i+ bgjﬂ“ C3k,

’

3areMm:

i a0 -k
=Gl b CR
k=i b, + ik,

OTKYyJa

o/

"= (ayay + bias +¢ias) E 4 (a0, + biby - ¢1bs) j+ (a0 + b0+ c103) R
J = (a,a; +bias+ cias) i+ (aby 4 bybs -+ cibs) J+ (ascs - byca -1 coc3) B
R = (a;a, -+ byas 4 c,a3) £ (azby + b0, +-cibs) J+ (azes + bica+cocs) R.

Bosuukmas TakuM o6pa3oM MaTpulla U ecTb [NPOU3BeJeHHEe Mart-
pHIL

a b ¢ a b ¢
T"={a, b, ¢; yola b ¢
\ay b3 Cy as b3 C3

Takum o6pa3oM, Kaxkpaas cTpora mMarpuusl 7' OT npoOHCXOAUT
OT TIOCJIeOBaTeNbHOrO KOMOWHMPOBaHHS CTPOKH TOTO Ke HoMepa
matpunpl 7' co BeceMH cTonOumamMu Marpuubl T; Kamublil cronber Mar-
puupt 7' COT NpOUCXOAUT OT TOCJAeNOBATENHLHOrO0 KOMGHHYPOBAHMS
cro/ifia Toro xe HoMepa marpuubt T co BceMd CTpokamu Matpuiust 7.
CiielyeT HayyuTbCA NPUMEHSATb 3TO NpaBW/IO HA mpumepax. 'pomosi-
KOCTb BBIYHC/IEHHH OINpaBApiBaeT CHMBOJIHYECKOe 0fo3HadeHye, Ha KOTO-

pOM yuaTcs paccyXkjarh, M30eras, HACKOJBKO 3TO BO3MOXKHO, pasBep-
HYTHIX 3anuces.
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CBoilctBa npousBegeHH i OHH BHBOIATCA U3 CBOACTB
JIHHENHBIX Npeo6pa3oBaHU.

a) IlpousBeneHne HEKOTOPOTO YHC]AA DPeryJAPHBIX MaTpPHI, OJHOTO
H TOTO XKe NOoPAJKa ABAAETCS PeryJspHOH MaTpuuell TOro xe nopsika.
YMHOXeHHe MATPHI[ aCCOUHATHBHO, OJXHAKO, BOOOIIe TOBOPS, He KOM-
MYTAaTHBHO.

by Marpuua, npeicTaBifoOLIas TOXIECTBEHHOe mNpeobpasoBaHue,
ABJIAETCSt 1/ JaHHOTO NOPSAKA eMHCTBEHHOH U HezaBucALleH OT Ga3u-
ca, TAK KaK HYXKHO NHcath: x" == X, Yy = y U T. n. OHa COCTOUT H3
HYJIEBBIX 3JIEMEHTOB, 32 MCKJIOUeHHeM 3/EeMEHTOB IJIABHOH Jauaro-
HaMH, KaXkIblfl U3 KOTOPHIX paBeH eAUHHIE. JTa MaTpPHLUA SBJISETCH
HelTpadbHbIM 3/1eMeHTOM A5t nipoussefenusiMatpuu: 7O =10T =T.

I[Tpuwmep. Haa Tperbero mopsjka:

1 00
I=|0 1 0
0 0 1

¢) Perynspuas Mmatpuna 7 wuMeer ofpathylo Marpuny 773, n
TOT*=T-OT=1[, uro omnpaBibBaeT TePMHH «ofpaTHas» U BBe-
JIeHHBle 0603HaueHus. TakuM o6pa3oM, peryJsipHble MaTPHILI JaHHOTO
nopsiAka oOpasyloT TPYNNYy 10 OTHOWIEHHIO K YMHOXKEHHIO MaTpHll,
npUYeM TPYNIY HEKOMMYTaTHBHYIO.

TpaHchopMupoBaHHe pPeryasipHOro JuHeHHOro mpeoGpasoBanusi €
perynsipHbiv npeo0pa3oBaHueM o TOro Xe NOPsaKa:

Cxema Tpchq)opMHpOBaHm{ c.neﬂyxomaﬂ:

. A k\ /z, JoRr
‘ /
& f
N

1, U, W\ A /u’, v,
LT =FLOBOL?

(uuTaercs cnpaBa HafeBo).

Ho npeo6Gpasosanue .Z° ecTb He YTO HHOE, Kak npeo6pasoBanue 6.
JefictBuTenbHO, npeoGpa3yeM HeKOTOPHIH BekTop V ¢ momouwpio 2.
ByneM wnmersb:

V=xu+yfv+zw\ A /V’zxu’~|—yv’+zw'.
Koadduunents: ¢opmyn npeobpasoBaHusi Gasuca:
{ u =i+ P j+vik; [ w =i By j Ak
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SIBJISIIOTCS 9JIEMEHTAMH TOf :Ke MaTpuLBl NpeoGpasoBaHusd . [losto-
MY BBIUHC/EHHE [aeT:

V=Xi+Yj+Zk n V =Xi'+YjL+Zk

¢ temu Ke yuciaamu X, YV, Z, tak 4TO npeo0pasoBaHue Bexkropa V
B BekTOp V' Ha 3TOT pas mpejcraeT KakK coplajawilee ¢ npeobpaso-
BanueM 6.

Takum ofpa3soMm, npeo6pasoBanie £, neHcTByOllee Ha 6as3HC
n, v, W, ABAAETCA TeM Xe NpeobpasoBaHHeM, U4TO U IpeobpasoBaunre 6.,
feficTeytomee Ha Oasuc I, j, k. Wnaue rosops, mampuyo:

T u X=SOTOS?

26ARIOMEA NOOOBROIMU, KaKosa vl Hu boura (pecyiapras) mampuya S.

Mpl  nonyumau, Takum 06pa3oM, CpPeACTBO OTLICKHBATL MATPH-
ubl, mogoOHLIe NanHON Marpulle. 3Jech Mbl He Kacaemcs BaxKHOH 3a-
Ja4d O HaXOXKJeHWH camol npocToil MaTpuuel, NoAOGHOH HaHHON
MaTpuue.

Iipuwmenp.
(uzzi;
F =1 v=2~F;
lass
3uauur,
1 0 0
S=10 0 1l}l=g8,
010

Henocpencteennoe Boiunciaenue, au60 Nepexof OT
U'=ail-+b,fj+ck [ w=od -+ j+ vk

WJIH Ke [PHMEeHeHUe NpaBHJIA YMHOMXKEHHS, MOKaxeT, YTo MaTpuua X
BBIBOZWTCS M3 Marpuibl T IepecTaHOBKOH [ABYX TOCAeJHHX CTPOK
U IBYX MOCAeIHMX CTONGHOB. AHAJOTHYHO MOMKHO OyIeT H3YYHTb
neficTBue TpaHCPOPMUDPOBaHUA NPeoOpa30oBaHUEM:

( w=mi;
& v=
| w==#&,
HJIH TnpeoGpa3oBaHHeM
((u=i
&1 v=4j
| w=j+&
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MousTue 0 HeperyJasapHBIX MATPHLAX

B cucreme (1), onpepmensioiieli JuHeHHoe npeoOpasoBaHie, Mbl
GoJbllie He pegnonaraeM, uro {i’, j', &’} o6pasyior 6a3uc. Ito 3Hauwur,
4TO 5TH BEKTODBl CBSI3aHbl COOTHOIIEHHEM BHJIA:

k' =ai 1B

[Tostomy BexTOopel V', oGpassl BekTOpoB V, NOpPOXKHAIOT camoe
Godiblilee JIHIIL ABYMEPHOE IPOCTPAHCTBO, H mnpeobpasoBaHHe yxe
He UMeeT BIIOJIHE onpejeseHnoro o6parHoro npeobpasosanns. Harmpu-
Mep, upeobpazoBanue ' = I, j' = J, K = 0, xoropoe omnpenenser
JIPOEKLMIO Ha IIOCKOCTh {f Napajuie/lbHO BeKTOpY &, He sIBJseTCS
PeryJasipHBIM, PaBHO Kak u npeoGpasosaHue, MNOAYYeHHOE H3 HETO
TpaHchOpMHPOBAHHEM C TIOMOINBIO HEKOTOPOTO PETYJIAPHOTO Mpeod-
pasoBaHus.

BosbMeM, Hanpumep,

(=1 (i=uw
| v=2i+k; omxyra | j=2u—v+w;
|w=j+k, k= —2n+o.
Torpa neperyasipHas MaTpulia
1 00
T=10 1 0
0 00
CTaQHOBHTCA
1 00 1 00
2 0 110TO 2 —1 1
01 1 —2 —1 0

[Tonyuaercst HOBast KBajpaTHasi HEPETyJsipHas MaTpPULA, B KOTOPOH
Ha 3TOT pa3 TPeTbs CTPOKA yKe He COCTOHT U3 HYJIeH; B caMoM Hele,
BBIYHC/ICHHE JaeT:

1 00 1 0 0 1 0 0
01 0)o 2 —1 1{=12 —1 1},
0 0 0/ —2 1 0 0 0 0
3aTeM
1 00 1 00 1 00
2 0 1lpl2 —1 1j=|2 00
011 0 0 0 2 —1 1

Onmako 3jecb He CJelyeT OrpaHHYHBATLCS 0GsI3aTeNbHO KBajpar-
HBIMH MaTPHIIAMH, IeHCTBHTENBHO, 3JieCh mucaTb k' = 0 GecnoJesHo,
¥ TIPOCTPAHCTBO OTOGPaXKEHHsS MOXKHO PacCcMaTpHUBaTh, KAK JBYyMepHOe
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[[POCTPAHCTBO, a He KakK [BYMepHOe IMOANPOCTPAHCTBO TPeXMePHOTo
npocrpancrsa. [IpaBuio yMHOMKeHHsI COXpaHsieT CHy, U Mbl Gylem
MICaTh:

1 00 00y g g

<o 1 0)0 2 —1 l:(2—1 1)’
—2 10

3areM

1 0 0 I 0 0
1 0 0

2 0 1 {2 o0 o0
O(2—1 1)

011 2 —1 1

[IpaBuio BBIUMCAEHHS HOpoM3BelleHHA TpeGyeT TOMBKO, 4rmMobs
HUCAO CIMPOK Nepeoeo COMHodcumeas (npasozo) Obiao pasHo 4ucay cmoab-
408 BMOPO20 COMHONCUMENs (A68020).

Tax, Hanpumep,

X

(0. 10| o) xtayira),
r4

YMHOMKEHHE HEKBAJPATHBIX MaTPHUIl COXpaHAeT CBOHCTBO acCOlHa-
THBHOCTH.

Tak kak HeperyJspHas MaTpuia He HMeeT OOpaTHOH, TO MHOXe-
CTBO HePeryJsipHBIX MaTpHIl He o0pa3yeT [PYINbl MO OTHOIIEHHIO
K OIepamuy YMHOXKEHHS.

Hcnoabn3oBanve MaTpHL, AJs NpeicTaBieHHs JHHeMHBIX (opm

a) PaccMorpuMm Teneph yxke He cucTeMy (1) s BekTOpOB 6a3ucos,
a cucteMy (2), CBA3LIBAOULYI0 KOOPAWHATHL BeKTOPoB. TaGauua kosd-
¢duiyenToB — 3T0 MaTpHla M, TMoJsydYeHHAs TPAHCIOHHPOBAHHEM Mart-
puusl 7. Ecau Mbl ycnoBHMCS IIpeACTaBAATb BEKTOp Marpuuefl v,
COCTOAIIIEH M3 ORHOTO CTos0la, MMEIOMero 3JeMeHTaMH KOOpPIHHATHI
BeKTOpa, TO CUcTeMa (2) samuiuercs:

7

X X
y, :MO Yy ’
2 z

to ecte vV =MOuw.

310 coxpaHsieT culy, Jaxe ecad Martpuua M He peryaspuas
4 Aaxe eCA¥ OHA He KBAJAparTHasi, €CJU TOJLKO YHCAO cronbuos B M
paBHO uHcAy KOOPIAMHAT BeKTopa V, TO ecTp pasmepHocTH npeofpa-
3yeMOoro MpOoCTPaHCTBa.

b) C umcro anrefpauueckoil TOYKH 3peHud x', y', 2’ SBJASIOTCS
AuHelnbiMy opmamu OTHOCHTEJNBHO X, Y, Z (TO eCTb OIHOPOAHBEIMH
MHOTOYJIEHAMH TIepBOH CTeNeHHM OTHOCHTEJBHO 3THX TpeX O6ykB). ITH
(OPMBI  HABBIBAIOTCA AUHEUHO HE3ABUCUMbBIMU WU C80600HbIMU, €CJIH
marpuna M peryasprsa. B arom caydae x, Yy, 2z TaKxKe SBISIOTCA

’

dopMamMu oTHOCHTeJabHO X', y', 2.
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PasymeeTcs, NpOH3BeleHHE MAaTPHIL HEJIb3f OTOXKAECTBJAATH C MPO-
u3BelleHHeM JIMHeHHbIX QopM. J[Be omepanuu, Ha3BaHHBIE 3JeCh PO~
H3BeJleHHEM, BBeJleHbl ¢ COBEPUIEHHO Pa3JHYHbIX Touek 3penus. [Ipous-
BeJleHHe MaTpUIl ecThb MAaTpHIla, a NPOU3BENeHHE JBYX JHHEHHLIX opm
€CTb ONHOPOAHBIH MHOTOUJEH BTODOH CTeNeHM OTHOCHTENBHO GYKB
X, Y, 2, HaspiBaeMBll xsadpamuurot opmoid. ORHaKe He CJAeAyeT
IymaTb, YTO MaTpHLbl OeclOJe3Hbl TNPH H3YYUEHHH KBaAPATHYHBIX
¢opM, Haob60OpOT. IJTO CTaHET MOHATHBIM, €CJAM YUYecTb CJlenylollee
sameuanue. [lycts, Hanpmmep,

P=ax?-+2bxy-+cy?

KBajpaTnuHas ¢opMa ABYX NepeMeHHBIX. JTO MHOTOWIeH, MOJyYaeMblii
u3 buaunedrnod dopmul (ax + by) X + (bx + cy) Y, ecnu 1monoxuthb
X = x, Y = y. Dbununeiinas ¢opma mnpeicTaBUMA NPOH3BEfEHHEM
MaTpHIL:

X
(ax +by, bx-+cy) O (Y) .

. To xe 3amMeyaHne OTHOCHTCS K JIIOOOMY UHCJY NepeMeHHBIX ((GopMbl,
COCTABJSIONIME MAaTpUIly, CTOSIILYIO CJeBa, ABJAIOTCA MOJOBHHAMH
MpOU3BOJHBIX KBaJApPaTHUYHON (OPMBI, B3ATHIX IOCJAELOBATENBHO TO
Kax 1ol Gykse). MOXHO K TOMY e 3aMeTHTh, UTO Guiauneiinas ¢dopma
(naseiBaroiasgcs noaaprHoi gopmold KBaapaTUYHOH HOPMBI) CHMMETPHY-
Ha MO OTHOIIEHHIO K COBOKYNHOCTSIM MafbiX OYKB X, Y, ... H 00ib-
mux 6ykB X, Y, ... .

Mbl cpenanM HeCKOMbKO YKaszaHu#, uTOGH JaTh MOYYBCTBOBATh
NoJb3y MaTPHIL IPA H3YUEHHH KPUBBHIX U NIOBEPXHOCTEEH BTOPOro MOPAL-
Ka (KOHHYECKHX CeyeHHMH M KBaJpHK).

¢) Jlunelinole GOpPMBI MOXKHO CKJIAApIBaTh M YMHOMKATh Ha YHCJO.
Tak xak 3TH ¢opMbI IpencTaBUMBI MaTPHLAMH, TO €CTECTBEHHO BBECTH
CAONCEHUE MAMPUY, U YMHONCEHUE MAMPUYbL HO YUCAO.

[Ipexxae Bcero naiuM omnpejleleHUss Jif MaTpyl, COCTOAIIUX M3
ONIHOTO cTOAOHA (TO €eCTh ONpelessiouX BeKTOP HJH JIMHeHHYIO
¢dopmy). [onararor, Hanpumep, Aag Tpex OYKB:

x+x X x' mx X
y+y =y |+ v | u {my|=mly}.
z+2 z 2’ mz ¥4

3areM, o6oflasi, ONpPemensiiOT cymmy O08Yx MAMpuy, UMEOULUX
MO e HUcA0 CMPOK U Mo 9ce HucA0 cmoabyos, KaK MaTpHLy, KaxAblh
3JIeMEHT KOTOPOH ecTh CyMMa 3JIEMEHTOB, 3aHHMAIOIIHX TO XK€ MeCTO
B KaxKIOH M3 cllaraeMblX Marpull, H npoussederue mMampuybt HQ 4ucio,
KaK MaTpHIly, NOJY4eHHYIO YMHOXEeHHMeM Ha 3TO UHCJIO KaxKIoro 3Je-
MeHTa JapHOH Marpuupbl. Torza mosnydaloT BEKTOPHOE INPOCTPAHCTBO.

HyuneBaa matpuua (medTpanbHbIH 3JeMeHT CAOXKEHHS) — 3TO, ode-
BHAHO, MaTpHIla, BCe 3JeMeHTH KOTOPOH paBHBEI HYJIO.
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WHTepnperanys ¢ noMoulplo BEKTOPOB IOKA3bIBAET, UTO MHOMKECTBO
KBaJpaTHBIX MAaTDHIL JaHHOTO MOpsAlKa 0GpasyeT K04byo, TaK Kak
(pPOU3BeJleHHe MAaTPHIL, O4YeBHIHO, JUCTPHOYTHBHO IO OTHOLICHHIO
K CJIOXKeHHIO, HOO JHHeHHble Npeo6pasOBaHHA COXPAHSIOT CJIOKEHUE
BEKTOPOB.

Marpuuna ¥ npoekTuBHasa reoMertpusd. [lpoek-
THBHAs reoMerpus (cM. 1. I1I) mpuBoauT X 3amene adUHHBIX KOOPAHU-
HAaT ONHOPOXHBIMH. ITO INO3BOJSET IPENCTAaBHTh IPOEKTHBHYIO TIeo-
METPHIO, KaK JHHEHHYIO TeOMEeTPHIO NPOCTpPaHCTBA C YHCJIOM H3Mepe-
HHH, YBeJHUYEeHHBIM Ha €JUHHUILY, YTO JaeT BO3MOXKHOCTb HCHOJb30BaTh
MaTpUIbl B 3ajilayaX NepBOH M BTOPOM CTelleHH B 3TOH reOMeTpHH (Kak
MBI 3TO CKOpPO YBHJAHUM).

Martpuunua B MeTpuueckoit reoMmerpuu Ecm
Mbl MoXKesaaeM, 4TOObl 6a3UCHl COCTOSIIM M3 PABHHIX U B3aUMHO Mep-
OeHAUKYJSPHBIX BEKTOPOB, TO HYMXKHO OYJET HCIOAL30BaTh CIENHAJb-
Hele matpuuel. PopMa cootHomenusi [Tudaropa, a Takxe GopmyJst
IJIsl CKaJdAPHBIX M BEKTOPHLIX IPOH3BEJCHUI MOKA3LIBAIOT C OYEBUI-
HOCTBIO, YTO W 3J€Chb MATPHUIBI OKAXKYTCHA IOJE3HLIMHU.

Hdpyrue cnyuau, Koraga BBOILATCSH MaTpHILH.
MHorounc/ieHHBle BONPOCH NPHBOAAT K PACCMOTPEHHIO NPSIMOYFOJb-
HBIX Tabaul saeMeHTOB. EcaHM Teopusl NPHBOAMT K ONepamHsaM Haj
ITUMH 32JIeMeHTaMH, NOJOCGHBIM OMHCAHHBIM, TO TakKue TabJauIpl OyLyT
paccMaTpuBaThCsl, Kak MaTpHIlsl.

I[Ipumep. MaTpuua cBg3u. OOMeH CHTHalaMH MEXIY
HeCKOJNbKUMH MYyHKTaMH ITIPOUCXOAUT COTLJIACHO CXeMe, aHAJOrHYHOH
TOH, Koropas u300paxkeHa HMKe. Ec/AM B NyHKT x; HOXOIHT CUTHAM,
nepelaHHblil U3 NIYHKTA X;, TO Mbl B MaTpHIie NUIIeM eIHHULY HA Nepe-
CeYeHUH i-U CTPOKH H j-ro cToabIa; B MPOTHBHOM CJydyae MUIIeM HYJb.
Takum ofpasom nosyuaem matpuuy m;. B Marpuue ms MBIl IOKA3bIBaeM
4UCJIO CTNIOCOOOB CHTHAJMM3ALMH M3 X; B X; ABYMSA NOC/EA0BATeIbHBIMH
CHTHaJIaMH.

Moxuo nposepurb, 4T0 My, = my QO my = (my)*:

N 01 11 1 01 2
Klxs mo=[1 0 1 1}, _fo 1 1 2]
N4 00 0 1 0 000
X 0000 0000

Bropag ranaBa

NOHATUA NPOEKTUBHOW rEOMETPHUM
o

Msul cefiuac BBeZeM TreoMeTpuio, MeHee GoraTywlo, ueM adduuHas,
He COJIepIKalllylo HH NOHSTHS NapasjieNn3Ma, HH NOHATHS O CBOOOZHOM
BEKTOpEe, CyMMe BEKTOPOB M T. N. MEI cHayasa NOCTPOUM O8YmepHyO
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NPOEKTHBHYIO TeOMETPHIO, UCXOIA U3 mpexmeprol addHUHHOH reomer-
puu. VI3 cBOHCTB, KOTOphie 3aTeM BLISIBATCS, BO3HUKHET BO3MOIKHOCTb
HENOCPeACTBEHHOIO AKCHOMATHYECKOTO TIOCTPOEHHS 3TOH TIeOMETPHH
M ee pacnpocTpaHeHUs Ha TpeXMepHOe IIPOCTPaHCTBO.

Mgl cefiyac BBeleM MNOHSTHS, COXPaHSIONIHeCS NPH TeX npeoGpaso-
BAHUAX IUIOCKOCTH B IIJIOCKOCTh, KOTOpPHle HAa3BIBAIOTCS HEpPCHEKMUE-
Homy TPeoOpasoBaHUSIMH.

1. NMepcnesTuBHOE OTOGpaN:eNHe NNOCKOCTH
Ha NNOCKOCTh

1. Onpenenenne. Ilycte B npocrpanctBe apduuHOfl TreoMeTpuu
JlaHbl Be IJIOCKOCTH P u p u Touka S BHe 3THX IWIocKocTeH. Kawioi
tTouke M miockocTH P cTaBHUM B COOTBETCTBHE TOUKY #1, B KOTOPOWH
npamas SM mepecekaer miockoctb p. Mobi 6yheM roBopuTh, YTO TOY-
Ka m — 370 00pa3 ToukH M & nepcnekmuse ¢ yewmpom S, omobpascaro-
wiedi naockocme P HA naockocme p (TEPMHUHOJOTHST BO3HHKJA B HCKYC-
CTBe PHCOBaHHS, KOTOPOe HCTOPHYECKH INPHUBENO K 3TOH TE€OMETPHH).

Yepr. 43

B yacTHOM cayuae, Koria IJOCKOCTH P U p napanjenbHbl, npeo0paso-
BaHHe sIBJAseTCA roMoTeTvell. CHavyasna Mbl PacCMOTPUM JIHIIL OGHIHi
clayya#, Toria ofe IJIOCKOCTH HMeloT ofinyio npsmyio X, reomerpu-
yeCKOe MECTO TOUYeK, COBMAJalolUX €O CBOMMHM ofOpasamu. Kaxnas
Touka M miockoctu P iMeer o6pas #1, 3a HCKJAOUEHHEM TaKHX Touek M,
/sl KOTOpHiX mnpsMagd SM napanjenbHa IM°OCKOCTH p, TO €CTh 3a
HCKJIOUeHeM Touek npsimoit U miockoctu P, siBasiomeficss npaMoi
nepeceyeHUsl 3TOH MIOcKocTH ¢ miockoctbio II, mposenenuoit uepes
TOYKY S NapajielbHO TJIOCKOCTH p. AHAJOTHYHO KaxJasi TOYKa m
TJIOCKOCTH p fiBJAseTca o0pasoM HeKoTopoi Toukdn M nmockoctu P,
3a HCKJIOUEHHeM TOYeK OXHOH MNpsIMOH v, mepeceueHUs IVIOCKOCTH p
¢ TIJIOCKOCTBIO, TIPOBENEHHOM Yepe3 TOUKY S napadJelbHO MJIOCKOCTH P.
[Mpamele X, U, v Mexny coGoil mapaJeqnbHH.
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2. O6pa3 mpsmoii. Ilycte D — npsamas miockoctd P. Boo6me
roBops, OHa NepeceKaeT NpsMylo X B HEKOTOPOit Touke N, a npsamyio U
B Touke K. Kaxnas touka M npsamoii D, kKpoMe Touku K, uMmeer
o6pas m; MHOXKEeCTBO 3THX TOUEK /71 COCTaBJsIeT NPAMYIO d MepeceyeHHs:
NVIOCKOCTH p € IJIOCKOCTBIO SD, 3a MCKJIIOUEHHEM TOYKH A, B KOTOPOH
npsiMas d nepecekaer INPAMYI0 U, TAK KaK 3Ta TOYKa He sBJAETCH
00pa3oM HHKAKOH TOUKH IVIOCKOCTH P. HecMoTps Ha 9TH HCKJIIOUEHHS,
MBI GyJeM TOBOpPHUTh, YTO o6pasoM npsamod D sABasercst npsamas d.
OGe 5TH npsiMBle IepeceKaloTcsl B TOYKe N, KOTopas NPHHANIEKHT
npsiMoli X M uHBapuantaa. Ecau npamasa D napansenbna npsmoi U,
To d efi napamiespHa, HO ecad D ecTb cama npsmas U, To npsmas d
e cyuectByeT. [IpsaMele, nepecexamoiuecs B HEKOTOPOH Touke M,
UMeIOT CBOHMH ofpa3aMi IpsAMble, IepeceKarolinecs B TOUKe /g,
3a HCKJIOUCHYEM caydasi, Korja Touka M, Jexut Ha U, Tak Kak Torjua
npsiMble-06pasel  mapajlienbHel NpAMOH SM,. AHajaorHuno npsimble.
napaJJieJibHblC HEKOTOPOMY HampaBJeHHIO A Ha miockocTH P, umeror
ofpasaMu NpsiMble, TepeceKaroliiecsl Ha NPSIMOH U B TaKOH TOUKe /1, 4TO
npaMaa Sh umeer nanpasJsense A. Hakonel, npsimbie, napasienbhbie
npsaMoii U/, UMEIT CBOMMH 00pa3aMH, Kak Mbl yXKe CKasaju, IpsMble,
mapajsiesbHble 3TOMY K€ HalpaBJ/eHHIO.

O6o6menue Bce 3TH HCKIIOUMTENbHBIE CJAyYaW HCUE3aIOT,
€CJIM MBI JIOTIOTHHM MHOXECTBO TOUEK H INPSIMBIX, a TaKXKe TepMUHO-
JOTHIO CJIEeNyIomHUM o0pasom.

Hexkoropasa touka K, npsamoit U uMeeT o6pasoM k& Hekomopywo
BecKOHERHO YOAAEHHYI0 MO4YKY TJIOCKOCTH p.

TIpamaga U, reoMerpryeckoe MecTo Touek K, uMeeT o6pasoM u reo-
MeTPHUECKOe MecTO GeCKOHEYHO YIaJEHHBIX TOYEK IJIOCKOCTH p, KOTO-
poe Ha3bBaeTC OECKOHedHO YOareHHOU NpAMOti TIOCKOCTH p.

Hexkoropad Touka A npsAMOH v ecTb 06pa3 HEKOTOpOH GeCKOHeUHO
ylaJeHHOH TOYKH IVIOCKOCTH P, W MHOXKECTBO 3THX TOYCK COCTaBJsieT
GecKOHeUHO yaleHnylo npsmyr V miaockoctu P,

Torza Mbl MoOxeM c(OPMYJIHPOBATbL OCHOBHOE CBOHCTBO:

[P,]1 B nepcnexmuee Hexomopoll NAOCKOCHU HA OpYyeyro NAOCKOCHLb
06pas KasxcOol MouKku ecmb mouxa, obpas Kaxcool npamol ecmov nps-
MAA, MAK 4MO KOAAUHEAPHbIM MOYKAM COOMBEeMCmEYiom KOAAUHEAPHbIE
MOYKL 1 NePecexaiouiumcss NPSMblM COOMGEMCMBYION. Nepecexaruiuecs
npamvie. ViHaue TOBOps,, NEPCHEKTHBA COXPAHSET KOJJIHHEAPHOCTH
1 HHIMIEHTHOCTH.

3. Tonoaoruueckoe 3ameuyanue. I[lycTe M — nHexoTopas TOYKa,
He pacnoJoxkeHHast Ha mpamodi U, u mycte V (M) — okpecTHOCTb
Touku M, Be uMeroniast obmelt Toukn ¢ npsamoit U. O6pas v (m) 3Toi
OKPECTHOCTH — TaKXKe OKDecTHOCTb Touku m. Orcioga crenyer, 4to
ecqii TouKa M ONHCHIBaeT KPUBYIO, NPOXONALLYIO depe3 TOYKy My,
He PacmoJIoKeHHyIo Ha npamod U ¥ uMerolyio B Touke M, Kacateb-
nyto Ty, TO npeoGpasoBaHue 1aeT KPHBYIO, IPOXONANIYIO Yepes TOUKY
My ¥ UMEIOLLYIO B 3TOH TOUKe KacaTeslbHYIO fo, ABJsOLIyIOCA 06pasoM
npamoit T.
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Ho nycTb MBI HMeeM OKDECTHOCTh HeKOTOpoH Touku K mnpsmoit U,
Harpumep o6JacTb BHYTPH NapaJJejorpaMma c ueHrpoM K #u cropo-
HaMH, napanjienbHbMH OpsaMoit U # apyro# npamo#i D. 2ra obnacts
6yzeT UMeTb B KayecTBe 00pa3a JBa YCEUCHHBIX yrJia (¢ BepPLIMHOH A).
Mpbr nonxkHbl GyfeM paccMaTpHBaTh 3TO MHOXKECTBO TOYEK, KakK oKpe-
cmrocme beckonedro yodaaennoil mouxu K. Hekoropas kpusasi C mio-
cKocTd P, mpoxoasias depe3 TOoYkKy K U UMelOlas B Hed Kacare/b-
uyto T4, oTH4yHYI0 OT HpsAMOH U, OyleT HMMeTb CBOMM 06pa3oM KpH-
BYIO ¢, «IPOXOIAILLYIO Yepe3 GECKOHEUHO YAAJIEHHYIO TOYKY k», W Mps-
Masi fo, o0pas npamoit T, 6yleT «kKacaTeJbHOH K KpHBO#H ¢ B GecKoHeu-
HO YIaJIeHHOH TouKe k». DTH BLIPaXKeHHs CIYHKAT nepeBoIOM abdUHHLIX
BbIpaXKeHWH: acHMOTOTHYECKOE HampaBJ/eHHe W acCHMITOTA.

UccnenoBanue obaacTeil, onpejefeHHHIX B MJOCKocTH P mpsi-
MeiMma U u Ty, TOKa3BIBAET DPACNONOKEHHE KPHBOH ¢ OTHOCHTEJNbHO
npamoit ¢,. Ha pucyHke MoxHO OyjeT yBujeTh, 4TO B OOLIEM clyuae,
korza C HaxXouuTCs B OKPECTHOCTH TOYKH K C OIHOH CTOPOHBI Kaca-
TeqapHOR Ty, KpHBasl ¢ paclojoxkeHa ¢ 00eHX CTOPOH CBOeil acdMIl-
TOTHL. MoXkHO OyZeT TakmxKe HCCAeloBaTh C/AyyaH, Korja To4ka K
aBasierca 1iasd kKpuBoi C TOYKOH mepernfa, HJIH TOYKOH BO3BpAaTa
MepBOTO HJAH BTOPOro poAa (TO ecTh KOrja HMeloTcs 1Be AYLH C Ol-
HOH M TOH K€ CTOPOHHl WJHK C Pa3HblX CTOPOH OO0INeH MoJgyKacaTesb-
HOH).

Haxkounen, ecan C uMeer npsamyo U cBoell kacaTeJbHO# B Touke K,
TO Mbl JOJIKHBI CKa3aTb, YTO KPHBas ¢ HMeeT GeCKOHEUHO VAAJIEHHYIO
NpsIMYyI0 KacaTelbHoll B GeCKOHeYHO yZAaJeHHOH Touke kB (¢ addunHON
TOUKH 3pEHHsI KpHBad ¢ UMeeT NapaboIHyecKylo BeTBb). Mul HONyuaeM,
TakuM o60pasoM, ofulee npeiioxenue: Ecau kpusas C uMeerT Kaca-
TENBHYIO B HEKOTOPOH cBOeil TOuke, TO KpUBas-o0pa3 HMeeT B COOT-
BETCTBYIOILIEH TOUKe KacaTeJbHYIO, SIBJAAIONLYIOCH 0Opa3oM KacaTesb-
HOH K kpuBod C. lHaue roBops, nepcnekmusa COXpansem Kacauue
Kpuebix. .

4. TMpunoxenus. a) Paccmorpum B miockocerd P addunuyro ¢ury-
py Hesapra (ra. I, § 1), cocTosimyio U3 IBYX FOMOTETHUYHBLIX TPEYTOJb-
aukos ABC, A'B'C'. Mwm npemnonaraem AB || A'B’, BC | B'C".
B stom ciaywae ckasath, uto AA’, BB’, CC’ nepecekaiorcss B HEKO-
Topoit Touke O, paBHOCHJIBHO yTBepxjeHuio, yr0 AC u A’C" napan-
JIeJbHEL.

IlonseprueM sty Ourypy kakoii-1u6o mepcnexkrtuBe. Torja KoJJIH-
neapuoctH OAA’, OBB’, OCC’ nepefinyT B KOJJIHHEApPHOCTH oaq’,
obb’, occ’. Tlapannensuele npsimoie AB u A’B” umelor o6pasaMu npsi-
Mbie ab ¥ a"h’, KOTOpble NepeceraoTCs B TOUKE y Ha NPAMOfl U; TOYHO
Tak xe npsMele bc U b’c’ mepecekarTcsd B TOUKE ¢ HA IPSIMOH ©, a nps-
Mble ac v a’c’ B Touke f§ TOH XKe MpsIMOH.

O6parHo, NYCTh Mbl HMeeM B ILIOCKOCTH p durypy, o6pasoBaHHYIO
KaKUMH-JHG0 TPEyroJbHHKAaMH, COOTBETCTBEHHBIE CTOPOHBI KOTODHIX
nepeceKaloTcsl COOTBETCTBEHHO B ToYKax «, P u y. Mol Bcerma moxem
BLIOpaTh HepCleKTHBY Tak, 4YTOOB IIOCKOCTL P mepecekana ILo-
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CKOCTh p MO NpsIMOH, NapaniensHod npsmoll aff, u utobul uentp S
HaXOAMJICS B IVIOCKOCTH, NapasJiesIbHOH INIOCKOCTH P M mpoxopsied
yepe3 npsaMyio aff. Toraa a u B UMeIOT cBOM 06pa3sl Ha GeCKOHEUHOCTH.
CkaszaTb, 9TO TOUYKA Y KOJMJIHHEApHA ¢ TOYKaMu o ¥ f, PaBHOCHIBLEHO
yTBepxkJIeHHI0, uTo npsmele AB u A’'B" napainensnsl. CkasaTb, 4TO
npsMele aa’, bb’, cc’ mepecekaloTcsl B OZHOH TOYKE, PaBHOCHILHO
yTBepxkIeHuto, yro npsameie AA’, BB’ u CC’ nepecekamorcs B OIHOM
Touge. Mel moayuaeM npoexkmusHywo Quaypy [lesapea, W Tpensoxenye
nonydaer caenywoniuii Bujp: Cxasame, 4mo 084 MPeYeoAbHUKA UMEIONL
COOMBEMCMBEHHbIE BEPULLLHbL HA Mpex NePeceKarujuxcs 6 O00HOL mouKe
NPAMbIX, PABHOCUALHO YMEEPHCOCHUIO, MO COOMBEMCINGEHHbIE CIMOPOHbL
Mpey20AbHUKO8 NePeceKaoncs 8 mpex KoAluHeaprolx mouxax. I1Ba Tpe-
YrOJbHUKA, YAOBJIETBOPSIONIHE 3TOMY YCJAOBHIO, HA3HBAKOTCS 20M0.10-
eULHBIMLL.

b) Tlono6ubIM ke npueMOM Mbl BLIBOAUM H3 abduHHON (uryps
[ackana npoexmusnyro gueypy Ilackars:

Ecau  nocaedosamenbrole 8epUILHbL LECUYLOAbHUKG  PACHOAONHCEHDL
nonepemMerHo Ha 00HOL 1 Ha Opyeoll u3 08Yx npambix, Mo €20 NPOMUEo-
NOAOJCHLIE CHIOPOHbL NEPeceKaronicst 8 IMpex MO1KAxX, DPOACNOAONCCHHBLY
Ha 00HOU npamol.

1i. MHBapHaHT HONNUHEIPHBLIX TOUEH

a) Ilpeobpasys ko/JauHeapHble TOUKM, MBI MOJYy4YaeM OTrpaHHue-
HUe TepCHeKTUBLl HA IIOCKOCTH, NPOXOAsAIleH depe3 LEHTP IepCleK-
TUBHL. [T03TOMY MBI 3aiiMeMcs TelleDb OJHOMEPHOH NPOEKTUBHON reoMeT-
pHeli ¢ IOMOLIbI0 AByMepHOH adPHHHOH
reOMETPHH.

IlycThb JaHb! mpu KOJAIHHEAPHLIX TOYKH, Sy
TOTZa MBI He MOMKeM UM JaTh HHKakKOH
MPOEKTHBHOH XapakrepucTuxku. JlelcTBu-
rTenbuo, ecu A, B, C — Npou3BOJAbHbBIE
TOUKH HA npsiMoit D, a a, b, ¢— npous-
BOJbHEIE TOYKH Ha npsMolt d, TO MeXAy
THMH (PUTYPaMH BCerja MOXKHO YCTaHO- g4
BUTb COOTBETCTBHE C TOMOLIBIO NpOHM3BE- |
JIEHUS] HEKOTOPOTo MNapaljeJbHOro nepe-
noca (mepeBONSAIINETO, HANIpUMep, TOUKY A
B @) M IIEPCIEKTUBH (UeHTpP S sBJAAETCH
Torja mnepeceyeHueM npamelx OB u c¢C).
3HauuT, HaM HYKHO paccMOTPETL H4empi-
pe TOYKH.

[TycTb Mbl BMeeM MPSIMYIO, ONpelesieHHYI0 AByMA Touxamu A u B,
u aBe apyrue Touku M u M’ Ha 310 npsamoil. COelMHUM 3TH TOYKH
¢ uenTpoM mnepcrexTuBsl S. Teopema Qasneca Ho3BOASET HaM ONpefe-

7

MA M'A
JIUTb OTHOLICHUSA ﬁ H ﬁ C TIOMOIIBIO BEKTOPOB, HAHCCEHHBIX
{
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Ha napaniens K SA, npoBefeHHyI0 uepe3 Touky B. Ecau 3Ta npsmas
nepecekaer npsmyro SM B Q, a SM" B Q’, 10

MA SA MA _SA
- k4

MB QB ' MB QB

OTKyJla

MA “M'A QB

MB T M'B QB

a 3T0 nocjejiHee OTHOILEHHe MHBAPHAHTHO OTHOCHTENBHO NEPCHEKTHEB!
¢ ueHTpoM B S, KoTopast oToGpamxaer cexymyio ABMM' Ha mo6yio
npyrywo cekymywo. Yueao

Ha3blBaeTcsi 08olirbIM omHAoweruem dethipex touek A, B, M, M’ (unu
ellle COTJIACHO HasBauuto, nannomy llanem, awneapmonuneckum omwo-
uierHuem STHX UeTHIpeX Touek). Takum o6GpasoM, 080LiHOe OmHouleHue
Yemoipex MOUEK UHBAPUAHMHO 8 000l nepcnexmuge. DTO OCHOBHOL
3JeMeHT TPOEKTHBHOH TeOMeTpHH; ero o0003HAYaloT CHMBOJOM

(A, B; M, M').
Taxum obpasom,
A, B; M, M')—=-14_. MA _ MA-M'B

MB =~ M'B  MB-MA

M3 mocnenneil ¢OpMEI BHAHO, YTO Ka:KJasi TOUKA NOSBJsETCS OLUH
pas B uucauTeNe, OAMH pa3 B 3HaMmeHaTesle M JBa pa3a, KaK KOHel,
WJM ABa pas3a, KaK Hauajio, BEKTOPOB. JTO XapakKTepU3yeT Jio6oe u3
IBOUMHBEIX OTHOHIEHKHH, ONpene/eHHBIX YeThIPbMSI KOJJIMHEAPHBIMH TOU-
KaMH, TaK Kak JBOHHOe OTHOMIEBHE, OYEBHIHO, ABJSETCA HUCAOM,
308UCALUM OM NOPSIOKR, 8 KOMOPOM PACCMAMPUBIOMCH My  MOYKU.

B npoekTHBHOI reoMeTpuu HpsiMas onpejejeHa IBYMs TOUKAMH,
HO TOYKy M mnpsMOUl ONpeleNsiioT, UCXOAS U3 TpeXx Touek A, B, C,
YHCJIOM:

CB ~MB

Uucno Ay, SABAAETCT 3J€MEHTOM MNPOEKTHBHGH TeOMeTpuH, TOrAa
KaK KaJoe OTHOMIEHHe B IPaBOH — 3TO 3JeMeHT apdHHHON reoMeTpHH.

Teopema. OnpelesieHne ABOHHOTO OTHOWIEHHSI HeThipex Touek M,
My, Mz, M, B QyHKIUH YeThIpeX Yuced A, ONDEACNISIOINX KakAYIO
13 TOUEK, HCXOJS M3 JaHHBIX Touek A, B, C.

BepneMmca k a6euuccam Touek Ha adpdunHoll npamofi. [lycrs Buibpa-
HBl HAYaJI0 H HEKOTOpas enununa, o603HauuM uepes a, b, ¢, x abeuuc-
cel Touek A, B, C, M. Torma nosyuyaem:

a—c¢ a—x
b= —x

= (4, B; C, My= L4 . M4
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DTO YUCJIO MBI HA30BEM OBOUHLIM OMHOUlEHUEM Hemblpex Huces a, b,
¢, x u Gynem ofo3nauatb 4epes (@, b, ¢, x). D10 npoGHO-THHEHHAs (rO-
Morpaduyeckasi) GyHKUHS YHCIa X, KOTOPYIO MOXKHO 3amHcaTh B BHJE:

A=k

x—a '
Ho nocnegoparenbupie mpeofpasoBanust yucna x B X =x —a,

3aTeM B Y:—)-I{, sateM B Z = hY, sateM B 4, = Z -+ k coxpausior,

OUeBUAHO, IBOHHLIC OTHOLIEHUS YeTHIpeX uuces.

Heotinoe omrowerue wemoipex mowex M npamoti, KOOPOUHUPCEAHHOL
omrocumeasyo mpex mouex A, B, C, pasuoe 080liHoiYy OMHOUEHUIO
BHa4eRUT uembLpex abcyuce, pagHo makice OBOLHOMY OMHOUWEHLIO YembLpex
COOMGEMCcMeyrouux  uucea p  (3HaueHUll GpoOHO-AuHedHOl dyHKyLL
abcyucc).

YacrTrbe caydan ZABOUHOrO OTHOWeHHU . Ecan
Toukd A, B, C passmunbi, a Touka M XapakTepusyercs UHCJIOM A, TO
A = 1 BuIpaxaer, uto Touka M coBnafaer ¢ Toukoi C, A = 0 Bbipaxaer,
yto Touka M coBnajaer ¢ TOYKoH B; mjas Toro 4ro6pl BhIPasHTh, 4TO
Touka M COBUIALaeT ¢ TOUKOH B, HYXKHO B3ATb A, = 00, HE OTJIHYas 00
0T — co. TakuM o6pa3oM, NOJOGHO TOMY, KaK MBI PHCOSIHHUMN K Jel-
CTBHTE/JBHOH NPAMOU ee GeCKOHEYHO YAaNEeHHYIO TOUKY, MBI JIOHOJAHAEM
MHOXKECTRO unced A GecKOHeuyHO GOMbUIUM UHCJIOM.

Ho kakoMy 4uCIy COOTBeTCTBYeT GeCKOHEUHO YjaaJeHunas TOYKa
npsMoii? 3acTaBEM abGcuuccy TOYKH M cTpeMuTbes K GeCKCHEUHO-
CTH; COTJIaCHO TIPOBEJCHHOMY BHIUMCJCHUIO A CTPEMHTCH K

a—c CA

b—c — ¢B '
Muaue roeops, HYXKHO CYHTaTh, YTO ToYKa M Ha GeCKOHEUHOCTH
COOTBETCTBYET DPaBeHCTIBY

MA

— = 41
5 +1,
TO eCTb 4TO
a—oo
—o %_1
v uTO
a—¢
(a, b; ¢, ©) = — .

3amMmeuaHue 310 BHTeKaeT Takxke, 6e3 mepexoia K Hpeleny,
W3 TIeDCNEKTHBH YeThlpeX KoJUHHeapHuX Touek A'B'C'M’, cpenan-
HOMl ¥3 menTpa S Ha mpsAMylo, NapaaneapHyio npaMoii SM’. Iposens
napanneas Kk SM” yepes touky C’, Mbl TIOICUHTAEM, KaK H Bbllle,
4 CA T _CA
MA " “MB CB
B KxoHEUHOM cueTe CYIIECTBYET B3aHMHO ONHO3HAYHOE CCOTBETCTBHE
MY MHOMECTBOM BellleCTBEHHBLIX YHCeJs, JIONOJHEHHBIM o0 (MHO-
JKECTBOM uMces A), U NpOeKTHBHON npsmoli (npoGeraemoii Toukod M).

22% 339



CooTHOmMEeHHUSA MEXA1Yy ILABOKNHBLMH OTHOLMIe-
HUSIMHU 4YeTHpeX KOJJHHeapPHHX Touek ABCD.

OxapakrtepusyeM Kaxaylo TOUKy M DOpAMOH COOTBETCTBYIOMHM
3HauyeHHeM Ay = (A, B; C, M) u paccMoTpum TouKky D, ompenenen-
HYI0 3HauyeHueM Ap = 0. Ml 3HaeM, UTO A4 =00, Ap =0, Ae = L.
[Tostromy ecan nopsanok touek A, B, C, D Mensercsi, To Mbl HAXOZHUM
TOJIBKO LIECTh 3HaYeHHH NBOHHOTO OTHOMIEHHS B 3aBHCHMOCTH OT POJH
upcen 0, 1, 9, u6o oo paer orHomwenue, paBHoe 1. Takum oGpasom,
NOoNTyvaeTcH:

<o
—

6—0 . _1=0_1 _6—1 .
Aq»——m———(s, 7\,2—5:)— 5 }\/3———-——*——1—~6,
1—b6 81 3

L
STt R To—sT 5 0 Mo

>

DTH YHCIA CBOAATCA K TPEM, €CJI OHH UMeloT 3HaudeHusi —I1, 2, 1/,.
Mpb! M3yunM Jafdbllle 3TOT YacTHBIH ciaydall, HasblBAIOMMHACH cayqaes
20PMOHUBMA.

b) lBoliHoe OTHOWEHHMEe NYyUYKa YeTEIpeXx Op -
M bl X. TTyukom npamvix Ha3bBAlOT COBOKYNHOCTH NPAMBIX IIOCKOCTH,
nepeceKaloOluxcd B OAHOH TOYKe, KOTOpas HAa3BIBAGTCS GepuUilHoL
(1M eHTpoM) nyyKa. MHOMXKeCTBO mapaJ/ieJbHLIX IPAMBIX Ha IPOEKTHB-
HOH IJIOCKOCTH SIBJSETCS C NMPOCKTUBHON TOUKM 3DEHHS TOMKE MYYKOM,
BePIIHHA KOTOPOTO — GeCKOHEUHO yJajeHHas TOYKa.

VuBapuasTHOCTL ABOHHOTO OTHOLIEHHA 4YeThlpeX KOJJIHHEaPHBIX
TOUEK OTHOCHUTEJALHO JIO00H NepPCHNeKTHBHl BLIpa)KaeT, YTO Ha KamKjo#
cexyiliell yeThipex NPAMBLIX NYYKa, B3ATHIX B ONpPENesEHHOM NOPSIKE,
JIBOHHOE OTHOLIEHHE TOUEK IepecedeHHs He 3aBHCUT OT CeKyllei, spa-
YT, 3TO YHCJAO, CBSI3AHHOE C CaMHUMH NPSMBIMH IyyKa. IT0 YHCIO
HaspIBaeTCA OBOUHOIM OMHOWEHUEM Hemeepru npansix nyuxa. Ecuu,
B Y4CTHOCTH, OHO paBHsieTcsi —1, TO YeTBepKa MNPSAMBIX HA3LIBAETCS
2aAPMOHUYECKOT. -

O6GparTHoO, ecau 0se npamoie, nepeceKarwjuecs 8 mouke A, 18-
ASIOMCA HOCUMeAAMU O8YX HLIMBEPOK MOUEK C Mem sce JBOLHbIM OMHOUie-
nuem: (A, B; C, M) = (A4, b; ¢, m), mo npamvie Bb, Cc, Mm, coe-
OUHSIOWLUE NAPbL COOMBENICINBEHHDLX MOYEK, NePeceKaomces 8 00Hod mouxe.

Jle#icTBUTENILHO, B liepcneKkTHBe, KOTOpy obpasyior Bb u Ce,
Touyka M COOTBETCTBYET TOUKe M1, TaK KaK JBOHHOE OTHOIIEHHE Omnpe-
JeJsigeT ONHO3HAYHO YeTBepTYIO TOuky psifa. [lostomy ecnum Mbl pac-
cMarpuBaeM Touky M, kKak o0pasyiollyld TOYKY MNepBOH NpPAMOii,
TO TOYKA /71 ONUCHIBAET BTOPYIO NPAMYIO, U NpaMas Mm npoxodum uepes
PUKCULPOBAHHYIO MOUKY.

¢)JIBofinoe OTHOWEeHHEe YeTH PeX NJAOCKOCTeEH
Oy4YKa DB TpexMepHOH reoMeTpHH NYYKOM IJIOCKOCTEH HAashlBAIOT
MHOXKECTBO IIIOCKOCTeH, MMEIOMUX OOyl npaMmyilo. Ecau daxw nyqox.
U3 dempipex NAOCKocmell, 63imolx 8 ONpPeOeAeRHOM Nopadke, mo 080LiHoe
OMHOLUEHIE Hemblpex MOYeK Nepecedenus dmux naockocmert ¢ Arobotl
cexywietl ne 3asucum om amoti cexyuied.
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JleficTBUTeNIbHO, CPaBHHBAIOT pPsiibl, MOJYUEHHBlE Ha JIBYX CEKY-
IIUX, HE PACHOJOKEHHBIX B TOH XKe IJOCKOCTH, C NMOMOIIBIO BCIIOMOTa-
TeJbHOH CeKYIIeH, COeXUHSAIOUIeH KakKylo-Ju00 TOUYKY OIHOH H3 HHX
¢ KaxoOH-muGO TOYKOH APYrod, M HCHOJAL3YIOT 3aTeM TPaH3UTHBHOCTb
OTHOLUEHMSI DPABEHCTBA. JTO [BOHHOE OTHOUIEHHE SIBJSIETCH, CJEN0-
BaTeNbHO, YMCJIOM, CBSI3aHHBIM C YeTBepKOH mJocKoctell nyuka. Ero
HA3LIBAIOT JBOUMbIM OMHOWEHUEM HYemBepKu NAOCKOCmel NYyuKa.

3aMeuanue. B apduunol niockocmu 080linoe OMHOUIEHUE
yemoipex NPAMbIX NYUKA POBHO OBOLHOMY OMHOWIEHUIO Hemblpex Ye08bix
Koaghhuyuenmos amux npamvix (nepecedb NpaAMoOH x = 1).

ill. BBefexsue KOOPAMHAT B NPOEKTUBHOM
reoMeTpum

Mt cefiuac BBesieM Takylo CHCTEeMY KOODAMHAT AJd Toukd M, pacno-
JIOKEHHOH B HEKOTOPOH IJIOCKOCTH, 4TOOLI BBeIEHHBIE KOOPAHHATHI
OB HHBAPUAHTHEL OTHOCHTEJbHO NePCNeKTHBEL. sl 3TOFO A0CTATOYHO
I0J1b30BATbCA JIHINb JBOHHBIMH OTHOLIEHHSIMH.

ITycrs B muockocty BrIGpaHbl weTelpe Toukd A, B, C, D, cpexnn
KOTOPBIX HHKaKHe TPH He JiexkaT Ha OJHOH mpsiMoli; Touky D Met 3acra-
BHUM HIpaTh cnenuadbHylo poib. O6o3nauuM uepes D,, Dy, D, Touku,
B KOTOPHIX npsaMeie AD, BD, CD nepecekaioT CTOPOHB TPEYTOJbHUKA
ABC, u auanoruuno uepes M,, My, M, — TOUKH Tepeceuerus nps-
MeIx AM, BM, CM c stumu e cTOpoHaMH. BBOXHM Teneph uucsa:

GZ(B, Ca Dav Ma); 5:(Ca A, Db7 Mb) u Y:(A7 B, Dcv Mc)

SleHo, uTO Kakue-uGo JBa M3 ITHX YHCET ONpPeAessitor TOuky M,
3HAYHT, CYIIECTBYeT COOTHOIIEHHe MeKAY STHMH TpPeMsl YHCJIaMHU.
YT106El €ro NOMYYHUTh, HCIOJAB3YEM KaKyIO-THGO CEKYLIYI0, HAnpuMmep
cerynryto CM, xoropasi nepecekaet AD B Touke A" m BD B TOUKe
B’. Tlonyunm:

a= (B, C; Dy, My)={(M,,C; A", M);

B=(C, My B', M).
Ho no nepCcnekTuBe ¢ UCHTPOM B D umeem:
y=(A4, B; Do, M)=(A". B’; C, My).

3anuceiBad 3TH JBOHHBIE OTHOLIEHHS B SIBHOM BHAE, TIOJYYAEM:
afy = 1.

Mu1 BunnM, uto TOUKa D MMeeT KOODAMHATH ¢ =P =9y =1 u Mo-
JKeT paccMaTpUBaThesl, Kak eOunuuHas mouxa, a a, B, y o6pasyior
cucmemy npPOeKMmuBHblX KoOpOUHaMm.

B npocrpaHcTBe BBOISIT TakuM e 0GPasOM HeThIpe uMcaa, Npo-
H3BeJleHHe KOTOPBIX PaBHO €IMHHIE, C NOMOIIBIO YeThipeX Touek, obpa-
3YIOUIUX HEBBIPOXKACHHBIH TeTpasip, U HEKOTOPO# ISITOH TOUKH, CaAy-
XKallled elMHHYHOH TOYKOH.

CBas3p ¢ adpdpuuHHON reomMeTpueili. Ecin B HEKOTO-
POH NMJIOCKOCTH BBeJEeHH KOOPAUHATH X, Y adQUHHON reoMeTpHH H ecJin

AHaJIOTHYHO
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JKEJIAOT BBIIOTHUTL B 5TOH MJIOCKOCTH KAaKOe-TO HCC/IeJOBaHUe [0
MPOEKTHBHON reoMeTpuH, TO OepyT B KauecTBe CHCTEMbI KQOPAHHAT
yetBepKy {ABCD} caenywouum o6pasoM: Touky A GepyT B Hauaje
koopauHat (O, TOUKY B — B GeCKOHeYHOCTH Ha npaMoi Ox, TOUKy
C — B Geckoneuynoctd Ha Oy, a €JUHUYHYIO TOUKY ) — B TOYKe C KOOP-
munataMd x = 1, y = 1. Torna mobas Touka M ¢ KoopAHBATaMH X, Y
CTABHTCSI B COOTBETCTBHE COBOKYITHOCTH Tpex uuces o, B, v, onpene-
JIEHHBIX BbIeyKazaHHbIM obpazoM. [losyyaeM:
x 1
a=--; p=y v=—+.
[Tostomy ecsu BBect TpH uucia X, Y, T, onpelesennsle ¢ TOYHO-
CTBIO [0 MHOMXHATENS PaBEHCTBAMHU:

TO MOJIYYaeTCs:

BT SO S 3
Ty PTT Yoy

Uucna X, Y, T nponopuuoHanbubl YUCaaM x, Y, | H onpenensior
CBOMMH B3aHMHLIMUH OTHOIIEHUSIMH TIPOEKTHBHLIE KOOpAHHATHI o, [,
v. OHH Ha3BIBAIOTCS O0OHOPOOHBIMU KOOPOUHAMAMY TOYKH M u HO3BO-

JISTIOT 3aHUMATbCA NPOEKTHBHON reoMerpuefl B adUHHOH NIIOCKOCTH.
X Y T
Touka Torna onpefieiena paBeHCTBAaMH: - - = =
YpaBuenue ux + vy -+ w=0 HeKOTOPOI NPAMOH NONyUYaeT CAECAYIO-
wuid Bu: uX + oY + w7 = 0, a GeckoueyHo ynajeHHasl NpsiMas
uMeeT ypaBHenrne T = (. BecKoHeUHO yaa/NeHHas TOYKA B HAMPABJIEHUH

7 :
<, = GyJleT ompele/eHa, HalpPHMepP, KOOPIHHATAMH:

X=1 Y=m; T=0,
AN ele
X==Fk, Y=kkm; T=0,

rie k — OpOM3BOJNBHOE YHCTO.
Hanpumep, 1Be mapansesbHble mpaMble ax + by = ¢, ax + by =

aX --bY =cT;
‘ aX +bY =c'T,
4YTO fABJAAETCA OJHOPOJHOH CHCTeMOH, PaBHOCHUJBHOH CHCTeMe:
X=0bk; Y= —qak;, T=0.
B npoctpancTBe noJsaraloT aHaJIOrHYHO
X Y zZ T

x Y z 1
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Hurepnperanua. [Tnockas npoekTHBHAS reoMeTpHsl (g) MOxKeT pac-
CMaTpUBAaTbCS, KaK 06pas HEKOTOPOH reoMeTpuu npocrpaHctBa (G),
3J1eMEHTaMH KOTODPOro SIBJSIOTCS npaMble D < g = —Z:—:—Z— , BHIXOfA-
11ye U3 HEKOTOPOH HavaabHOH TOUKH, H miockocTH P (uX 4-vY 4- wT =
= (), Boxogsuye U3 To# xe Touku. Kaxnaa npsmasa D ctaBHTCA B CO-
OTBETCTBHE HEKOTOPOH TOuKe H3 (g), a KaxJaas MJIOCKOCTb P cTaBHTCH
B COOTBETCTBHE HEKOTOPOH npamoi u3 (g). B (G) nBe pasauuyssie NpsaMble
ONpejlesII0OT HEKOTOPYIo IJIOCKoCcTh P 6e3 Kakux-jiH60 HCKJIOUeHHH,
a IBe maockoctd P mepecerarorcsi N0 HeKOTOpoH npsmoft D. Anago-
THYHO n-MepHasl NPOeKTUBHAS TeOMeTpHs (g) COOTBETCTBYeT HeKOTOPOH
reoMetpud (G) mpocrpanctsa n -+ 1-ro usMepenus.

IV. MpoexdTuBHbIe Npecipa3sOBaHMA NNOCKOCTH
(HONNUHeaLun)

Camoe ofllee NpOeKTHBHOE Ipeo0pasoBaHMe IJIOCKOCTH Ha celst
(naockoe eomoepaguueckoe npeobpasosarie)* MOXKHO ONpeleNUTh paBeH-
CTBOM IIPOEKTHUBHBEIX KOOPAMEAT COOTBETCTBEHHHIX Touek M u M’
3aJlaHHbLIX KaKas 10 OTHOIEHHIO K IPOM3BoJbHEM penepam {A, B,C, D}
u {A’,B',C",D"}. 3ro npeobpaszoBanue SBJASETCS NPOU3BEICHHEM
MepCHeKTHB [JIOCKOCTel HA TIOCKOCTH, BBHIIONHEHHBIX B TPEXMEPHOM
MPOCTPAHCTBE, COTEPIKAIIEM 3aJaHHYIO TUIOCKOCTE (HaNpUMEp, MoJa-
ras K = ABNCD u K = A’'B’(YC’'D’, nepeBosuM cHadaia A
BA’, sareMD u KBD"u K'u, nakoseu, BuCsB ulC’).

[TosToMy 51O Tpeofpa3oBaHuie COXPaHAET KOJJIHHEAPHOCTb U JBOM-
Hble OTHOLUeHHS KOMIHHeapHbX TouekK. O6paTHo, q06oe npeobpaso-
BaHHe ILJIOCKOCTH Ha celsl, coxpaHsollee KOJNIHHEaPHOCTb U JIBOHHBIE
OTHOUICHHS KOJJIHHEApHLIX TOUYEK, €CThb IIPOEKTHBHOE Mpeobpas3oBaHue,
BIOJIHE OMNpeJe/CHHOE YeThpbMA MapaMH COOTBETCTBEHHBIX TOYEK,
NpHYeM B KaxjOH YeTBepKe HHKAKHE TPH TOUKU HE LOJIKHbI JIeXKaTb
Ha OIHOH nNpsAMOH.

ITpuwmep. Fomonorus. Imo npeobpasosanue, NOAYLEHHOE MPAH-
chopmupoeaniiem Hexkomopol eomomemuu, OnpedereHHol 8 apPuHHOLl
naockocmuy P', ¢ nomowiplo nepcnexmues. HO HEKOMOPYI0 NAOCKOCMb.

B maockocrat P, ornpaBassick oT AByx map A’, 2" u B’, b’, rie
A'B" u a’'b" napannenbHsl, onpeneasieM TOMOTETHIO

V', AM'|la’'m’ u BM'||b'm’.

D10 3HAUHT, YTO KaxKJasd TOoYKa GeCKOHEUHO YIaJeHHOH NpsiMoit
OCTaeTcl WHBAapHAHTHOM.

[Tocne nepcnextiBel A, a u B, b ABAAIOTCA HPOHU3BOJILHLIMU Hapa-
MU, U 406as mouka xexomopoti npamoid A (06pas beckoredro yoareHHOU
npamotl) ocmaemca UHBAPUAHMHOU.

BosbmeM gBe Touku C u D ua npsamoit A. o orHomwenuo K Gasucy
(penepy) A, B, C, D obGpasymomas Touka M IJOCKOCTH onpejesieHa
CBOMMH [IPOEKTHBHBIMH KOODAMHATaMH a, P, v, u ee o6pas m onpesesieH

* Ynorpe6uteNeH Takke TepPMHUH KorAuneayus.—I[Ipum. ped.
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10 OTHOIIEHHUIO K Gasucy a, b, C, D temu xe unciamu (M60 AJIs onpene-
JIeHHS 4Hcen o U  MOKHO HCNoab30oBath cekyliyto A). TlostoMy npeo6-
pasoBaHMe JEHCTBHTEJNBHO SBJSETCS INPOEKTHBHBIM (KOJJIHHealHuest).
Tak Kak B roMoTeTHH npsiMast, COeLHHSIONAs TOYKY CO CBOUM 06pasoM,
[POXOLUT Yepe3 HWHBAPHAHTHYIO TOYKY S’, TO 3T0 caMoe. HMEET MecTo
U B IOMOJIOTHH. DTa TOUKA HA3BIB2ETCS YEHMPOM 20MOACEUU, A TIpSIMast
A Ha3LIBAETCH 0CHIO 20MOA02UL.

Otcionia crefyeT, 4T0 20MOA02Us BNOAHE ONPECENEH CEOUM UEHITLPOM
S, ceoeit ocoro A 1 napoti coomeememeenmbix movex A, a, nputem npamas
Aa docra npoxodums wepes S. B camom pene, o6pas m Toukn M xapak-
Tepu3yeTcsl ycaoBuAMH: m HaxomuTes Ha SM, u npsMmele AM u am
nepecexaioTess Ha npaMoll A,

Orciona obpatnasi Teopema: Toueuroe npeobpasosarue, OCMABAAI-
uiee UHBAPUAHMHbIMU MOUKL HEKOmOpoll npamoid A u Hexomopyro mouxy
S sne npamoil A, seasemcs 2omooeuel,

CuHryasapuas (ocoGeHunad) romModaorusd. Eciu
TpanchopMHPOBAThL TEPCIEKTUBON He MOAJINHHYIO TOMOTeTHIO, a napas-
JIeNBHLIH TePEeHOC, TO MONYyYaercs npeoGpa3oBaHue, aHAJOTHYHOE Ipe-
JBIAYLIEMY; Kaxkpaasa npamas Mm, coeqMHSIONIAs HEKOTOPYIO TOYKY
co cBoUM 06pasoM, NPOXOAHT yepe3 (PUKCHPOBAHHYIO TOUKY S, pacno-
Ao0cerHyro Ha npamoi A. I1peobpaszoBanue U B 3TOM CJayUae ONpeaeJeHo
3ajaHueM ripsiMmoii A, Touku S u mapo#i A, @ COOTBETCTBEHHBIX TOUEK.

BsauMuasds (MHBOJWIOHOHHAS) TOMOJOTHS.
Kaxnas roMoJsioryst MOXeT ObITh OnpeeseHa, KaK pe3yabrat TpaHcdop-
MUPOBaHUS ahPHHNTETA NEPCHEKTHBOH, NPHYEM IIEKTP TOMOJOTHH ABJS-
ercs o0pa3oM GecKOHeuHO yaanenno#l Toukd Ha A’a’. Ho cymecrsyior
B3aHUMHbLIe (MHBOJIONUOHHBLIE) adduHHTeTH cuMMeTpuu. B 3TOM ciryuae
ocb A’ mpoxomur uepe3 cepeimHy o' orpeska A’a’; uHaue roeops,
HMeeT MeCTO PaBeHCTBO

(S, a; A, a)=—1.

Kpome Toro, kakoBa Gbl HH Oblna Touka M, ne Todpko AM u am
nepecekarTcs Ha npsmoil A, HO TO XKe caMoe uUMeeT MeCTO U I/l Mpsi-
MHX Am u aM. Mel nosydaeM 37ech O4eHb BaXKHYIO (HTYPY, KOTOPYIO
cefiyac M3y4uM CIeLHaJbHO.

V. FrapmonnvecHoe fleneHue. FapMoHuvecKne

NyvHu

a) Tosopam, umo uemeipe Koaruneaproe mouku A, B, C, D obpa-
3YIoMm  2aPMOHUMECKYIO uemeepKy, ecau Osolinoe omuouenue (A, B;
C, D) pagno uucay —1. Mb! BUAEAM, UTO B 2TOM CJAy4ae Bce ABOHHBIE
OTHOILIEHHS CBOAATCH K TpeMm uuciaM —1, 2 u 1/,

ITo onpenenenuio (A, B; C, D) = —1, 4To MOXKHO 3alHCaTh H TaK:
cA DA
e v (1)
CB DB
A1 -
A-DB--CB-DA=0. (2)
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B cuny cummerpun s10r0 CoOTHOMIEHHs o6e napel A, B u C, D
HTPalOT OHY U Ty K€ POJb, PABHO KaK U 00e TOYKH KaxKAOH Mmaphl.
Toukn ofHOM Maphl HASLIBAIOTCS 2QPMOHUMECKI CONPANCEHHBIMY TIO OTHO-
IIEHAIO K TOUKaM JAPYrofi mapsl. 3TH CHMMETPHH XOPOLIO BHISIBJSIOTCS,
ecJii BepHYTbesl K abemuccaM a, b, ¢, d 4eTblpeX TOYEK; PABEHCTBO
(2) Torna naer

(a-b) (c+d)y=2 (ab-}+ cd). (3)

3ameuanne. Ecnu Hauaso otcuera abenuce — touka A, To GopMy.ia

aaetr

2 1 1
= . 4
AB AC+AD @

Ecau nagano orcuera aGenuce — cepenuna M orpeska AB, To
tdopmyJsia Raer

MA2=MB2=MC- MD. (5)

O1H QOPMYJIBI YacTO MOJE3HLl B IPUJIOKEHHSX. [apMOHU3M Xapak-
Tepusyercsa TeM (akKToM, YTO JBOHHOe OTHoLIeHHe caMo cefe 06paTHO,
HanpuMep,

(4, B; C, D)=(A, B; D, C)*,

160 ecJu BCe TOUKH pas3/iM4yHbl, TO JABOHHOE OTHOIIEHHe He MOMKET paB-
HATbCA yueny —+1, a Jqumb gueny —1.

I1yuok uemoipex npamoix (MMEHYEMBIX AYLAMU) HA36I6AEMCA 2APMOHU-
HecKum, ecau e20 08oiiHoe OMHOUieHUe PagHo 4ucay —1, TO ecTb eciu
OH ompefeisieT Ha JIOG0H cekyllell TapMOHHYecKyIO ueTBepky. Conpsa-
dHeeHHble AY4L TPOXOIAT YePe3 COOTBETCTBEHHbIE UM TOUKH OIHOH M TOH XKe
napel, TO €CTh Uepe3 CONpAXKEHHBE TOUKH. Mcmosb3yeM CceKymylo,
HapasyenbHYIO OHOMY M3 Jy4el; [oJy4aeM IPelJoKeHNe: 8 ap@urHol
nAoCKocmU 2QPMOHUYeCKUll NY4oK Xxapakmepusyemcs mem axmon,
UMo 0BG CONPSNCEHHLIX AYLQ HOXOOAMCS 8 KOCOU CuMMempuu HO OMHO-
WeHUI0 K mpemopemy Aydy, IpUUeM HanpaBJieHHe CHMMETPHH NapadJielib-
HO 4eTBepTOMy Jayuy **.

3T0 MO3BOJIAET NIOCTPOUTH I'aPMOHHYECKHH NYYOK, 3Has OJHY CONpA-
JKeHHYIO Iapy Jayuell W OAHH U3 Jyuell BTOpOfi maphbl: NPOBOLAT mapad-
JeJib K OLHOMY M3 M3BECTHLIX Jydel BTOpOH napel. TOUKOH, cOnpszKeH-
HOI GeCKOHeUHO yAaJeHHOH TOYKe, sIBJSETCS cepelliHa OTPe3Ka, Ompe-
JIeJIEHHOrO IBYMsl APYTHMH TOYKaMH. JTOMY adPUHHOMY NOCTPOCHHKIO
MBI TIPEATICYHTAEM CJeNyHlllee NPOEeKTHBHOe mocTpoeHHe. JIBofiHoe

* JeficTBuTeabHO, oTciofia umeeM: (ABCD) = (ABI—CD) u, ganee, (ABCD)2=

= 1. —Ilpum. peod.

** HMeercsa B BuAY, 4TO Ha J1060# 1paAMOH, napannenbHoll 4eTBEPTOMY JAYUYY,
nepBble JBA Jyda OMpeleJsioT OTPe30K, CepelHHOH KOTOporo fBjsieTcsl Touka
nepecedenus npamoil ¢ TpersuM adydoM. OJHaKo B Haluell JuTeparype He yHOTpe-
6uTesieH NMpHBeleHHHH crnoco6 BHpakKeHHs: 3Toro ¢akra.— [Ipum. nepesod.
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OTHOIIEHHE JOMKHO ObITh 06paTHO caMoMy cebe. [1osToMy ecan 1Be ceKy-
lge nepecekaroTcsi B Touke A Ha onHoM u3 Jyduell myuyka, uTo. aeT
PaBeHCTBO

(4, M; B, C)=(A, M’; B’, C'),

T0 HEOGXOJMMBIM M JOCTATOYHBIM YCJIOBHEM TaDMOHH3Ma (IIOCKOJBKY
NpH Pa3/MHYHBIX TOYKAX MCKAIOYAETCS BO3MOKHOCTb, YTOOH! ABOIHOE
OTHOLLEHKEe PaBHSAOCH 1) ABJAsAETCS CYIIECTBOBaHHE PaBEHCTBA

(A, M; B, C)=(A4, M’; C', B).

310 3uaunr {(cornacHo § 11, b, o6parnas teopema), uto MM’', BC’
n CB’ nepecexaorca B onHo#l Touke 7. IlosTomy npamass MM’ coenu-
HsIeT BepIUMHY mydka c sToil Toukoli T. Orciofa NOCTpoeHue: ecau daHa
napa ayueti Sb, Sc u ayw Sa, mo ayw Sm, conpsscennuii aywy Sa,
noayuaemess ¢ nomoulpro Osyx cexyujux ABC u AB'C’, evixo0suux u3
Karkot-aubo mouku A ayua Sa; uckoMuUl Ay npoxodum 4epes mouky
nepecederus npamoix BC" u CB’.

b) Onpepenenne. Ecam nana napa npsimbix dy, d; W Touka A, TO
nOAAPOL MouKU A NO OMHOUIEHWIO K nape NPAMblX HA3BIBAETCS TeoMeT-
pHYECKOe MeCTO ToueK M, COnpsiKEeHHBIX TOYKe A 10 OTHOILEHHIO
K KOHHAM oTpe3ka N;N,, KOTOPBIH OnpereNsieTcs NPSIMbIME [apbl Ha
Juoboii cexyulel, Beixopanie#l us Touxu A. Ha kaxno#l cexymeil Touka
M enuHCcTBeHHad. DTa TOUKA DACNOJNOKeHa Ha Jyue O, COMpsKeHHOM
rapMoHUYecKH Jyuy SA * 1no OTHOIEHHUIO K TPAMBIM d;, dy; 9TOT Jay4 0
SIBASETCA [109TOMY HCKOMBIM TEOMETPHUECKHM MECTOM.

O6cyxneHnue Ecam BepmHa myuka — Touka S {He Gecko-
HEYHO yJa/ieHHas), TO TouKa S Ayda 0 MOKET pacCcMaTpHBATLCHA IIPUHAA-
Jiexalnell reOMeTPHYECKOMY MECTY, TOJIbKO €CJIH C02AACUIMbEC CHUMAMb
2APMORULECKOLl YemBepKy mouek, 8 KOmOpoL mpu SBASIOMCA COgna-
daroujumi. 3T0 TEPMHHOJOTUYECKOe COrJIallleHHe 4acTo 110JIe3HO U3 coob-
paxenuil HenpepeBHOCTH. ([IBOMHOE OTHOLICHHE B 5TOM CJlydae He ofipe-
JeJleHo, UMeeTcd HeonpejeneHHOCTh. Mpl MOMEM [O3TOMY NPHIIHCATDH
JBOHHOMY OTHOLIEHUIO 3HauyeHHe —1.)

OcofeHHBEe NONOXKEeHUS TOYKH A.3T0, OUEBHIHO,
TOYKH NPAMEIX d; U dg, TOUKa S, ecJid OHA CYIIECTBYET, H GECKOHEUHO
yJaJieHHble TOUKH MJIOCKOCTH.

1. Cpasy BHIHO, YTO 5TOT NOCJAEAHUH cayyali He UMeeT HUYero HCKJIO-
YHTEIbHOTO: €CH TOYKa A Haxonurtcs Ha GeCKOHEYHOCTH B HampasJe-
HHU 0, TO U CEKYIHe NapaJssebHbl HANPABJICHHIO 0, PABHO KaK W Npd-
Mast SA, U BBHIBOJ COXpaHSET CHUIY.

2. Ecau Touka A HaxonuTcH Ha NPSMON d;, HO HE B TOUKE S, TO
BesiKasi CeKyllas §, OTIMYHAasi OT d;, CONEpPXHUT TOuKy N, COBIajawo-
uyio ¢ A, H OTJMYHYIO OT Hee TOUKY N,, NMOTOMY HYKHO CUMTATh,
yTO U Touka M coBmagaer ¢ A, CONVIACHO MPEIbIAYLIEMY COIJIAMIEHH!O.

* § — TouKa nepeceueHHs NPsSIMBIX d; i by, O UeM B TeKCTe He YIIOMHHAeTCs . —
Ilpum. nepesod.
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Ho ecnu cekymasa s coBnafaer ¢ mpsiMoil dy, To Touka N, Haxoaurcs
B S, a Touka N; uMeeT HeONpelesleHHOe IMoJOoXKeHHe Ha dy. Mul HMeeM
MO3TOMY OCOGBIH cyuait.

Hust ofmuocTH MBI GyAeM TFOBODHTH B 3TOM cJydYae, YTO HOAspa
TOUKU A ecTb dy, OO NYUOK, 8 KOMOPOM MPLU AY4Q cOBNAOArm, MOXCem
paccmampueamecs, Kax eapmMoHuteckull nywox, U ofmas QopMyJaHpOBKa
OyleT IpuMeHMMa.

3. Ecau, nakowein, Touka A HaXouTcs B S, TO HAa KaXJIOH CeKyLIEH
sTouku N u N, coBnagamwor ¢ A, 3nauuT, Touka M aGCcomoTHO He onpe-
JleJieHa: TIOJIsSipa COBCEM He CYLIeCTBYeT B STOM CJydae, ecsiil Mol He
JKeJlaeM CUYHTAaTh, UTO BCA IJIOCKOCTh SBJSIETCS HOJSIPOH.

Buison. B naockocmu noaspotl Hekomopoll mouky A nO OMHOUEHUI
K nape npamoix (ecau A He GepUIUHA NY4KA, ONPEOEAeHHO20 AMUMU
APAMBIMUL) SEAACMCA AYH, 2APMOHUMECKI CONPSNCEHHbIL OMHOCUMEAbHO
moil sice napel Y4y, npoxodauemy wepes A.

O6patHo, Touka A HasbBaeTcs noarocom npsamofi 6. Slcmo, uto
Jiofaa Touka npaMoi SA, 3a UCKIIOUeHHeM TOUYKH S, eCTh MoJoc nps-
Mofi 0. [lostoMy coOTBeTCTBHE MEXKLY MOJIOCOM K HOAAPOR HO OTHO-
UIEHHIO K Nape OPSMBIX JAlEeKO HE B3aWMHO OJHO3HAYHO.

IlBe TOUKY HA3LIBAIOTCS CONPANCEHHBIMU NO OMHOWEHUIO K nape nps-
Mblx, €CJIM ONHA M3 HUX HAXORUTCA HA MOJspe ApYroi. Imo omrowlerue
83aUMHO. DTH Ha3BaHW{, He CJIHIIKOM IOJIe3HBlE B HACTOSIIEM CHiyuae,
COOTBETCTBYIOT CYIIECTBCHHBIM MNOHSATHAM, €CAH 3aMEHHTh Hapy Ops-
MBIX KOHHYECKHM CedeHHeM, IepeceKaeMblM KaxkaoH TpsiMOH s B IBYX
TOYKaX. Mpl M3y4HM 5TOT BONPOC B METPHUYECKOM TIeOMeTpHH JJIf
Kpyra M OTTYAa BbIBeJeM C TOMOINBIO IEPCHEKTHBBI TEOPHIO, OTHOCS-
MYyIocd K KOHUYECKHM CeYEHHAM.

[Ipumep npunoxenud. [Ilpengnoxenune o noua-
HOM UYeTHPEXCTOPOHHUKE.

[TosHBIH 4eTBIPEXCTOPOHHUK — 3TO QUrypa, o6pa3oBaHHAsS UeThIPb-
M3l IIPSIMBIMH, U3 KOTOPBIX HHKAKHe TPH He NIepeceKaloTcs B OIHOH TOUKe.
durypa uMeeT WECTb BEPIUMH, W3 KOTOPBHIX Ha GECKOHEYHOCTH MOTYT
JIEXKATb OflHA, JBE HJIM [JAXe TPH BEPIUHHEI, €CJH OfHA W3 NPAMBIX —
OeckOHEUHO yJajleHHas npsaMas. YIMelorcsi TpH AMarOHaJNH, TO €CTh
npsMble, COEAMHSION[ME [Be BEPIIMHLI, HE PACHOJOXKEHHbIE HA OJNHOM
H TOH 2Ke CTOPOHe; 3TH JAMaroHa/ln 06pasyloT TPeyToNbHHK, Ha3biBaOMHKA-
csl IMArOHaJbHBIM TPeYTOJBHHKOM, KaXIas CTOpOHA KOTOPOTO COJEep-
FKHUT JIBE BEPIUHHEBI YeThIPEXCTOPOHHUKA.

B cusy mpoeKTHBHOTO MOCTPOEHUSA MOJISIPHL 110 OTHOIIEHHIO K ABYM
AUAroHa/JIsiM JBe BeplIHHbLI, DPACNOJIOKeHHble Ha TpeTbefi AMaroHasw,
rapMOHHYECKH COTPAXKEHBl. JTO 3HAUMT, YTO HA KaXKJIOH IHArOHAJH [Be
HaxOIsILIHecs] Ha Hel BEPIIHHLI  TOYKH ee NepeceYeHus ¢ ABYMsi JIPYyru-
MH IHAroHaJsIMH 00pasyioT TapMOHHUYecKYIO 4eTBepKy. Eciu ynorpe6-
JATH CJOBO «IMATOHAjb» B CMBICJIE «OTPE30K, OTpAaHHYEHHBIH BepIUH-
HaMH», TO MOXHO C(OPMYJHPOBaTb Pe3yJbTaT CJAELYIOUHM 00pazoM:
8 NOAHOM HemblpexcmOpOHHUKe Kaocdas OuaezoHaAb OeAUmCs 20pMOHIL-
decku Osyms Opyeumis.
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MoKHO BBIBECTH 3TO IpeaJIOKeHHe U3 TeOPeMbl ah(MUHHON reOMeTpHH :
«IHATOHAJIH Tapa/lIeloTpaMMa JeJATC IOoNoJaM TOUKOH HX mepece-
yeHHS», HOO KaXKAbli NOJMHBIA YeTLIPEXCTOPOHHHK MOXKET ObITh HOJYUEH
NepCcnekTHBON W3 napajienorpaMMa. MoxXHO BHIeTb, YTO oflee mpen-
JIOJKEHHE COIEPIKUT TAKXKE TEOPEMY O NPSAMBIX, COSAHHAIONINX CEPEAUHbBI
IBYX CTOPOH TPEYrOJbHHKA.

¢) JBa mpepjioeHHs] U3 METPHUECKOH reoMETPHH MBI IIOMECTUM
37leCh, XOT4 5TO U NMPOTUBOPEUHUT O0UIeMy IJIaHy. STU JBA NpPelOXKeHH]
JIOTOJIHAIOT B METPHUECKOH TeOMeTPHH NpelllecTBYIOIlee H3JIOKEHHUE.

) TapMouuuecxHu il Ny4YoK YacTHOTO BHAA.
Mub1 oxapaxTepyu3oBaiy rapMOHH3M MyYKa YCJIOBHEM, YTOOH! JBa CONpsi-
JKEHHBIX JyYa HaXOAUJIHCh B KOCOH CHMMETPHH 10 OTHOINEHHBIO K ONHOMY
Jy4y BTOPOU Mapbl, NPUYEM CHMMETPHS OCYIIECTBJSETCS MO HampasJe-
HHIO, NapajJjejbHOMY BTOPOMY Jyuy BTopoit mapsl. CkasaTb, 4TO 3Ta
CHUMMETpPHA OPTOroHa/JbHA, O3HAuaeT, YTo Jyyd BTOPOH mnaphl B3aHMHO
HNepNenAnKYJISAPHEL 3HAUUT, 200058 napa npamelx u buccekmpucst yeioe,
00pA306AHHBIX IMUMU NPAMbIMU, 00PA3YIOM 2QPMOKUMECKYIO HemBepKy
npameix, U, 0OpAMHO, €CAlL 8 HEKOMOPOM 2APMOHUMECKOM NYyiKe 08q
CONPSICEHHOIX AYHA 63AUMHO NEPHEHOUKYAAPHbL, MO IMU AY4U ABAAOMCSA
buccekmpucany yeioe emopotl napet.

2)Bripaxenue IBOHHOIO OTHOWEHHUSH YeTBeE P-
KH OPSAMBX NyYKa Yepes3 yTJBbL. BMerpudeckoi reomer-
PHH IBe UYeTBEPKH TNpPSAMBIX (B ABYX TNydYKaX) DaBHBI, €CHH HX JIydd
0o6pa3yloT B OPUEHTHPOBAHHOH TNJIOCKOCTH COOTBETCTBEHHO paBHbIE
(c TOYHOCTBIO 0 A7) yrabl. [IBoHHOe OTHONIEHHE

K:(du dy; 04, 05)

MOXKHO BbIPa3uTh uepe3 GYHKUHH CHHYCOB yrioB. Popmy.a, nawomas
B JIIOGOM TPEYTONbHHKE OTHOLICHHS CTOPOH Yepes (YHKIMH OTHOIICHHU
CHUHYCOB IIPOTHBOJMEX]KAUIHX YIVIOB, laeT, €CJIH [epecedb Oy40K HeKOTOpOﬁ
npsIMOH, CJelyIoliee COOTHOIUEHHE, BepPHOE MO a6COJIOTHOH BEJHUHHE,
__sin(dy, &) , sin(dy, d9)
T sin (dy, 8¢) " sin{dy, 89)

Ocraercst NPOBEPUTH ITO COOTHOLIEHHE MO 3HAKAM; TAaK KaK OpHeH-
TalUMH, BbLIOHpaeMble HA TIOCKOCTH M HA KaxkAOH NpPSIMOH, HE Qury-
PHPYIOT, TO IPOBepPKa BLIIOJHAETCS, €C1H OPHEHTHPOBATh, HATIPHUMED,
KQOKAYI0 IPSMYI0 OT BepIUMHbl K cekywel. OueBuiaHo, uto ¢opmy.a
He [PHMEHHMA K NMYYKY MNapa/ieJbHBEIX NPAMBIX.

VI. OyepKx NpAMOroc aKCMOMaTUUYECHOro
BBEACHUA NPOEHTHBHOK{ reoMeTpuu

B npenmecTByomeM H3J0XKEHHH Mbl BLIBEJIH HNPOEKTHBHYIO FeoMeT-
puro u3 adpdunHOl reomerpuu. IIPOTUBONONOKHBIH MYTh MOMKET [OKa-
3aTbesl GoJiee YAOBJIETBODUTENBHBIM, TaKOH NyTh NPEACTAaBJASET BCe
apdunHOE, KaK crnenu(PHKalLUIO NPOEKTHBHOTO, NOJOGHO TOMY, KakK
BCe MeTpHyecKoe OyJeT NPeACTaBJeHO Kak cienuduranus apduuazoro,
ocyllecTBiaseMas oGoraileHieM TEOPHUH.
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CorsiacHO BBIIIECKA3aHHOMY, HAM TOHSITHO, YTO 32 AKCHOMbBI NPHHH-
MAIOT CJIeAYIOIHe NpelJIOMKeH s, He JIONYyCKas HHKAKHX MCKJIOUEHHI.

AKCHOMBI MHUHJEHTHOCTH

Yepes dee pazautHele mouKky npoxodum npamas u auuls o0na. Yepes
mpu  HEKOAMUHEAPHLIE MOYKU NPOXOOUM NAOCKOCHIG [ MOAbKO O00HA.
Hee Hecosnadaroujue naockocmu umeiom 00HY 00UY0 NPAMYIO.

Hee pazauunsle npamele 00HOL naockocmu umeom 00y 06UYyio
MOo4KY.

[IpunsaB 3TH NpensoxKeHUd, HCXOAAM H3 (DUIYPHl TPEXMEpPHOrO Npo-
CTpPaHCTBA, COCTOAMEH U3 TpPeXTPaHHWKAa C BEpPUIMHON B TOuke S,
flepeceyeHHOoro AByMs riockocTsMu P i P* B toukax A, B, C; A’, B”, C’.
Touks a = BCN\B'C', p=CA N C'A", y=ABNA'B" «xoa-
JUHeapHbl, TaK KaK PAaclooXKeHb HA HOpAMofl A mepecedenus mnnio-
ckoctd P u P,

TTepcneKTHBON H3 HEKOTOPOTO LEHTPA 2 HA HEKOTOPYIO INIOCKOCTD )
3Ta INPOCTPAHCTBeHHAsd (PUrypa mnpeoOpasyercss B IJIOCKyio QUTYPY,
KOTODYIO MBI Ha30BeM (ueyporl 20MOA02UMECKUX MpeyeoabHUKO8 U KO-
TOpasi COCTOMUT U3 JBYX TPEYTOJbHUKOB abc U a’b’c’, COOTBETCTBYIOMHUX
JIPYT APYTY TaK, 4TO IPSIMBE, COSAHHSIONHE COOTBETCTBEHHbIE BEPILH-
HBI, NEPeceKaloTcsi B OHON TOYKe S, a CXOJCTBEHHbLIE CTOPOHBI Hepece-
KaloTcs IIOTIapHO B TPeX TOYKAX, JeXallux Ha oOfHOf npsimMoi (6).

JokaxKeM Tenepb OCHOBHYIO TEOPEMY.

1. TeopeMa 0 romMoJorHuecKux TPeyroJbHHKax (NMpoeKTHBHAL ¢u-
rypa Hdesapra)

Iycme @ naockocmu p daner mpu nape. modex a, o'y b, b’ ¢, ¢’ u

s=aa’ bb',
a=be\b'c’, P=cac’a’, y=abNa't',
moe0a uMeen Mecmo pPASHOCUALHOCHLL CACOYIOUUX Ymee pocOerut:
sgcc’ <> yeEap.

UTo6bl 3TO J0Ka3aTh, NOKAXKEM, UTO Hally GUIYPY MOXKHO paccMmart-
PHBaTh, KaK NEPCHOEKTHBY BhHIlle ONKUCAHHON MPOCTPAHCTBEHHOH (DUTYPEL.
Mel Bo3bMeM TIOCKOCTD P’ coBnafaroniel ¢ miIoCKoeThlo p GUTyphl, TaK
gro Toukamu A’, B, C" aBasiorca touku a’, b, ¢’. Mul GepeM mpo-
H3BOJIBHO TOUKY 2 BHE IVIOCKOCTH p 1 GepeM HEKOTOPYIO TOUKY Ha Tps-
Mol sX. Dro onpefenser Toukd A = Za(1Sa” u B = ZbSH’.
CreloBaTeNbHO,

AB = (m1ockoctb Xab) () (miockocth Sa’b’), smauwur,

v € AB.

) Ilpeannonoxenue s¢cc.

Mut onpezensiem C tak: C = 3¢} S¢’. Torna a, B, y KonH#eapHsl,
TaK Kak JexKar Ha cjelle niockoctu ABC B njockocta p.

2YMlpennonoxenue. a,f, Y KOMIHHEAPHDL.
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Onpenensiem C, xak caen npsamoil Sc¢” Ha miockoctH ABafy.
Torna
agBC u pe AC,
3HAYHT, [0 HepPCHeKTHBE C IEHTPOM X
C=aBnpA
JaeT:
abnPa=rc,
H KoJHHeapHble Touku S, ¢’, C [al0T KOJJIHHeapHble TOUKH §, ¢, C.
TFToMosorusa B nao0cCKoOCTH. [lycrs Jana gurypa, cocro-

SIasg M3 TOMOJOTHYECKHX TPEYTOJLHUKOB B INIOCKOCTH p; NPEnosio-
JKHM, UTO C IOMOILIBIO TOYEK $ H 2 MOCTPCeHa IPOCTPAHCTBEHHAs (QUTypa.

Uepr. 45

Kax10# TOUKe 71 MIOCKOCTH p COOTBETCTBYET 10 NEPCHEKTHBE C UEHTPOM
B 2 Touka M miockoctn P, a 3aTeM IO NepcrnekTHBe C LeHTPoM B S
Toyka m’ mwiockoctu p. COOTBETCTBHE MeXIY TOYKAMH M1 H M’ MOXKeT
GHITL ONPejiesleHs B INIOCKOCTH P KOJJIMHEaPHOCTRIO sSmm” U TeM dakToM,
yTO npsAMas ma mnepecekaer npamyro m’a’ ua npsamoi 9.

310 npeobpazoBaHue Mbl HasbiBaeM ecomosfoeueti, OHO onpedesieHO
LHEHTPOM § NPAMOH O, cOCTOoAIled K3 HMHBAPHAHTHHIX TOYEK, H NapoH
COOTBETCTBEHHBIX TOUEK @, ', IPHuYeM MpsiMasi aa’ JOJKHA NPOXOIUTH
yepes TOUKY §.

OTMeTHM, YTO TOUKA $ MOMKET H&XOZUTHCS Ha MPsAMOH 0, HO TOUKH a
H ¢" He JOJIKHBI HaXOJUTHCS Ha O U NOJIIKHAL ObITh OTJIHYHBIMH OT TOUKH S.

2. Tapmonu3am. Ilycte naHa durypa, oOpasoBaHHasi YeTbIpbM#
OpsSIMBIME aps, argq, bgs, brp (NMONHBI YeTHPEXCTOPOHHHUK). Jnaronalb
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ab nepecekaeTcsl B TOUKe /1 JMATrOHAJBIO Sf H B TOUKE N JIHarOHaMlbIO pg.
Mer ceffuac gokaxeM, UTO ecau mouku a, b, m O0ausl, mo mouxa n onpe-
JeneHa  He3aBUCUMO Om APAMbIX, O0DPA3BYOUUX HemblpexcimoporHuK.

Wrak, nycrb AaHel TOUKH @, b, m. Ha HexkoTOPOil 1psimMo#i, BHIXOAS-
el 3 @, BO36MEM TOYKH p U s. HasloxeHHble KONJIHHEAPHOCTH onpeje-
JISIFOT TOYKH r U ¢, 3HAYNT, ¥ TOUKY #. JloCcTaTOUHO [IOKa3aTh, YTOTOUKA 1

Yepr. 46

octaerca QUKCHPOBAHHOMN, €CIH MEHATH TOYKY S Ha npaMoil ap. B ca-
MOM JieJie, TOTJa MOXKHO OYJIeT TaKKe MEHATb TOUKY S Ha sb, TOURy p
Ha a5 U MNOJYYHTb TaKAM 0Gpa3oM MPOM3BOJbHLIE NOJOKEHHS TOUYeK
sH p.

Mer GepeM NMO3TOMY s; Ha a@s, COXpaHsdeM TOUKY p H paccMarpHBaeM

ri=bp N msy, qy=>bsi(pg.

Hy:xuHo nokasare, 4To a, rq, §; KoJiuneapubl. Ho 310 BeiTekaeT Hemel-
JIEHHO W3 PaCHOJIONKEeHUS! TPEYTONBHUKOB grp H bms;. IefictBuTesnbHO,
bg, rm u ps, nepecekalOTCd B TOUKE S; 3HAUHUT, TOUKH

a=qgrbm, ri=rp\ms; 0 q,=gpbs,

JiexkaT Ha OIHOH mpsAMOH.

Tagum o6pasoM, 4w0boti mpoike @, b, m KOAIUHEAPHbIX MOHEK COOMm-
semcmayem 4emeepmasn mMo4Ka 1, HA36I6ACMA 2APMOHULECKU CONPANCEH-
HOU mpemueti mouke no omHowexuto K nepebim Osym. T'oBopdAr, uTo
napa @, b u mapa m, n HaXOAATCH B ZAPMOHUNECKON OMHOWEHUL.
Ecnma MBI 0603HAUNM Yepe3 ! TOUKY IepeceueHHs NPSIMBIX 1S U pg (310
TPeTbs JHATOHAJNbHAA TOUKA OJHOTO YETEIPeXCTOPOHHUKA), TO B GUTYpe
UMeIOTCS ¥ JpPYTHe TapMOHHYeCKHe YeTBepKH: p, ¢; M, [ U r, S; ¢, m.
Mgl BumuM, uTO ueTBepKa @, b; m, n HAXONUTC B HEPCNEKTHBE, KaK
C ueTBepkKOH p, ¢, f, m (LEHTp NEePCHEKTUBBI S), TAK H C YeTBepPKOil
g, p; t, n (HEHTD NepCHeKTHUBH 7).
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CnenctBue. Ecau 6 mobom mouedHom npeobpas3oeanuy nAOCKOCMU,
COXPAHAIOWEN KOAMUHEAPHOCMb, HeKomopas npamas & codepscum mpu
UHBAPUAHMHbIE MOYKU, MO OHA COOepItUm OeCHucCAeHHOE MHONCECMEO
maKux modex.

B caMoMm fene, Tpu TakHe TOUKH HAIOT C IOMOLIBIO PHFYPBI HOJTHOTO
YETHIPEXCTOPOHHUKA TOYKY, COIPSIKEHHYIO TapMOHHYECKH C OJHOH H3
TOUYeK 10 OTHOLICHHIO K JABYM JAPYTHM, a NpeoGpa3oBaHHE COXpaHSET
rapMOHH3M, COIVIACHO MpelUIecTBYIONIeH TeopeMe.

[lyers Toraa a, @¢” u b, b’ — ABe Tapnl COOTBETCTBEHHBIX TOYEK,
TaKHX, YTO ab NPOXOMAT Yepe3 OJHY H3 HHBADHAHTHRIX TOYEK MPAMOH 9,
H IyCTh § — TOYKa MepecedeHus npsamulx aa’ u bb’. T'omosorus, ompe-
JeJieHHAs TOUKOH §, UpaAMoil 8 u mapol COOTBETCTBEHHLIX TOUCK a4, a’,
uMeeT ofllefl mapoll ¢ paccMOTPEHHBIM Npeofpa3oBaHUeM JIO0YIO Hapy
COOTBETCTBEHHBIX TOUeK m, m’, Takux, uto ma u mb uepecexawnT 0
B HWHBApPHAHTHEIX ToukaXx. [lpeofpasoBanne uMeeT, CJefOBATEIbHO,
C TOMOJIOTHeHl OCCKOHeYHOe MHOMKECTBO OOIMX 1nap, o6pasyollux,
OYEBH/IHO, CUeTHOe MHOXKeCTBO. OIHAKO MBI He MOMXKeM YTBepPKIATh, YTO
06a 1peoGpa3s0oBaHusa HMEIOT 6C¢ TIapbl COOTBETCTBEHHBIX TOYeK OOLUIMMH,
€CJIM He BBelleM JON0AHUMEAbHYI0 AKCUOMY, HANATAIOUIYI0 OTpaHHUYeHHe
Ha paccMOTpeHHOe Mpeobpa3oBaHHUe.

[Ipeo6pasoBanuie Ha3bIBAETCH HEMPEPbIGHLIM, €CIAH JII06as Tperesb-
Hasl TOUKa TOYeK /M MMeeT CBOMM 06pa3oM NpefiesbHYI0 TOUKY 06pa3oB
m” Touek m. Ham HYKHO NPHHATL 32 aKCHOMY, YTO PACCMAMPUBALMOe
nPeodpA30BAKLE HENPEPBIBHO.

Torza Mbl mojyuaeM claeAylollee NpelNoKeHHe:

JIwboe renpepolgHoe mouedroe npeodpascearue NAOCKOCMU, COXpa-
HAIOLUEE KOAAUHEAPHOCTb L UMEIOUIEe MPU UHBAPUGHITIHOIE KOANMUHEADHDIE
MO4KU, eCHib 20MOA02UA.

B uactroctH, ¢hueypa Osyx eomosoeuteckux mpeyeoibHUKog onpede-
sl €OUHCIMBEHHOE HENPEPDLIBHOe NPeobpasosanie, COXPAHIIOWEE KO-
HEeQPHOCMb, U 3MO eCmb 20MOA02USL.

3. INepcnektuBa B maockoctd. B TroMosorud TOUEUHOE COOTBET-
CTBHE MEXIY TOYKAMH HEKOTOpPO#l mpsiMOH x ¥ ToykKaMu ee obpasa x’
€CTb NIEPCIEKTHBA C IIeHTpoM B 5. OGparHo, BesAKasi IePCreKTHBa NPAMO#
X HA TIPSIMYIO X" C IEHTPOM B § MOKET PAaCCMaTPUBAThes, KAK OTPAHHUEHHE
Ha NPsIMOH X HEKOTOPOH TOMOJIOTHH, OChb KOTOPOH O ecTh Kakas-1uso
npaMas, IPOXOAAIlas Yepe3 TOUKY IepeceyeHrsi MPAMBIX X ¥ X'.

Teopema. [Tycme a’, b', ¢’, m" — uemsipe KosAUHEAPHBIE MOUKLL U Q,
b, ¢ — mpu Korauneaprele mouku. Tozda obpas m mouxu m’ e npous-
sederuu nepcnexkmus, npeodpasyrouiem mouku ¢, b', ¢’ e mouxu a, b, ¢,
onpedener u He 3q8UCUM 0Nl PACCMOIMPEHHbIX NePCReKmUe.

JleHCTBUTENIBHO, PAaCCMOTPHM MEPCHEKTHBL, O KOTOPHIX HJET Pedb,
KaK OTrpaHM4eHHs HeKOTOPHIX roMmostoruil, u nyctb (T4), # (Ty) — Te
IIPOU3Be/IeHHsT TOMOJIOTHH, KOTOPbIe MepeBoAaT Touku &', b’, ¢’, m” coort-
BeTCTBEHHO B ux obpaswul a, b, ¢, my u @, b, ¢, m,. [Ipoussencuue npeot-
pasoBaHusl, 0OpaTHOTO OJHOMY U3 3TUX mpeofpasoBanuil, Ha APyroe
NIePEeBOIUT TOUKH a, b, ¢, my B ux o6paswul a, b, ¢, m,. Ho 3170 npoussene-
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HYEe COXPaHseT KOJUVIHHeapHOCTE H OCTaB/sieT HHBAPHAHTHLIMUH TOYKH 4,
b, ¢, 3HAYUT, U Bce APYrHe TOUKH NPAMOH abc; MO3TOMY TOUKH My H M,
COBMAJAIOT. ‘

Taxum ofpasoM, AAf KaxIOH 4YeTBepKU KOJNJIHHEApHBIX TOYEK
HOSIBJISIETCST UHBAPUAHM OMHOCUMENbHO nepcnekmus, KOTOphil o6o3Ha-
uaercsi uepe3 (a, b; ¢, m). Ilopanok Toyek, pasymeercs, cyllecTBeH,
OJHAKO Ui TapMOHUUYECKHX UeTBepoK Oyjer:

(a, b; ¢, d)==(a, b; d, ).

Ecnu na 18yx npaMuiX X ¥ x° JaHbl TPH Iapbl COOTBETCTBEHHEIX TOUEK
a, a’; b, b’; ¢, ¢’, TO cooTBeTCTBUE, COXpaHsIOLlee HHBapHant (a, b;
¢, M), HA3bIBAETCA NPOEKMUBHLIM (20MO2PAPUUECKUM) COOMBEMCIMBUEM.

Orciona, B YaCTHOCTH, MPEJIOKEHHUE.

Ecau Oee npamoie x 1 X" A8ARI0MCA HOCUMEASIMU MOYeK, HAX00AUUXCA
8 NPOEKMUBHOM COOMBemcmsull, U ecau 0bWas Mo4Ka NPIMbIX CaMa
cebe coomeememayent, Mo COOMBEMCMBUE ABAALMC NAOCKOL NepCReKmueoti.

4. Bpenenne adduHHOl reoMeTpUH MIOCKOCTH. Temeph 3acTaBHM
HTpaTh CHENHaNbHYIO POJNbL HEKOTOPYIO MPSAMYIO, KOTOPYIO GyJeM Ha3zbl-
BaThb OeckoHeuHo YyoareHHol npsmoli; ee TOUKH OYAYT HAas3bIBATbCs
6ecKOHEHHO YOANCHHOIMU MOYKAMU, U JBe TIPSIMBle, NPOXOJSIHE uepe3
TAKYI0 TOYKY, OYILYyT HasbIBATbCH HApPALteAbHomu. [IBe maphl mapad-
JIeTbHBIX MPSMBIX Pa3/IHYHEIX HANPaBAeHU 06pa3yIoT napariesoepamm.

Qurypa, cocTosumas M3 TOMOJOTHYECKHX TPEYrOJbHHKOB, KOTJa
LEHTP S HaXOAWTcA Ha ocu O, sABjsiomedics GECKOHEUHO YAaJeHHOH
npsiMO#, MPUBOIUT K NPelJOXEHHIO:

Ecau abb'a’ u bcc'b’ — napasresoepammel, mo acc’a’ — maxoce
napasiesoepamm.

Mbl BBIBOIMM OTCIOZIA OTHOILEHHE SKBUBAJEHTHOCTH, 4 HMEHHO OTHO-
IIlEHHe SKBHITOJEHTHOCTH (PaBEHCTBA) MeXKAY BEKTOpaMHM, 3aTeM MOHS-
THe 80600H020 6eKkmopa (Kiacca SKBUBAJEHTHOCTH), NOHATHE CYMMbL
C80000HbIX 6eKNMOpPO8 W NOHSATHE NAPAAIENbHO20 NEPEHOCd.

Ecnu tenepp MBI paccMOTPHM I'OMOJIOTHIO, OCh KOTOpOH O siBAsieTCSt
0eCKOHEUHO yJaJIeHHOH NpAMOH, a HEeHTP S He JIeKHT Ha 3TOH NpsiMoi,
TO MBI [IOJIy4aeM 20MOMemuro, a TaKKe YMHOXCEHUe 8eKMOopa HA HUCAO,
eCc/li Mbl CHleiai Ha HEKOTOPOH NpPAMOM OTMETKH ¢ MOMOIIBI0 mapal-
JIeJIbHOTO IIEPEHOCA.

Takum o6pasoMm coznana adpuHHAs TeOMETPHSI IVIOCKOCTH, a MEl
BHJEJIH, UTO OHA I[03BOJISET MPUINCATH HMHBAPHAHTY OTHOCHTEJBHO
[IePCIIEKTUB HEKOTOpOe YHCHIO: ABOMHOE OTHOIIEHHE YeThIpeX KOJJIHHe-
aApPHBIX TOYEK.

YnpaxHenue 0o npoeKTHBHOH reomerpum. Teopema Ilackaas.

ITycme Oanpl Ho Osyx npameix x u X', ¢ obued mouxodl O, mouxu
1, 3, 5 Ha npamoii x umouxu 2, 4, 6 na npamoti x’. Jlokazame KoriuHe-
QPHOCHLG MO4EK

u=1245, v=23156, w=2346l.

Pacemorpum touku 1, 2, 3, 4, 5, Kak (uKcHpoOBaHHbE, @ LIECTYIO
TOYKY M TPAMOH x°, KaK NOABHKHYIO.
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Ha npsaMoit 23 Touka v HaxoauTcss B INEPCHEKTUBE C TOYKOH m
(u3 uentpa 5), a Ha 34 TOYKA W HAXOJUTCS B NEPCNEKTHBE C TOYKOH m
(n3 uentpa 1). Ho paccMOTpHUM TpH UYAaCTHBIX MOJIOKEHHA TOYKH M:

ms0 jgaer v H w B 3;

mB 4 naer v B p u w B 4, vae pe4b;
ms2 jaetr v B2HWBG, The g€ 12.

Yept. 47

3naunr, Toukd 3, p, 2, v u 3, 4, ¢, W HAXOEATCS B MEPCIEKTHBE
¢ tougkamu 0, 4, 2, m, TO eCTb NepCHEKTHUBHH IDYT APYIY.

Lentpom mepcneKTuBbl ABAAETCH TouKa pd()2g, TO eCTh TOUKA U.
3uauur, KaxoBa Obl HM GbLTa TOYKA /M HA NPAMOH X', TOYKH 4, U, w
KOJIJIHHEeapHHL.

3amMeuanue. MoxHO HaHTH Apyroe JOKasaTeJbCTBO, €CJAH Npe-
o06pa3oBaTh paccMarpHBaeMyl0 (HIYPY C MOMOINBIO IepCHeKTHBHI
B abduunyo ¢urypy[lackans (xu. IV, ra. I, § 1), nono6uo Tomy, kax
HEepPCIEeKTHBA MoxkeT npeoOpaszoBaTh NPOEGKTHBHYIO ¢urypy Jesapra
(Tro ectb GUrypy, COCTOSIIYIO H3 TOMOJOTHUECKHX TPEYrOJLHHKOB)
B adxpunnywo ¢urypy Jlesapra (To ecth B (QUTypYy OMOTETHYHHIX Tpe-
yTOJBHHKOB).



Bropasa uwacrTsb

METPUYECKME TEOMETPUM

[lepBasg raaBa

EBHJINJOBA METPUMECKAA TEOMETPHUA
[ J

Otnpapasisice OT apduUHHOH TeoMeTpHHM, MHl BBeJIH B KHure I,
rnaBe V, eBKJHAOBY MeTpHYeCKYyI0o reoMeTpurio. Mml ceiluac Gyugem
H3y4yaTh 3Ty TeOMeTPHIO B ee aHaJHTHUeCKOM aclleKTe, HO CHayaja
B 4CeKTe CHHTETHUEeCKOM.

§ 1. MeTpHuecHHEe COOTHOLUEGHHSA

I. COOTHOWEHNA MEeH Ay ANWHaMMN

Teopema llasa mossossieT cpaBHHBaThb OTPE3KH, OTJICKEHHHIE Ha
TOM 3Ke [P AMOH; meopema Paseca NO3BOAAELT CPABHUBATD NapaJesbHble
OTpe3kH. BBefenye MeTPHKH TN03BOJSIET, €CJIH BrifpaHa eiMHHNA AJHHEEL,
BBLIYHCJIHTD C NMOMOIIBIO meopemst Tlugazopa paccTosiHHE MeXAY ABYMS
TOYKAaMH, ONpelie/ICHHBIME CBOHMH KoopJuHaTaMmH. Basuc Gyper Bcerga
NpPEeANnoaaraTbCsi OPTOHOPMAJBHBIM, TO €CTh COCTOSIUMM H3 €NHHHY-
HbIX B3aHMHO MNEPNEeHJHKY/SAPHBIX BeKTOPoB. Mer BUAenu, 4TO pac-
CTOsIHHe He 3aBHCHT OT 6asuca.

Takum 06pa3oM, ec/IH eIMHHALA JIHHBI BEIGpaHa, TO OCHOBHEIE (POPMY-
JB AJi BCAKHMX BHUHCJAEHHH HMewT (QopMmy:

a=>b+c; %=€; a?= b2 1 ¢,

Itu QOPMYJbl COXPAHAIOTCS INPH H3MEHEHHMH €IMHHOb JJIMHBHI,
IOTOMY 4TO B pe3yJbTaTe TaKOTO H3MEHEHHsl Kaxiasi U3 (Urypupyio-
mHux B opmysax 6YKB yMHOKAETCS HAa OJHO H TO Xke 4HCJI0. McuesHo-
BeHHE 3TOr0 MHOXKHTEJS BBIPAXKAETCS 'yTBEPIKACHHEM, YTO HANHCAHHBIE
paBeHCTBa 00HOpOOHbL, WK 3Ke, UTO obe wacmu Kasc0oeo us paseHcms
ABASUOMCS, OOHOPOOHbIMU  BbIPAdKEHUAMU OOHOL u moil sce cmenenu.

M&l loroBOpHMCS COXPaHATh B JaJbHEHIIEM 3TOT XapaKTep AAs BCex
paBeHCTB, KOTophle 6yAyT BhiBeleHBl 3 npeabinyiux. CienoBaTesbHo,
Hesb3sl BHIGHpaTh 0COOYI0 eNMHHIlYy JJIHHBI, HanpHMEp pacCTOSIHHE
MeXAy ABYMS ONpEJeNeHHHIMH TOUYKAMHM OGHTYpH, H, KpOMe TOro, He
BBOAMTbL TAKHX COOTHOIIEHUH, Kak

atbtr=ctdtetp,
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XOT$I UX MOXKHO OBLIO Gbl BbIBECTH H3 IPHEMJIEMBIX COOTHOIUEHHH
a=c+dn b*=¢*4 2

1)TlocTpoeHH e. [TepeHocoM paccTossHuI, TPOBEEHHEM TapaJ -
JieJiefi H OTKJNaJbiBaHHEM NPSAMBIX YIJIOB Mbl MOXEM [1OCTPOHT:

cymmy 08yx Oaun

x=a-b;

uemeepmyio NPONoOPYUOHAAbHYO 048 mpex Oaun

x=uac/b;

KeaopamHbil KopeHe u3 cymmol keadpamos 0syx OauH

X = Va2 + b2,
HIN U3 ux pasHoCmu
x=1} a3 —b%.

2) IIycrp pas orpesok AB. Mbl mMoxeM B3sTh Ha2 npsiMoit AB eau-
HHYHBI BEKTOD ¥ M NOJOXKHTb AB = am, 3aTeMm onpefesuts J0GYIo
TOYKY M C NOMOLIbIO OJHOTO M3 €JHHHYHLIX BEKTOPOB ¥, NEpHeHiH-
KYJISPHBIX K BEKTOPY # B mJockocTd ABM.

Ilonaras

AM = xn + yo,
BLIBOJHM OTCIOAA
BM = (x—a)n-+yv,
3HAYMT,
AM? == x% - 2
BMP=(x—a)*+y
MamenuM o6o3paueHus: nmycTb JaH TpeyrodbHUK ABC u nycts H

€CTb OCHOBaHUe BHICOTHI, BHIXOAAIeH u3 Bepmiuubl A. [Ipexnee coor-
HOIIEHHE HAMHMIIETCS Tenepb TaK:

AC? == AB? + BC*—2BC-BH * (0

{ocHoerHoe coomHowterue 0an 106020 MPeYeoNbHUKQ).

HacTHB A cAyYa: TPEeyrONBbHHK NP AMOYTOJ b
HB#t npHu Bepumure A, .

Teopema [Indaropa naer

BC2= AB* - AC2, @)

, = BM2=AM? 4 a*—2ax.

OTKYyla
AB*-="BC-BH. (1D
310 cootHowenHe (11} xapakrepHsyeT npsAMOYTOJbHBIH TPEyroJb-
HukK, TaKk xak (1) caepyer u3s (I) u (II).

* O6o3HaveHns H3MeHeHbl cefyiomuM ob6pa3om: Touku A, M, B samensores
cooTBercTBeHHO Toukamu B, A, C.— Ilpum. nepesod.
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Tak kak H3yyeHHE OKPYXKHOCTH HAM NO3BOJHT HOCTPOUTH NPSIMO-
YIOJBHBIA TPeyroJbHHK, 3HAsl THIIOTE3Y H OAMH H3 OTPE3KOB, ompele-
JISIEMBIX BBHICOTOI Ha TumoTeHyse, To ¢urypa (I1) moxaswipaer, uto Mol
CHMOTEM ROCMPOUMS CPEOHION COMEMPUHECKYIO X MENOY Osyma daurany

aunb.
3aMeuaHnue Qopmysa (I) noxaspBaer, YTO eCJH H3BECTHBI
AB =a u AH = x, TO TeOMETPHUECKOE MECTO TaKHX Touek M, urto

BM?2 — AM?2 =qa2—2ax

ABJISIETCA IJIOCKOCTBIO, NEPIEeHIHKYAsIpHOI K AB B Touke H. O6paTHo,
Pa3HOCTb KBaAPaTOB PACCTOSIHUI TOYKH M OT ABYX NaHHEIX ToueK A, B
ollpefiesIsieT X, 3HAYMT, TOUKY H, TO €CTb OPTOTOHAJBHYIO NPOEKIHIO
Touku M Ha npsmyo AB.

3) Myete A, B, C — Tpu TOUKY Ha ORHOH npsiMmol, a M — kakas-
Jan6o Touka, Kotopas npoektupyercs Ha A BC B touky H. O6e ¢opMy bt
(1), npumenennsie Kk AB u AC, pawr:

BM? = AM? 4 AB*—2AB-AH;
CM? = AM2 4 AC:—2AC- AH. ‘
Hcknouas AH v ncnoarays teopemy Ilans Takum o6pasoM, YTOGH!
BBecTH Toukd A, B, C cuMMerpuueckH, naxoium dopmyny Crioapra:
AM?.BC +BM3*.CA+CM?-AB— BC-CA-AB=0. (S)

MoxHo y6enutncs, Kak u Aag (1), uro sta dopmyna eIuHcTBEHHAS,
CBA3BIBAIOIIAsl BBeJeHHBle IJIHHBI, TaK YTO BCskas Apyrast eii ofssa-
TeJbHO JKBHBAJIEHTHA.

[IpeoGpasyem 510 cooTHoweHHe. Hacro onpepensiior Touky C Ha
AB, c Touku 3peHus adpHHHOI T€OMETPHHU, OTHOLICHHEM:

Tak 410
==

UJIM eme, 4ToOBl 3acTaBUTh A M B Hrparh aHaJOTHUHLIE DPOJIH:
CB _CA _ AB

o =—p~axp *HB+*0 (1)
®opmyana CrioapTa npuoGpeTaeT TorAa CJAeAYVIOUIHHA BUJ:
aAM? 4 BBM2 — (0 ) CMZ———G%AW:O. (S

TlockoapRY AJ1s BaHHOA naphl ToueK A U B u yucea o, B, rie a -+
-+ B == 0, MOXHO moJyuHTh TOUKy C, yJOBJIETBOPSIOILYIO COOTHOILE-
uumwo (1), To popmyna (S’) noxasbiBaeT, YTO reOMETPHUUECKOE MECTO TOUEK

M Ttakux, 4TO
aMA? - BMB? = p,
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Tle p — JaHHOE YHC/O, siBasgeTcs cepol, HIH He CyHecTBYeT, B 3a-
BHCUMOCTH OT TOrO, ONpeAeJsieTcsi MJIH He onpefensercs H3 ¢opMyJu
(S’) 3nauenue CM.

HyxHno pacemorpers ocofo jBa CAEAYIOMHX YacTHBIX caydasi:

a

1) p:(), 'B': ____k2.’

2) a=§.

O6o6meHnue Ecau faHbl n TOYEK C MPUNHCAHHBIMH MM KO3(-
(UIHEHTaMH, TO BhHIpAXKEHHE

S=aMA: +a,MAL+ ... +a,MAq
MOKeT OblTh MPEJCTaBJ/ICHO B BUIe
(g + ot . .. ap) MK2--ed?,

rie K — onpejejieHHast TOYKa, €CJAH TOJIbKO CyMMa KO3(pHIHEHTOB
OTJIMYHA OT Hy/4. 31ech d — 3T0 JJIHHA, KOTOPYIO ONPEJENsIOT PEKYp-
PEeHTHO, a € o3HauaeT + |, uau —1. [eoMeTpHUecKoe MECTO TAKHX TOUEK
M, uto X paBHseTCS AAHHOMY YHCAY, SBJSETCH, CJEJOBATENbHO, €ClH
TOJIBKO OHO CYLIECTBYET, C(hepoii UH, B BHJE HCKJ/IIOUEHHS, IJIOCKOCTBIO.

Jo6aBuM, 4TO moJydeHHBe (GOpMYJbl IJI0X0 NPUCIOCOO/IEHE K BH-
YUCJEHHSAM, H HX Jyullle 3aMeHHTh (OpMysaMd TPHUTOHOMETPUH HJIH
aHaJUTHYECKOH TreoMeTpHH.

il. MeTpuuecHas aHANKTHYECHAN FTEOMETpHMA
Ha NNOCHOCTH

Pacemorpum B milockocTd Hawalo O M OpPTOHOpMAJBHBIN Ga3HG
{, j}. Ilo onpeneseHHI0 j— eAMHUYHBI BEKTOP, NPSIMO mMepHeHAHKY-
JISIpHBIA BeKTOPY {.

[IpaMas onpefeneHa Toukoil A, 3alaHHOH BEKTOPOM

OA = xii —l— ylj
H eJJUHHYHBIM BEKTOPOM I«
u=icosa-Jsina,
Kak reoMeTpHYecKoe MecTo ToueK M, TaKuX, 4TO
AM =mu,
rZie m npoderaeT MHOXKECTBO JelCTBHTENbHBIX uuce]. CheaoBaTesbHO,
OM =xi-+yj= (xo+mcosa)i+(yo+msina) j.
YpaBHeHHe NpAMOH HOJydYaeTcsl HCKJIIOUEHHEM YUCAa m U3 JBYX
paBeHCTB
X=x9-+mcosa,
y=yo+msina,
OTKYyA2
xsin@—ycosa = xpSina— gy, cos a.
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O6patHo, ecau AaHbl yroa ¢ (mod 2m) M AJMHA p, TO ypaBHEHHE

xcosp-fysing=p (1)
IPEACTAB/ISIET NPAMYIO, ONpeJeseHHYI0 ¢ NOMOINBIO yIJa
14
=@+ 5
H, HalpuMmep, TOYKU
%0="0, yo= siﬁcp :

YpaBuenue (1) Ha3bIBACTCSI HOPMAALHOIM YpaSHEHUem npamoll.
OHO eIUHCTBEHHO, C TOMHOCTHIO JI0 3aMeHH yrjia ¢ Ha ¢ + (22 4 1) =
C H3MEHEeHHEeM 3HaKa YHcjaa p.

FeoMmerpuuyeckudl cMuca uumcaa p. OgHum H3
€JMHHYHLIX BEKTOPOB, IePIEHAUKYISPHBIX K IPAMOH, 3aJaHHOH HanpaB-
JIEHHEM

n=icosa-+ jsina= —ising+- jcos g,
OyIeT BeKTOp
w =1 cos -+ jsin ¢.
Orciona nosyyaercsi:
[ = —using-+ wcos g;
Jj=ucosop-+{ wsine,
3HAYHT,
OM =xi+yj=(—xsing-+ycos)u-+(xcos o+ ysin ) w.
Takum obGpasom,
p=Xxcos@--ysin¢p—

370 Mepa paccrosgaust OH oT Touku O 10 npsaMoi (paccTOIHUS OPHEHTH-
POB2HHOT'O 11O BEKTOPY W).

Kpowme Toro,

" HM= —xsingp4ycosp—

3TO PACCTOSIHHE OT OCHOBAHU{ NMEPNEHAHKYJApa A0 TOYKH M, OpPHEHTH-
pPOBaHHOE IO BEKTOPY H.

B BoipaxeHnnd gyt OH Mbl y3HaeM cKaJspHOE NpOU3BeJeHUe

OH =xcosqp+ysing=0M X w,
B BbIpameHUH s [{M Mepy BeKTODHOIO IPOU3BEJEHHS
HM= —xsingp+4ycosp=w \ OM.

Taxum o6pa3oMm, B HOPMATHLHOM YpaBHEHHH HPSIMOI npaBast YacThb p

JaeT Mepy paccrosgHua OH, OPHEHTHPOBAHHOIO IO BEKTOPY .

[eperocoM ocelt IpoBepseTCs, YTO pACCMOAHUE OM HEKOMOPOL MouKu
(x4, Y1) 00 npamold ¢ HOPMAAbHOIM YPABHEHUEM

D(x,y)=xcos@+ysing—p=0
paBHO
D (x4, y1) = x4 cos @ -y, sing —p,
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npudem 3mo paccmosHue sgasemcs mepod eekmopa M H,, opuenmupo-
BAHHO020 NO EKMOPY W.

Sta GopMyJia CIYKHUT JONONHEHHEM K OpMYyJie, Aatoliell paccTosiHie
MeXAy JBYMSI TOUKAMH:

MM = (x3— %1%+ (g2 — 11)?
(¢dopmyna ITudaropa).

lll. MeTpuyecHue COOTHOLUEHUS, copepHawue
TpYroHomMerpuuecKkue yHHUKM

OcHOBHBIE CHCTeMBbl XapaKTepU3YIOT IIECTh JEMEHTOB TPeyroJbHH-
Ka: ero CTOPOHBI U yIJIbL. JI1o6ble QUIyphl H3YyUYaloTCs ¢ IOMOLIBIO TPHAH-
TYASIHHAA,

Mpamoyroavnsiit Tpeyroasuuk., Ecaum yroa A npeanonaraercs
OpsMBIM, @, b U ¢ — MepHl cTopod, a B 1 C — Mephl OCTPHIX YIJO0B,
TO cucmemoti, Heobxodumoll 1 Jdocmamoyroll OAsl CYWecmsosanus Tp si-
MOYTOJIBHOTO TPeyTOJbHHKA, MMEIOMEro 3TH 3JEeMeHTBI, SIBJSEeTCA:

(B+C=%, b=asinB, c¢=acosB;

le>00<B<7.

B camom geje, HepaBeHCTBA OBECNEUHBAIOT CYLIECTBOBAHHE [P SIMO-
YTOJbHOTO TPeyroJbHHKA, NOCTPOEHHOrO C IOMOIIBIO THHOTEHY3Hl @
u octporo yrja B. JIpyrue 3sJeMeHTR! 3TOrO TPEYroJbHHKA MMEIOT
TOTJa AeHCTBHTENLHO 3HaueHus C, b, ¢, cOrjiacHO HAMHCAHHBIM COOTHO-
HIEHHSIM, BEPHBIM JJIs1 JIIOGOTO NP AMOYTOJIBHOTO TPEYrobHHUKA.

JhioGoil TpeyroabHUK. Y Ci0BHE, HEOGXONHMOE H JOCTaTOYHOe, UTOOH!
a, b,c, A, B, C 6bliin s/1eMEHTaMH TPEYTOJIbHHKA, BEIPAXKAETCst CUCTEMOH |

a b c
(T){( A+B+C=m, sind — sinB _ sinC ’
{a>0, B>0, C>0, B4+C<m.

B caMoM jeje, HepPaBEHCTBA BBHIPAXKAIOT BO3MOKHOCTH MOCTPOHTH
TPEYroJbHUK CO CTOpOHOH @ u yraamu B, C. pyruMu sgemeHTaMu
3TOTO TPEYroJbHUKA sBASIOTCA A, b, ¢, TaK KaK HanHCaHHBIE PaBEHCT-
Ba BepHHl B KaXXAOM TpeyroJnHHKe. IlepBoe cieflyeT us TeopHH napaJ-
JeJiefl, ABa APYTHX U3 TEOPEMbl O BIIHCAHHOM YIJIE B €€ 3JeMeHTapHOH
¢dopme (ecan Touka A’ — cepenuna cropoHsl BC 1 O — IEHTP OmHCaH-

HOH BOKPYT TPEYroJbHHKA OKpyxHOCTH, To BOA = COA cocraBasier
yroa A, wid w — A, B 3aBHCUMOCTH OT TOTO, siBasieTcsl JM yroa A
OCTPEHIM, HJIH TYNbIM, TaK 4to @ = 2R sin A, rie R — paaunyc onucat-
HOU OKPYKHOCTH; aHaJIOTHYHO /i JPYTHX CTOPOH).

3ameuaHnue. Ecau ydyecTb mepBoe ypaBHEHHE H CHMMETDHIO
CHCTEMBI, TO HEPAaBEHCTBA BHIPAKAIOT YCJIOBHS:

0dna cmopona (no ewibopy) u ece mpu yeaa 00A%NCHb: ObiMb NOAONCU-
MmeabHbIMU.
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Apyras cucrtema, obecneuddBammas cylle-
CTBOBaAHHWEe TPeyroabHHKa. M3 ocHoBHOTO cOOTHOMICHMSE
B J1000M TPeyroJibHHKe .

2=0-c2—24C-AH
clefyeT HeMelJIeHHO COOTHOILeHHE
a? = b%+- ¢ — 2bc cos A.

K TpeM ypaBHeHHAM 2TOTO THNA CJAEAYET NPHCO-
eUHHTE 171 o6pasoBanus cucteMmsl (T'), obecrieuuBaiolell CymecTBO-
BaHUE TPEYTrOJbHHKA, [IOCTPOSHHOTO MO JeMeHTaM b, ¢, A, eille Hepa-
BeHCTBA: ‘

b>0, ¢>0, 0<<A<m,
1 eme, 4T06bl OGECHEUHTh, YTO NOCTPOEHHBIE 3JEMEHTHl AeHCTBUTEbHO
paBun b, ¢, A, HepaBeHCTBa:
a>0, 0<<B<n, 0<<C<m,

B xoneunom cyere cucrema (7) CORepKHT HEePaBEHCTBA, BEIPaXKalo-
IYe, YTO TPH MepPhl CTOPOH IOJIOXKHUTENbHBI, 8 TPH MePhl YIJIOB 3aKJIO-
UeHBl KaxJas Mexy uucaami 0 u . (3ameTdM, UTo ec/Iu Jjaxe HAIUCaHO
JULIb OJHO PABEHCTBO PacCMOTPEHHOH CHUCTEMBI, TO OHO ofecrneuHnBaeT
ycsoBue, 4TOOB OHA CTOpOHA Obijia 3aKJOUeHa MEeXAY CyMMol H abco-
JIIOTHOH# BEJHYHHOH Pa3HOCTH ABYX JAPYTHX.)

CHcreMa, KOTOpYIO Mbl TOIBKO YTO COCTaBHJIHM, MaJio NPakKTHYHA,
KaK H COOTHOUIEHHS JHMIb MeXAY AJMHHAMH; OHA CJAYXKHT JHIOb AJS
BBIYHCJIEHHS YIVIOB, €CJH H3BECTHHI CTOPOHBI. DoJsiee mose3Ha, BooOuie
roeops, cucrema (7).

Illpumep npusoxeHnua.3anavua Crioapra. Boun-
CJIMTH B Tpeyrodbhiike ABC AJMHY m OTpPesKa, COENUHSIOMEro TOUKY A
C HEKOTOpOH JakHO# Toukoil M crtoponnt BC.

Ecau touka M 3amaHa ofHuM u3 yrioB BAM umu BMA, To pele-
HHE MOJIYYaeTCsl ¢ MOMOLLbI0 (hOpMYJIbL:
m c
sinB . o~ (1)
sin BMA
Ecau Touka M 3ajana pauHoit BM = u, TO MBI BBIUMCJIHM BCIIOMO-

rateJbHbBIN yTOJ BMA =6, KOTOPBIA II03BOJIET MOJYYHTB m C HO-
MOIILLIO NIpenpaymeit Gopmydsl. Ecan Bextropsl BM u BC umelor 10 xe
HampapJ/eHHe, TO TpeyroibHHK BMA naer

4 u
Tsin® T sin(@+B)

D10 ypaBHEHHe, OJNHOPOAHOE OTHOCHTENBHO sin O u cos 6, morso
66l aTh 3Hauerue tg 0, HO MBI MONYUHM JYYIIHH Ccroco6 BHIYHCJEHHS,
€CJIM HanMllleM ypaBHeHHe B cleAymowmel dopme:

c~+u . u—-c

B o B B ’
2 sin —2—~+6>cos% 2cos<~2—+6>sin?
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oTkyZa O onpegnesnsercs:
B B
tg <e+7>=3j§ tg 5 @)

Ecain BM v BC uMeror npoTHBONOJIOXKHbIE HaNpaBJeHHS, TO

4 u ’
sin®  sin(B—#) ° (2)
JoCTaTOYHO MOSTOMY NPHOKUCATH B 3TOM C/ydae 3HAK — 4YHCIY U
H HM3MEHHTb 3HAK yrvia 0. 370 3HAYUT, 4TO Mbl cOXpaHsieM Qopmyiy (2).
Ecau u noJoxutesnen, To yroa O GepyT 3ak/OueHHBIM MEXAY 4HC/IA-
MH O H 71; ecn u oTpunareses, TO O BEIUHC/SIOT 3aKJIFOYEHHBIM MEXKLY
yucjgaMH —n i O ¥ GepyT sHauenue —O0 1,15 BeiuncaeHus no gopmyaie (1),
O6e dopmyner (1) u (2) mo3BOJSAIOT OGJETYHTbL BEUUCJEHHE C I10-
MOIILBI0 JIOTapHu(MOB; Mbl HCHOJB30BA/IM, TaKHM 06pa3oM, 6OJbLIYIO
THOKOCTH TPHTOHOMETPHUYECKHX (opMy/. B BruHcIeHMIX Ui He
CJIMIIKOM NPOCTOH (DUIyphbl He CJeflyeT MOYTH HHUKOTAA II0Jb30BaThCA
JIHIIb COOTHOIIEHHSAMH MEXAY MJUHAMH, HYKHO, B 3aBHCHMOCTH OT
OBCTOSTENNBCTB, JH60 NPOBOAUTEL BHIUHCJIEHHST METOJOM aHAJHTHUECKOH
reoOMeTpHH, Ju6GO0 npuberaTb K TPHIMOHOMETPUUECKHM pacyeTaM, BBOAS
BLIOpaHHBI HajgdexamyuM o6pa3oM BCHOMOTaTeJbHLIA YIoJl.

§ 2. OxpystHOCTH. Chepbl

1. OHpY)HHOCTb M yrnbl

1. Broucannpiit yroa. Mrl HamoOMMHAaeM IOJYYEHHOE [PEIJIOKEHHE
(kd. I, ra. VIILI). Bce napaasesvuvie mexncdy coboid xopder umewom my
ace meduampucy, Juamemp oxpyscHocmy. B CHMMeTPUM O OTHOLUCHHIO
K 3TOMY AHaMeTpy Kaxkiasl U3 NapajjiesibHbIX XOpJ HHBapHaHTHA B Le-
JIOM.

a) J1 e m M a. [IycTb JaHa OKPYKHOCTD ¢ ueHTpoM O U pajuycom R.
Ecau dse xopdet MyM o 1 PPy napariesstot, mo

(OM;, OP,) = — (OM,, OPy) (mod 2).

B camom siene, (OM,, OPy) u (OM,, OP,) cOOTBETCTBYIOT APYT APYTY
B CHMMETPHH 10 OTHOIIEHHIO K AUAMETPY, SIBJISIOUEMYCH MEIHATPHCOH
ofenx XOpA. 3aMeTHM, UTO HHYTO He OTJHYAET OFHY OT JAPYroi: HH
o6e ToukHu M, Hu o6e ToukH P, K ToMy ke u dopmya Lans nossosaser
HepeATH OT HamMCAHHOTO paBeHcTBa K

(OM,, OP;) = — (OM,, OP,) (mod 2m).

b) Ilycte namm jaBe mpsamble X, Y, mepecexaoliye OKPYXHOCTD
B Toukax M’, M" u P’, P". Mbl HaMepeHL CPABHUTh OPHEHTHPOBaHHBIH
yroa (X, Y), onpeneseHHblt ¢ TOUHOCTBIO 1O 3T, C YIJIaMH, 06pasoBaH-
HbIMH paguycamu OM’, OM", OP’, OP" mexay coboii. ITpoBenem uepes
ueHTp O npsMBle X U i, COOTBETCTBEHHO napaJesabHble NpAMBIM X U Y
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OHH TIepeceKajoT OKPYXKHOCTb B TOUKAX My, My, Pj, Ps3, TAE HHLEKCHI
OpHONACaHbl KAKHM-JHGO 06pasoM ABYM ONHOHUMEHHBIM ToukaM. Mol
uMeeM

(X, Y)=(0my, Op,) = (0Omyz, Op,) (mod ).
Mer ucrosin3yeM ciiefcTBHE:

(X, ¥) = [(Omy, Opy) -+ (O, Opy)] (mod m).

CorJylacHO JieMMe,
(Omy, OM’) = — (Omy, OM") (mod 2x);
(Opy, OP’)= — (Op,, OP") (mod 2n).
3HAUAT, BHUUTAS MOWIEHHO, NOJyYaeM:
(Om,, OM')—(Op,, OP’) = —[(Om;, OM")— (Op,, OP")] (mod 2mw)3
(Omy, Opy)—(OM’, OP')= —[(Om,, Opy)—(OM”, OP")] (mod 2x)
4, HAKOHel,
2(X,Y)y=(OM', OP’)+ (OM”", OP") (mod 2m)
=(0OM’, OP") 4+ (OM’, OP’) (mod 2x). 1)

dta (popmya JeHCTBUTENbHA s JIOOOT0 NOJOKEHH I 10 OTHOLLEHHIO
K OKPYMHOCTH TOukH S, ofmwe# ans npamuix X u Y. B wacthoctH,
€CJIM TOYKa S pacnofosena HQ OKPYXCHOCMU, TO, HAIpHMep, TOUKH
M” u P” coBnajawr ¢ Touko# S, M dopMysa npuHUMaeT BUA:

2(X,Y)=(OM’, OP’) (mod2x) (popmyJa BmHcaHHOro yrJia). (2)
Mzr1 3HaeMm, 4TO B KaxkAOH TOUKe S OKPYIKHOCTH CYINECTBYeT Kaca-

TenbHas T; xoraa Y crpemurcst K T, T0 P' u P” crpemsTcs X Touke S.
dopmyna AeHcTBHTENBHA H B 3TOM cJydae H JaeT

2(X, T)=(0OM’', 0S) (mod 2m).
Sameuanue. Ecim Ha npsamoii X BuiOupaeM HanpasJ/eHHE,
TO 3TO PaBeHCTBO JaeT
2(X, T)=(OM', X)+ (X, 08) (mod 2m).
Ho B paBuoGeznpendom Tpeyronbhuke OSM’ umeer MecTo
(OM’', X)= — (0S8, $X) -+ n(mod 2x)
B CHJIy CHMMETDHH OTHOCHTEJNBHO Mejuarpucel orpeska SM'. Cie-
JOBaTeJbHO, OKOHYATETbHO HMeeM:
(X, T)=a-+ (X, 0S) (mod n),
3HAYHT,
(08, T)==n/2 (mod ).
Mbl HaXOIUM CHOBa, YTO KacaTe/JbHasi B JiOOOH TOUKe OKPYXKHOCTH
fIepIeHAMKYJspHA K PafHyCy, NIPOBEJEHHOMY B TOUKY KacCaHHS.
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2. CneactBHe. Xapakmepucmuueckoe C80LCMB0 OKpYscHocmel, 8 Ko-
MopoM He udem peub 0 yeHmpe.

1) lTycme umetomesn Ose mouxu A u B. I'eomempuuecxoe mecmo movex
M, makux, umo (MA, MB) umeem OarnHoe srauenue 6 (mod ), ecmeo
OKPYKHCHOCM.

[peanonoxum crHavana, uto 6 % 0 (mod m). Ha#gem Ttouky O,
onpejiesieHHYI0 yepes

0A=0B, (OA, OB)=26.

DTa TOUKAa HAXOIWTCS HAa MelHaTpuce 2z ortpeska AB; OA wn OB
CUMMeTPHYHbl OTHOCHTEJBHO NP AMOR z. ITO 3HAYUT, yTO yrod (2, OA) =
= —0 (mod m), uro onpenensier npsimyro OA, ciefOBaTeNbHO, H TOU-
Ky O Ha 31O NpsAMOH M Ha npsIMOH 2.

OxpyxHOCTB ¢ LeHTpoM O, NpoXofsmas uepe3 ToukH A ¥ B, sABaser-
CAd MHOXECTBOM TOYEK, YLOBJETBOPSIOMUX HAHHOMY YCJIOBHIO, HO
corjiacHo ofwe#t dopmydae (1), B KoTopo#t Toukn A ¥ B HrpamoT poib
Touek M’ u P’, mobast Touka S, He Jiekamas Ha OKpYXKHOCTH, HE Y10B-
JeTBOpAET 3TOMY yciaoBHIO. ClenoBaTesbHO, fCHO, UTO OKPYHKHOCTB
ABJISETCS HCKOMBIM MECTOM TOUYEK.

Ecin 6 = 0 (mod ), mckoMoe Mecto Touek — mnpamas AB.

C 3T0o¥t TOUKH 3DEHHS mpaMasi MOsABJASETCS KaK OKPY2KHOCTb.

2) Teomempuueckoe mecmo mouek M, Yyoo08aemeoparOUwUx YCA08UIO
(MA, MB) = o (mod 2xn). TopKO wacTh OKPYXKHOCTH, ONpefeeHHast
paBeHcTBOM O = a + kn, noaxoaut. Mel cefiyac ee ompedesuM, Oonu-
padach Ha HerpepbiBHOCTB: yroa (MA, MB), xorja M HaxojuTcs Ha
OKPYKHOCTH, paBHseTCS o UK o + 7. Tax Kax 310 HenpephiBHAS QyHK-
U5l LEHTPAJBbHOTO YIaa, onpefiessionias TOuky M, TO 3TOT YroJ MOKeT
HU3MEHHTh 3HAuUeH{e JIMIb B CJIydae, KOTJa OH HeompeleJseH, TO eCTb
KorTAa M Haxozutcs B Touke A uiM B Touke B. KacarespHast B Touke B
IBJISIETCSl HOCHTEJEeM IPOTHBOMOJOXKHEIX BekTOpoB O H —b. 0603-
HaA4HM yepe3 b TOT BEKTOP, KOTOPBIH YAOBJETBOPSET PABEHCTBY

(AB, b) =a (mod 2x). .

Cummerpuell OTHOCHTEJIBHO 2 ONpefiesisieTcs Ha KacaTesbHOH B TO4-
Ke A BexTOp @, YIOBJETBOPSIOIHH DaBeHCTBY

(@, BA) = a (mod 2m).

Hckomoe MecTo Touek — 3710 Ayra AB, Takas, uro ayd MB crpe-
MHTCSI K Jydy, Ha KOTODOM HaXOAHTCS BeKTop b, korza M cTpemutcs
K TOYKe B; 3T0 TaKe TO FeOMeTPHYEeCKOe MeCTO TOYeK, AJIsi KOTOPBIX
MA crpeMHATCS K Y4y, SBJASIOILEMYCS HOCHTe/IeM BekTopa @, xorza M
cTpemurcst X A.

YHacTHBE CcJaIVYau.

(MA, MB) = n (mod2n) <=M npuHapiexur orpesky AB;

(MA, MB) = 0 (mod 2n) <M npuHajpIexHuT JI000MY U3 Jyued,
SIBJISIIOINXCST TTPOJIO/IKEHNeM oTpeska AB.
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3) TeomeTpuueckoe Mecto Todexk M, TaKHX, 4TO NMpH 3HaueHHH O,

mexkay O v m,
(MA, MB)|=6,
eCTh OOBEJUHEHHE JIBYX OKPYHKHOCTEH, CHMMETPHUHBIX OTHOCHTEJLHO
AB.
4) FeoMeTpuyeCKOe MECTO TOUEK, TAKHX, YTO
|(MA, MB)|=a,
ecTb 0GBefHHeHHe ABYX AYT, CHMMETPHUYHBIX OTHOCHTeJbHO AB.

3. Brnincbiaemsie YeTHIPEXYToJbHHKH (UeTbIPEXBEPIIHHHHKH) *,
UeTEIpeXyTONbHUKOM HA3bIBAETCS HEyHop s/J0UEeHHO® MHOXKEeCTBO YeThl-
pex touek. [lycrs Takmumu Toukamu sisasiorcs A, B, C, D. llectb
OpsIMBIX, MONMAPHO HX COSAUHSIOMINX, HA3BIBAIOTCA CMOPOHAMI YEThIPEX-
YrOJIbHHKA.

1) ¥cacsue snucoisaemocmu wemoipexyeoroHuka moscem Ooimo 3anu-
Cano uiecmoro pasautHsimu cnocobamu, maxumu, kaxk (CA, CB) =
= (DA, DB) (ocuoBHas xoppa: AB).

Ecun Hanucath 0sa U3 3TUX PaBEHCTB, TO C HEOOXOAUMOCTLIO BOHAYT
11eCTb CTOPOH, M JApYyrHe YeTbIPe DPABEHCTBA BBHIBOASATCS H3 CHCTEMD
JIBYX BBIODAHHBIX PaBEHCTB NpuMeHeHnHeM Teopems! llans aas yrios.

Ipyroe npeannosxenHde. Ecau fadel ABe mapbl NpsIMBIX
Dy, D;uD’, D", T0 ycioBHe, YTOGH YeThIpe TOUKH, B KOTOPBHIX KaxAasl
npsiMasi epBOi Mapbl NepeceKaeT KaKAylo NpsMYI0 BTOpPO# mapel, TO
€CThb YeThIpe TOUKH

DnD’, D,ND", D,ND", DN D",

HaXOAMJHCh Ha OLHOH M TOH e OKPYXKHOCTH (MJIH, KaK HHOTAA TOBO-
pAT, OBIH KOHYUKAUYHBIMU), TAKOBO:

(Dy, D') = — (D3, D") (mod m),
HJH TaKkKe, corjacHo gopmyde [lans,

(Dy, D")= — (Dg, D') (mod m),

TaK KaK NMOPSAOK HMHJEKCOB, a TaKXKe LITPHXOB He cyllecTBeH. Kaxzoe
H3 5THX COOTHOLIeHHH BblpaxaeT, 4To napet Dy, Dy u D', D" umeiom
me oce Ouccekmpucoi**, Tak Kak OHH 103BOJISIIOT NEPENTH OT paBEHCTBA
(u, Dy) = —(u, Dy)
K
(u, D') = — (4, D") (mod m)

HsM (eCTH XOTAT JIyUllle BEISBUTh OnpefiesieHye ABYyX GHCCEKTPHC YIJIOB,
onpejeeHHbBIX 00 mod 5t) OT paBeHCTBA

1 ’
(Diu)=7(D1D2) <mod %) K paBeHctBy (D', u)=

=%(D’, D") <mod %) .

* UYeTHpexXyrolbHHKH, BOKPYF KOTODHIX MOXHO OmMHCaTb OKPYKHOCTb. —
{Ipum. nepeeod.
** Tounee, GucceKTpHCH napaaenbHbl. —ITpus. ped.
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B atom cayuae roBopst, 4to o6e mapel Dy, Dy u D', D" umerot uzozo-
HAAbHBIE HANPOABACHUS.

OrHomienne
(Dy, D') = — (D3, D") (mod )

mex1y napamu Dy, D, u D', D" aBnsiercs omuowlenuem K6UBANCHM-
HoCmu, TaK KaK OHO pedJIeKCHBHO, CHMMETPHYHO H TPaH3HTHBHO. ITO
OTHOILIEHHE Ha3bIBACTCS AHMUNAPAANEAbHOCMbIO hap W 0003HavaeTcst
MHOTZA TaK:

(D1, Do) |—[ (D', D").

OHO BbIpa)kaeT BHOHCHLIBAEMOCTb B OKPYIKHOCTB UYeTHIPEXYTOJbHHKA
ABB’A’ ¢ BepmiHaMu

D,nND’, D:ND", DiND", DD,

TpaH3I/ITHBHOCTb STOTO OTHOLICHHS BHIpaxKaeT TOT (baKT, 910 €CJaH
uMeeTcs elle OAMH BIHUCHLIBAEMbIH YEeThIPEXYTroJbHHK € BEpPIIHHAMBR

D’ ndl, D/I nd,, D’ nd”’ D” nd”’
TO M3 3TOTO CJEAYeT, UTO YeTHIPEXYTOJNbHUK C BepIIHHAMH
DiNd’, D.Nd’, DiNd", DyNd”

TOMKE SBJSETCS BIHCHIBAEMBIM B OKPYIKHOCTD.

Yactuw#i cayuait. PasencrBo (Dy, D')=—(D,, D") (mod n)
He TPEANOJIaraeT, YTo 4YeTbipe TOUKH TepeceueHHs Pa3JHYHBI.

[Ipenmosnoxurs, HampHMep, 4rto Touku A u B coOBmajgaioT,— 3T0
3HAYHT NPUHATH, 4TO nNpsiMasg D’ —- xkacaTenbHas B Toyke A K OKpYXK-
HOCTH, ONUCAHHON BOKPYr TpeyroanrHuka AA'B’.

Ecou 1Be npsMele OJHOA H TOH Ke mappl COBNAjaioT, Hanpumep D’
uD", 10 A u B Toxe coBnagaioT, Kak # B u A’; Toria noayuyeHHoe
OTHOLIIeHNe BhIpAXKaeT, YTO npsiMble D U D, — KacaTteJbHHEe K OIHOH
H TOM e OKDYXKHOCTH, npHueM D’ sBisieTcsi XOpIOH, COeAHHSIOUIEH
TOUKM KaCaHHUS.

Mbl He MOXKeM paccMATpHBATH COBNAJAMOIUMH JBe MNpSAMBE pas-
JHUHBIX Tap, Hanpumep Dy u D', notomy uto Touka A Gbina 6bl TOrJa
Ha 3TOH NpSAMOHN HeOmpeJe/ieHHOH; OJHAKO B 3TOM CJyYae Haille paBeH-
CTBO BhIpaxkaeT, 4to D, 1 D" nmapaJjiesibHbl: 3TO caydai BEIPOXKIEHHUS,
Koria Touka A’ yjajeHa B GeCKOHEUHOCTb M OKPYXHOCTH CTAHOBUTCH
npsimoit D, . (I1pamas nosB/sieTcs 3ech, KaK BHIPOXKIEHHASI OKP Y2KHOCTD).

4. Ynpaxnernne. M3yuuth KoHpHTypanuoo, 06pa3oBaHHYIO LIECTHIG
npaMeive a, b, ¢, @', b’, ¢’, TAKAMH, 4TO

(a,a’)y=(b, b')=(c, ¢’') =a (mod x).
PaccMOTpHM JeBSITb TOYEK TAaKOTO POfa, Kak
A=bNc, A=aNa’, A,=b'"(C".
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Ciie1oBaTesIbHO, MMEIOTCSl TPH BIHCBHIBAEMBIX UeThlpeXyroJbHHKA,
TAKUX, KaK, HanpHMep,

A'=ala’, B=bNb', C=aNb, Ci=a' N}
[Mepsoiit mpocToll cayda i JonyctuM, uto Touku Ay,
21’,3 ,%, COBMAJalOT B HEKOTOPOH Touke M, M H3YYHM TPEyTOJbHHK
BouchiBaeMocTs ueThipexyronabunka A'B’CM naer
(A'B’, b)=(MA’, MC) (mod ).
Ananornyso
(A'C’, ¢)=(MA’, MB) (mod n),
OTKYyJa
(A'B’, A'C")y = (MB, MC) - (b, ¢) (mod ).

Orciona ciefyer, uto HeOGXOIUMOE H JOCTATOUHOE YCJOBHE, YTOGHI
A’, B’, C’' 6uni¥ KOMIWHeapHBIMU, TAKOBO:

(MB, MC) = (c, b) (mod ),

a 3TO BbIpa)kaeT, 4To TOYKa M HaxXOAUTCS Ha OKPYKHOCTH (y), OmH-
CaHHOH BOKPYT TpeyrosbHuka ABC.

B cayuae, xorga o = m/2, npsmas, Ha KOTOPOH pacnoJOXKeHH
tourud A’, B’, C’, HaswBaeTcsa npamoti CumcoHa, coomeemcmeyroued
mouke M OKpyxHOCTH (y), OnHCaHHOH BOKpYr TpeyronbHuxa ABC.
Ecan o = n/2, a Touka M He HAXOJMTCS HA OKPYKHOCTH (y), TO Tpe-
yroabuuK A’B’C’ Ha3biBaeTCsl NOAAPHbIM MPeYeoAbHUKOM TOUKM M no
OTHOILIEHHIO K TpeyToabHuky ABC.

Bropo# npoctol cayua i [Ipamee a’, b’, ¢’ npoxousar
cootBeTcTBeHHO uepes A, B, C.

Mrr u3yuuMm Ha 3TOT pas ToukH A;, By, Cy, paBeHCTBO

(a, a') = (b, b’) (mod )
PaBHOCHUJIBHO DaBEeHCTBY

(a, b)=(a’, b’) (mod ),
10 ectb (CB, CA) = — (Cy B, C; A) (modm), a 370 Bhipaxkaet, 9ro Cy
HAXOIUTCS HA OKPYXKHOCTH (Y;), CHMMETDHYHOH OKpYXkHOCTH (y) mo
OTHOILEHMIO K mpsimoit AB.

Ecan yron o Mensiercss or 0 10 7, TO TeOMETPHUYECKHE MeCTa TOYEK

A4, By, C, gBASIIOTCA, ClIe0BATENBHO, COOTBETCTBEHHO PABHBIMH OKP VK-
HOCTSIM (Ya), (Yb), (Ye), NpoGeraeMeIMH B OJHOM H TOM XK€ HarnpaBJ/IeHHH,

KaK Ha 5TO yKasblBaioT Xopibl a’, b’, ¢’. ITH TPH OKPYXKHOCTH Tepe-
CeKawTCsi B OJHOM TOuKe H, NOTOMY UTO

(HA, HB) = (a, b)
(HA, HC)=(a, ¢)

Touku H,, Hs, H,, JAHMaMeTpaJbHO IPOTHBOMOJIOXKHBIE TOUKE
H Ha KaxJIo¥ OKPYXKHOCTH, SIBJISIOTCA TOUKaMH Ay, By, Cy, cooTBeTCT-

] — (HB, HC) = (b, 0).
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BYIOIIUMH 3HaueHHI0 o = 0 (mod m), mnotomy uro Hg Hp npoxoint

—_— —_— —

uepes Cu HoHp = 2v,ys = +2BA™; 10 :e camoe u gaass H,H. 1 HyH..
Otciona ciepyer, uto ToykH Ay, By, C;, COOTBETCTBYIOUIHE 3HAYCHHIO
a = m/2, coBnajawT B Touke H. [loatomy H sgBasieTca TOUKOH mnepe-
ceyeHMsi BHICOT TpeyrosbHHKa ABC. TakuMm of6pasoM Mbl nOJy4MJIH
TeopeMy: Tpu 66iCOMbL MPEYSONLHUKA NEPECEKAIOMCA 8 O0HOU moUKe.

Ho ueteipe Toukn A, B, C, H, xak d 4eTblpe OKpYy2KHOCTH (Y),
(Va), (Vo), (Yc), HI'pAIOT OHHY H Ty ke poJsb. UetnipexyronbHuk ABCH
HA3BIBAETCH OPMOYEHMPUMECKUM W KaxkAash U3 3THX YeThIpeX TOUeK
HA3bIBAETCS OPMOYEHMPOM TPEYTOJbHUKA, O0OPAa30BaHHOIO TpeMd
OCTaJIbHBIMH TOYKAMH.

11. CTteneHb TOYKM OTHOCMTENDbHO
OHPYHHOCTH

1) [IycTe UMeeTCsT OKPYKHOCTh (V) K napa npaMulx dy U d,, nepece-
Kawoumux ee B Toukax Ay, By; As;, B, B obueM ciyuae npseie d,
y d, nepecexalTcss B HEKOTOpPO# Touke S.

Uernipe TOUKH, pacmojioKeHHEIE Ha (y), Ompele/siioT JBe 1aphl
TIpSIMBIX, H30TOHAJBHBIX K NpAMbIM dy U ds,. Mcnoab3yem, Hanpumep,
npsamele AjA,, ByB, u npaMyo u, oaHy H3 oOMHX OHCCEKTPHC 5THX
nap. Ilpu o6opore BOKpyr u npsiMeie dy U dp MEHSIIOTCS MECTAMH, H TOYKA
A4 uMeeT CBOMM 00pa3oM TaKyio TOUky A, npaMoit do, uto SA; = SA,,
a A, uMeeT cBOHM 00pasoM TaKyio TOUKy npamoi dy, uto SA, = SA,.
Kpome toro, npamas A;A,; napannensna npsamoii BiB,. Otciona noay-
yaeTcs, corJjacHo Teopeme Paseca, CreAyOIAS MPONOPLHS:

SA; _ SA

SB, SB,

KaKOBbl Obl HU OblIM TOJIOXKHTE/JbHBIE HANpaBJeHMs, BbIOpaHHble Ha
1paMeix dy' U d,. UroObl BepHYTbCS K ToukaM A; U A,, ycaoBumcs,
HanpHMep, OpUEHTHPOBATH NpsiMble d; ¥ dy B HANPaBJIEHH IX, CHMMETPHY-
HbIX 10 OTHOILIEHHIO K BHIODAHHOH GHCCEKTpHCE «, TaK YTO

54, =34, SA.— 34
[omyuaercs:

CJICl0BATE/IBHO, TPYNNKEPYS Te U/eHbl, KOTOpble OTHOCATCS K OAHON
cekyuieil, nosgydaeMm: SA;- -SB, = SA,-SB,; 3ta (opMyJsia He 3aBHCHT
OT BBHIOOpA MNOJIOKHTEJBHBIX HANpaBJEHHIT HAa NpAMBIX dy H ds.
IIpennoxenune. Ilycth JaHbl OKPYKHOCTH M HEKOTOpasi
ToYKa S. PaccMaTpHBaeTCsi MHOXKECTBO NPSIMBIX, TPOXOASAIHX yepes S

U MepecekarolHX OKPYHKHOCTE B Toukax A u B. ITpoussenenue SA-SB,

* 311eca Yo¥p 0003HauaeT BEKTOp, COEAHHAIOMMH UEHTPH OKpYyXKHOCTell
Yo H Vb .— Hpum. ped.
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KaK Mbl YCTAHOBHUJIH, HE3aBUCHMO OT CeKyILel. 9To nponaBe/ieHne Hasbl-
BAETCsl CmMenensro mouky S omrocumensro okpyxcHocmu (y). O603HAUNM
ero uepe3 &, (S). a5 naHHOH OKPYXHOCTH — 3TO (bYHKUHS TOUKH S,
uiH, Gojee TOYHO, QYHKILHS OT paccTosiHuA d TOUKM S 0 IeHTpa.
Eciu pagumyc OKpPyXKHOCTH ecTb R, TO CeKymias, NPOXOAsulasl yepes
UEHTP, HeMelJ/IeHHO JaeT:

&, (S)=d?—R2.

Crenenb OYIeT IHOJOKHTEJNBHON, HYJEBOH MJH OTpPHUNATENbHOH
B 3aBHCUMOCTH OT TOrO, HaXOLHTCA JIM TOYka S BHe OKPYXKHOCTH, Ha
OKPYKHOCTH MJIH BHYTpPH ee. CTeneHb fABJASETCS OJHOPOAHOH (hyHKUHEH
BTOPOH CTeNeHU OT JJIHH.

Ecau S HaxoAUTCS BHe OKPYIKHOCTH, TO Jisd 06EHX Kaca-
TesbHbBIX ST 1 ST noayuaem, uto ST?=8T"?=d? — R*=&, (S). Oxpyx-
HOCTb C [eHTPOM B S, KoTopasi npoxoiaut uepe3 T u T’, opToroHasbHa
{10 OTHOLIEHHIO K OKPY¥KHOCTH (Y), 9TO 3HAUHT, YTO KacaTeJbHble, MPO-
BeJCHHbBIE K 3THM OKPYXKHOCTSIM B HX OOMHX TOUKAX, B3AMMHO IepeH-
AMKYJSPHB B KaxIOH M3 HUX. Mp! H3y4HM NMO3XKe 9T0 BeChbMa BaskKHOE
pacro/IoKeHHe ABYX OKPYMKHOCTEII.

Ecau S Haxojxurcsas BHYTPH OKpPyx®HoOCTH (V),
TO paccMaTpUBAaeTcsl JJIMHA CeKyllel, MeprneHAMKYasgpHOll K JHaMeTpy,
upoxoAsmeMy uepes S, KoTopyr 0603HauuM, HanpuMep, yepe3 A,By.

Torna pmeeM:
(SA0)2 = (SBO)2 = 537 (S)

Teopema. Heobxodumoim u OOCMAMOYHBIM YCAOBUEM BO3MONCHOCIU
ORUCAMb OKPYNCHOCIL BOKpYe uembipexyzoavruka A, B, C, D sasasemca
pasercmgo SA-SB =SC-S5D, ede S — mouka nepeceuerus npambix
AB u CD.

Ecau AB u CD napaanessHst, mo ycaosie COCoum 8 mom, 4mobvi
MU OMPe3KU umeal obuy meduampucy.

B caMoMm Jene, yKa3aHHOe COOTHOLUEHHE XapakTepH3yeT eJHHCTBEH-
HBIM 06pa3oM TOYKy D), ecnu HM3BecTHb! TOUKH A, B, C; HO 4epe3 3TH
touku A, B, C npoXOoNUT €IMHCTBEHHASs] OKPYXKHOCTB, IIpHYEeM OHa
TIPOXOAUT COTVIACHO Iipeiplaymieil Teopeme u uyepe3 Touky D. (Ilpexmo-
naraercs, 4to AB 1 CD He pacnoJioxeHb! Ha OAHOH MpsMOH, Tak Kak
B 9TOM cJjyyae 3Ta mpsiMas saMeHuJa Obl OKPYKHOCTb.)

Teopema MOXKeT NPHMEHSITBCS K OJHOMY H TOMY K€ UYECThIPEXYTrOJib-
HHKY TPEMS pas/jMuHbIMH Crioco6aMH B 3aBUCHMOCTH OT TOTO, KaK code-
TaTh TOYKH B HapHl.

CrenyeT OTMETHTB, YTO MPH3HAK BO3MOXKHOCTH ONUCATh OKPYKHOCTh
BOKPYT UETHIPEXYTO/JbHHKA, BRIPAXKEHHBIH Yepe3 CTeleHb TOUKH, TaKKe
He BBOJMT IIeHTPA OKPYXKHOCTH, KaK H NPH3HAK, BhIPAXKEHHBIH dYepes
pPaBeHCTBA BNHCAHHBIX YIJIOB.

2) Touka 3peHHS aHAaJHTHUYECKOH reomer-
p H H.

IlpuMeM 3a Haua/Jo0 KOOpIHHAT TOYKY S, 3a ock abciuucc AHAMETP,
MpPOXOAALINH yepe3 S, HanpaB/eHHbBIH MOJIOKHTENbHO OT TOUKH S K LIEHT-
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Py Kpyra, a 3a OCb OpJAMHAT NePHEeHAUKYASID K HeH, npHYeM eNHHHIbI
JUIHHBEL HA OCAX CUMTaeM pPaBHBIMH JApDYr Apyry (M60 Mbl 3aHHMaemcsH
METPHYECKOIl reoMeTpHefl). YpaBHEHHE OKPYMKHOCTH TaKOBO:

(x—d)*+y*=R2 (1
BripasuM eKapTOBEI KOODAMHATE! TOUKH IIJIOCKOCTH Hepes NoMspHble
KOOpPJXHHATEI
x==rcosf;
y=rsin0.
Inst cymecTBOBAHHS B3aWMHO OAHO3HAYHOIO COOTBETCTBHSI MEXAY
(x, y) u (r, 6) MBI Gepem
a9

_'_—<e 77 _C(D<f<+CD

Torja npsiMas, BhIXOAsmas U3 S, onpefeseHa 3HaYeHHeM yrJaa 0
H OpDHEHTHPOBaHA BEKTOPOM X, TAKHM, UTO

(Ox, n) =0 (mod 2x).

To4KH OKPYKHOCTH XapaKTePU3YIOTCS COOTHOIIEHHEM:

r*—2dr cos 0+ (d2 — R?) =0. 2

JI1s1 JaHHOTO 3HadeHus yrja 0 snaueHus KOpHeH r ypaBHeHus (2),
€CaM OHM CYHIECTBYIOT, YAOBJIETBOPSIIOT PABEHCTBAM:
" =d*—R2% r -}-r"=2dcosH.

[lepBoe H3 5THX COOTHOLIEHMH BHIPa)KaeT, YTO IPOHM3BejeHue r'r”

HE 3aBHCHT OT yIJa 0; 3TO M ecTb TeopeMa O CTeneHH TOUKH S OTHOCH-

TEJbHO OKPYXKHOCTH.
Bropoe cooTHOMIEHHE, €CIM €ro NpeJACTaBHTh B Takoi (opme:

r/ r’l

—%— =d cos 0,
BBIpAXKaeT, UTO CepelMHa XOPABl (IpefnosaraeM, uTO OHA CYILECTBYET)
€CTh TPOEKIMs LEHTPA OKPYKHOCTH HA CEKYILYIO (XOPOLIO H3BECTHBIH
pesy/IbTaT, BhITEKAWL(Hi HeMeNJEeHHO H3 paBeHCTBa paguycos). Ho
U3 THX PaBEHCTB nonyqaeTCH TaKKe

2d cos O
/ + Rz

[TosTOoMYy, €CAH BBECTH TOYKY Q, rapMOHHYECKH COMNP SIKEHH VIO
Touke S 10 OTHOIIEHHIO K KOHLAM XOPJAHI, TO, mojaras ¢ = SQ, noay-

2 1 1
Jaem: ? == }7+ rak H COOTHOIII€HHWe HanHumetrcCd Tak:
R2
g Cos 8=d- rat

Ono BbIpazkaeT, UTo TOYKa @ nmpoekTHpYeTcsl Ha AHaMeTp Sx B (uK-
2
cupoBpannyio Touky H c abenucconr d — i
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IlostoMy, korga yroa 0 MeHsieTcd, TOUKa ( ONHCHIBAeT NPSMYIO
HY, nepneHAnKyaspHYIO B Touke H K ocu (Ox, HJIH TOJBKO OTPE30K,
COOTBETCTBYIOMIHI TeM 3HaueHMsM yraa 0, JJIs KOTOPHIX KODHH r’

¥ r” CYIEeCTBYIOT. (Korua d> R, noaxHo ObITb |sin 6 |<§— >

Hoaapoti mouku S omrocumensHo OKpyxrcHOCHYU HA3BIBAIOT He T€OMET-
pHuecKoe MeCTO Touek (Q, a Bcerja BCIO NpsSIMYI0, KOTOpas SBJSIETCH
HOCHTeJieM 3Toro reoMeTpuueckoro mecra. Ilycere Touka S Haxoputes
BHe Kpyra. Ec/u B3siTh Ha ee MoJisipe TOUKY (', BHELIHIOIO MO OTHOLIe-
HHIO K XOpJie Kacanust TT’, To npsiMasi SQ' He nepeceyeT OKPYKHOCTD;
MBIl 6OJIblIIe He MOMKEM FOBOPHTb B 3TOM CJ/ydae O FapMOHHYECKOM jeJe-
HuH. 'eomeTpuueckas xapakTepHCTHKA JJs 3TOTO cjay4as OyneT moJy-
yerna B § 111

Bonee o6mue popmyas.

a) Ecim OKpyKHOCTB pacrosoxkena npOoU3BOJIbHBIM 06pa3oM OTHOCH-
TeJLHO OCeH KOOpJAHHAT, TO €e ypaBHEHHEe TaKOBO:

(x—a)+(y—0bP*=R?
TO €CTb OHO HM€eT CJeNYIOMUH BHA:
Px,y)=x*+y*—2ax—2by-+c=0.

[Tpsamas, BeIXOASINAS M3 NPOM3BOJBLHOH TOUKH S € KOOpAHHATAMH
(x0, yo), Oyner ompelenena 3ajaHueM yrJa

(Ox,u)=0,
TaK 4T0 ee€ TOUKH leOBJIeTBOpﬂ}OT paBcHCTBaM:

x=xo+rcosB, y=yo+rsind,

H Te U3 3THX TOUeK, KOTOPhle HAXOAATCHA HA OKPYMKHOCTH, XapaKTepu-
3VIOTCSl pPaBEHCTBOM

(x0 4 r cos 0)% 4 (yo+r sin 0)>— 2a (xo+7 cos 0) — 2b (yo - 7 sin 6)+c =0,
TO €CThb
r242{(xg—a)cos0+ (yo—b) sin 0] r + P (xo, yo) =0.

Taxum obpasoM, cmenene mouku S (xg, Yo) OMHOCUMEABHO OK-
pysicrocmu P (x, y) = 0 pasna P (xq, Yo). (OTMeTHM, 4YTO - 371€eCh
B YpaBHEHHH OKDPYXKHOCTH x* H y? NOJ/DKHBI BXOAHTh € KOS(XpHIHEHTOM
+1 %)

by Touka @, rapMOHHUECKH COMpSIKEHHAs] TOYKe S OTHOCHTEJBHO
KOHUOB CeKxyHlel, onperesieHa Ha HeHl YCJIOBHEM:

_1rdrm  (xg—a)cos 04 (yp—0b) sin 0
2 P (x0, Yo) '

1
r

Tak kak KOOpAHHATH 3TOH TOUKH PaBHBHI:
X=xy-+rcos8, Y=yo+rsinb,

* To ecTh HeNb3si YMHOXHTH o0e UAacTH 3TOTO YDAaBHEHHS HA Kakol-nubo
MHOXKHUTeNb, OTAWYHHA oT —+1.— Ilpum. ped.
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TO Touka @ ocTaeTcst Ha OpPAMOH, YpaBHEHHE KOTOPOH MOJNYYaeTCs
HCKJIIOUeHHeM 4ucea r 1 6

(X —x0) (xo—a) + (Y — yo) (4o — b) + P (xo, t0) =0.

TakoBo ypaBHeHHe MOASPHl TOUKH S OTHOCHTEJNBHO OKPYMKHOCTH.
OHo ynpomaercs, TOCKOAbKY P (Xg, Yo) = —R?%, u numercs B BHAE:

(xo—a) (X—a)+ (4o—0b) (Y —b) —R*=0.
ill. CemeiicTBa OKPYHHOCTEH

H3yyumM cemeficTBa OKPYIKHOCTel, KOTOpble 4aCTO BBOIATCS B MeT-
PHUECKYIO TeOMeTPHIO ¥ CJYKAT I/ BaXKHBIX N0Ka3aTesbCTB.

-a) OproronannHble okpyxHocTH. Ecan nse okpysxkuocty (C) u (C')
HUMEIOT B OfHOH M3 HX O6WHUX ToyeK 7T B3aUMHO HePHCHAHKYJ/SPHbIE
KacarteJbHbLIE, TO €CTh KACATEeNbHAS K OJHOH ABJSIETCS PagHyCoOM JApYTOH,
TO Ke CaMOe HMeeT MeCcTO M B APYroll Todke nepeceueHus: 1 (B CHJIY
CHMMETDPUH OTHOCHUTEIbHO NP sIMOH HeHTPOB). OKPYKHOCTH HAa3bIBAIOTCS
TOT@ OPMOZOHAAbHEIMY. DTa CBS3b MeEXKJY JABYMSI OKpPYKHOCTSMH
MOXeT OBbiTh BBHIPAXKEHA CJEAVIOIUMH 3KBHBAJIEHTHHIMH YCJIOBHUSIMH:
Cmenenb yeHmpa 00HOL U3 OKPYXCHOCMeEN OMHOCUMEAsHO Opyeoll pasHa
Kksadpamy paduyca nepsol okpyscrocmu. Kouuor awboco duamempa
00HOU U3 OKpYdsHOCMELl, KOMopbll nepecexaen Opyeyo, OeAAm eapmo-
Huvecku xopdy, 8bICEKAEMYI0 HQA 8MOPOL OKPYIHOCHU™.

[Tycte Mbl uMeeM OkpyxKHOCTh (C) 1 Touky S. Jlio6Gasi OKPYKHOCTD
(C"), optoronannuast K (C) ¥ mpoxoismas depe3 TOYKY S, TPOXOLHT
U yepe3 TOUKY H, TAPMOHHYECKH COINPSIKEHHYIO TOUKe S OTHOCHTEJLHO
KOHIIOB TOTO JHaMeTpa OKpYyxHOCTH (C), KOTOpBIH NPOXOAUT yepes S,
¥ o6paTHO. 3TO 3HAYUT, UTO FeOMEeTPHUYECKHM MeCTOM Touek @, nuamerT-
pabHO MPOTHUBOMOJNOXKHLIX TOUKe S Ha OKpyxHocTaX (C'), sBasercs
neprneaukyasap HY B Touke H K AHAMeTpy, mnpoxojsileMy depe3 S.
Te u3 stux touek @, n18 KoTOpeiXx SQ nepecekaeT okpy:xHOCTH (C),
CONpSIKEHBl [APMOHMYECKH TOUKEe S MO OTHOILIEHHIO K KOHIIAM XOPABI,
BeIceKaeMoH Okpy:kHOcThIO (C). TaxkuMm o6pa3oM, Mbl CHOBA HaXOAHM
neaapy TakoH, kakofl oHa Oblia BBejeHa BLIE.

Sameuanune. Oxpyxuocrd (C’), mo3BoIAONME HOCTHYL BCE
TOYKH MOJISIPHON NPSAMOH, OKa3LIBAIOTCS OYEHb MOJNE3HbIMH AJIst 1oKa3a-
TeJbCTB, OAHAKO OfipefesieHHe C [HOMOUIbI0 TapMOHHYECKOTo JAejeHHs
aBJseTcs Hanbojee TyyGOKHM: OHO SICHO NOKA3bIBAeT, YTO AEJI0 HAET
0 BOMpOCEe NPOEKTHBHOH TeOMETPHH, NMOCKOJIbKY Mbl MOXKEM paccMar-
PHBaTh OKPYIKHOCTb, KaK [PeLCTABUTENS CeMeliCTBA KPHMBBHIX, HaXOAd-
HIAXCSA C OKPYIKHOCTBIO B IIEPCIEKTHBE, TO RCTh MPOCTO KaK HEKOTOPOE
KOHHYeCKOe ceuenHre. Besi np aMas MorJia Obl ObITh noJyueHa, ecan Gbl Mbi
CTaJH paccMaTpHBaTh ee, KOTAA OHA He NepecekaeT OKPYKHOCTb, Kak
nepeceKarollylo ee B «MHHMBIX» TOYKax, ONpejieJeHHHX 3HaYeHHsIMH
«MHHMBIX KOpHefl» r’, r” Bblllle HANMCAHHOIO ypaBHeHHs!

Bsanmuas noaspHoctTs. [IBe Touku S M Q, AHaMeTpaJIbHO MPOTHBO-

* Beaeacteue dopmydast 5 (Ha cTp. 345).—[Tpum. ped.
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nosoxHole Ha OKpyx)HOCTH (C’), oproronaabholi okpyxkHoctu (C),
TAKOBbl, YMo Kaxcdas u3 Hux Haxodumcsa Ha noaape dpyeoii. Yix Ha3biBa-
10T conpascerHoimy omHocumensto okpyxcrocmu (C). OTClofa BRBOAUTCH
HeMeJIEHHO TeopeMa O B3aUMHOU moJpHOCTH. Ecau mouka Q onuceisaem
NPAMYIO S, ABALOUWYOCA NOASPol mouku S, mo noiapa q mouku Q
nocmosaxHo npoxodum uepe3 S, TO €CTb ONHCHBAET NYYOK MNPSIMBIX C
neHTpoM S.

SlcHO, YTO Kaxaasi npsMasi, He NPOXOJsIIas uepe3 HEHTp, SBJSETCS
MOJISIPO¥ HEKOTOPOI TOUKH, KOTOPasi Ha3blBaeTcs noarocom npsaMoi. HMme-
eTcst, TaKUM 06pasoM, B3aHMHO OJHO3HAUHOE OTOGpaXKeHHe MHOMKECTBa
TOUEK IJIOCKOCTH (32 HCKJ/IOYEHHEeM LEHTpPAa) Ha MHOMECTBO MpSIMBIX
MJIOCKOCTH (32 HCKJIOUEHHEM TpsMBIX, IPOXOASHX Yepe3 1eHtp). [lo-
JOGHO TOMY, KaK Mbl 3TO Jesajy, H3ydas TapMOHHYeCKHe JeJieHHs
B NMPOEKTUBHOM T€OMETPHHU, Mbl GyJieM TOBOPUTL, UTO MpSAMAst, MPOXOAS-
mas yepes IEHTP OKPYKHOCTH, COOTBETCTBYeT GeCKOHEYHO YHaJseHHOM
TOUKE TIEPNEHANKYJISPHOTO K NpsMOH HanpasJeHus, u o6paTHO.

b) Myukn oxpyxuocreil. Muoxkectso I'" orpyxHocteit (C'), nmpoxo-
JAKX Yepe3 TOUKH S U H, Ha3blBAETCS NYUKOM OKPYICHOCHEL ¢ OCHOS-
Hoimu moukamu S w H. Bee 3TH OKPYIKHOCTH OPTOTOHAJbHBI HE TOJBKO
oxpyxHOcTH (C), HO Takxke JMOOOH OKDYKHOCTH, HMewmlel, nogo6HO
okpyxHocTH (C), IMaMETPOM OTPE30K, KOHLBI KOTOPOro XeisT rapMo-
Huuyeckd oTpe3ok SH. T'0BOpAT, YTO 3TO MHOMKECTBO OKpyxkHOCTeH [
COCTaBJISIET NYYoK ¢ npedeavHoimu moukamu S u H. B dacTHOCTH, TOUKH
S W H nomxHBl paccMaTpPHBATbCsl KaK OKPYXCHOCMU HYyaeeoeo paduyca
ny4ka '*; OHH COOTBETCTBYIOT ABYM BO3MOXKHEIM C/yYasiM, KOTJa TPH
TOUKH TapMOHHUYECKOH YETBEPKH COBHANAIOT.

[lyuku I' u I Ha3BIBAIOTCS 63AUMHO OpmoeoHaisHoimu. Touku S
u H HaseBawoTca ux mouxamu [lonceae.

CoryiacHO TpeAUIeCTBYIOMEMY ONpPENeseHHI0, NYUYKH € OCHOBHLIMH
TOUKAMH M NYYKHM C NPeleJbHBIMH TOYKAMH KaXyTCsl BecbMa pas/iny-
HBIMH. AHaJOTHSI MEXIYy 3THMH IBYMSI BHUAAMH NYYKOB BHISIBJSETCS
siCHee B aHaJHTUYeCKOH reoMmeTpuu. Bo3bMeM Ha 3TOT pa3 B KauecTBe
HauaJa Koopaunar cepeiuny O oTpeska SH, B KauecTBe OCH x-B nps-
mylo SH, a mepneHaukyJasp K Hell B Touke O, Kak och y-B. OKpyxX-
HoctH (C’), onpenesieHHble, KaK OKPYKHOCTH, HpPOXOAsiine uyepe3 S

u H, nMeoT ypaBheHHe, ecan nodoxuth OH = a,

X2+ —2my—a’=0
(napameTp m Mensiercd 0T — o0 o + o0). Okpyxuocta (C) uMeloT
AHAMETPOM OTPe30K OCH X'-B, KOHII KOTOPOTO HMEIOT abeuucesl x’

H x”, CBsI3aHHBIE PaBEHCTBOM X’ -x"=a?.
TlostoMy ypaBHenue m0Go#i OKpyxHOCTH (C) TakoBO:

B+yP—2px+a?=0
(p ectb mapameTp, YHOBJIETBOPSIOWIMH HepaBeHCTBY | p |>>a).

* [losToMy 5TH TOUKM HA3bIBAIOT TaKXKe HYJeBLIMH TOUKaMu nyuka [.—
IIpum. ped.
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CHoBa HaxolMM, YTO LEHTD OKpYyXHOcTH (C) 06si3aresibHO pacro-
JloxeH BHe oTpe3ka SH, Kak 3T0 cielyeT H3 OpTOrOHAJBHOCTH OKPYXK-
Hocteit (C) u (C').

OGiiee onpejesncHue QNS JBYX BHAOB NMy4YKOB OKpYyXHocTeil. Kax-
Jasi To4ka npsMoll Oy, TeOMeTPUYECKOr0 MeCTa UEHTPOB OKPYIKHO-
creii (C’), cocraBasiloUX OYy4oK I, uMeeT OfHy H Ty Ke CTENEHb
OTHOCHTeJbHO BceX OKpyxkHocTell (C), paBHyl KBajipaTy paauyca
TOl OxkpyxHoctH (C’), LEHTP KOTOpO# JIexuT B 3TOH TOyKe. AHaJo-
THYHO Kaxnasd Touka npamolt SH umeer, O4eBHAHO, Ty XK€ CTENEHb
OTHOCHTEJBHO BceX OKpyxuocTell (C'), gaxe ecJu OHA PACIOJNOXKeHa
MexAy Toukamu S u H. Ecau Touka nHaxonuTcs: Bre oTpeska SH, 1o 3Ta
CTelleHb paBHA KBajapaTy paanyca 10fi okpyxuoctd (C), LeHTPOM KOTO-
poli ABasieTcss sTa Touka. OO6paTHO:

Teopema 1. eomempuueckoe mecmo mouek, umerowiux 00Ky u my xce
CMenens  OMHOCUMEAbHO  O08YX — HEKOHUEHMPUYECKUX OKpYyscHocmel,
ABAALMCA NPAMOL AuHUel, HA3vi6aeMOl paduKaibHOU OCbIo JBYX OKPYHC-
rnocmetl.

2. MHoscecmeo oxpyocHocmerl, UMeOWUx NORAPHO OOHY u my oce
pAdUKAABHYIO OCb, 00pasyem RYHOK OKpYxrcHocmel.

BheipasuMm ycjoBue TOIO, 4YTO HeKoropas Touka M uMeeT OAHY
H Ty Xe CTerneHb OTHOCUTENBHO ABYX OKpyxHocredl (Cy) u (C,) c 1eH-
tpamu O;, O, u pamuycamu Ry, R,.

byzem wumets:
MO} — R} = MO:— R,

TO €CTb
MO? — MO? = R* — R®.

3To BhIpaxaeT, 4TO TeOMETPHYeCcKOoe MecTo TodeK M — mpamas,
NepneHAHKYAApHAA K JUHHH HeHTpoB 0;0,. Bo Bcex cayyasdx Kaxzaas
TOYKZ I'eOMETPHUECKOrO MeCTa, PACIOJIOMXKEHHAs BHE OXHOTO M3 KPYIOB,
pacnonoXeHa TakiKe BHE BTODOTO M fIBJASIETCHA LEHTPOM OKPYXKHOCTH,
OPTOrOHaJILHOH JBYM 3aJaHHBIM OKpyxHocTaM. (Ecau oxpyxuocTH
KOHIEHTPHYHBLI, TO 3TH OPTOTOHAJbHblE HM OKPYXHOCTH CTaHOBATCHA
OPSMBIMH, BHIXOMSIIIUMH H3 LEHTPA.)

Ecnu 3anannble OKPY:XKHOCTH mepecekarloTcs, TO HX DPaldKaabHas
0Cb — 3TO NpAMasi, NPOXOAJUIAs Yepe3 UX TOUKY MepeceyeHMsi, U MHO-
EeCTBO OKPYKHOCTeH, HMMEIOIHUX [ONapHO 3Ty paluKalbHYIO OCb,
ecTb NYYOK, JJf KOTOPOTO 3TH JIBe TOYKH NEPecedeHHs ABJISIOTCA
OCHOBHBIMH TOYKAaMH.

Ecnu 1Be 3ajannbie OKPYXKHOCTH He IEPECEKAlOTCs, TO MX paju-
KaJbHasl OCh PACHONOXKEHA BHE KaXKJOH U3 OKPYIKHOCTEH; B 4aCTHOCTH,
OCHOBaHHe paJMKalbHOH OCH Ha JIMHHM LEHTPOB SIBJSETCA LEHTPOM
OKDYKHOCTH, OpPTOrOHANBHON JABYM 3aJaHHBIM; OHA HMeeT KOHLAMH
IuaMeTpa Ha JIMHUM LEHTPOB JiBe TOUKH S H H, U MHOXeCTBO OKPYXK-
HOCTeH, HUMENUX MONApHO BMECTe C Hapoil 3afaBHBIX OKPYIKHOCTEH
Ty K€ PaIMKaJbHYIO OCh, SIBJISIETCA MYYKOM C MPELEJbHBIMH TOUKaMHu S
"
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Ecnu 3anaHHble OKPYKHOCTH KAcCAlOTCA OfHA JAPYrofl B HEKOTODOH
Touke S, TO MX pajukadbHOll OCbi0 fABjAseTcsd ofmias KacarenbHas
npaMasgs B S, U COOTBETCTBYIOUIHH NyYOK 0OpPascBaH MHOMXKECTBOM
OKPY:KHOCTell, Kacalouuxcsi AaHHBIX OKPYMXHOCTEH B Touke S.

B amanuTuuecKOH TeOMEeTPHH MB HCIOIb3YEM
OCH JIIOGOTO MNOJIOXKEHUS, HO, pasyMeeTcs, MPAMOYILOJbHbIE H C OXHOH
U TOH Ke enuHHIlEH Ha ofeuXx ocsiX. YpaBHEHHE KaKOB-THGO OKpYyXK-
HOCTH TaKOBO: '

P(x, y) = (x—a)p+ (y—b)*— R*=0.

CrnenoBatenbHo, crenenb Touxu M (xo, Yo} paBHA:

P (xo, yo) = (xo—a)*+ (yo—b)* — R

Teomerpuueckoe Mecto ToueK M C pPaBHBIMH CTENEHSMH OTHOCH-
TeJBHO OGeHX OKPYMKHOCTEH, NpPEeAMOJaraeMblX He KOHLEHTPHUECKHMH
¥ UMEIOMUX YpPaBHEHHA

Pi(x, y) = (x—a)* +(y—b)*— R} =0;
Py(x, y) = (x—az)?+(y—b)*—R;=0
— 3TO npsMas C ypaBHEHHEM
D(x, y) =Py (x, y)—Pa(x, y)=0,
TO €CTh
D(x, y)=2(az—ay)x+2(by—by) y+ P, (0, 0)—P, (0, 0)=0.

Obfiee ypaBHEHHe OKPYXKHOCTH, HMeIOMIefl 3Ty pajuKaJbHYIO OCb
ofmell ¢ KaxAod H3 3aJaHHBIX OKPYXKHOCTeH, TaKOBO:

Py(x, y) =Pi(x, y)+AD (x, y)=0,
#au, Gojiee CHMMETPHYHO,
Py (x, y) = aPy(x, y)-+-PPs(x, y)=0%
MpHYEM NapamMeTPbl A WJIH O U  NPHHHMAIOT BCe TaKHe 3HAYEHHS, UTOOB!

OKPYHOCTb CYIIECTBOBaNa, TO €CTb TaKHe, UYTOObl BhITEKalollee
H3 ypaBHeHHsI 3HaueHHe KBajJpara paguyca GbLIO MOJIOKHTEbHBIM.

TeoMeTpuuecKkHe MecTa, CBSI3aHHBEe C mMmapoif
OKpDYyXHOCTeH

Ycaosue ad gy (M) 4By (M) =Fk cBOONTCA HeMe[JIeHHO K
aHaJIOTHYHOMY YCJOBHIO OTHOCHTEJIBHO LEHTPOB:
aMC}+ BMCi =h.
o + P == 0. TeoMerpuyeckoe MecTO — OKDPYKHOCTb C LEHTPOM Ha
JHHUHM [EHTpPOB.

a+ f =0. TeoMerpuueckoe MeCTO — mpsiMasi, NapajjejabHas
paIMKa/lpHOH OCH. YTOYHHM paCHOJNOKeHHe 3ITHX [BYX MpSIMBIX.

* B stom ypaBHeHHH Ko3bouuueHTs npu x2 u y2 pasusl He -1, a (o).
— Ilpum. ped.
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[Mycts K ecTb ocHOBaHHe Ha JIMHHH LEHTPOB NMpPSMOHl reoMeTPHUECKOTO
Mecta, a H — ocHOBaHHe DalIHMKaJbHOH OCH. OTH TOUKH OlpejesieHb)
Ha JIMHHH LEHTPOB (€CaH MOJOXKUTh @ = — P = 1), ypaBHeHHsIMH:
KC}—KC;=R!—R;+k;
2 2 ___ D2 2
HC}— HC:=R}—R;,
OTKYZa, BHIUHTAA MOYWIEHHO,
k=8 cy— P =2HK-CiCs.
C »T0fi TOYKM 3peHus 3ajaHile IBYX OKPYXKHOCTeH onpejenseT Ha
IVIOCKOCTH pa3fHeHue Ha KJacchl SKBHBAJEHTHOCTH, ABJAIOIIMECT Npd-
MBIMH, NePHeHAUKYJAPHBIMH K JHHHH [EHTPOB.

PagukaapbHubfi HLeHTP TpeXx OKpPYXHOCTEH
C HEKOJJHHEAPHHMH HEeHTPAaAMHU

Tpu pamukanbHEle OCH OKPYXKHOCTeH, B3sITHIX NOIIapHO, Mepece-
KaloTcsd B TOYKe, HMelollell paBHYIO CTelNeHb OTHOCHTENBHO KamKJOH
OKPYXKHOCTH. EcJH 3Ta TOYKa pacloJioKeHa BHE ONHOH H3 OKpPYIKHO-
CTel, TO OHa TaK Ke Pacro/oXKeHa MO OTHOIIEHHIO K JBYM JpPYTHM
H ABJseTcA IEHTPOM OKpPYKHOCTH, OPTOTOHANBHOW N0 OTHOMIEHHUIO
KO BCeM TpeM OKPYKHOCTAM. MHOXKecTBO OKPYXHOCTeH, MMEIOLIHX
OIIMH H TOT K€ PalHKaJIbHBIH LEHTP, HasplBaeTCA C8A3K0L OKPYIKHOCTEH.

MNpnaoxenne. TOUKH paJMKaJbHONR OCH JBYX HeINepeceKammuxcs
OKPYKHOCTEH TOJYYaloTC ¢ IIOMOINBIO BCIOMOTaTe/bHBIX OKPYXKHO-
CTell, HepeceKalollUX KaxKIyl0 H3 3ajaHHBIX.

Ciepni. Purypa, ofpasosannasn chepoil H TOUKOH UK AByMs ce-
paMH, noJjyyaeTcst BpallleHHeM aHaJOTHUHOH (UTYPHl C OKPYIKHOCTAMY,
OTKYyAa BbIBOABl (0 pPaluMKalbHOH INJOCKOCTH, HOJSPHOH IJIOCKOCTH
H T. .). Mbl He CTpeMHMCs1 paccMOTpPeTh 3TO AeTaabHO. Hyxuo JHIIb
UMeThb B BHIY, 4TO napa cdep uMeeT pajiHMKaJbHYIO NJOCKOCTb, TPH
cepbl HMeIOT, BOOOHIE TOBOPHA, padukarbryio oce, a derbipe chepbl
HMelT, BooOllle roBops, padukaivroid yenmp. Touka HMeeT MOJNSPHYIO
[IJIOCKOCTE OTHOCHTENLHC cdepnl, a MJOCKOCTH CTaBUTCH B COOTBET-
CTBHE TOYKa — 70A10C 3TOH IJIOCKOCTH.

IV. NouATue 0 npeoGpasoBaHuy METGROM
B3aMMHBIX NORSAP

B nJaockKOCTH Touka onpelereHa IBYMA [apameTpamu,
H TO 3Ke HMeeT MeCTO 1/ NpPsMOil (HarpuMep, TOUKa onpefiesieHa CBOUMH

pA
KOOPAHHATAMH X, Yo, @ IPSIMAast CBOUM YPaBHCHHeEM - % = 1, uiu xe

CBOMM HOPMaJIbHBIM ypaBHEHHeM X coS @ -+ ysin ¢ = p). Ecau
BbIGpaHA OCHOBHAsl OKPYXKHOCTb, TO 3aBHCHMOCTb MeXKIY HOJIOCOM
H NoJAPOfl ycTaHaBJHBaeT B3aHMHO OJHO3HAYHOE COOTBETCTBUE MEXIY
MHOMKECTBOM TOYEK W MHOXECTBOM NpAMBIX. B cuiy nonsproi B3auM-
HOCTH, €CJIH HEKOTOpas NpsiMasl paccMaTphBaeTcd KaK TeOMeTpPHUecKoe
MeCTO TOYEK, TO ee NOJIOC sABJseTcs BeplIMHOA NydkKa HoAAp, COOT-
BETCTBYIOIMX TouKaM rnpamoil. Dosee o6umum o6pasoM KpuBas MOXKeT
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paccMaTpHBAThCA KaK IeOMeTpPHUYECKOe MECTO TOYeK (ToueuHas TOYKa
apenus1), WIM KaK orubaroniasi CBOHX KacaTeNbHLIX (TaHTeHIHalbHast
TOuka 3peHus). MokHO J0Ka3aTh, YTO KaXKAOH KPHUBOH B KauecTse ee
o6pa3a cooTBercTBYeT ¥ Ta ke KpHBas, He3aBHCHMO OT TOro, C KakKoh
TOUKHM 3peHHs paccMaTpHBaeTcsl KpuBasf Kak Hpoobpas; ecau OnHa
KpHBas paccMaTpUBaeTCi C TOUEYHOH TOUKH 3peHHd, TO Apyras pac-
CMaTpHBaeTcst ¢ TAHT€HIMAJbHONH TOUKH 3peHHd. IJTO JOKasblBaeTcs,
€CJIH HMCXOAMTH M3 TNOJAPHOH B3aUMHOCTH, M SIBJSIETCS HHTYHTHBHO
HOCTATOYHO OUYEBHIHBIM, OZHAKO CTPOrOe [OKa3aTe/bCTBO HYHKAaeTcA
B auddepeHnratbHoll reoMeTpud (TeOpHHM Orubamllux), UYero Ml
Kacarbcst He OGyneM. Mpl JOJIKHBI MO3TOMY OFpPaHHYATLCS (GHIYDaMH,
06pa30BaHHBEIME H3 TOYEeK M NpAMBIX. TakuMm 06pa3oM UYeThIPEXYToJib-
HHK CT@HOBHTCS UYETbIPEXCTOPOHHHKOM, KoH(urypamus Menenas cra-
HOBHUTCH KoHGurypauuell Yesol u T. 0.

Teopema. [lsoiinoe omHouieHe Yembipex KOAMLHEAPHbIX MOUeK pas-
Ho Odecdnomy omruoweruto ux noasp. (eficTBUTENBHO, DYYOK MOJAD
MeTpPUYeCKH paBeH NYUYKY MNpPsIMBIX, BBIXOAAIMX M3 ILEHTPA OKpYXK-
HOCTH M NPOXOAALIMX Yepe3 JaHHBIE Touku) **. Orcloga ciepyer, UTo
0451 6CAK020 MPOEKMUBHO20 CBOLCMEA TEPeBOL MO3BOJSET ONHCATh
$HUrypy, HCXOAS U3 COOTBETCTBEHHON (GMTYpHI (TOYKA \___ 7 npamad,

KOJIJIHHeapHble TOYKH \ /r nepeceKaroniecs B ORHOH TOUKE nps-

MbIE), TO €CTh HMEET MeCTO dgoticmeernocmo (nonstue, BBefennoe [lanenm).

B TpexMepHOM NDPOCTPAHCTBE TOYKA H IJACCKOCTD
3aBHCAT Kaxlas OT TpeX IapaMeTpoOB; NOJSIPHOE COOTBETCTBUE
(noqtoc \__/ nhoaspHas IJIOCKOCTb)  OTHOCHTENBHO  HEKOTODPOH

OCHOBHOH cepsl BHISIBJASET ABOHCTBEHHOCTH, B CHJIY KOTOpOH npsmas,
TeOMETPHYECKOe MEeCTO TOYEK, CTAaBHTCA B COOTBETCTBHE NpAMOH, OCH
nyuka mjgockocTed. Teopusi npeo6pa3oBaHusi B3aUMHBIMH HOJSpaMu
nprobpeTaeT MOJHLIH HHTEPEC JHILIb C NPOEKTUBHOH TOYKH 3DPEHUA,
KOrjla OKPYIKHOCTb 3aMeHsieTCsl KOHHYeCKHM CeueHMeM, cdepa IoBepx-
HOCTBIO BTOPOTO NMOPSAAKA U KOTrJld BBOJIATCS MHHMbIE 3J1eMEHTHI (1OMHMO
3J1eMeHTOB GeCKOHEUHO YIANeHHBIX). Kak Mbl Ve ylHoMHHaIH, Heob-
XOZUMO TaKxke HCclejoBanHe orubamomux. [ToatoMy Mbi 3nech Jnlilb
YKasbiBaeM Ha 3Ty TEODPHIO, NOJYEPKUBAs NOHATHE NBOHCTBEHHOCTH.

§ 3. ToueuHbie nNpeo6Gpa3oBaHUn METpPUUYECHOH
reoMeTpuu

Toueunoe npeoGpasoBaHHe NMPHHALJIEKUT METPHUECKOH FeOMEeTpHH,
€CJIM OHO MOXKeT GbIThb ONpeJiefleHO ¢ NOMOILLBIO 3JeMeHTOB adpunHOR
reoMeTpHH (Napasiesli3M, OTHOLIEHHE NapaJ/ielbHEIX BeKTOPOB) U 3Jle-

* B noasproM cooTBeTcTBHH.— [lpum. ped.
** JleficTBUTeNbHO, KaXKias NOJAApA NepNeHAHKYASPHA K COOTBETCTBEHHOMR
0pAMOH, coeAHHSIOMEH MAHHYIO TOUKY C LEHTPOM OKpyxHocTH.— [Ipum. ped.
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MEHTOB MeTPHYECKOH TeOMeTPUH (PacCTOSHUS H YIVIBI HJIM CKaJsipHble
# BCKTODHbIE MPOU3BEJEHHS).

CBolicTBO ¢GHUTrYypH B €eBKJIHJAIOBOH TeoMe-
TPHU-—3T0 OTHOIIEHHE MEXAYy 3JeMeHTaMH (PUIYDPHI, OCTarw-
leecss HWHBAPDHAHTHBIM OTHOCHTEJNBHO TPYNNH MeTPHYECKHX mNpeopa-
30BaHHll, HasbiBaeMuX nodobusmu. Mbl ux cefivac BBegem. Oxpuako
clleflyeT OTMETHThb, 4TO MOMKHO paccMoTpeTh OeckoHeunHoe MHOMECTBO
OTOOpaeHHil IIOCKOCTH HJAHM NpocTpaHcTBa Ha cefsi MyTeM B3aHMHO
OJHO3HAYHOTO MJIM He B3aUMHO OJHO3HAYHOIO COOTBEeTCTBHSI. Hekoro-
pble M3 HMX H3YYUM B KauecTBe yIpaxKHeHHH.

Onno U3 Ttakux npeoGpazoBauuil, uxeepcuro, Mbl OCTABJIsIEM 18
chefywoiiedi TJiaBpl. 10 mpeopazoBaHue 0COO0 BaXKHO TeM, YTO OHO
BBOIHT HOBYIO TeOMETPHIO, BKJ/IOYEHHYIO B METPHUYECKYIO T€OMETpHIO,
HO KOTOPYIO MOXKHO PacCMaTpHUBAaTh B KAK CAMOCTOSITeNIbHYIO TeOMETPHIO.

I. Apdunnbie npeo6pa3oBaHKuA B METPUYECHOM
reoMeTpuu

K usyueHHBIM cBo#icTBaM addHHHLIX NpeofpazoBaHUil MBI JOJIKHbL
[IPHCOEHHUTDL NPENJOKEHHT, OTHOCALMECs K MeTPHUECKHUM 3JIeMeHTaM:
PaCCTO THUSIM M yTJiaMm.

1) flapannensHbrit nepesoc. lMMeer MeCTO MHBapHAHTHOCTH JIHOGOH
JJIMHBL, MIO60r0 yrsia (onpelefeHHOro B aGCOMIOTHOM 3HAYEHHH HJIR
OPHEHTHPOBAHHOTO U 3aJaHHOTO C TOYHOCTBIO 10 27 WAy ).

OKpy:KHOCTL MMeeT CBOUM 06pa3oM OKPYKHOCTb C TeM Ke paiuy-
COM, pACTOJIOKEHHYI0O B IapajenbHOH IJIOCKOCTH, HpUYEM LEeHTpbI
SIBJIAIOTCS COOTBETCTBEHHBbIMH ToukaMd. OGpaTHO, ecay [aHbl [Be
OKDYKHOCTH C DaBHBIMM paJuyCaMH U PacloOJIOXKeHHBle B NapaJiesb-
HBIX MJIOCKOCTAX, TO CYIECTBYET Napajie/bHblil IepeHoc, OTHOCHTENbHO
KOTOPOTO OJIHA OKPYKHOCTB fIBJsieTcsl 00pasoM Apyroil. AHa/JOrH4HbIE
npensioxkeHus (Gosiee NPOCTLIE) HMEIOT MeCTO AIs cdep.

2) I'omoretusi. [lp 3TOM npeoOpa3soBaHHU BCAKAdA JJMHA YMHO-
JKaeTcs Ha aGCoMOTHOe 3SHaueHHe KOIPQHUIUEHTa TOMOTETHH. Y IJIBI
UHBAPUAHTHBL.

OKpyKHOCTh HMeeT CBOWM 00pa3oM OKPYKHOCTb, PACIOJOXKEHHYIO
B Napaj/enbHOH IJIOCKOCTH, a PaAuyCOM 3TOH OKPYKHOCTH CJYKUT
pamHyc MAHHOM OKPYKHOCTH, YMHONKeHHO# Ha abcoMoTHOe 3HayeHue
Ko3(pdpuumenra romorerdd. O6GpaTHO, ecaH JaHLI JBe OKPYKHOCTH,
PACMOJIOKEHHBlE B MapallieJIbHBIX IJIOCKOCTSIX, TO CYLIeCTBYIOT IBe
TOMOTETHH C B3aHMHO NPOTHBOMNOJOXKHBIMH KO3(UIHeHTaMH, [epe-
BOASAILHE OLHY M3 OKPYXKHOCTeil B ADPYIYIO.

Eciau OKpYXHOCTM paBHbI, TO OTPHHATeNIbHasi TOMOTETHSI — 3TO
CHMMETPHSI OTHOCHTEJIBHO TOUYKH, a [10JIOKHUTe/IbHasA TOMOTETHS BBIPO-
XKIaeTcsl B NapajyienbHblii mepeHoc. B ofueM cayuyae ofa leHTpa
TOMOTETHH KOJUIMHEAPHB! C [EHTPAMH OKPY:KHOCTedl U [eNIAT OTPEsoK,
COeMHSAIOMMHA IeHTPLl, TapMOHHMYECKH B OTHOIUEHMH PaJAHyCOB.

Ora burypa Moxer GbITH ONHCaHA H B APYTro#l gopme: Kaxkjoe ceye-
HHPe KOHYCa C KDYTOBHIM OCHOBaHHEM H IWIOCKOCTBIO, NapasiesbHOH
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3TOMY OCHOBAHUIO, IBJISIETCS OKPYKHOCTbIO; 06PATHO, JIBE€ OKPYIKHOCTH,
pacrnojioxeHnble B JIBYX mnapaJlelbHBIX IVIOCKOCTSX, HaXOAATCS Ha
IBYX KOHYyCax, a eCJIM HX pajuychl paBHBI, TO OJIUH U3 KOHYCOB CBO-
JUTCSl K LUJIUHADY.

Eciu OKPY:KHOCTH HAXOAATCA B OZHOM MJIOCKOCTH U KOHIEHTPUYHBI,
TO CyIIeCTBYeT OJMH-€JHHCTBEHHBIH HEHTP TOMOTEeTHH, OAHAKO TOMO-
TETHH, OYEBUAHO, Pa3JHUYHBEI, MOTOMY YTO HX KO3((UIMeHTbl IPOTHBO-
nojoxuel. OTMeTHM elle, 4yTO BCsiKasl oOllasi KacarelbHass K JABYM
OKPYKHOCTSIM, JeXallUM B OJHOH M TOH 3Ke IJIOCKOCTH, IPOXOIUT
depe3s OIHH W3 LEHTPOB I'OMOTETHH, a €C/IM OKPYMKHOCTH KacawoTca JApyr
Ipyra, To UX TOYKa KacaHMs SIBJISIeTCS] OJAHUM H3 LEHTPOB I'OMOTETHH.

Amnasornynoe HccaefoBaHHe (HO OoJiee MPOCTOE) HMEET MeCTO JJIs
cep.

3) Addunurersl. Jluiub oproroHanbHble oceBble  adpUHHUTETH
3aC/yKHUBAIOT IONOJHEHUH C MeTpHYecKO# TOUYKM 3peHusi. Mol pac-
cMOTpUM a(HHUTETH! TOABKO B ABYMEPHOM TNpocTpaHcTBe. B ciayuae
OpPTOroHaNbHOTO aPhUHHOrO CKATHS K OCH Ka¥KIBIH OTPE30K MHl pasJfio-
UM Ha ero COCTaBASIOLYI0, NapajelbHYIO OCH, IJIHHA KOTOPOH
coxpaHsieTcsl, M Ha MepPHeHAHKYJASAPHYI0 K MNepBOH COCTaBJSAIOILYIO,
IJMHA KOTOPOH YMHOXKaeTcs Ha abCOMIOTHYIO BEJHYHHY Ko3(dulIueHTa
addunnTtera. Teopema Ilndaropa nosposser Toraa u3yuuTh AJAHHY OT-
pe3ka-o6pasa. AHaJOTHYHO BCSIKOE HalpasJjeHue GYLET OTHECeHO K Ha-
npaBjeHnlo ocd adhduHUTETA, W HCCJAeJOBaHME BBHIMOJHSETCS € I0-
MOIIBIO TPUTOHOMETpHYeCKUX (OPMYJ, COAepKAallUX TAHTEHCHl YIJIOB.

O6pas3 OKPY3XKHOCTH. MBI 3HaeM, 4TO MOXKHO C TOYHOCTBIO
IO mapaJsiiebHOTO MepeHoca B3fiTh B KauecTBe ocH adduuurtera (mpH-
HATOH 32 och abcuuce) NPAMYI0, NPOXOISILYIO Uepe3 HEHTP. Y paBHEHHe

OKDYKHOCTH
2y —a? (1)
B pesyJabrare apduHHTeTa C KoacpcpHuHeHTOM k npeobpasyercd B cie-
aymoniee: gt
az + =1, (2)
rie b =| k| -a. D10 ypaBHeHHEe KPHBOH, HAa3bIBAEMOH 3AAUNCOM.

Takum o006pa3oM, aaaunc ompefessiercd, Kak o06pa3 OKPYKHOCTH
B OPTOTOHAJIBHOM OCceBOM apduHUTETe, TAK UTO OH HMMeeT ahpUHHLIe CBOi-
CTBa OKPYKHOCTH, TaKHe, KaK HaJH4He [eHTPa CHMMeTPHUH, OLXHOH naphl
B3aUMHO TepNeHAMKYJAPHBIX Oceli CHMMETPUH H GecKoHeyHoe MHO-
JKECTBO Ocell KOCOH CHMMEeTPHH, MPOXOASALIUX 4epe3 STOT LEHTP, CBOH-
CTBa IOJIOCOB M NOJSAP (32 UCK/IOUEHHEM MePNeHIUKY I PHOCTH NOJIspbl
K [PSMOH, COefHHSIOUEA TOYKY C LEHTPOM, H, pasymMeeTcd, BCIOMO-
raTeIbHLIX OPTOTOHA/MbHLIX OKpYXKHOCTeH).

Il. NMepeMeljeHUs U aHTUNEPEMELLUEHUA

1. Beenenue

BcenomeuM oflee onpenelienre aggurno20 TOUEUHOro npeo6pasosa-
HUA HeKoToporo mnpocrpancrBa E Ha ce6s. Ecau pano navano O,
KoOpAHHAaTHBIl Gasuc & W ux obpassl 0" u %', To Kaxnoid Touke M,
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oraecedHoll K cucreme {0, %}, craBuTcs B COOTBETCTBHE TOuka M
C TeMH Ke KOOpIHHAaTaMH N0 OTHOWeHHIO K cucTeMe {0°, #’}. Ilpe-
of0pa3oBaHHe sBAfSETCA, TaKUM 0oGpa3oM, NpPOH3BeJeHHEM NapaJlie/ib-
HOro nepeHoca Ha BekTop OO" M TOyYeyHOro mpeoGpasoBaHUs, B KOTO-
poM Touka O HHBapHaHTHA, TO €CThb JHHEHHOIO NpeoGpa3zoBaHuA
6asuca # B Gasuc #'.

B Merpuueckoil reoMeTpuH npec6pasoBaHye Ha3blBAETCS usomempuell,
ecsd U 6asuc % u Gasuc %’ OpTOHOPMaJbHBL. B camoM nese, GopMyJbl,
NO3BOJISAIOLINE  BLIYHCAHTE  PACCTOAHHE MeXNYy [BYMs TOYKaMH
¢ MOMOILBIO HX KOOPAMHAT, MOKAa3biBAIOT B 3TOM CJydae, 4TO 6Ce pac-
cmosiHus OYOym UHBAPUAHITHLIMU:

(VM u P, M'P' =MP).

Ecan Gasucet & v %" uUMEOT, KPOMe TOTO, Ty e OpPHEHTAIHO,
TO COOMBEMCMBEHHbIE Yeabl PABHbL, TO €CTb IJs JIO6BIX BEKTOPOB Vi
U Vz

(Vy, V.)=(Vy, V) (mod2n).

B sToM ciyuae npeoGpasoBaHHe Ha3BIBAETCS] NEPEMEleHUEM; COOT-
BETCTBEHHBlE (DUTYPHl HA3LIBAIOTCA PAGHBIMIL.

Ecou xe, HaobopoT, o6pa3 %’ 6asuca F HMeeT NPOTHBONOJIOKHYIO
6asucy % OpHeHTAUHIO, TO KamcOwvul Y204 NPOMUBONOAONCEH CBOEMY
o0bpasy

(Vi V)= —(Vi, V5 (mod2n).

[Ipeo6pasoBanye B 3TOM CJydae HAasHIBAETCS] AHHLUNEDEMEULEHUEM;
COOTBETCTBEHHBlE (DHTYPHI HA3BIBAIOTCS QHMUPABHBIMUL.

OcHoBHasi Teopema. OTHOLUeHHe paBeHCTBAa (UJIH AHTHDPABEHCTBA)
eCTb BHYMPEHHEee OMHOoLIeHLEe, TO eCTh He3aBUCAIlee OT CHCTEMBI KOOPAH-
nar {0, & }, cuyxauieit 1Js1 €ro onpenesieHus; pH 3TOM 6asHc AOJIKEH,
pasyMeercsl, OCTaTbCsl OPTOHOPMAJIbHBIM, HO H3MEHeHHe eIUHHIb!
MOXKET HMeThb MECTO.

1) Oanomeproe nmpocrpancrso. [lepemernenue
{0, i} D {0, i’} onpeaeneno ycaoBusaMmu ' =i,
00’ =ai u VM, Oszi\_/, O'M,=xi.
Hosuifl 6asuc {w, #}, onpeleNeHHbI paBeHCTBAMH:
Oo = di,;
[ n=Fki,
umeer o6pas {o’, &'}, r1e
O'o’ = 0w =di,
{ n=u==ki.
ITpeoGpasoBanne Moxer GHITH IOSTOMY ONpPEAENEHO € MIOMOLIBIO
HOBOTO Gasuca cCJeLyouM o0pasoM:
VM, oM =Xu S o'M' =Xu,
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rie
x—d
-
C BHyTpeHHe#l TOYKHM 3peHHsS — 3TO NapaJeNbHLIH NepeHoc
MM =00 =oo'.
2) ABymepHoe mnpocTpaHcTBO. [lepemelenne
0. 4 ) 3 2100 1) 0N
OM:xi+yj\ D 7 OM =xi"+yj

X:

ONpenesieHo, KaK MpOU3BeJleHHe HapajsieibHOTo nepeHoca OO, Koto-
puifi, KaK Mbl 3HaeM, sIBJIsSETCH BHYTPEeHHHM Ipeofpa3oBaHHeM, Ha
nepeMellleHye, OCTaBJsiionee TOYKy () MHBADHAHTHOH; BEeKTOPHOE MpO-
CTPaHCTBO MMOABepraercd JUHEHHOMY MNpPeoOpPa30BaHHUIO, NPHYeM BeK-
TOPHL £ M J TO¥e NC/AKHE! GbITh eAMHHYHBIMH H OPTOTOHATBHEIME, IPHYEM
(i’, j') AMeeT Ty XKe OpueHTanuio, uro Hu (I, j).

Mer zaaem (k. I, . V, § 1 u IV), 4ro eciid nOMOKUTH

'=ai+ by,

J =citdj,

TO YKas3aHHble YCJIOBUS BHIPA3sTCa Tak:
@+b=1; c*4-d*=1;
( ac+bd=0; ad—bc=1.

DTO 3HAYUT, UYTO CYIIECTBYET YTOJ ¢, ONpele/IeHHBIH C TOYHOCTHIO
10 2km, YIOBJETBOPSIOWME paBEHCTBAM:

a=cosa; b=sina; ¢= —sina; d=cosa,
OTKyIa
i"=cosa-i+sina-j
[_] = —sina-i-+ cosa-jf,
"M, 4YTO TO XKe,

/-

[==cosa-i —sina-J’;
Jj=sina-i’'4-cosa-j'.

3rauum, moboe nepemewenue J2, ocmasasowee mouky O uwsa-
puanmroll, xapaxmepusyemcs Hexomopoim yesom o. Ilycth Temeps
# — KaKkoi-1nbo BekTOp, a u' — ero o0pas, TaK 4TO

u=0(cosB-i+4sinby), u’ =0 (cos @i sin0y).
Papencrso yrsios
(i, m)= (i, u’)(mod 2n)
PaBHOCHJILHO YTBeP3KIEHHIO
Va, (&, #')= (I, i’)=a (mod 2mn).
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CrnenoBatenbno, o6pas M’ toukn M npu TakoM npeo6pasoBaHuu 2
onpejesed CJIeLYIOMHEM 06pasoM:

(#) OM=O0M’, (OM, OM’) = a (mod 2x).

Taxoe nBuxenue nasbiBaeTcsl gpauieHuem ¢ 1eHTpoM O Ha Yroa a.
Bpamenune onpeneneno, ciefosatesbHO, BHYTPEHHHM o6pasoM, Tak
4TO ecJd HCHOJMb3yeTcsl APYrod OpTOHOpMaJbHBIH GasHc

n=gq(cos0i-+sin6j), v =g (—sin0i-+cosby),
TO onpese/eHHe
OM:xi+yj\ A OM' =xi’ +yJ’

npuobperaeT BHA:
OM:Xu+Y71\ /OM’:Xu'+Yv’

(370 mpoBepsieTcA JIETKO BEKTOPHBLIM HJH MATPUUHBIM CUETOM).

Takum o06paszoM, BcAKOoe [BHiKeHHe [) Ha IUIOCKOCTH sIBJsIeTCH
NPOH3BeleHHEM HEKOTOPOrO MapasiellbHOro IepeHoca W HEKOTOPOTO
BpalleHusi. YToJ BPALICHHS o HA3LIBAETCS YeAOM COOMBeMCMEYouieso
nepemewjeHus; OH He 3aBUCHT oT napel O, O, BeIGpaunoil asa onpele-
JIEHHsI TapaJlieJlbHOTO TIEPeHOCa.

3) TpexmepHoe mpocTpaHcTBO. lccieloBaHHe NPOBOJMTCS aHAJO-
THYHO, O/IHAKO BBefieHHe OJHOTO yIJa yiKe HelocTatowHo. Tak Kak,
HUCXONsl U3 BbIODAHHBIX TOYEK, MOXKHO ONpeleNuTh JI00Yyio Touky M
C TIOMOIIBIO PAacCTOAHHMH M YIJIOB, SIBAAIOIMXCS WHBAPUAHTHBIMH 3JI€-
MeHTaMH, TO ¥ o6pa3 M’ Touku M MOXKHO ONpeleNuTh, 3ajaBasi Naphl
COOTBETCTBEHHbIX TOYEK. DTa BO3MOXKHOCTH BHYTPEHHErO OmNpefeseHHs
npeo6pa3oBaBua AOKAasbiBaeT, 4to BuIGop 6asuca O, F He CYINeCTBeH.

AHanoriHyHoe 1oJIOXKEHHe HUMeeT MECTO M AJIsl aHTHIEPeMelleHHH.

2. BuytpenHee MccJelOBaHHe nepeMellleHHH M aHTUHNepeMellleHRI

A) OpnoMmepHOe MPOCTPAHCTBO

JlioGoe nepemetienue sBasieTcs: neperocom O'M’ = OM, nin Takxe

VM, MM’ = 00'.
JlioGoe anTHIIEpeMellleHHe ONpenessieTcs Tak:

VM, O'M’'= — OM,
OTKyla mnojiyyaeTcss WHBapHaHTHas Touka S, cepemuHa orpeska 00,
TaK YTO

0'S=—-0S,

YTO MO3BOJISIET ONpENENUTh 5TC NpeoGpasoBaHue CAeNYIOIUM o6pasoM:

VM, SM'= —S8M,

Tak 4yTo npeoGpa3oBaHue SIBJsIETCS cummempuett ¢ UeHTpoM B S.
B) JipymepHoe npocTpaHCTBO
a) Ilepemewenn . Mul BHles1H, 4To ABHIKEeHHE HA [IOCKOCTH ABJSKETCS
npou3BelleHHeM (HEKOMMYTATHBHBIM) HEKOTOPOrO BpalleHHs C IIPOH3-
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BOJBHBIM HeHTPoM O ¥ M3BECTHBIM YTIJIOM ¢ W TapajesibHOro IepeHoca
oo0’'.

a) Teopema. Ha naockocmu nepemeuierue onpedeneHo 300aHuem
08Yx Nap COOMBENICIMGEHHLIX MOYEK

A A
B\_/{B,_ A'B' = AB.

B camom Jene, Tak Kak MOMKHO IIPOM3BOJIBHO BBIGHDATh CHCTEMY
OTCYeTa, TO MBI TIOMECTHM HawaJo B TOUKe A U ONMH eJUHUYHLIH Bek-
TOp { BEIGepeM Ha AB, Torna Apyro#l eMHHYHBEIH BEeKTOp j 6yleT npsiMo
MepreHUKYJSPHEIM BEKTOPY &, OTKYZa NOJYYUM HX obpaset: A’, i’
Ha A'B’u j', npsmo mepneHaukyasipublit K f’. CooTBercTBHe TOTZLa
onpejensieTcss Tak:

VM, AM =xi-tyj\ o g A'M =xi'+yj.

Ecan oxapakTepusosaTh 3THM CHoco60M paBHBIE TPEYTOJbHHKH,
TO 3TO NPUBOMUT HAC K CJICAVIONEMY CAYLQIO PABEHCMEA MpPeYeoAbHUKCS,
ABASIONIEMYCS OCHOBHBIM, XOTs ero (OpMyJHpOBKa MaJjio ynorpebu-
TenbHa: Pasencmeo dsyx mMpeyeosoHUKO8 Xapaxkmepusyemcs mem Qa-
MOM, 4MO OHU UMEIOM N0 PAGHOL CHIOPOHE U RO PABHOLL COOMBEHICINAYO-
wieti avlcome, npuxem OCHOBAHUE JMOLL 6bICOMbL OeAUN CIMOPOHY 8 00HOM
I MOM 0ice OMHOWEHUU 8 KaHOOM MpPeyeoibHuke, Kpome moeo, Coom-
BEMCMEEHHbIE NpsamMbie Yyeavl (mexcOy cmopowold w seicomold) umerom
00HY U MY dice OPUEHMALUIO 8 KANCOOM MpeyeoabHuUKe.

b) Orpannmes erle GoJibllle OT aHAJUTHUECKOH TeOMETPUH, HCNOJb-
3ysl B3aUMHO OJIHO3HAUHOE COOTBETCTBHE MeXKIy Napoit x, y U napo#
r, 8 (mod 2m) *, onpeneneHHO#l YCJOBUSMH

r>0; x==rcosB; y=rsinb,
[r:AM;
0= (4B, AM) (mod 2mx).

Mul monyuaeM fpensiomeHUe BHYTpPEHHEro XapakTepa.
Npennoxenve 1. Ilepemewjenue, onpedeserroe Ycao8uUAMU

TO €CTb

A A
[B\_/ [ o A'B = AB,
onpejeserca CAeAYIOMUM 06pa3oM:
AW = AM; :
(A'B', A’M')—(AB, AM) (mod 2), M

YTO NPUBOAHT K (POPMYJHMPOBKE CJERYIOIIEro cjydyas paBeHCTBA Tpe-
YrOJBHHKOB (HA3LIBAEMOro, BOOOHIe, BTOPBIM cChayyaeMm)®*.

VM[

* Tlapoit feKapTOBHIX 1 Napoi NOJNsAPHEIX KOOPAHHAT TOYKH HA MJIOCKOCTH,—
Ilpum. ped.
** B pamefi JiuTepatype 5TOT ciayuall HasbiBaeTcs nepBRIM.—ITpum. ped.
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Pasencmeo Osyx mpeyeoavbHukos xapakmepusyemcs mem haxmon,
4110 OHU UMEN N0 0se COOMBEMCMEEHHO PABHbIE CIMOPOHDBL, codepicatyue
110 Yyeay, pasHomy €eoemy COOMBEMCMBeHHOMY, NPULEM MU Yeabl OpueH-
muposansl 1 onpedeseHvl ¢ mouHocmsio do 2.

Yros IBHKEHHS paBeH:

a=(AB, A'B')y=(AM, AM’') VM.
BHE‘II/IT, B CHAY I/IHBapHa}ITHOCTH OTHOLUEHHUA TapaJjijesinsma,
a=(V, V),

KakoB Obl HH Obl1 BekKTOp V. DTOT yroJ HaswiBaeTCsl Takke yeaom
nosopoma pasHulx uayp.

¢) Tak kak nepememenue onpefneneno safanvem 4,8; A", B’, 10 Besi-
Koe mocTpoeHue TOYKM M, KOTOpOe Mbl OCYIIECTBJSIEM, HCXOAS W3
TOYKH M UM 3THX JaHHHEIX, 1aeT BHYTpeHHee oNpelie/leHHe IepeMeilieHns.
B uyactHOCTH, CHCTeMa

(A’B', A’ M'Y=(AB, AM)(mod n);
(A’B’, B'M’) = (AB, BM) (mod n)
BriofHe ornpefenaseT Touky M. Taxum o6pasoM, nodydyaem:
Hpeanoxenue 1. Ilepemewenue, onpedeiennoe ycaveusmu
f A A, 4 ’
13\_/[3,’ AB:AB,

onpedeasemcs caedyrouum 06pasom.
(A'B", A’M')=(AB, AM) (mod mn);
(A'B’, B'M’)=(AB, BM) (mod n),

OTKYJla BhITEKAeT caefyollad (GOpMYJMHPOBKA cjydast paBeHCTBa Tpe-
YTONBHHKOB (HA3HIBAIONIETOCH [EpPBLIM cjaydaeM)®.

Jsa mpeyeoabHuUKA pasHbl, €CAU OHU UMEIOM N0 PABHOU CHopoHe,
BAKAMOUEHHOU MeNCOY O3YMs COOMBEMCMBEHHO PABHOIMU YeAaMU, KOMOPbie
OPUEHIMUPOBARDL, HO MO2YNl- PACCHAMPUBANSCA AL € MOYHOCHbIO
do m.

d) dpyro#l ciyyall paBeHCTBA TPEYTOJbHUKOB BO3HHKAET, €CJH Mh
onpenensiem M’ nByms paccrosiuuaMy A'M’ = AM u B'M’ = BM,
HO 4YTOOB! CHATH HEONpPeleJeHHOCTh HYKHO, KpOMe TOro, OGeCHeudTh,
9TOORl JIBA COOTBETCTBEHHBIX yIJla OblIM TOH K€ OpUeHTaUuH. ITOT
«TpeTHii» ciayuadl pPaBEHCTBZ TPEYTOJIBHUKOB CJIYKHT IJIS H3YYEHHS
HEKOTOPBIX CelUanbHEX GUIYP, HO OH HeynoGeH AMS HCIQIb30BaHHS
B OOLIEM HCCAEIOBAHHH, KOTOPBIM MBI 3aHHMAeMCH.

Mer nponosikaeM HccaelOBaHHe, NMpUMeHss cucTeMy (1).

Teopema. B naockocmu 0se pasHole ueypsl NOAYLQOMen 00HQ U3
Opyeotl uaL HeKomopsiM 8PALUEHUEM, UAL KcE, 8 BUOE UCKANOMENUR, HEKO-
MOopLIM NAPAAIEALHOIM NEPEHOCOM.

Y, [ (Ih

* B Hawe#t yyeGHOH JHTepaType STOT CJyuyall Ha3nBaeTCH BTOPHM.— [Ipum.
ped.
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Ecau yron @, COOTBETCTBYWOIMU TepeMeilienuio (UIyp, paBeH
upcay 0 (mod 2m), TO nepeMellleHne — napasienbHblil nepeHoc AA’.

[Mycrs nosromy a == 0 (mod 2m). Mel 3HaeM, uto nepeMellleHHE,
KOTOpOe HMeeT WHBADMAHTHYIO TOUKY, fBJSIETCS] BpallleHHeM ¢ [eHTpOM
B 3TOH Touke. Ham JocTaroyHo mNO3STOMYy JOKasaTb CYLIECTBOBaHHE
nHBapuanTHod Touku. Ho Takasi Touka O onpepensietcst cucteMoil (1),
ecau 3amenuTh B Helt M u M’ uepes O.

Torna naiigem:

A'0=A0
(A'B’, A'0) = (AB, AO) (mod2n) <
0A=04’;
(OA, OA')= (4B, A'B’) = a(mod 2x),

a 3TO O03HayaeT, YTO TOYKa O sIBJAseTCS] NepeceyerHeM MeIHaTPHCHI
orpeska AA’ u ayru AA’, onpeneseHHOH, KaK IreoMeTpHUYecKoe MecTo
ToueK P, yIOBJETBOPAIONNX PABEHCTBY:

(PA, PA’) = a (mod 2m).

OTO nepeceueHHe CYILIECTBYeT U eIUHCTBEHHOE. TakHM o06pa3oM,
nosydaeM LeHTp O HCKOMOIO BpalleHHs, & ero yroa paBeH d.

OrMeruM, uto AIg o =7 (mod 2:) Ayra CTaHOBHTCSI OTPE3KOM Ips-
Moli AA’, tTouka O cranoBuTCs cepefuHOll oTpeska AA’, u BpauleHue
ABJSETCST cuMMeTpuell ¢ mentpom O.

[IpousBenenne nepemelenn . Tak Kak oTnole-
HHUE paBeHCTBa JABYX (UTYp TPaH3WTHBHO, TO INPOM3BEJeHHE IepeMe-
WeHHH — TakKe NepeMellieHdHe. Ecau paccMaTpuBaTbh TOXKASCTBEHHOE
npeo6pasoBaHue, Kak JABHKEHHE, TO CTAHOBMTCS $CHBIM, UTO MHOXKe-
CTBO INapa/lieJbHbIX MepPeHOCOB W BpallieHHH IJIOCKOCTH ofpasyeT
Tpynny, epynny nepemeujeruii.

p) Aurunepemeitenus. Kak u Bblllle, J0OKa3blBaeTcsl Ha OCHOBaHMHK
TOro akTa, YTO OTHOLIEHHE AHTHPABEHCTBA SBJSETCS BHYTPEHHHM
OTHOILIEHHEM, 4YTO JI060e aHTHlepeMellleHHe ONpeAeseHO Mapoil TOYeK
" ux obpaszaMmu

A A
C MNOMOIIBIO Ka}Kﬂ,Oﬁ H3 CHCTeM.:
i [ AM = AM; 1
| (4B, A'M’) = — (AB, AM) (mod 2) ()
H
. [ (A'B', A’ M') = — (AB, AM); ,
' | (4'B’, B'M’) = — (AB, BM) (mod ). @)

Mzl MoxeMm, B wactHocTH, chopMyaHPOBaTh 00a Clydyas aHTHPaBEH-
CTBAa TPEYTOJBHHKOB, AHAIOPHYHBIX CJy4YasM PaBEHCTBA.
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a) Teopemn (nnockoit reomerpum). Kaxcooe aunmunepemeujeruc,
UMEOWee UHBAPUAHRMHYIO MOUKY, ABASEMCA 0Ces0l OPMOLOHAAbHOL CUuM-
mempuetl.

He#cTBuTenbro, nycTh O — HHBapuaHTHas Touka, a A u A’ —
HEeKOTOpas BTOpas Napa COOTBETCTBEHHBLIX TOUeK; Toraa ecad A u A’
COBNARAOT, TO mnpeolpa3oBaHUe eCTb OPTOrOHANLHAS CHUMMETPUHS
oTHocuTenbHO TpsAMOH OA; ecnn e A u A’ — pasnHyHBle TOUKH, TO
5TO OPTOTOHANbHAS CHMMETPUS OTHOCUTENbHO BHYTPeHHe# OGHCCEK-
Tpucel yria (04, O0A').

b) IIpoussedenue 08YXx OPMOOHAAbHLIX CUMMEMPULL, OCU KOMOPbIX
nepecexaromea, ABASEMCE 6PALUEHUEM.

JeficTBUTENBHO, 3TO NepeMelleHHe, HMEIOLlee ORHY HHBAaPHaHTHYIO
TOYKY.

Tlyets O — Touka nepeceueHusi ofeux ocedt cummerpuu Dy u Dy;
npeo6pasysi Kakym-1u60 Touky A ocH Dy, BHAUM, 4TO YroJ BpalleHHS
paBeH:

a=2(D;, D,) (mod 2=).

JoxasaHHOe npeiokeHHe JONOJHSETCA TeopeMoH, y»Ke H3BeCTHOH
U3 adpbuHHON reOMeTpHUH, O INpPOM3BEIEHHH [BYX CUMMETpHH (3Jech
3TO OPTOTOHAMBHbIE CHUMMETDHH) C HAPALICAbHOIMU OCAMU; MBI 3HAEM,
YTO 3TO MPOU3BEIEHHE SIBJSIETCS MAPANIEAbHOIM REPEHOCOM HA BEKTOD:

V=2h,h,, hi€D;, hy€D,, hhs 1 D,.

Obpamno, amoboe nepemelerue s8Asemcess npoussedertem dgyx oprmo-
2OHAABHOIX CuMMempuil; NEHCTBUTEJNbHO, HMeeM CcJaelylolllde Cayyau:
) TapaaneanHs # nepenoc Ha eektop V. Toraa
ocu Dy n D, cepyeT B3ATh NepHeHAHKYIAPHEIMUA K BeKTOpY V H OTCTOS -
|4
IUMMH APYr OT apyra Ha hhs = TI .

2) Bpamenue cuerrpoM U Ha yroa «; Toria ofe ocH AOJKHEI
npoxonute uepez O W cocraBasite yroa (D.D,) = % (mod m).

$IcHO, uTO B KaXJOM CJaydyae OfHA M3 ABYX ocell, IO BHGOPY, NOA-
U{HEeHA JHIIb YCAOBUIO MMeTh 3aJaHHOe HalpaBjeHHe, JHO0 NPOXOAUTH
gepe3 NaHHYIO TOuKy. BTopad och OTCiOfia BLIBOAMTCA.

c) IIpoussenenne Tpex OpTOrOHaJIbHBIX CHMMETPHI €CTh aHTHUMEpe-
Melllenye U 06paTHO: J060e aHTHIepeMellleHHe MOKET PacCMaTpPHBAThCS
GeCKOHEUHBIM MHOXKeCTBOM cNocO060B, KaK MPOHU3BEJeHHe TPEeX OPTOro-
HaJbHBIX cHMMeTpPHH. B caMoM Jese, HeKOTOpas OpPTOTOHA/JIbHAA CHUM-
MeTpHSl MOMKeT Inpeo6pas3oBaTb IPOH3BOJNBHO BHOPAHHYIO TOUKYy A
B 3ajaHHLI o6pa3 A’; Torza ocTaeTcs BHIIOKHUTb BpalleHHe BOKPYD
Toukn A’, TO ecTh NpOU3BeleHHE IBYX OPTOTOHAJBHEIX CHMMETpHH.
MoXHO TaKKe HayaTh ¢ OPTOrOHANIBHON CHMMETpUH, npeoGpasyiomiei
BEIGpaHHbIl BeKTOp AB B BeKTOp AB’, 5KBHIONEHTHLIH (PABHBIH) BeK-
Topy A’B’; TOrha OcTaercsi BHINOJHKTDL HapajjesbHbiii nepenoc A4A°,
TO ecTh NpPOH3BeldeHHe IBYX OpPTOTOHANbLHLIX CHMMETPHH ¢ napaJJefb-
HBIMH OCSIMU.
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M3 3Toro BTOPOr0 pa3fioXKeHHs B NpOM3BeACHHE CJERyeT, 4TO
B Osyx anmupasHslx pueypax ece yeavt (V, V') mencOy Osyms coomeem-
CMBEHHbIMIL BEKMOPAMI UMEIOM, KAK M B OPTOrOHaNbHOH CHMMeTPHH,
GHCCEeKTPHCH 00HO020 U MO20 Jce HANnpPasAeHus, KoTopoe Mbl o603HaunuM d.

Hcnonb3yeM 3TOT pe3ynabTaT IJs  PasioXKEeHHS aHTHIBHXKEHH#
B IIPOH3BEJICHHe YACTHOTO BHIa: BO3BMEM B KaueCTBe OCH D, nepeoit
OpPTOrOHANLHOK CHMMETPHH NapaJJelb K 9, NPOXOMALLYIO yepes cepe-
AMHy OTpesKa AA’; ocraerca BbIOMHMTL nepeHoc A4’ napainens-
HBI{l HAaNpaBJIeHUIO 8. Orciona caenyer, uto npamas Dy NPOXOAHT TaKxKe
yepe3 cepeluHy Jo6oro orpeska MAM’, cOeIMHAIOIIEr0 ABE COOTBET-
CTBEHHbIE TOYKH (TaK Kak npsMas M "M’ napanienbna K Dy, kakoBa 6bl
Hu 6bla Touka M), H 3TO ycJoBHe AOCTATOYHO, OTKYHAA BHITEKAeT Mpea-
JIOXKEHHe: 10006 QHMUNEepeMeWeHUe MONCHO PAa3A0NCUNb U NPUmom
eQuHcmeeRHbIM 06pasom 8 npoussederue HEKomopot Opmo20HAAbHOL
CUMMEMPUL UL HEKOMOpPO20 NepeHoct, NAPAAACAbHO20 OCU CUMMEMPUL.
310 mpou3BEICHHE K TOMY Ke€ KOMMYMAmueHo.

Takum 0o6pa3oM, B IVIOCKOCTH OPTOrOHAJbHAs CHMMETPHsl OTHOCH-
TeNbHO NPAMOH $BJSETCH OCHOBHOH M30OMeTpHel, Jawoued nyTeM
YMHOMKEHHH Bce NepeMelleHHns, aHTHNepeMelleHus. ToT ¢akr, uTo 3TO
npeofpasoBaHHe B3aHMHO, IeJNaeT €ro O0cCOoGeHHO YIOOHBIM MHCTPY-
MEHTOM IJIsI MCCAeNOBaHHH, KaK 3TO NMOKasblBaeT CJeAYIollee ero npH-
MeHEHHE.

NpouzeeaeHne ABYX nepeMeLieHmi

[lycts panbl nBa nepeMemieHHss D; 1 Dy ¢ yraamu o 1 o, Hx
npousBelleHHe ABJsSETCA NepeMellleHHeM C YIJOM o = oy + .

B cnydae, xorna a = 0 (mod 2m), npousBencHHe ABAsETCA mapan-
JISJIbHBIM TIEDEHOCOM, BEKTOP KOTOPOro Mel HieM. B eayuae, Korma
a # 0 (mod 2x), npou3BeseHyne sIBNsieTCs BpallleHHEM, LEHTP KOTOPOTO
Mol mineM. Kak Obl TaM HH GbJIO, Pa3JIOKHM KaxIOe TepeMelleHHe
B NpoM3BeleHHe ABYX OPTOrOHAJbHBIX cuMMerpuil. Mmeem:

@1=S1XS;; ®2=SZ><S;
MoxHo Bcerfa BIGpaTh OCh CHMMeTpHH S;, COBHANalomIel C OCHIO
cUMMeTpHH S,.
Torpa

Dy X DWp=(8; X §7) X (S2X ) =8y X (S; X Sz) X 8, =S, x S,.

[TostoMmy ecin ocu cumMerpuit Sy u S, napassejbHbl, TO Mbl OTCIOAA
MOJIYYHM BEKTOP NepeHoca, MOJNYYaloUlerocst NpH MePeMHOXKEHHH CHM-
MeTpHil; €CJIM e 3TH OCH IepeceKaloTcsl B HEKOTOpoH Touke O, To 3Ta
TOUKA CIYXHT LEHTPOM BpAllleHHs, MOJYYAIOWErocs B 5TOM Cayyac
NpU MNepPEeMHOKEHHH CHMMETPHI.

YnpaxHeHHe Pas3iuuHbe NOCTPOEHHSH IeH-
Tpa Bpamenus O. Hmeem:

A A
{ B\_-__/ [ B
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[yers J — Touka nepeceuenusi npsiMeix AB 1 A'B’, uTo HekJ/IOYaeT
cllyyall CHMMETPHH OTHOCHTENILHO TOYKH. MOXKHO J0Ka3aTb, yTo LEHTp
Bpauenuss O HaxoIMTCA:

1) Ha meanarpucax orpeskos AA’ u BB'.

2) Ha oxpyxuocrsx AJA’ w BJIB'.

3) Ha npawmoifi, npoBefennoi uepes J u aBasioueiica gnewireld Ouc-
cekmpucod ocell, HOCHTeJNell COOTBETCTBYIOUUX OTpeskoB AB u A'B’.

4) B rneHTpe OKDPYKHOCTH, ONHCAHHOU BOKPYI TpeyroJbHHKA
JUJJ’, rre J7! aBnsercs npenwecrsywouei J, a J' — crenyioiei
3a J B naHHOM npeo0pasoBaHMW TOYKaMH *.

C) TpexmepHoe HPOCTPAHCTBO

Kax 1 B II0CKOCTH, BCAKOe MepeMellleHHe SBJSeTC NPOH3BEIeHHEM
HEKOTOPOTO Mapas/efbHOr0 IepeHoca H HEeKOTOPOro IIepeMelleHus,
1IMEIOIIEr0 HHBAPHAHTHYIO TOUKY, KOTOPOe ONpefe/sieT JHHeHHoe mpe-
o0pa3oBaHHe BEKTOPHOTO NPOCTPAHCTBA. AHAJOTHUHOE IIOJOKEHHE
IMEET MeCTO H M5 aHTUNepeMelleHHA. Mbl MoxeM, npejrnosaras
0asuc BBIGPAHHBIM, IJIsl BBLISIBJEHHST HHBADUAHTHBIX JEMEHTOB JHHEH-
Horo mnpeofpasoBaHHs HeMEAJEeHHO yKasaTh MpocTefiline mnpeofpas’o-
BAHUS, KOTOpble MOFYT WOCAYKUTbH CBOHMH [DOH3BEAEHUAMHN 1A%
COCTaBJEHHR JPYTUX mnpeobpasoBaHui. meewm:

=1,
a) {( J' =J, Toocdecmeennoe npeobpasssanue.
| # =k
( i'=1i, Anmunepemewjeriue. OpmoconarbHAs
by { J =4 CUMMEMPUA OMHOCUMEALHO NAOCKOCHY
| # = —k. Oij, xoropyio Hasoem P.

Has gwo6Goro Bekropa V, mapasanenbHoro minockoctd P, V' =V,
Hdns moboro Bekropa V, NepneHJUKYJASPHOrO IJIOCKOCTH P,
V =—V.

i'=1i; Anmunepemewjerue. Opmo2oHaibHas cummem-
¢) 1. J=—J; pus omrocumeroro npsmot OF, KOTOpyO Haso-
k'=—Fk. Bem D.

310 nepeMellienye Ha3LIBAIOT obpauieruem (ompasicernuem) WU TO-
ayoGoporoM. Mbl yBHIHM, YTO 3TO eCThb BpalleHHe HA YroJa Jt.
Ecau HekOTOPHIA BeKTOp mMapagnedeH npaMol D, to V' = V.

Ecan BekTOp mepneHAuKyJaspeH K npamol D, to V'=— V.
(V=—4
d { v . Aumunepemewenue. Cummempus OMHOCUMENbHO
) =75 mouku O. ‘

J
L#

* To ecTb nmpoobpaszoM H obpasoMm Touku J.— [Tpum. ped.
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Haa moGoro Bekropa V umeem: V' = — V.
o) BuyrpeHHee HcciefoBaHHe obmiero cayyas. [lepemetyerue onpe-
0eAeHO mpems HEKOAAUHEAPHBIMU MOYKamu u ux obpasamu:

(A A A'B' = AB;

, YIOBJeTBOpSIOILNE " A
{ B AN /! | B paBeHCTBaM: { A'C’=AC;
lc " — ¢ | B'C'=BC.

BepeM caenyioumyio cucremy Koopausat: Touka O B A, BekTop I
Ha AB, BexTOp jJ meprneHAukyJsfpeH K { B maockoctd ABC ¢ Tol xe
CTOPOHBI 0 OTHOIIEHHIO K AB, uto u C, a BeKTOp K JOTOJHAET OPTO-
ronansublit 6asuc. Otciona BuBoAATcs o6pasw O, ' j'k’.

INepemenienue onpefeneno Toraa cjiefyoMUMH HeOOXORUMBIMH H JO-
CTAaTOUHBIMH YCJOBUSIMH, PaBEeHCTBAMH OTPE3KOB M JIByTPaHHLIX YIJIOB:

( AM =AM;
vM, | B'M'=BM:; (1)
{ (¢, A’B’, M’)=(C, AB, M) (mod 2x),
WIH Ke Yepe3 PaBeHCTBA JBYTPAHHBIX YIJIOB:
((C,A'B', M')=(C, AB, M) (mod n);
vM, { (4", B'C', M")=(A, BC, M) (mod r); 2)
| (B, C'A’, M")=(B, CA, M) (mod ).

AvanoruyHo HanuieM YCJIOBHS JJ1 aHTUPABEHCTBA, MEHsSS JIHIb
OopHeHTalHul0 BekTopa k' B 0asuce-o6pase M MeHAs 3HAK y BCeX IBY-
TPAHHBIX VIJIOB B JIEBBIX YacTX paBeHCTB 3THX CHCTEM.

Cuenyer 3ameruThb, 4to TpeyroabHukd ABC u A'B’C’, umetommue
COOTBETCTBEHHO DaBHblE CTOPOHBI, MOIYT paccMaTpHBaTbcd B IIPO-
CTPaHCTBE KaK PABHBIMH, TAK H aHTHPABHBIMH.

B) Knaccudukauusi mnepemenieHuii B npocrpancree. a) Ilepeme-
werue, umerowee Ose uweapuarmmole mouxy. BosbmeM A u B B 3THX
toukax, C BHe mnpsMol AB. Cucrema (1) npuoGperaer BHA:

( AM'=AM;
YM, { BM' = BM,;
{ (¢, AB, M")=(C, AB, M) (mod 2x),
WJIH Xe, corsacHo TeopeMe [Hanst 0 ABYTrpaHHLIX yIyax ¢ TeM xe peGpoM:
( AM' =AM;
vM, BM' = BM;
(M, AB, M"'y=(C, AB, C") = o (mod 2x).
OrpanuyeHne 3TOro npeo6pa3sOBaHHs B IVIOCKOCTH p, NMEPIEHIUKY-

JApHOK K AB ¥ MHBapHAHTHOH B LIEJIOM, S1BJSeTCSA NIOCKUM BPAIEHHEM,
ueHTp xotoporo naxomurcs Ha AB. OGosnauuMm uepes d npsmyo AR,
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ODHEHTHPOBAHHYI® B HanpasJeHUH AB, 4TO NO3BOJSAET TAK e OpPHEH-
THPOBATh Y IJIOCKOCTHL p; TOTAA YTroJ YKa3saHHOTO Bbillle BpPAlleHHA €CTh
a (mod 2m).
[Nepememenne B mpocTpaHCTBe HaspiBaeTcsi B 3TOM Cjydae B P a-
uLe H M eM: BeKTop d — €ro ocb, a yroa
a (mod 2)

— ero yroJ. .
Kaxnpiii Bektop V, napannenenbii ocu d, paer V' = V.
Kaxnuiii BekTop V, neprneHIukyJspHell K ocu d, Raer BekTop V',

JIeXKalui B TOH XKe IJIOCKOCTH, NepHEeHAHKYJSPHOH ocH d, mpudem

(V, V')=a (mod 2n).

Jlio6oft npyrofi BEKTOp MOXKHO Pa3NOXKUTH HA JBA BEKTOpPa COOT-
BETCTBEHHO: MApa/IeIbHBINl M NepneHiuKyAsipublil ocH d, TakK YTO OH
COoCTaBJjIsieT €O CBOMM OGpasoM yroJsi, OTIHYHLIEH oT yria O u yraa a.

Jas o = 7 Mpl CHOBa HaXOIMM OPTOTOHAJBHYIO CHMMETPHUIO OTHO-
CUTEJbHO OCH d, HA3KLIBAIOILYIOCS TaKke OGpalleHHeM.

b) Teopewma. Jiwboe nepemewjenue, umenoujee UHBAPUAHIMHYIO
mouky, ssisemcs Hexomopoim epaujeruem. Ilyctb A — usBecTHast
HHBapUaHTHASI TOYKA; pedb MIET O TOM, YTOGH! JOKa3aTb, YTO CYIIECT-
ByeT 10 KpaliHell Mepe ele ofiHa HHBapHaHTHas Todka 0. Takas Touka
6yzeT xapaKkTepH30BaThbcs, corsacHO cucreMe (1), CJAeRyOMUMH YyCJIO-
BHSAMH:

B'0=B0;
{ (€', AB’, 0)=(C, AB, 0) (mod 2x).

Onnake Mb He MOXeM Mpeo0pa3oBaTh pPaBeHCTBO MeXNy ABYTpaH-
HBEIMH YIJIAMH TaK, KaK Mbl 2TO JeJlajH Ha IUIOCKOCTH, TAK KaK TeopeMa
lllanss He npuMmeHMMa K [BYI'PaHHBIM yIJaM C pasHbIMH peOpami.
(lraye MOXKHO cKa3aTh, YTO peub HIeT O TOM, YTOOL HalTH UHBaPUAHT-
HYIO TOYKY Ha cepe ¢ meHTpoM A, npudem chepa, OUeBHAHO, B LEIOM
HHBADHAHTHA TIPH paccMaTPUBAEMOM [epeMelleHUn.)

Mzul cefiuac cBefieM BONpOC K HCCAENCBAHUIO B NJIOCKOH reoMeTPHH,
paccmarpuBasi BMecTe ¢ 3afaHHoid mapofi B,B’ mapy D, D', Takyw,
yTo6nl Touka D’ coBnana ¢ Touko# B; 3TO 3HAYyHT, 4TO Touka D — 3TO
TOYKA, TNpejuiecTByonas To4ke B B naHHOM npeoOpasoBaHHH, Tak
4yTO TOouka [ BnosHe ompejesiena cucteMod (1).

Tpu Toukun D, B, B’ paBHOynmajJeHsl OT TOuKd A, NO3TOMY
Ta Touka A NpPOEKTHPYyeTCcsl OPTOrCHANBHO HAa MJIocKocTs DBB’
B IEHTP ® OKPYKHOCTH, ONHCAHHOH BOKPYI 3TOro TpeyrOJbHHUKA.
3Ta mJIOCKOCTh CONEP:KHT JHHeHAHble YIVIBI JBYTPaHHBIX YIVIOB C peb-
poM A®, TaK YTO HMeeM:

(D, Ao, B)= (B, Aw, B')=a (mod 2x).

10 3HAUMT, YTO TPeyroibHHK ADB uMmeer o6pasoM TpeyroJbHHK
ABB’ npu BpalleHuu BOKPYT ocH Aw@ Ha yroa a. Tak Kak 3TH TpH
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napel TOYEK OIpPEeNeNfIOT €AHHCTBEHHOEe MepeMellleHHe, TO Mbl 3aKJIo-
yaeM, 4mMo OGHHOE REPEeMELYEHUE SABAREMCH BPAUEHUCM.

Mbl BuZenM, 4TO BpallleHHe OCTaBJseT HHBADHAHTHHIMU BEKTODHI,
napaJjiebHble OCH BpallleHus; ¢ APYTro#l CTOPOHBI, Kax[oe Iepemele-
HHe SBJIsEeTCS IIPOM3BEleHHEM HEKOTOPOTO NapaJsilelbHOro IepeHoca
H MepeMelieHns, OCTaBSIOIWEro HHBAPHAHTHOH OIHY TOYKY; HOJydaeM,
TaKUM 00pa3oM, IpelJoKeHUe:

KaoicOoe nepemewyeriie ocmagasen UHBAPUAHTIHBIMI 6EKMOPbL HEKOMO-
poeo Hanpasienus O u npumom edunHcmeeHHo20 (eClH TOJBKO NepeMe-
LieHHe He SBJSIETCS NapaliiebHBIM IIepeHOCOM, B KAKOBOM cJydae Bee
BEKTOPBI COXpaHAWTCst). llepemeulerue sganemes npoussederuem HeKo-
MOpoeo NAPAAIEABHO20 NEPEHOCA U HEKOMOpOo20 8pAaUieHUs B0KpYe ocu,
napALebHOL UHBAPUAHIMHOMY HONDABACHUID.

Yron 3Toro BpalleHUsi OlpejeseH: ecan V — BexTop, HepreHuu-
KyJAspHBIH K HanpasjeHuio 6, To 3TOT yroa pasen a = (V, V’). On
Ha2bIBAETCS Y2A0M Nepemetienis.

¢) BuHTOBOE mepeMen e HHe. B nperuiectsyomeM pas-
JIOKEHUM Mapajie/bHbI TepeHoC MONYHHEH JHIIL YCJIOBHIO, YTOOL:
NPOU3BOJbHO BhLIOpAaHHOH TOWKe MpeoOpasOBaHHe CTAaBHJO B COOTBET-
CTBHe ee 3ajaHHBI 006pa3. Mel HalileM OcOGEHHO WHTEpecHOe M eJMH-
CTBEHHO OTpeJieJIeHHOe Pas/IOKeHHe, eC/IM HAJOXKUM Ha 3T0 pasJiokeHue
yCJOBHE, 4mobbl nepeHoc 6bia NAPAALEAEH UHEBAPUAHMHOMY HANDABAE-
Huto d.

PaccMoTpum 1719 onpeflesieHHs] NepeMellleHHs HEKOTOPBIH BeKTOp
AB, napanjenbublil nanpasienuio 8, tak uro A'B’ = AB, u Heko-
Topeiét BekTOop AC, nepneHaukysaspHeii K O; ero obpas A'C’ naer,
c/efoBaTeNbHo, yroa nepeMemtenus (AC, A'C’) = a, HAM, MOKHO
CKa3aTh TaK: eCJH CIPOEKTHPOBaTh OpPTOroHajbHOo Touku A’ u C’
Ha IJIOCKOCTh P, meprneHIMKyJsipHYIO K 6 H nposefieHHyI0 yepe3 AC,
B Touku A", C":

(AC, A"C") =a.

Ho B myockoctu P BekTophl ofmHakoBolt aauHel AC u A'C’, pac-
CMOTpeHHble, KaK paBHble QUTYPH!, NEPeXOMST IePBbIil BO BTOPOH Bpa-
IIeHHeM Ha YToJ ¢ BOKPYT onpeleseHHO# Touky O, KOTOPYIO MBI yMeeM
crpouthb. [lycTb Temeps, z — mapanjesb K HaNpaBjieHUIO O, IPOBEIEH-
Has yeped Touky O. PaccMoTpeHHOe BpalleHHe IVIOCKOCTH P BOKPYT
Toukn O SBJIsETCS OTPaHHUCHHEM BpalleHHs NPOCTPAHCTBA BOKPYT
OCH 2z Ha TuockKocTH P, npeoGpasywomyM A 8 A” u C B C”, Touka B
uMeeT npu stoM obpas B”, takofl, uto A"B”" = AB = A’'B’. lpous-
BeJleHHe 3TOr0 BpAlleHHs HAa mapasiesibHbiil nepenoc 4’4’ = B"B’ =
= C"C’ pnaer mnepeMeileHHe, mnpeoGpasyioulee Tpeyroabiuk ABC
B TpeyroapHuk A’'B’C’: cnejoBaTesbHO, 5TO H €CTh paccMaTpPUBAEMOe
nepeMenieHHe.

Hawm ocraeTcsl. OTMETHTB, YTO NPOHM3BEJEHHE 5TOTO BpallleHHs HA STOT
napajJieJibHEIH nepeHoc kommymamusro. TlonydeHnoe nepemelnenwe,
ApOU3BeJeHHe BpalleHHd H NepeHoca, BEeKTOD KOTOPOro mnapaJuielieH
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OCY BpAaUICHHsI, HA3bIBAETCA BUHMOBLIM nepemeweruem. Bextop nepe-
HOCZ, OChb W YIrOJ BPALEHUs HA3bIBAIOTCH COOTBETCTBEHHO BEKMOPOM,
0CbI0, YeAOM BUHIIOB020 NEPEeMEUeHU.

B ol Box Jlioboe nepemeujerue @ MPEXMEPHOM RPOCHLDAHCITIGE
ABASEMICA BUHMOBIM NEpeMeLeHuem, ObITh MOXKET, CBOLAILMMCS TOJLKO
K napajiessHoMy neperocy (o = 0}, 1y ToAbKo K Bpauienuio (V = 0),
UM K TOXKAeCTBeHHOMY IpeoOpasoBanuio (o =0, V =0).

d) PasnoxkeHue nepemelieHusl B mpou3pejeHue obpauieHuit (opTo-
rOHAJBHEIX CHMMETPHH OTHOCHTENBHO NPAMOH, TO ecThb BpallleHHH Ha
yroa ).

1) [Ipoussedenue Osyx o6pauieHuti BOKpYe NOPAAILAbHbIX 0CEll Zj,
2o Ooem napaasesbrslli nepexoc, 16O BEKTOPH!, NapasJiebHble OCH Zj,
WHBADUAHTHBI, KaK M BeKTOPH!, NepHeHAMKYJ/SApHBE K 2. Bexrtop
NepeHoCca-NPoUsBeIeHUsl OTNPefesIsieTcsl, €cJd B3ATh HEeKOTOPYIO TOYKY
H, Ha 2;; ecau H 5 ecThb TIPOEKIS 3TOH TOYKH Ha 2y, TO BEKTOP HepeHoca
ectb V = HH; = 2HH,.

O6patHo, 40601 nApariesbHbili NEPEHOC MONCHO PABAOHCUMS 8 NPOUS-
sederue O0gyx obpaujeruti ¢ NAPALICABHOIMU OCSMU, W3 KOTOPHIX OAHa
NOJUHHEHA JUIIb YCJIOBHIO OPTOTOHANBHOCTH BexTopy V napadielb-
HOTO IiepeHoca, W TOTZA Apyrasl och ONpeleseHa.

2) Ilpouseedenue dsyx 00pawieHull ¢ NePECeKQIOUUMUCA OCEMU 2y,
25 — 3TO Hexomopoe epaujerue, TaK Kak Touka (O mepeceyeHus ocedt
uHBapuanTHa. OpUeHTHPOBAHHOE WHBAPHAHTHOE HanpasieHue O nep-
NEeHANKYJISAPHO IJIOCKOCTH 2,25, TAK YTO OCb Z BpAlleHHus sBJseTCd nep-
NeHAUKYJISPOM B Touke O K IJIOCKOCTH 2329, Haxorer, yroJ BpalleHHs
nosyyaercs npeo6pasoBanueM HeKOTOPOH TOUKM, B3ATOH Ha 2z;. Takum
00pa3oM HaxXOiHM OPHEHTHPOBAHHBI Yrosl BpaileHHst BOKPYT OCH Z:

a =2 (24, 2») (mod 2m).

O6parHo, 4060e epatieHie MOXCHO PASACHCUNL 8 npoussederue 06Yx

obpawenni: oxHa U3 ocedl TORUHHEHA JHIIb YCJIOBHIO IepeceKkaTh OCh

BpalleHts H ObIThb el IepIeHAUKYJIsPHOH; BTOpas OCh OTCIOAA BLIBOAUTCS .
" 3) Ilpoussedenue dsyx obpaiienuti oKpye ocell, He PACNOAOHCEHHLLX
8 00HOU u moi Kce NAOCKOCMIL, SA8ASEMCS BUHIMOBLLM NePEeMELeHIEM, OCh
KOMOPO20 CAYHCUM 0BLuM NEPREHOUKYAAPOM 2 K OQHHOIM OCAM 24, Zg-
Eean H H,, Hy € 2y, Hy € 2, HAXOASATCA HA 3TOM O6LIEM IepHedIuKy-
Jipe, TO ¢exmop BHHTOBOTO IBHKEHHS TaKOB:

V:" 2H1H2,

a yeoa ero Bpamenus BOKpyr HHs pased a = 2 (2, z;)(mod 2m).

370 HeMeAIeHHO c/elyeT W3 NpeAbiyHIeTo, €M BBeCTH BCIIOMO-
raTelbHYIO OCh OfpalieHust 2', napanjeqbHyI0 OCH 2y H NPOXOMAAIILYIO
yepes TOUKy H,. B camom nene, ofosnauasi uepes R u 7T COOTBETCT-
BeHHO oOpalleHye H NapajjelbHbI NepeHoc, uMmeeM:

R(2) X R(22) = R (21) X R(2') X R(2) X R(2) =
= Rot *(z, a) X T (V).

* Rot (2, @) o3HauaeT BpauleyHe BOKPYT OCH 2 HA yroa o.— [Ipum. nepesod.
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O6patno, a0boe surmosoe nepemelliere MOXCHO PAAONCUING 8 NPOLS-
eederue Osyx oOpawieruti, OfHA W3 ocell MHoAYHREEHa JHLIb YCJIOBHIO
nepecekaTb OChb JAHHOIO NepeMellleHHs H OBIThb K Hefl neprneHuKyJasp-
HOH; Jpyras ocb OTCIOJa BBIBOJHTCS.

4) Ilpunroscenue K onpedeserur) 31eMeHmo8 nepeMelienus, A6As0-
teeoca npoussederuem 0syx OaHHulx nepemeuierud. Jocrarouno pas-
JOXKUTE KaxJoe [aHHOe mepeMelleHHe B NpOH3BeleHHe ABYX ofpalle-
HHUl, TAKMX, YTOGH OCb BTOPOTO OOpallleHus, NMPOHCXOXAMIEro OT Hep-
BOTO TlepeMellleH#sl, COBNa/ia ¢ OChbI0 NepPBOro OOpalleHUsT, IPOUCXOS-
IIEro OT BTOPOrO MepeMellleHHdA: 3TO BCerja BO3MOXKHO, TaK Kax IBe
npsiMbie BCerja HMEIOT OOIMH NepueHANKYJIsp.

B cayuae Kaxoro-nubo KOHEYHOro 4Hcaa nepeMellleHHH TeHCTBYIOT
PEKYPPEHTHO.

v) H3yuenue anTtunepemeutenuit. a) IIpuBefenue aHTHU-
nepeMelneHuid AHTHIepeMellleHde, ONPEIeNeHHOE YCJAOBHIMH

(0, i, j, k)\ﬁ—*/(oly iiv J.,v k/)a

rie o6a OPTOHOPMAaJbHEIX 6a3uca HMEIT pasiHuHble OpHeHTALVH,
ABJISIETCsT, OUYEBUAHO, NPOUSBEAEHHEM IepeMelllens

(07 i, j’ k)\\ /(Ol’ i, j/’ — k)
H OPTOTOHANBHOH CHMMETPHH OTHOCHTEJIBHO IJIOCKOCTH
(O/, i/’ j/, __k/)\ /’(0/’ il’ j/’ k,),
WJIH Ke IepeMelleHHs
O, 8 kN O =T, =, — k)
U LeHTPaJLHOH CHMMETPHH
o', =i, —j, ——k’)\ /(0’, U, j k).

PaccMoTpHM 3TO Moc/efHee pasjokeHUe. Y mNepeMellieHHs Cyiue-
CTBYeT HHBApHAHTHOE HampaBaeHHe O, Takoe, 4uTo ecqn V — BekTOp,
napanjenbHslfl HanpasJaeHuo 0, To ero o6pas V,; emy paBeH, TO ecTh
V, = V. Ho B cuMMeTpun OTHOCHTEABHO TOUKH o6pas Bextopa V),
eMy NPOTHBOMNOJIOXKEH, To ecTb V' = — Vi, cienoBarensuo, V' = — V.
Taxum oGpas3oM, 6 Kascoom GHmMuUNepemeweHuy Cyulecmsyem HampasJle-
uue O, Taxoe, YTO ecAH BeKTOp V mapaijeneH uanpasieHHo O, To
V =—V.

[TycTh TOrZa p — WIJIOCKOCTh, NEPIEHIUKYJISApPHAS 3ITOMY Hampa-
BJEHHMIO O; MOCJe CHUMMETPHUH OTHOCHTEJBHO MJOCKOCTH p ¢urypa F
cTaHoBHTCA ¢urypoit F”, antupaBHO#l ¢urype F, cieloBaTebHO, PaB-
Ho#t urype F' *, uro paer ¢urypy F' 1yTeM BHHTOBOIO NepeMereHHsI
¢ ocblo z, napamienpHoll Hampasjennio 8. Takum o6pasom, aoboe

AHMUNE PEMELUEHIE SBASCMCH NPOUSBEOCHUEM CUMMEMPUL OMHOCUMEAbHO
NACCKOCIUL U BUHIMOB020 NEPEMEEHUSL C OCbI0, NepnenduryaspHoll smotl

* Tlog ¢durypoli F’' monuMaercs ¢urypa, molydyeHHas aHTHIEpeMeIleHHEM
u3 duryper F. — Ilpum. nepesod.
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naockocmnyu. OJHAKO BEKTOD IOC/TEAHEro INepeMeleHus MOMKeT GhiTh
ofpallleH B HYJIb HaJJIeXKallUM BHIGOPOM IJIOCKOCTH p: ROCTATOUHO JUIS
3TOrO BHIGPATh 3Ty IVIOCKOCTh Ha PaBHHIX PAcCTOSIHHAX OT JABYX COOT-
BeTcTBeHHBIX Touek A u A’. Orciona BEIBOL: 11060 aHmunepemeljenie —
3Mo  npoussederue HeKOMopot OpMOOHANbHOU CUMMEMPUL OMHOCU-
MeAbHO NAOCKOCIU U HEKOMOPO2O 8PAUIEHUSR BOKPY2 OCU, NEPReHOUKY-
aaprot amotl naockocmu. DTO IPOH3BeleHUe KommymamusHo. Pas-
JIOXKeHHe eJHHCTBEHHO.

b) [IpousBeleHHue OpPTOrOHAJAbLHHLX CHMMeT-
PHI OTHOCHTEJBHO NJAOCKOCTeH. Eciu obe naockocmu
napaanesvtvi, TO TPOU3BEEHHE COXPaHseT BEKTOPHI, MapaJiesbHble
3TUM IUIOCKOCTSIM, PaBHO KaK U BEKTOPH, MM HepPHeHAMKYJsipHBIE.
[Tepemeintenue-npousBeleHue ABISETCH, CAEAOBATENBHO, NAPAAILAOHBIM
neperocom. Eciu B3ATE B IePBOHA IMJIOCKOCTH TOUKY H,, KOTOpas npoek-
THPYeTCsl OPTOTOHAJBHO B TOUKY 1, BTOPOH IUIOCKOCTH, TO BEKTOP
napaJ/JiesbHOTO HepeHoca paBeH 2H (H,.

Ecau obe naockocmu nepecekaromcs o HEKOTOPOH npsiMo# 2, TO 3Ta
npsaMas eCcTb reOMeTPUYeCKOe MecTO MHBApHAHTHLIX TOYEK, CJel0Ba-
TEJBHO, TepeMellleHue-NPOU3BeleHHe SBJSETCH 8paueHiem, €ro yron
BpallleHHsI BOKPYT OCH 2z paBeH o = 2 (P, Pj)(mod 2m).

O6parHo, /M0Go#t mnapajjenbHBl mnepeHoC M Jio6oe BpalleHue
MOXKHO Da3/IOXHUThb B IIpOU3BelleHHe JBYX OPTOTOHAJbHLIX CHMMETDHH
OTHOCHTEJBHO JBYX MJIOCKOCTER; O/lHa U3 HHUX NOAUHHEHA JIHIIb YCJIOBHIO
HMeTh JIaHHOEe HampaB/eHHe WJIH NPOXOAHTh Yepe3 NaHHYIO IPIMYIO,
ApYyTasi ¥e IJOCKOCTh BLIBOAHUTCA H3 IepBOM.

O6imee BUHTOBOE HepeMelleHNe sBJASETCHA, CJAEN0BaTeNbHO, TPOH3Be-
JIeHHEM YeThipeX OPTOrOHANBHBIX CHMMETPUH OTHOCHTENBHO MJIOCKO-
cTeid.

Jlio6oe auTHOEpeMellieHUe SIBJISETCS NPOU3BENEHHEM TPEX OPTOTo-
HAJBHBIX CHMMETPHH OTHOCHTENBHO IJIOCKOCTEeH, mMpuueM IBe NOC/Iel-
HHE IUIOCKOCTH NEPHEeHAUKYJSPHBI K NMePBOH, HAH ¥XKe, €Cld YTOMHO,
JiBe TiepBble MePNeHAUKYJASPHBL K TPeTbed.

c)llpousBengenune HeHTPAJAbBHB X CUMMETpHH
B npousseneHHy JBYX LEHTPAJbHBIX cuMMeTpui#l ¢ uwentpamu O, O,
KaX/bll BEKTOP paBeH CBOEMY COOTBETCTBeHHOMY, TO ecTb V' = V.
Ilepemernenue-npousBelieHue SBASETCHE, CAEAOBATENbHO, NAPAAAEAbHOIM
neperocom. BekTtop sTOTO mepenoca paseH 20,0,.

Tak KaK [eHTpadbHas CUMMETPHS — B3aHMHOe (HHBOJIOLHOHHOE)
npeo6pasoBaHue, TO

[So1 X Sg, = T = So, =Tx So, H 802:801 xT.

dylIlpouspBefneHHe CAMMETDUY OTHOCHTEJDHHO
NJUOCKOCTH MU HeHTpPaaAbHON cumMerTpuHu Ilycm
p — TIOCKOCTh, OTHOCHUTENBHO KOTODO# HesaeTcsl OPTOrOHaibHAs CHM-
MeTpHs, a Touka O — UEeHTp LEHTpaNbHOH cHMMeTpuu. Kaxiblii Bek-
TOp, NEPNeHAUKYJASPHHIN IJIOCKOCTH p, COXPAHAETCS B NepeMerleHHH-
IpOH3BelleHHH, KOTOpOe SIBJSETCs, C/Ie0BaTesIbHO, BHHTOBBIM I1epeMeliie-
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HHEM C OCBI0 2, NepNeHIUKYJAAPHOH IJIOCKOCTH p. EcaH paccMoTpeTh
TOYKY, COOTBETCTBYIOULYIO TouKe O, TO CTAHOBUTCS SICHBIM, YTO OCh STOT'O
fiepeMellieH’s AB/sieTCs NePNeH NKYJAAPOM, ONYIEHHBIM Ha II10CKOCTDb p
43 ToukH O, U MOKHO TaKikKe ONpele/HTh BEKTOP BHHTOBOIO NepeMe-
menus. Ilycrte Touka O; — npoekuust Touku O Ha IJIOCKOCTb p; B HOpO-
usBefleduu S(p) = S (0) BekTOp neperoca paesed 20,0, a B npou3sse-
aenud S (0) X S (p) Bekrop nepenoca paBen 200;. Hakownen, yrou
BUHTOBOTO repeMeilleHusi noJydaeTcss npeolpa3oBaHHMeM BeKTOpa,
napajielbHOr0 MJIOCKOCTH p: 3TOT YrOJ paBeH T, TAK YTO BpalleHue
BHHTOBOTO IlepeMellleHus fBJsieTcs ofpaiilenueM. [Ipousselenne cBo-
IUTCH K 3TOMy oOpallleHuio, ecld nentp O naH B IVIOCKOCTH p.

B b B 0 1. MHOXKeCTBO CHMMETPHH OTHOCHTEJNBHO IIOCKOCTH TIOPO-
JKAAeT IPynny H3oMeTpuil. MHOXKECTBO HEHTPANbHEIX CUMMETPHH MOpO-
JKIaeT JMUIb TNOATPYNNY, XapaKTepU3yeMyl0 HHBAapUAHTHOCTBIO He
OPHEHTHPOBAHHBIX HaNpasJeHuH.

D) JABuxende Henedopmupyemoit (urypsi

PaccMOTpUM MHOKECTBO TOUEK, 3aBHCALlee HENPEPLIBHO OT OAHOTO
napaMerpa H Takoe, 4TO MHOXkecTBa Fg W Fy, COOTBETCTBYICLIHE ABYM
Kaxum-aub0 3HaUEHHAM [IapaMeTpa, COOTBETCTBYIOT ADYT APYTY B HEKO-
TOPOM epeMellleHHH. MIHTepnpeTHpys napameTp f, KaK YHCJI0, H3MEPAIO-
iiee BpeMsi, TOBOPSIT, UTO MHOXKECTBO TOueKk F Haxo0umcs 6 Osusweruu.
Feomerpuueckoe wmecto xaxpofi Touku M durypel F HasbiBaercs
mpaekmopuet; Toukn M; ecam O — ¢duKcHpOBaHHAA TOUKa N0 OTHO-
IIEHHIO K CHCTeMe KOODIMHAT B IPOCTPaHCTBE, HAOpHUMep, Hadaslo
KOODIMHAT, TO BEKTOP-NpON3BOJHast BekTopa OM B HEKOTODHI RaHHBIHA
MOMEHT HA3LIBAeTCH CKOpOCHsl0 TOYKU M B 3TOT MOMEHT.

Takum o6pasom, M3yueHue [BHKeHHH HenzegopMHpyeMOH (HTYpHI
COCTaBJIsIeT YaCTb KMHEMATHKH TBEPOro Tesa. ¥ KaiKeM JIMILb HEeCKOJb-
KO pe3yJbTaTOB, IOJE3HLIX B 3JeMeHTAPHOH TeOMETpHH.

a) MocrynaTenphoe apuKenne. DTo ciydal, KOrla ABa NOJOMKEHHA
Fo, Fy mojy4arorcst OfHO U3 APYTOTO [EPEHOCOM, KAKOBLI Gbl HU ObLLIH
3HadeHus ¢, u f;. Tpaekropun AByX Touex M, P B 3TOM cllyyae PaBHbBI
JApYr APYTYy H HOMYYalOTCs OfHA M3 JpPYroH mNapa/iefbHeIM Iepe-
HOCOM, Tak Kak MP = M,P,, Kakos 6ol HO Gel1 f. Kpome ToOrO,

rre MP — 0OCTOSIHHBIY BeKTOpP. 3HAYUT, B KaXKAbIH MOMEHT CKOpPOCTb
moGofi TOuKM P paBua CKOPOCTH TOUKH M. DTa CKOPOCTh HA3HLIBAGTCS
CKOpOCMbIO JBUXMCEHUS B PACCMATPUBAEMbIHl MOMEHT.

b) BpamartenbHoe JIBHMKEHHE., DTO Takoe NBHKEHHE, IPH KOTOPOM
TOUKH HEKOTOPOH OCH OCTAlOTCSl HEW3MEHHBIMH, TaK UTO [Ba IIOJO-
xenusl Fo u F; mojyyaiorTcsi OFHO M3 JAPYroro BpallleHHeM ¢ (PHKCH-
POBaHHOH OCBIO Z.

CrenoBarespHO, TPAeKTOPHSA KaXKIOH TOUKH HAXONUTCS HA OKPYX-
HOCTH ¢ Ocblo 2. CKOPOCTH, KacaTeJIbHEle K COOTBETCTBYIOIIHM TPaeKTo-
pUSIM, NPONOPUMOHAJBHBH B KaKAbli MOMEHT pacCTOSHHIO d TOUKH
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1o ocH. [lonaraior V = ®od ¥ ycaoBAMBAIOTCS OTKJIANLIBATE HAa OCH 2
BEKTOp Q@ Mepbl ® B TAKOM HalpaBJIeHHH, 4TOGbI TpexrpaHHUK OM,
V, © uMea NONOXKHTEAbHYIO OPHEHTAlHMI0. IDTOT BEKTOP HAa3bIBAETCS
BEKMIOPOM  Y2A080L CKOPOCMU SPAUEHUSA, M €TI0 Mepa ® HasLIBaeTCs
Y2080 CKOPOCMbIo 08usCerust B pacCMaTpUBaeMblii MOMeHT. Ec/H och z
OPHEHTHPOBAHA, TO YHCJAY ® MPHIHCHIBAGTCS 3HAK COTJIACHO Hampa-
BJIEHHIO JIBHXKeHHs. [IBHxKeHUe Olpe/iesleHO 3alaHHEM OCH Z H UHCIA ®,
kax ¢yeKuuH BpemeHH f. COrslacHO OIpENe]eHUI0 BEKTOPHOIO MPOU3-
egennd, V =Q A OM nas xaxnoi Touku M.

¢) BuHroBoe aBuMeHHe. IDTO TaKOe ABHKeHME, KOT/A ABA KaKUX-
aubo nogoxenuda Fo, F; noaydawrcss OfHO M3 JPYroro BHHTOBBIM
repeMelieHieM, TaKuM, 41O

1) ero ock z ¢uKcHpoBaHa;

2) ero BeKTOp mepeHoca NPONOPLUUOHAJEH VIV BpalleHUs.

[Tostomy Jrofasi TOUKAa OCH 2z MMeeT CBOIO TPAGKTOPHIO Ha 3TOH xKe
npsamoii. Kaxnas Touka, He pAaclOJOKeHHash Ha OCH 2, ONUCHIBAET
TaKyi0 TPAEKTOPHUIO, PaCIONOKEHHYIO HA UUJAHHADE BpPaleHUs C OChIO 2,
uTO BBICOTA JBUMKYLIeHcs Touku M, OTCUHTHIBaEMast 0 OCH Z, IPOIOP-
HUOHAMbHA Iy 0, Ha KOTOPBIHA MOBOpAYUBAaETCH NMOMYIIOCKOCTD 2, M;
3TO 3HAYMUT, YTO 3Ta KPHUBAasl ONpejesieHa yDaBHEHHEM

z=h (6 —0).

ITY KPUBYIO HA3BIBAIOT KpYaosoil SuHMOBOL aumnuel.

[llazom BUHTOBOH JIMHMHM Ha3piBaeTcd AjauHa 2mh.

Bee Touku M onwucpiBaioT, TakuM o06pas’oM, AYTH KPYrOBLIX BHHTO-
BBIX JIMHHH OHOTO H TOro 3Ke mara. CKOPOCTH B OJIUH H TOT € MOMEHT
UMeIOT paBHble MpPoeKnud V, Ha OCb Z U KOMIIOHEHTY, NepHeHIuKyJIsip-
HYIO 2, TPOIOPIMOHANBHYIO pAaccTOSHUIO d OT JABHKYIIEHCS TOYKH
IO OCH Z; 3TO COOTBETCTBEHHO T€ CKOPOCTH, KOTOphle TOUKa MMesa Obl
TOJMBKO B IepeHoce W TOJBbKO BO BpaileHud. s pasjMuHBIX TOUEK
OJHOH U TOH e BHHTOBOH JUHHH 3TH COCTaBJdIOIIYE HMEIOT B OJUH
H TOT Ke MOMEHT OJHY U TY e Mepy, OTKyAa cJelyeT, UTO Kacaresib-
Hbi€ B Pa3/JHUYHBLIX TOUKaX BUHTOBOH JHHHH COCTABJSAIOT OAUH H TOT XKe
yros ¢ ockto 2. CKopocTb, TakuM 00GpasoM, onpenejeHa

V: V1+Q/\ oMy

rie O — HeKOoTOopasi TOYKAa OCH 2.

dyKacarteabsoe ABHUXKEeHHe BJLAaHHB 4 MOMEHT.
PaccmorpuM B ofuwieM ciydae INojoxKeHHe Fo B HeKOTOPHIH JaHHBLIA
MOMeHT fo. Ilycth, masee, F; — TOJIOKEHHe B MOMEHT #; = o + Af.
JBe paBuble Qurypsl Fo, F; noayuaiorcs OfHA H3 JPYTrOH BUHTOBBHIM
IBMKEHHEM, 3aBHCAIUM MpPH (PHKCHPOBAHHOM 3HAayeHHH [y, OT 3Haye-
nus ¢;. Cpeid BHHTOBBIX ABHKEHUH, NMePEBOJAIUX MEKAY MOMEHTaMH
to u ty Gurypy Fy B durypy Fy, cyIlecTByeT PaBHOMEPHOe BHHTOBOE
JABHXKEHNE, HA3LIBAEMOE CPEJHUM [BIKEHHEM MeXKLy MOMEeHTaMH
g ¥ 14, 5TO 3HAUHT, YTO CKOPOCTh NapaJIeJIbHOrO JlepeHoca, KaK H yIiio-
Basi CKOPOCThb Bpaliedusi, Gyner nocrosiHHa. Beaxas xopma MM, —
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3T0 X0OpJa AeflCTBHTENBLHOU TPAeKTOPHH H B TO XKe BpeMsi XOpAa BHHTO-
BOM JIHHMH PaccMaTpUBAaeMOro CpelHero BHHTOBOTO ABHMKeHHs. Ecnu
Tenepb MBI 3acTaBUM Af CTpeMHThCS K HYJIO, TO OChb CPelHero JBHIKe-
HUS, €r0 CKOPOCTD TMEPEHOCca U €F0 YIJI0Bast CKOPOCTh BpallleHus OyAyT
CTPeMHTBCS, BOOOIe TOBOPS, K NMpedesaM; STHMH Mpelejaami siBISIOTCS
0OCb, CKOPOCTb MEPEHOCa M CKOPOCThb BpalleHHsl HEKOTOPOTO BHHTOBOIO
IBHKEHNS, KOTODPOE HA3bIBAIOT BUHIMOBLIM OBUICEHUCM, KACAMEAbHOIM
K H3yuaeMoMy jBukKeHHIO. (Ero Ha3sblBAIOT TakkKe MeHOBEHHbIM O8uUdiCe-
#uem.) B paccmaTpuBaeMbll MOMEHT KacaTe/JbHBIE K TPaeKTOpHUAM
Bcex Touek M, P, ... COCTaBJSIOT paBHHIE YIJBI C OCbIO KacaTe/ib-
HOTO JBHIKEHHS.

B cayuae dsusiceruss naockoll ¢huaypsl 8 ee naockocmu KacaTesibHoe
IBIKEHHE SIBJsIETCS gpauieruenm (BooOiie roBops); ecau Touxa C, ecTb
IIEHTP 3TOTO BpallleHHd B MOMEHT f4, Mo Hopmasu 6 moukax Mo ko écem
mpaekmopusm movex M ueypor nepecexaomea ¢ moure C,.

OTH TeopeMbl NO3BOJSIOT H3YYHTh KacaTeJbHble K HEKOTOPBIM KPH-
BbIM, OTIPe/e/CHHBIM KHHEMaTHYeCKUM 00pa3oM, KaK TPaeKTOPHH TOYeK
HEKOTOpPOU (UTYpHI, COBepIIAOIIell OIpefeeHHOe JBHKEHHE.

[Ipumep. Orpesok PQ NOCTOSHHOH JJUHBI JBHKETCS TAKUM
ofpasoM, YTO ero KOHHbBL OCTAlOTCA COOTBETCTBEHHO HA JBYX MNPSIMBIX
x'Ox, y'Oy. Hexoropas Touka M ofpasyer ¢ orpeskoM PQ burypy,
OCTaloLLYIOCsT paBHOH caMoll cebe. I1OCTpOUTH B KayKJAOM MOJIOKEHHH
KACaTeJbHYIO K FeOMETPHUeCKOMY MecTy TOouku M.

HanpaBnennsi ckopocreil Touek P u Q onpenessiioT LEHTP Kaca-
TeJBHOTO BpAIieHNs, 3HAYUT, U HopManb CM,.

HacTHb B cayuail. x'Ox u y'Oy B3auMHO MePHEHIUKY-
JSpHBI, M Touka M HaxomuTcsi Ha mpamoit PQ.

[eomeTpuueckoe MecTo Toukd M ecthb sajunc (onpeneeHHbI
BbIIlle, KaK 06pa3 OKPYIKHOCTH B OPTOrOHAJNBLHOM adduuuTtere), HOO eciiu
NOJIOKHUTD

MP=qon, MQ=bu, (Ox,u)=0,

TO KOODIWHATHEI TOUKM M GymAyT:
x=—bcosO; y= —asindh,
H ypaBHeHHE TeOMEeTPHYECKOTO MecTa TOYKH M mOJYYHT BHA:

x2 g2
atm=1

Ilpsamas PQ MoxeT GbITb MaTepHAIH30BAHA, K FJIHIC TOT1d MOMXKET
H3Y4aTbCA C NOMOILIBIO OYMANCHOU NOAOCHL.

3ameuanue HeobxomumocTs paccMatpuBaTh B (DM3HKE JBH-
JKCHHA U PasUuHble MOJOKEHUS TBepIbIX TeJs, eCTeCTBEHHO, ONpaB.hl-
BaeT BBeJeHHE MOHSATHH paBeHCTBA U IBMKeHHs. C 3TOH TOUKH 3peHUSA
AHTH/IBIKEHUS] 3HAUNTENbHO MeHee BawHbl. ONHAKO NMOHATHE O NMOKOG-
HBIX Mexy coboil ¢purypax, ofpasax OJHOTO U TOTO Ke TBepJOro rtena,
OCYLIECTBJEHHBIX B Pa3/HUHbLIX MacliTabax, TaKKe MOXKET paccMaTpu-
BaTbCfl KaK OCHOBHOe MJIs HAlLIero (PM3HYecKOro NpencraBjeHHs O Npo-

397



CTPaHCTBE; IIPH 3TOM paBHbIe MHIYPLI MOTYT BHIENATLCS, KakK (GHTYPHI,
oOpasywouye NOIMHOKECTBO MHOKECTBA NOAOGHBIX GUTYDP. Mul BhiBeReM
cefiuac mojo6He H3 paBeHCTBA.

11l. Nopo6ue

a) TNono6neie penenus :

B oxHoOMepHOHN TeOMeTpPHH COOTBETCTBHE MeEXKIy
toukamMu M ¢ a6cumccolt X U m ¢ abcruccolt x HasbpiBaeTcsl Nono6HeM,
ecJii OHO OIpeNiesIeHO TakK:

MM =amym, otkyra X=ax-+b, a=0.
Ilycte @ = 1; Mul 3HaeM, uTO 3TO nepexoc. Ecaun a 5~ 1, To cyliectByer

b
HHBapHaHTHasd TO4YKa Xo = Xg = T—a’ H COOTBETCTBHE OIIpeneJieHC
PaBeHCTBOM!

X‘-'Xo-—:a(X"—X[)),

10 ectb moM = amm. CienoBaTesbHo, 3T0 eomomernus. [opopsart,
TOURH M W m onpejensiloT Ha NPSIMOH IBa NOO0OHbIX OcAeHUA.
BreoMeTpuu,pasMepHOCTDb KOTOpPOH Goabpllie
€ XU HU OB, KOTAA ABE NpPSMBle CONEP!KAT COOTBETCTBEHHO TOUKH M
(¢ aGecumccoit X) # ToukH m (¢ aGCIECCOil x), CBsizaHHBIE MEXIY COG0H
cootBercTBHeM X = ax -+ b, Mbl Takke GyIeM TOBOPHTb, 4UTO M
npamvle AGASIONCA Hocumeaamy no0obHbix deaerul, B YaCTHOCTH, €CJH
a =1 uwm a = —1, To 310 pasHeie OeseHus. BLiGpaB HalIeXKalIUM
06pa3oM NOJMOXKUTEJNLHOC HaNpaB/ieHHe Ha KaxkAOH NPSAMOM, MOXKHO CUH-
TaTh YHCJIO MOJOXKHUTEIBHBIM U, KOTAA & OTJHYHO OT €AHHHIBI, CUHTATh,
YTO OJHA Napa COOTBETCTBEHHBIX TOYeK M, U M, HMeeT OZHHAKOBbIE
aGenucest Xy = xp. Orcioa cilefyeT, YTO COOTBETCTBHE MEXAY STHMU
IBYMSl OPSAMBIMH MoskeT OBITH OnpefieNieH0, Kak NPOW3BEfeHHE BHHTO-
BOTO HepeMelleHHsI U TOMOTETHH C TOJOXKHTEJIbHBIM KO3hDPUIHEHTOM a.
b) TpeoGpasosanue nomoGus
ITo0o6uem Ha3bIBACTCS NpouUssedeHue nepemelients u 2OMOmemul ¢
noaoscumeavusim kospguyuermon. Ilpennonoxenne o 3HaKe Koa(pdu-
IIMEHTA TOMOTeTHH — JHIIb BONPOC YAOGCTBA, He HMMEIOUHH cyiuect-
BEHHOTO 3HAYeHHS B JBYMEDHOM INIpPOCTpaHCTBe, HGO J06ast TOMOTETHS
C OTPHIATENLHBIM KO(PMHIMEHTOM SBJASeTcsl B 5TOM IIPOCTPaHCTBe
IPOH3BeleHHEM CHUMMETPHH OTHOCHTEJBHO TOYKH (TO eCTh BpallleHH:)
Ha TOMOTETHIO C NMOJOKUTeNbHEM KoadduuunenTom. Haobopot, B Tpex-
MEPHOM IIpOCTPAHCTBE CJEJAHHOE YTOYHEHHE CYINECTBEHHO, TaK Kak
CHMMeTDPHST OTHOCHTENbHO TOUKH SIBJISIeTCA B TPEXMEDPHOM IPOCTPaHCTBe
aHTHIEDEMELICHHeM, TaK YTO TNpOU3BeJeHHe IBHKEHHS Ha TOMOTETHIO
C OTPHHATEJBHBIM KO3((dUUHEHTOM €CTh INPOH3BelieHHe aHTHIepeMe-
IeHHS Ha TOMOTETHIO C TOJIOKHTENbHBIM KO3b(hOHIHEHTOM.
AHasorHUHO Ha3BIBAIOT awumunodobuem npousgederue aMmMupaseH-
CMBa HA 20MOMEMuI0 ¢ NOAONCUMEAbHbIM KOApduyueHmonm.
XapakTepuctuka nofo6HBX ¢GHTYDP, TO €CTh
MHOXecTB Touek M u M’, COOTBeTCTBYWOIKX APYF APYry B nojolHH.
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1) B naockoctu. [IycTh JaHBl ABe maphl COOTBETCTBEHHBIX TOUEK
A,A’; B,B’; nonoxum A’B’ = kAB. Cucremn (1) u (11), xapakTtepu-
3YIOIHe PaBeHCTBO, JAIOT C YUETOM IOMOTETHH HEOOXOIUMBblE YCJIOBHS:
(A'B’, A’M') = (AB, AM) (mod 2x);

(A’M’ = RAM); ‘

(A'B’, A’M’') = (AB, AM) (maod n);
(52): VM? 131 I3y 1
(A'B’, B'M") = (AB, BM) (mod x).

(S): VM, {

Kaxnasi H3 3THX cHCTeM JOCTATOYHA, TaK Kak ¢urypa (F;) MHO-
xecTBa Touek M,, oupefieneHuntx yenosuem A'My = £71A'M’, noay-
yaeTcsi JeHCTBHTEIbHO U3 GUTYDPHI (F) MHOMKeCTBA TOUeK M ABHXKeHHeM
1 13 ¢urypm (F’) mMuoxectBa Touek (M') roMmoreTuei.

Mmroamecmseo nodobuil o6pasyem epynny, TakK KaK OTHOIUEHUS,
BhlpaxKaeMble HAMHCAHHBLIMH CHCT€MaMH, OUEBHAHO, TPAH3HTHBHBI:
UPOU3BeleHUe ABVX NoAo0HH cHOBa sBJAAETCH NOAOOHEM, TORKACCTBEH-
Hoe peo6pasoBaHie BXOLHT B 3TO MHOMKECTBO, H Jo6oe monobre onpe-
JeqasieT obpatHoe eMmy nojobue. COOTBETCTBHE ONpeNe]eHO IBYMst
napamd A, A’; B, B, HO ACHO, 4TO OHO MOXKeT GHIThb onpefeseno Gec-
YHCJEHHBIM MHOXECTBOM CrocoGoB, KaK Ipou3BeleHHe ABHKEHUT Ha
TOMOTETHIO C TOJOKUTENbHBIM Ko3(pduIueHToOM. KaHoHuueckoe pas-
JIOXKEHHe, TO €CTb pasJoxeHHe, NONUMHEHHOe JONOJHHTENBHBIM YCJ0~
BHSIM, €r'0 ONPEeAeISIONINM, BBITEKAET H3 CJACAYIOUIEH TEOpPeMbl.

Teopema. B naockocmu ecakoe no0obue ocmasasem 00HY MOUKYy
UHBAPUAHIMHOU.

Kak u Jaas aHaJOTHUHOH TeopeMbl O JBHIKEHHAX, PacCMOTPUM,
HanpuMmep, cucteMy (S,). MHBapuanTHas Touka O oxapakTepusyercs
cheAyomuM o6pasoM:

AO=k-AO

(A'B’, A'0)=(AB, AO) (mod 2x)
l AO=F-A0
© ’ ’ !’
(0A, OA')= (AB, A’B’) (mod 2x).

<

Cnegnosatennro, O sBJsieTCs TOYKOM, ONpeleJeHHOH KAK NepeceueHue
JyTH, OrpaHuYeHHO# ToukaMu A, A' H3BECTHOI OKPYKHOCTH, M TaKOH
OKpyxHOCTH*, 4T0 A U A’ pacmoyioxeHbl 0 OTHOIIEHHIO K HeH B pas-
JIHUHBIX 06JIacTsAX.

Cucrema (Sy), HanucaHHas ¢ noMmomblo Toukd O, npuobpeTaeT BHI:

{ oM’ =k-OM;
(OM, OM’) = o (mod 2x:).
[Tpeo6GpasoBanue, cnel0BaTEbHO, NPEACTAET B BHIE KOMMYTATHB-

HOTO NPOMU3BeJSHHSA BpalleHHs ¢ 1eHTpoM B O H yIJIOM o H TOMOTETHH
¢ TeM Xe neHtpoM O u xoadpduuuentom k. TakuM obpasoM, ecaxkoe
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no0obue MONHO PABAONCUME eOUNHCIBEHHbIM 00pasom 6 npoussederuc
20MOMEMUU U BPAYEHUA, UCHIMPOM KOMOPOeOo SABAAEMCA YEHMpP eoMome-
muu. Otcioja noaydaiTca onpeleneHus uentpa O, kosduuuenta £
H yraa o (mod 2m) mopo6MsA B IIJIOCKOCTH.

2) B tpexmepHom mnpocTpancTBe. UTtoGpl 0XapaKkTepH30BaTh COOT-
BeTCTBHE, Mbl JOJIKHBI PACCMOTPETh TPH Mapbl COOTBETCTBEHHBIX TOUEK
A, A"; B, B'; C, C’, npuuem Touku A, B, C He Ko/uiuHeapunl. O603Ha-
yaeM OykBOI k& ofulee 3HayeHHe OTHOILUEHHUH:

f— A'B"  B'C' CA
T AB T BC T CA

Cuctema, saMenstomas cuctemy (1), XapaxTepu3VIOIYIO paBeH-
CTBO, TaKOBAa:

A'M =k-AM, B'M =k -BM,;
(S): VM,

(C’, A’B’, M’) = (C, AB, M) (mod 2x1).

Kanonuueckoe passoKeHHe NOA00HMsI B IPOU3BEJECHUE JIBHIKEHHS
H TOMOTETHH JaeTcs CAeAyloueHd TeopeMofi:

B mpexmeprom npocmparcmse awboe nodobue sieasemcs npoussede-
HUeM HEKOMOPO20 8PAUEHUS U HEKOMOPOL eOMOMEMUU, UEHMP KOmopoil
HaxoOumes HQ OCU @pauieHusl, TIDHYEM DAa3JOMeHHe e0UHCHBEHHO
H TIPOM3BCIEHHE KOMMYMAMUSHO.

B camowm feqe, npoussejieHre BHHTOBOIO NepeMelieHus U F'OMOTETHH
OCTaBJisIeT WHBADHAHTHBIM HEKOTOpOe HampasJjeHHe 2, IPUTOM OIHO-
€IUHCTBeHHOe (ecJM TOJNbKO MepeMenieHHe He eCcTh HapaJyesabHbIH
[IEPEHOC, TAK KAK B 9TOM cJydae NPOH3BeJeHHe SBJASETCs TOMOTETHeH).
[lycTe TOrga p — miI0CcKOCTh, NeprneHAuKyJaspHas K 2. Ceuenue (f)
duryps! (F) miockocTbio p uUMeeT obpa3oM ceuenue (f') ¢urypnr (F')
IJIOCKOCTBIO p’, mapaJjyieJbHOH IJIOCKOCTH p, TaK Kak Nogobue coxpa-
HsieT yrabl. CrnpoekTHpyeM opToroHanbHo ¢urypy (/) B durypy (fy)
Ha miaockocTs p. @urypsl (f) U (f;) siBAsiiorcs B MJIOCKOCTH p mOx06-
HBIMH (UTYpPaMH; NyCcTb « — YILOJ, d@ 0 — IEHTP 3TOTO MOJ0GHUS.
[lycTs, nanee, Z — mapaJsiesb K HanpaB/CHHIO Z, NPOBeACHHAS yepes
TOUKY 0. B pannom mojo6u# nmpamasi Z HHBapHAHTHA B HEJOM U COOT-
BeTCTBeHHble TOUKH MAM’, pacmosokeHHble Ha 3TOH NMpsaMoH, 06pasyioT
NOAOGHbBIE JeJeHHsl, TO €CThb JEJEHHUS, TOMOTETHYHBIE OTHOCHTEJNBHO
Hexotopo#l Touku 0. KoapduuueHT k2 5Tofi rOMOTETHH NOJIOXKHTE/EH
H paBeH Koahdunuenty A mnonobusi, npeobpasywouero ourypy (f)
B urypy (fi), TO eCTb OTHOIIGHHIO ABYX COOTBETCTBCHHBIX BEKTOPOB
JaHHbIX ¢uryp. CiaeloBaTesNbHO, H3ydaeMoe ripeoGpasoBaHHe mOpel-
CTaeT, KK NpPOH3Be/leHNe BPalleHHs] BOKPYT OCH Z Ha YroJ & H FOMO-
TeTHR c HeHTpoM O, PACNOJIOKEHHBIM Ha Z H KodhhpuuueHToM k.

[Tono6ue, KoTOpoe He CBOAMTCS K BPAIICHHIO HJH K NapalllebHOMY
IEePEHOCY, MMEET, CTaNo ObITb, e0UNCMBEHHYID WHBAPUAHIMHYIO MOUKY,
LEHTDP mnojobusi, oChb, yroJ H KoadduuueHT moxobus.

¢) AutumojpoOua. Mul MOXKEM OxapaKTepH30BaTb AHTHIOLOOUS
cUCTeMaMH, aHAJOTHYHBLIMHU MPEeJbIAYIIHM, MEHsIs 3HAK B ONHOM uJjieHe
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KaXJOro M3 paBeHCTB MexAy yrJjamu. HeMenseHno J0KasblBaloTCst
cleAylole pe3yJbTaThl.

B naockocmu ecakoe anmunodobue ssasemcs npoussederuem obpa-
WieHUA B0KpYe Hekomopol npamold Z u HeKomopol eomomemuu, yenmp
Komopot Haxodumca Ha Z,

B camom jpene, Mpl BuAesH, 4TO JM000€ IJIOCKOE aHTHIepeMelleHHe
ABJISIETCA NPOU3BeJleHHeM OO0palieHKs] BOKPYT HEKOTOPOH npsaMoOf 2
H nepeHoca, napaJjJe]bHOrO Hanpas/eHHI0 2. B JaHHOM nogoCuu
o6pa3 mpsiMOH 2 eCcThb HekoTopasl npsMmas z’, napajijejbHast 2z, 3TH
OpsAMble ABJAIOTCA HOCHTEJNSAMH NOJOGHBIX JeJeHHMH, TO ecTb 3Jech
TOMOTETHYHEIX AEJCHHH C HOJMOXKHTENbHEIM Kosdpuuuentom k. [Ipsimas
Z, napajesnbHas HalpaBJieHHI0 Z H NpOBeflleHHAs 4epe3 neHTp O
3TOH T'OMOTETHH, SIBJSETCS HOCHTEJEM NOAOOHBIX JeJIeHHH, TOMOTETHY-
HBIX C HeHTpoM B O, cjeloBaTelbHO, 3TO MpAMasi, KoTopas GUrypHpyeT
B (pOpPMYJIHDOBKE TEOpeMEl.

BnpoueMm, 3TO JHIIb YaCTHHIH CJAyYald TeOopeMbl OTHOCHTEJIBHO
nogo6HS B OPOCTPAHCTBE, MO0 AHTHIOA00HE B IJIOCKOCTH P MOMKET
paccMaTpHBAaThCS, Kak orpaHuyeHHe nofobHs B MpOCTPAHCTBe, NpHUEM
BpallleHHe, 0 KOTOPOM TOBOpHTCS B ofliell Teopeme, MMeET 3ech yrod
a = m.

B mpocTpaHcTBe Mbl MOeM BBECTH aHTHIEpeMellleHHe, paccMaTpH-
Basi TOMOTETHIO C OTPHUATEJbHBIM KOXDHIMEHTOM, H chopMyTHPOBATh
TeopeMy:

Bcakoe anmunodobue ecms npoussedeHie HEKOMOpPo2o 6paueHus
W HEKOMmopoLl soMomemul ¢ OMPUYAMEAbHOIM KOIPPHULUEHMOM, YeHMmp
KOmopotl HAXo0UMCs HA OCU BPAWYEHUS.

B camoM jesie, aHTHIEpeMellleHHe MOMKHO OHpPeNeIMTh, Kak MPOU3-
BeJleHHe CHMMEeTPHH OTHOCHTEJbHO HEKOTOpOH IJOCKOCTH p H Bpale-
HHSI Ha Yroj o BOKPYI HEKOTOpPOH HpSIMOH 2, NepNeHAUKYJSpPHOH
K IJIOCKOCTH p; 3HAYMT, OpsAMasi 2 H ee o6pas 2’ SBJSIOTCH B JAHHOM
. OJ,0OUH HOCHTEJSIMH NOLOOHBIX AeJIeHHH, KOTOpbie 3AeCh T'OMOTETHYHB
¢ oTpHuaTeabHBIM KoadpuuyentoMm. [lpsmas Z, napa/niensHas rpsMoi
Z ¥ nipoBefleHHas depes neHTp O 3Tol TOMOTETHH,— 3TO NpsiMasi, 0 KOTO-
poii roBopurcd B (OpPMYyJNHPOBKe, NpUYEM YyroJ BpalleHHd paBeH o,
a UEHTPOM TOMOTETHH cayxuT Touka O.

Caedosamensvro, 8 KaxcOom awmunofobuu uMeemcs UHBAPUAHMHAA
Mmo4Ka, npumom eOUHCMEeHHAR, 0Cb, YeoA U Koappuyuenm nodobus.

I'pynna nogobuit M aHTHNOAOOHH OCTaBJISIET HHBADHAHTHLIM TO, YTO
(u3uUeCKHil SKCIEePHUMEHT HAC 3ACTABJSIET paccMaTPHBaTh, KaK «CBOH-
ctBa ¢uryps. Jlioboe apyroe oroOpameHHe NPOCTPaHCTBA Ha cebs
«nedopMupyeT GUrypol». PaccMaTpuBaTh, KaK 5KBUBAJIEHTHLIE, (UIYDHI,
COOTBETCTBYIOIIHE JPYT APYIY B Npeobpa3oBaHHAX KaKOH-1u60 APYro#
rpynmbl,— 3T0 3HAUHT 3aHHUMaTbCsl TeOMeTpHeH, He sABJsolleHca
eBKJHAOBOH. Mpl NaquM OJHH TNIpUMep TAKOH TeOMETPHH, OTIHUHOMN
oT adbpUHHOH M NPOEKTHBHOII TeoMeTpHH. ITO NpPeIMeT H3JIOKEHHS
cjaeAyIollell TJIaBH.

26 3akas Ne O 401



Bropasa ranaBa
WHBEPCHUA. 3NIEMEHTDbI KPYFrOBOi# FEOMETPUM *

I. AuBepcun Kax npeoGpaszoBaHue
B METPHYECHKONH reoMeTpuu

1. Onpepenenne. IlycTh B MeTpHUeCKOM NpOCTpaHCTBe ** naHb
Touka (O, HaspBAOWAACA MOAOCOM, H UHCJO, MPENCTaBJSIOLEE 10
aGCOMOTHOH BeJUYHHE KBAApaT JJIMHBI, HAa3bIBAIOIIEECS CIMENeHbIo
HHBEpCHH, KOTOpOe Mbl 0603HaYUM Yepe3 p = @2, HJIH p = — Q% B 3aBH-
CHMOCTH OT ero 3Haka. MHBepcHs J,, p — 3TO ToueuHoe npeoGpasosa-
HHE, KOTOpoe BCSAKOH ToYKe M conocraBiafeT ee ofpas, Touky M,
pacrnosoxeHHylo Ha npsamMod OM W YIOBJETBOPAIOUIYIO PaBEHCTBY

OM’-OM = p.
BexTopHo 3TO BhIpaKaeTcss Tak:
r_ P
oM’ =2 0M,
HJH, 4YTO TO Xe,
___ Pk ’
oM=L~ oM.

3t0 nmpeobpa3oBanue g3aumno. Touka O, H TONBKO OHA, He HMeeT
obpasa: 3T0 ocobasi Touka NpeoO6pa3oBaHHA; NOSTOMY ee MOJIOKEeHHe

OY€Hb BAaXHO.
I/IHBapPIaHTHble TOYKH OIpEAECJICHbl YC/TOBHEM!

OM2 = p;

OHH CYILIECTBYIOT, €C/H cTeneHb p moJaoxureabHa. Toraa 3To Toukw
cpepni ¢ uentpoM B O H pamuycoM @ = )/ p, HasmBawoumeiics
chpepoil uneepcuu (OKPYIKHOCTBIO HHBEPCHH B JIBYMepHOH TeOMeTpHH,
napoti movex B ofHOMepHOH reomeTpun). CiieloBaTeNbHO, C 5TOH TOYKH
3PEHHS 3HAK CTENeHH BayKeH.

Haxkoneu, 3ametum, uto ciaydait p = 0 HYXKHO MCKJIOUHTH (B 3TOM
ciaydae ofpa3 JoO0OH TOYKH Haxoiunacs Oul B Touke (). [Ipeo6paszo-
BaHKE He CBOAUTCS HHUKOrJa, HH MPH KaKOM 3HAUeHHH YHC/a P K TOXKIe-
CTBeHHOMY npeobpa3oBanuio. MHOXeCTBO MHBEPCHH, CJle[lOBaTeNbHO,
He COCTaBJseT CPYNNy.

C TOYKH 3peHHs CBOHCTB KaKOH-JHOO (UTYPH B eBKJIHAOBON IeoMeT-
pHHU 3HAUEHHe CTeNeHH HHBePCHH HeCYMeCTBEHHO, HO0 H3MEHHTD CTeneHb

* VYnorpebureneH TakXe TePMHH «aHANJarMaTHyecKas TeOMETpHS», KOTO-

pHIM aBTOP M MOJAL3YeTCs B opuruHase.— Ilpum. ped.
** (OueBHJHO, HMEETCS B BUAY €BKJHAOBO NPOCTPAHCTBO ORHOTO, ABYX H TpeX

naMepenuit.— Ilpum. nepesod.
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MHBEpCHH O3HayaeT npeobpas3oBaTb yxKe MNOJYYeHHYIO HpeoGpa3oBa-
HHEM PHTYPY elle I‘OMOTeTI/Iei'I, TaK Kax

oM’ =P om,
Ll B

VM,
oM =Lom, | ~ o

oM.

Takum o6pasoM, npu H3ydeHHH NPUPOAH GUTYpHl, 06paTHOH * B HHBep-
CHH HEeKOTOpPOH JaHHOH YacTHOH (Hrype, MOXKHO BHIOHpaTh CTENEHb
MHBEPCHH TIPOH3BOJIBHO, JOGHBASACH NPOLIE NMOJYYHTh Pe3yJbTar.

Ilpumep, ®urypa, o6GpaTtnHas cdepe, Korga
noJlmwc HHBEePCHH He HaXOoJHUTCHd Ha He# Buguo
HeMeJlJIEHHO, YTO cdepa B 1ejOM HHBapMaHTHA, eCJIH BHOpaTh B Kaue-
CTBE CTeIeHH HHBEPCHH CTeleHb MOJI0CA 110 OTHOLIEHHIO K caMoil chepe;
Mo3TOMY TIPH HHBEPCHH Ji060H cTeneHH obpa3oM cheprl 6yneT cohepa,
roMOTeTHYHas JaHHoOH cdepe, NMpHYEM ULEHTPOM TOMOTETHH CJIYMKHT
TOJIIOC HHBEPCHH.

Meton MOZXOIMT TaKKe U AN OKPYMKHOCTH, €CJH MOJIOC HHBEPCHH
HaXOAUTCS B IJIOCKOCTH OKDPYKHOCTH H He DPAaclo/IOXKeH Ha Hef.

Cnyvya®l NOJOXHUTEJADbHOH HMHBEepDpCHH, TO €eCTb
MHBEPCHH C TIIOJIONKHUTENbHOH CTeNeHbIo.

WnTepec aTorO Cayyas 3akJamouyaercss B TOM, YTO npeoGpasoBaHHe
MOXHO TOTJa ONpele]uTh 3aflaHHeM cdepbl HHBepcHH (J) (M xe
OKPYKHOCTH HHBEpPCHH B JABYMEpPHOH reoMeTrpuu). BaanmHO o6paTHble
TOUKM SIBJSAIOTCS TOTAA KaxJasi OCHOBaHHEM MepleHIHKYJspa, Omy-
LIEHHOTO M3 LEeHTpa Ha NOJSPHYIO IVIOCKOCTb (MJIH NOJAPY) ApYroH.
Mn1 GyzeM roBopHTb B 3TOM c/1yuyae 06 HHBEPCHH OTHOCHTENBHO chephl
(3) ¥ o B3aUMHO OOpaTHBIX TOUKAX OTHOCHTENBHO cdepnl (J).

B npuioxeHHsX yacTo pacCMaTpHBAIOT HHBEPCHIO OTPHUATENLHON
CTeneHH p, KAaK I[pOH3BeieHHe (KOMMYTATHBHOE) IOJOXHTENbHORM
HHBEDCHHM CTeleHM | p | H CHMMETPHHM OTHOCHTEJbHO moJoca. Poub
3TOH CHMMETPHH BGLISIBJSETCS, €C/IH MOAYEPKHYTh, YTO CHMMETPHS OT-
HOCHTEJIbHO TOYKH SIBJISleTCs JBHKEHNMEM B JIBYMEpHOM IPOCTPaHCTBE,
HO AHTHABMIKEHHEM B OJHOMEDHOM HJIH TPEXMEpPHOM IIPOCTPaHCTBE.

Cany4ya#i reomMeTpHH OAHOTIO H3MepeHH .
OnpefenuM KaxkAywo Todky M ee a6cnuccod x, NPHHSB 3a Haualo
nomoc O. HHBepcHs onpefeseHa PaBeHCTBOM

xx'=p.
HemenneHHO MOMKHO NPOBEPHTH COXPaHEHHE JBOHHOTO OTHOIIEHHS
YeThipexX TO4YeK, TO €CThb

(X423 X3y X4) = (X35 X35 Xgy %)

03TOMY OOHOMEDHAS UHBEPCUS ABASEMCA 20mozpaduueckum npeobpa-
B08aHUEM.

* Tax nasmBalorcs 06pa3s # nipoo6pas B npeo6pasoBanny HHBepcHE.— Tpus.
nepesod.
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[lycts B ciydyae nosoxuTeNbHOH HHBepcHM A M B — HHBapuaHT-

Hble TOUKH, ONpeJe/]eHHble YCIoBHeM | x| = }/p = ¢; Toraa Jmo6as
napa M, M’ COOTBETCTBEHHBIX TOYEK JEJHT TapMOHMYECKH OTpe-
3ok AB.

Bo Bcex ciyyasx, ecian Touka M crpeMmutcs k nofiocy O, To x — 0,
x’ = oo, YTO HAaC NPHUBOAMT K HEOGXOAMMOCTH NMPHUCOEIHHHUThL K TOYKAM
[pSIMOH, COCTaBJSAIOIMAM NPOCTPAHCTBO Hallledl FeOMETPHH, elle OIHY
becKoHedHo YoareH Yo MouKy, paccMaTpUBaeMylo, Kak o6pas nomwoca 0.
9T0 coryacyercsl ¢ NPOEKTHBHOIH IeOMeTpHell, KOTOPOH NPHHANIEKHT
roMorpaguyeckoe npeofpasoBaHue.

Teopema. Ha npamoii Ose awboeie naper pasiutuelx mo4ek eceeda
ONPeOensiOMm UHBEPCUID UAU CUMMEMpPLUIO.

[Tycts B camom jene pann Touku A, A, B, B’. Mu ninem nosmoc O,
onpenensieMblii paBeHcTBoM OA-OA’ = OB-OB’. Ecau npu JmoGom
Hauaje oTcyeTa abcuuce Mbl 06o3HaYuM uepes a, a’, b, b’, x aGcunccw
paccMaTPHBAEMEIX TOYEK, TO YCAOBHE HamMileTcsl TaK:

(@—x) (@ —x)=({b—x) (0 —x),

TO ecTh
(lat+a)—(+b)x=aa"—bb'.

YpaBHeHHe HMeeT eIHHCTBEHHOE PellleHHe, 32 HCKIIOUeHHeM cIydas,
korna a +a = b + b'. B sToM ciiyuae, nOCKOMBbKY TOYKH Pa3JIHYHBEI,
M3 HamhcaHHOro paBeHcTBa ciaenyer AA” BB’ u orpesku AA’
u BB’ uMeiot Ty xe cepenuny C. Cummempus 30ecb noagasemcs Kax
ocobuiil cayuall uHgepcuu, TPH KOTODOM INOJIOC, PABHO KaK M OfHa
H3 MHBapHAHTHBIX TOYEK, HAXOZUTCS HA GeCKOHEYHOCTH. JIHIIb OfHA
HHBApDHaHTHASsl TOYKA COXPaHSETCsl, U 3TO eCTb LEHTP CHMMETPHH.
Crenenp craja OecKOHEUHOH.

JIas MHOTOMEPHON TeOMETPHH CeJaHHOe TOJIbKO UTO HCC/efOBaHUE
OTHOCHTCA K OrpaHHYeHHI0 M[peoOpa3oBaHUsl HHBEPCHH Ha Jo6oR
npsMoH, NpoXojsimied uepe3 IOAIOC HHBEPCHH.

2. CoxpaHeHHe KacaHds H YrJoB

o) HenpepboBHOCTB. BekropHoe cootHomenve OM’ =

= EEAF OM noxkaswiBaer, uro BekTop OM' — HenpepoBHAsT (GyHKUHUA
BekTopa OM B KaxkJo# TOUKe, OTJHYHOH OT MOJIOCA. YTOUHHM: NYCTb

A — nauHas Touka, omiuuHas oT Toukun O, OA = a #* 0, U nycrh
M — ToYKa HEKOTOpPO#l OKpPecTHOCTH TOuYKF A, He cofepxkameir O.
MBI paccMOTPHM KPYT C HEHTPOM B A, ¢ paauycoM a << @; TakuM obpa-
soM, AM << a <<a. Tlocse HHBEpPCHH MOJYHYAETCS:

A'M' =OM — 04 =p [ 5w OM— 5 04 | =

=p[ (Gt —om ) OA+o3m AM | -
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Crano 6biTh, N0 JJHHE
' ALY 1 1 a _ (3a—a)a _12p
AM <p [ ((a—a)2_ﬁ a +(a—-—a)2] =P i <@ %

0 A’M’ ctpemMuTCcs K HYJI0, KOTJa G CTPEMHTCA K HYJIO.
Ecau Touka M crpemurcsa X momtocy O, To OM — 0, 3uauur,

OM’ — oo; okpecrHoctd OM << a ToukH O cooTBeTcTByeT OM’ > 'L;I ,

TO ecTb 06,1acTb, HaxoAsmascs eye cheprl ¢ meHTpoM B 0, pamuyc
KOTOpPOH CTpeMHTCs K OeCKOHEUHOCTH, KOTAa o CTPEMHUTCS K HYJIO.
[TosToMy ecim Mbl XeslaeM NPUCOELHHHTL K NMPOCTPAHCTBY HEKOTOPHIH
9/71€MEHT, 4To0bl CeJIaTh COOTBETCTBHE B3AHMHO ONHO3HAUHLIM H B3AMMHO
HENpepLIBHBIM, TO MBI HOJXKHBI CUHTATb, UYTO NPOCHPAHCITEO UMeem
MouKy Ha OeCKOHedHOoCmu, OJHY H Ty e JJisi BceX NMpPSAMLIX, BEIXOLSA-
X U3 OOJIOCA, H YTO OKPECTHOCTBIO 3TOH TOYKH sBAseTcs 06JacTb,
BHEWHAR no omHouienuro K aobod cgepe. OTC0Aa cleflyeT, YTO ¢ TOUKH
3peHHs €BKJ/HIOBOH [eOMeTPHH NpeofpasoBaHHe, HECMOTPSl Ha HeIpe-
PBIBHOCTB, CHJIBHO Ae(OpPMHpPYeT (hUryphl, NPUGAHKAICHIHECS K MIOJIOCY.
B sToM MOXKHO OTAaTh cefe OTUET, CAeJaB HECKOJBKC udepTexed.

b) Coxpanenue kacaHu#t U yraos. [lycte M —
ofpasyiomasi TO4ka HekoTopo#i kpuBoii (C), onpeleseHHOH mapame-
Tpuuecku ypasHenneM OM = [ ({)-u, rAe BekTop & npeanoJaraercs
eMHHYHEIM BEKTOpOM, (yHKOHeli napaMeTpa f. Mol npeanosaraem,
4TO (PYHKIHH, C KOTODBLIMH Mbl HMeEeM JIeJIo, HMEIOT NpPOH3BOJHBIE
B TOuke M,, L xortopoii OM, = f (ty) uy. Cam Bextop OM umeer
B 3TOH TOUKE NPOH3BOJHYIO

(OM) =" (to) wo+ [ (to) o = fotto + Fottys

IpHYeM H3BECTHO, YTO BEKTOD W, NEPNEHAUKYJISPEH K BEKTOPY #y, HEO
STOT MOCJELHHUI HMeeT NOCTOSHHYIo JIHHY. Bektop (OM), naer Hanpa-
BJIeHNe KacaTesJbHOH K KpuBoil (C) B Touke M,.

[Tocne uHBepcHH MBI MMeeM, oGosHauast M, o6pa3 Touku My

OM(; = %‘ ug,

#, B34B MNpOH3BOAHLIC, HaXO}IHM'

(OM')y= P[ uo+f uo]:%[_f6u0+f0u6]’

a
* Ilpennonaras, uTO @ CTPEMHUTCSI K HYJIO, MOXKHO CUHTATh, YTO O <—§—

3a —a
Toraa BrpaxeHHe Wﬁyner YBeJHUYHBAThLCS, €CJH B 3HAMEHaTeJe Mbl BMe-
a
CTO &L NOCTAaBHM - , B YHCJHTENE Ke 3aMEHUM Q& HYJEM.

2 ’
3a—a 12
(@ —a)? <?

Taknum obpasoM, moayuaeM A'M’' < ——

Takum obpasom,

12 pa .— IIpum. peod.
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TaK 4TO MOJYYHJCH BEKTOD TOrO K€ HaNpaBJIeHHS, YTO H BEKTOp
— Fitto + Foity

Orciofa BBIBOZUM 3aKJoueHue, uyto KpuBas (C'), o6pas kpusoii (C)
B HMHBEPCUH HMeeT B Touke M,, siBasiomelics o6pa3oMm Toukd M,,
KacaTeJbHYI0 NPSMYIO, NPHUYEM 00e KACQmeabHble HAXO00AMCA 8 00HOL
U mod e NAOCKOCIMU U CUMMEMPUUHLL OMHOCUMEAbHO MEOUAMPUCHOU
naockocmy ompeska MM,

ChaelpcTBHUe Yeoar mendy 08yma Kpussimu, UMEOWUML 00WYIO
mo4Ky, coxparsemca. B dYacTHOCTH, ecaH JBe KPHBBIE KacaioTcd, TO
KQcarue COXpaHaemcs.

Ecan touka M oOmucbiBaeT HEKOTOPYIO NOBEPXHOCTh, HMEOIYIO
B TOuUKe M, KacaTelbHYIO IJIOCKOCTb, KOTOpas, Kak HM3BeCTHO, MOpPO-
XKJIaeTcsl MHOMKECTBOM KAacaTeJbHBIX NPSIMBIX B 9TOH TOUKE K KDHBBIM
Ha MOBEPXHOCTH, TO O0OpaTHas MOBEPXHOCTH B TOYKe M, TOXKe HMeeT
KacaTeJbHYI0 ILJIOCKOCTb, CHMMETPHUHYIO MPEABIAYUIEH OTHOCHTENbHO
MeIHaTPUCHOH IIOCKOCTH oTpe3ka MoM,.

B naockocmu, npoxodawged uepe3 noaoc, OPUEHMUDOBAKHOIL Y20
medxcOy 0syma KpusbiMU, TO €CTh YIOJ MEXKAY HX KacaTeJbHbIMH, MeHAEH
opuenmayui0 B CHIYy CHMMETDHH, KOTOpasl CTAHOBHTCSI B JIBYMEDHOM
NPOCTPAHCTBE CHMMETPHeH OTHOCHTETbHO MeIHATPHUCH oTpe3ka MoM,.

Kaxkoe sakJ/ioueHHe MOXKHO CAeJaTh 06 OPHEHTALHH TPeXIPaHHHKOB,
06pa30oBaHHBIX KacaTeJbHBHIMH 8 npocmparcmse? Tak kak IBa Tpex-
TpaHHHKA B3aWMHO OOpaTHLIX HaNpaBJeHHil INIPH TOH Ke BepIIHHE
HMeIOT NPOTHBOIOJOXKHEIE OPHEHTALMH, TO Mbl JOJKHBl paccMmarpH-
BaTh COOTBETCTBEHHLIE [0JyKacaTelbHbie, 3HAYHUT, HAC-~ HHTepecyeT
HampasJieHHe NPOH3BOAHOrO BekTopa (OM’), Ha ero HOCHTeJNe, TO eCTb
3HaK 4ucaa p. Orcioja BHIBOAMM 3aKJIIOUEHHE: ecau creness unsepcuu
ROAOJCUMEAbHA, MO NOAYKACAMEALHbIE, COOMEEMCMBEHHbIE 6 UHBEPCUU,
OCMQIOMCA COOMBEMCMBEHHBIMU MAKJCE 8 CUMMEMPUU; CAe008QMEAbHO,
OpUEHMAYUL COOMBEMCIMBEHHOLX MPEXSPAHHUKOS PASAUMHDL, €CAU JHe
CHMIENeHt UHBEPCUU OMPUUAMEAbHA, TO TPeXTDAHHHKH, COOTBETCTBEH-
Hble N0 HHBEPCHH W 10 CUMMETPHH OTHOCHTE/BHO IIOCKOCTH TpeXx-
TPAaHHHKY NOJYKacaTelbHbIX B TOUKe M,, HMeT NPOTHBONOJOXKHEIE
OPHEHTAUHH, TAK UTO UHBEPCUR COXPAHAEN 8 3MOM CAY4ae OPUCHMALUI0
MmpexzpanHuKa.

BrisiBeHHOE CBOACTBO COXPaHEHHS YIJIOB, HECMOTPS HA HCKaxXeHHe,
KOTOPOMY mofBepraercs ¢purypa, siBjsercss HCTOUHHKOM MHOTOYHCJIEH-
HbIX TIPUMeHeHMH HWHBepcHH. ['OBOPAT, UTO HHBEPCHUS — KOH@pOpMHOe
omobpasicerue; MHOMXKECTBO KOH(OPMHBIX oToOpameHHil (TO ecTb OTo-
OpaxKeHHil, COXPaHAOMHUX YIVIb), OUYEBHIHO, sBJsfeTcd TPYNNOH.
[TpousBenenus nogobuil, aHTUNOAOOUH, HHBEpCHH BXOAAT B 3Ty Tpymmy.

3. OcHnoBHOe cBOWHCTBO

PaccmoTpuM B HEKOTOPO!H HHBEpPCHH JBe Haphbl OOpAaTHBIX ToYex
A, A'; M, M" *. Tlyctb a, m, p, ¢ — upameie OAA’, OMM’, AM

* Ilpegnonaraercs, Boobue rosops, 9ro napu AA’ 1 MM® nexar na pas-
HBIX paguycax.— [Tpum. ped.
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u A'M’. [lo onpefeneHHio HMeeM Ha NPSAMBIX @ H m
OA.OA’=0OM-OM'.

OTo paBeHCTBO BhIpaxaer, 4To uerhipe Toukun A, A’, M, M’ Haxo-
AATCS Ha ORHOH H TOH Xe OKpyxHOCTH (y). Takum obpasoM, 1w00bie
06e mouKy w obpammsle UM mouku KoHyuxiudror. CielloBaTeJNbHO, TPS-
MBI p U ¢ SIBJISIIOTCST H3OTOHAJISAMH NPSIMBIX @ M M, 3TH JBe Nmaphl nps-
MBIX HUMeloT ofuiHe Hanpasjenusi GucceKTpuC dy, dp. Tlomobue aBYX
TpeyroisHukoB OAM u OM’'A’, BhiTekamomee OTCIOAa, NO3BOJISET
HanHcaTh MoJIe3HOe HHOTAA MeTpnqecxoe COOTHOLUEHHE:

VL _lel
AM =AM 24 —AM GA-OM
{peKOMeHJyeTcss BbiBeCTH B KauecTBe YIPaxKHeHHA 5Ty ¢opMmyJay
43 JIaHHOTO BhIllle BEKTOPHOTO BHIpameHus jjas 4’ M’

Opyroe AOKas3aTeAbCTBO COXpPaHeHHS
yTJd0B,

CoxpansieM npefmecTsywuiie obosnauenus. [lycre (C) — HekoTO-
pas kpuBasi, A — ofHa U3 ee Touek, M — ee ofpasywouias Touka.
Ilo npeamosoxKeHuo, KorAa Touka M cTpeMuTCsi K Touke A, To npd-
Masi p, HocuTeJab oTpeska AM, CTpeMHTCS K HEKOTOpPOidl NpsMOH f,
aBJsIONIeics KacaTebHoll B Touke A k xpuson (C). Ilpsmas m crpe-
MHTCS B 3THX YCJOBHAX K NPSIMOH 4, a NJOCKOCTb (@, m) CTPEMHTCS
K NJIOCKOCTH (a, ), ONpeleJeHHOH, eCaU KacarteibHas f He COBIajaer
¢ npsamMoit a. HanpaBienus GuccekTpuc dy, ds CTpeMsTcs, OAHO K Hamnpa-
BJICHHIO MpsIMOH @, JPYroe K MeplHeHJHKYJSPHOMY NepBOMYy Hampa-
BJICHHUIO B TJIOCKOCTH (a, f).

Otcioga ciefyer, 4ro npsaMas ¢, SBJSIOMASICS HOCHTEJEM OTpe3Ka
A’M’, vMeeT npejenbHOe NOJOXKEHHE, CHMMETPHUYHOE NMPSMOA { OTHO-
CHUTEJIBHO TOH U3 Menuarpuc orpeska AA’, Kotopast HaX0AMTCS B NJIO-
ckoctd (@, f). Takum ofpaszoM, mpsmMas ¢ cHMMeTpHYHA NpAMOH !
OTHOCHTEJIbHO MeJHATPUCHOH MJIOCKOCTH oTpe3dka AA’. BwiBoi coxpa-
HsIeT CHJIY, eCJIM TpsiMasl { cOBNajaer ¢ NpsIMOH @, Tak Kak yroa (a, q)
CcTpeMUTCsT K HyJo (mod m):

HccnenoBanne 3aKaHYMBAETCsl, KAK M TNPHBEJAEHHOE BBHIIIE,

a) [lpunoxeHUd OCHOBHOTIO CBONHCTBa.

HHBepcuio MOKHO ONpPeAeuThb, OTNPABJAICh OT nojioca O U naphl
touek A, A’, xoJuHeapHHIX ¢ Toukoi O Ha npamoil a. [lapu coort-
BETCTBEHHBIX Touek M, M’ dABAsIOTCS NmapaMH TOYEK NepeceyeHHs
npAMBIX m, BHIXOASWMUX H3 O, H OKPYKHOCTeH (y), MPOXOASINHX Uepes
Toukd A u A’. OrMeruM, uto TpH napm Touek A, A’; M, M’; P, P’
HaXoAATCs Ha OZHON H To# ke cdepe (0). OkpyxHocTH (y) U chepnl (0)
HHBApHAHTHE], OYEBHJHO, B LeJIOM B HHBEPCHH.

Eciu creneHb MHBEDCHH NOJIOXKHTEJNbHA, TO 3TH OKDPYXKHOCTH H 3TH
cepbl opTOroHaMbHE K cpepe unBepcud (). OTMETHM elne, YTO HHBEp-
CHs BriosiHe onpejeneda nosiocoM O M 00HO# OKPYXKHOCTBIO (y), HJH
onHoi cdepoit (o). Jlobasa cdepa, oproronansHas cdepe (J), — 3T0
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HekoTopast cdepa (0); /obasi OKPYKHOCTb, OPTOrOHaJbHAs1 cgepe (J)
H IJIOCKOCTh KOTOPOH MpPOXOAMT uepe3 (,— 3TO HEKOTOpPAsh OKPYK-
HocTb (y). CHMMETpHSI OTHOCHTEJNBHO IJIOCKOCTH MOSIBASETCH 3[eCh,
KaK YacTHBIA caywail: mpsiMple m napaanesbhbl, a cdepa (J) crano-
BUTCSl IJIOCKOCTBIO, IIEPNEHAUKYIAPHON HamnpaBJeHHIO.

b) O6pasn OoKpyxHOCTe# H cdep, NPAMBX
A nNJOCKOCTE®H.

1) OKpPYyXHOCTH, NJIOCKOCTH KOTOPHZX mpo-
XOAAT yeped nogioc Onpegesum okpyxHocTh (C) asyma
ee ToukamMH A, B u yriiom ¢ (mod x), TakuM, YTOGH 06pasyomas TouxKa
M xapaxTepu3oBa/iach ypaBHEHHEM:

(AM, BM) = ¢ (mod m).
OGo3Hauum gepe3 a, b, m npsmoie AA’, BB, MM’, 3ateM uepes a, o',
B, p’ npsmeie MA, M'A’, MB, M'B’. BripasuM, YTO MOXKHO ONIHCATh

OKDYKHOCTb BOKPYT UeThlpeXyroJbHHka AA’ MM’ u BOKpYT UeTHIpex-
yroabuuka BB'MM’. ByaeMm umerhb:

(a’ a) = ((1,', m)v (b, ﬂ) = (ﬁ,i m).

Orciofla BuIBORHTCA

(o, B') =(a, @) — (b, B)

(a@’y p’) =(a, b) — ¢ (mod ).
[TepBuit caywai.
(@, b) 5= @ (mod 1),
TO ecThb mouxka O we aexwcum Ha okpyxHOCTH (C). O6pas oKpyxHO-
¢t (C) B 3TOM cJydae — 3TO OKPYKHOCTb MJIOCKOCTH, TaKXKe He [Apo-
xofsuias depes nomoc 0. Mol Buieqan B 1, uto O CIYKHT LEHTPOM

romMoTeTHH okpyxuocreit (C) un (C').
Bropo#i cayuai.

(a, b) =g (mod m),

HJIA elle

TO ecTb hoatoc Haxodumes Ha oxpyxcrocmu (C). Torma obpas okpyxk-
"Hoctd (C) — 310 npamas A’B’. Ilonaras @ = 0 (mod w), ™Mbl BHAHM,
KaK 3Toro Tpefyer B3aUMHOCTb HHBEPCHHM, 4TO ¢urypa, obGpatHas
npsamol (C), He mpoxozsmell depe3 O, sBJAsSETCA OKPYHKHOCTbIO, MPO-
xonameln uepes 0.

Haxkonen, cayualti @ = 0 (mod nt) Bmecr2 ¢ (a, b) = 0 (mod =).
B stoM cayuae (C) siB/seTcs npsiMoii, npoxoAsmel depe3 0. Mul cHOBa
HAXOAMM, YTO OHAa HHBApDHAHTHA B eEJOM.

Tax kak o6pa3oM MHOXKeCTBa OKPYXKHOCTeH, NPOXOAAMHUX yepes O,
ABJISIETCA MHOMKECTBO INPSIMBIX, TO Mbl NPHXOAHM K HEOOXOLHMOCTH
NPUCOSAMHUTE K IJIOCKOCTH eQUHCMEEHHY0 OeCKOHEUHO YOareHHYIo
mouky, o6pas noJioca, ¥ CYMTaTh, YTO BCe NP SIMBIE NIJIOCKOCTH IPOXOAAT
yepes3 3Ty GeCKOHEYHO YAaJeHHYI0 TOUKY. UTO MBI CKaxkeM TOTAA O ABYX
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napasieabHBIX npsAMeIx? OKpyKHOCTb, o6paTHasi HEKOTOPOH NpSMO#,
HMeeT B ToYKe ( KacaTeJbHYIO, MapaJJenbHYo NPSMOH (3TO BhITEKaeT
U3 OOIell TeopeMbl O KacaTeJbHBIX HJH, NPOIIE, H3 PacCMOTPEHHs! OCH
cuMMeTpHH ¢Hrypsl). [lostoMy ABe mapassenbHble HNPSIMBIE COOTBET-
CTBYIOT JBYM OKPYKHOCTSIM, KacaTeJbHbBIM APyl K JApyry B Touke O,
M Mbl JOJIKHBI CKa3aTb, YTOOB pacHpOCTPaHUTD M HA 3Ty TOUKY COXpa-
HeHHe KacaHHs, UTO 0e NapailesbHble NPAMbEe — MO 08e OKPYICHOCMU,
npoxodauue 4epe3 GECKOHEUHO YOQACHHYIO MOMKY U Kacaroujueca opye
Opyea @ amoti mouke. UtoObl pacmpoCTPaHHTb Ha 3Ty TOUKY TaKKe
# COXpaHeHHe YIJIOB, Mbl OyieM [OBOPHTb, MTOCKOJIBKY JBE OKPYKHOCTH
nepeceKarTCs NOJ TeM e YIVIOM B KaKAOH H3 HX JBYX TOUEK mepece-
YeHHSI, YTO JBe NpPSIMBIE HepeceKarTcsl B 6eCKOHEYHO YAAJEHHOH TOUKe
MOJ yIJIOM, PaBHBIM OOLIYHOMY YTy MeXAY STHMH CAMBIMH IIPSIMBIMH.

2) Coepn u nmaockocrtu. [lpenmaymuii metol (METOR
METPHYeCKOH reoMeTpHu) 6oJiblile He MOAXOAUT, TaK KaK OH OIHMPAETCH
Ha Teopemy Illans asas yrioB. Mbl IOTy4HM HCKOMEBIE BBIBOLBL U3 Mpel-
WEeCTBYIOIIHX, 06pa3ys ¢UI'ypy, COCTOAILLYIO H3 IIOJMI0Ca H HEKOTODOH
chepol (MM NJIOCKOCTH), BpalleHHeM IIVIOCKOH (HIyphl, cocTodAmmel
H3 [0JI0Ca U HEKOTOPOH OKPYKHOCTH (HJM npsamor). Toraa Mel npuxo-
JHM K 3aKJI0UeHHIo, uTo (urypa obpatHas cdepe, He NPOXOASIIEH
Yepes MOJIOC, ecTh cepa, TakkKe He MPOXOAsINasl 4epe3 moJwc, H UTo
¢durypa, ob6patHas cdepe, IpOXOASNIEN Yepe3 MOJIOC, €CTh IJIOCKOCTh,
He NPOXOAsmAs Yepe3 MoJC U napasjenbHas JI0CKOCTH, KacaTeJbHOM
K cdepe B noJioce. O6paTHo, 06pa3 MIOCKOCTH eCTh HeKoTopas cdepa,
MPOXOAsLIAs Yepe3 II0JI0C, 3a HCKAUeHHeM cJydasi, KOTAd IJIOCKOCTh
caMa NPOXOAHMT Yepe3 MOJIOC, H TOTJA OHA MHBADHAHTHA B IEJIOM.

[TosToMy HyxkHO OyAeT paccMaTpHBAThH MPOCTPAHCTBO, KaK AOMNOJ-
HeHHOe 0010l OeckoHedHo yOareHHol moukol, obLell BceM IJIOCKOCTAM
u sBJsIOLlelicss 06pasoM HoJoca.

3) durypa, o6patHasi OKPYXHOCTH B TIDO-
CTpaHCTBe. Jlw6as okpyxHOCTh (C) MOXKET paccMaTpHBAaTbCs,
Kak nepeceuenue cep (S); nostomy ¢purypa, o0paTHas OKpyKHOCTH,—
9TO OKPYKHOCTB nepeceueHus ofpaTHbuixX cdep (s'). Cpenn chep (s) cylue-
CTBYeT OJH4, HPOXOAAmas depesd IOJOC; ee o0pas — 3TO IJIOCKOCTh
oxkpyxHuoctd (C’). Cpepu 3Tux chep CyIIEeCTBYeT TakxKe OJHA HHBa-
pPHAHTHAs B LEJIOM B HHBEPCHH; 3Ta cdepa (G) MOxeT OEITH IOJyUeHa
¢ nmomombio OfHOH ToukH A € (C) u ee obpaza A’: 310 ecTb cdepa,
npoxoasuias yepe3 okpyxHocTk (C) H Touxy (A’); ciefoBaTesbHO, 0ge
obpammeie OKpYICHOCMIL Haxodamces HQ o0Hotl u moi e cepe.

Purypa, obpasoBaHHAs HEKOTOPOH OKpYKHOCTEIO (C) H HEKOTOPO#H
Touko#i (), PACNOJIOKEHHOH BHE MJIOCKOCTH OKPYIKHOCTH, HMeeT IIJIO-
CKOCTb CHMMETDHH 7. DTa CHMMETPUS COXpaHsieTCsl HHBePCHeH ¢ NoJIo-
coM B 0, TaK 4TO NJIOCKOCTb 7t IIPOXOIHT Yepes UeHTP OKpYxKHOcTH (C')
U NEePIeHJUKY/spHA K IJIOCKOCTH 3TOH OKpYyXKHOCTH. B 3To#l nJjo-
CKOCTH Tt HaXOASTCS JBe TOUKH A H B, IHaMeTpaJbHO NPOTHBONONOXK-
Hble Ha OKpyxHOCTH (C), nux o6pasnl (A’, B’), ivaMeTpajbHO NMPOTHBO-
[OJIOXKHBIE HAa OKPYKHOCTH (C’'), a TakKe IEHTPhl 3THX OKPYKHOCTEH,
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OJAHAKO 3TH LEHTPHl He COOTBETCTBYIOT APYr Apyry B HHBepcuH. Ouu
Jaxe, BooOlle roBopd, He KOJIJIMHeapHb C TOYKOH O; OHH PacHOJIOXKEHb!
Ha EBYX NpSMbIX, BHIXOASHUX H3 O H CHMMETPMYHBIX OTHOCHTENBHO
6uccektpuc npsmeix OAA’ u OBB'.

IlBe o6paTHbIE OKPYIKHOCTH HaxXOAATCS Ha OJHOM H TOM e KOHYCe,
BEPHIHHOH KOTOPOTO CJAYXKHT HOJMOC HHBepcHM O H KOTOpHIH HHBa-
pHaHTeH B Le/OM B HHBEDPCHH; OTCIOAA CJelyeT, 4YTo JoOOH KOHYC,
UMEIOLIME KPyroBoe ceyeHHe, HMeeT GeCKOHEUHOE MHOMKECTBO TaKHX
ceyeHH#, KpoMe cedeHHH, NapaJjJsielbHEIX MNEPBOMY H TOJydYaeMBIX
Y3 HEro rOMOTETHel: 3TO Te TnapaJsuielbHble APYT APYTY CeueHUs, KOTo-
pble MOJYYAKOTCs M3 [IEPBOrO HHBepcHell. DTH JBa HaNpaBJeHUsT KPyro-
8bIX CEUEeHUH COBNAAAIOT JMMb [J5 KOHYCOB BPalICHUS,

4) O6parTHbe npelnoxeHHSHA Hceoonb3dys npamee
TEOPEMbl, MOXHO HEMeIJICHHO [IPOBEPUTh CleAyiollHe o0paTHble npex-
JIOXKEHHS,

a) Ha naockocmu 0Ose oxpyscrocmu coomsemcmsytom 0Opyz opyey,
8000ue 2080pA, 8 08YX UHBEPCUAX, TIOJIOCAMH KOTOPBIX CJYKAT LEHTPH
ABYX TOMOTeTHH. EC/aIM OKPYKHOCTH KacalTCH, TO TOUKA KacaHHs,
XOTs! OHA W SIBJSETCS LEHTPOM OMOTETHH, He CJAYKUT HOJIOCOM HHBEp-
CHH: TOTJA OCTaercs, CJaefOoBaTeJbHO, JHIIb ORHA HHBepcHs. Ecun
OKPY¥KHOCTH KOHHEHTPHYHBI, TO HMEETCs JIHUIb OAWH LEHTP A 0GeHx
TOMOTETHH H, C/1eoBaTeNIbHO, JHIIbL ORHH NOJIOC M1 06eHX HHBEPCHI,

HexkoTopast OKpY:KHOCTb M HeKoTopas npsiMasi COOTBETCTBYIOT ApYT
Ipyry, BooOIe TOBOPH, B JBYX HHBEPCHSX, MOJIOCAMH KOTOPBIX CJAY:KaT
T€ TOYKH OKDYIKHOCTH, B KOTOPHIX KacaTe/bHble HapajljieibHbl JaHHOH
apsiMoii. EcAH OKPYXKHOCTb M NpsIMasi KacawTcs, TO TOYKA KacaHus
He MOAXOMHMT, M OCTAETCH €JMHCTBEHHAS WHBEPCHA.

IIBe mpsiMble He COOTBETCTBYIOT IPYT APYTY B HHBEPCHSIX, HO COOT-
BETCTBYIOT APYT APYTY B ABYX CHMMETPHUSX OTHOCHTENBHO MNP SIMbIX;
€C/IM MpsMble MapasLIebHBl, TO OCTAeTCH €JHHCTBEHHAs CHMMETPHS.

b) Hse cepepor coomsemcemesyrom Opye Opyey, 8006we 2080ps, 8 08YX
uHeepcusx, MOJIOCAMH KOTOPBIX CJAy3aT HEeHTPbl roMoTeruit. Hccie-
JloBaHHe JejaeTcs TaK ke, KaK M JAJs OKPYMKHOCTEH Ha IJIOCKOCTH.
Tak xe usyyaercs cepa H NJIOCKOCTb H JIBe IJIOCKOCTH.

¢) [lee oxpyocrocmu o0nod w mod owe cgepor (G) uHsepcHvt Opye
dpyey, eoobue eoeopa, dsyma cnocobamu. B camMoM Jeje, CyLIeCTBYeET
eIMHCTBEHHasA OOlas NJIOCKOCTD CHMMETPHH 7, €CJIH TOJBKO MJOCKOCTH
06eHX OKPYIKHOCTeH He mapaJijesbHbl. B 3TOH MI0CKOCTH 7 HaXoASTCH
IiBe Mapbl TOYeK, JHAMETPAJIbHO NPOTHBONOJOXKHBIX: A,B Ha OKpyX-
roct (C) u P,Q wa oxpyxuoctu (C'). Ilomyuawtes zBe uuBepcuu,
8 3aBUCHMOCTH OT TOr0, HaxofuTca JH A’ B Pu B’ B Q uiu e A’ B Q
u B’ B P, Tlocne toro xaxk Belbop chesaH, npaveie AA” 1 BB’ nepe-
cekaloTcsl B HekoTopoil Touke O. MuBepcHs ¢ nosiocoM O, creneHb
KOTOpO# paBHa cTeneHHM TOUKY O OTHOCHTENBHO cepn! (0), MOAXOAHT,
TaK Kak oHa rpeo6pasyeT okpyxHocTb (C) B OKPYKHOCTh JAHaMerpa
A’B’, nexamyw B IJIOCKOCTH, NePNeHAMKYJASIpPHOH IJIOCKOCTH T,
TO ecTh B OKpyxkHOCTb (C’).
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Ecau o6e okpyxHOCTH cdepni (0) PAcHoOJIOKeHh B mapasiesibHblX
fIJIOCKOCTSIX, TO HMeercsi GeCUHCIEHHOE MHOXKECTBO IJIOCKOCTEH CHM-
MEeTpHH, TaK KakK HMeeTcs OCb BpallleHHs; ofa MOJIca HHBEPCHH
SIBJISIIOTCA TOrJA LEHTPaMH ABYX TFOMOTETHH, H o0a KOHyca, HpOXOAs-
(mHe yepe3 OKPYKHOCTH, fBJISIOTCA KOHYCaMH BpalleHHs *.

d) Jlee okpyocHocmu 00HO20 W MO20 e KOHYCA, PACNOAONCeHHbiE
8 HenapaArenbHsix NAOCKOCMAX, 63aUMHO obpammpl (€CJIH MJIOCKOCTH
OKPYKHOCTEH mapaJjJiefibHbl, TO OKDYKHOCTH TOMOTETHUYHbI). UTOOBI
JIOKa3aTh 3T0 0OpaTHOe MNpelJioKeHHe, HaM JOCTATOYHO AOKa3aThb, UTO
OKDY:KHOCTH HaxoxpsTcs Ha OfHOH M TOH ke chepe. Ho ecanm npsamas
fiepeceueHns niockoctedl okpyxuocrell (C) u (C’) nepecekaeT OKpyX-
"ocThb (C) B Toukax A u B, TO 3TH TOYKH HaXOJATCA Ha KOHYyce, 3HAUMHT,
TaKXe Ha OKpYyxkHoctd (C’), sBasomefics TOJHBIM INepecedeHHeM
KOHYycCa ¢ IJIOCKOCTBIO 3TOH OKDYXHOCTH. B 3ToM clyyae obe OKpyx«-
HOCTH HAXOAATCS Ha OfHOA H Tol xke cdepe (o), HOO OHU HMEIOT JBe
obmux Touku. CeloBaTesNbHO, TH JBE OKPYXKHOCTH B3aHMHO 0BpATHH!,
{IpHYEM I10JI0COM CJIYKHT BepIIMHA KOHyca, a CTeleHb HHBEPCHH
TAKOBa, UTO HHBEPCHs ocTaBaser cdepy (0) HHBADHAHTHOH B IEJIOM.

Ecnn nmpsamasi mepecedeHnst miockocTeil okpysxkHocrell (C) u (C)
He nepecekaeT OKpyxHOCTb (C), TO MOKHO NOABEPrHYTb, HampUMep,
oKpyxHocTh (C’) mpefBapHTe/NpHOH TOMOTETHM H IIPUBECTH OIHY
a3 Touek A’ 3ToN OKpYyxHOCTH B Touky A oxpyxkuoctd (C), pacmnoJso-
XKeHHYI0 Ha Toil ke ofpasyiomeli. OxpyxkHocth (C”), TOMOTeTHUHAS
oKpyxHocTH (C'), HAXOAUTCA B IIJIOCKOCTH, NPOXOASIIEH Yepe3 TOUKY A,
H, Cle[OBaTeJNbHO, NepecekaeT OKpyRHoCTh (C) elne B Apyroil Touke B,
obmeii oxkpyxkuoctaM (C) u (C”). Mbl npumig K OpeAbiymieMy Ciy-
yajo, Tak u4to OKpyxHOCTH (C) u (C") COOTBETCTBYIOT ApPYyT APYLY
B HHBepCHH ¢ NojiocoM B O, TO ecTh BepILHHE KOHYCa; 3HAUUT, OKPYX-
goctd (C) u (C’) ofpatHel APYT APYTY B HHBEepCHH, ABJAIIEHCA Npo-
#3BeJleHHeM TOIBKO UTO HallieHHOH HHBEPCHH H TOMOTETHH, Ipeolpasyo-
well oxpyxHOCTE (C") B (C'). [HoKasaTeabcTBO MPOXOAHT, AaXKe eC/IH
ToukH B 1 A cOBNajaioT, TAK Kak JBe KacaTe/IbHble OKPYaKHOCTH, JIexKa-
{Iie B pa3/MYHBIX IJIOCKOCTSIX, IPHHAJJIERKAT OLHOH H Tol xe chepe.

TakuMm ofpasoMm, kouyc, umeroujuil 00HO Kpyzo080e ceueHue, uUMeem
080 HANPABACHUA KPYe0BbiX CeyeHull, HA3BIBAEMBIE KPY206biMU HANPA-
8AEHUAMU; OLHO — MAapaJ/eJbHOE IJIOCKOCTH AAaHHOTO CeueHHs, ApY-
foe — napaJiieJbHoe NJ0CKOCTH CedeHHsi, o6paTHOTO AaHHOH OKpYyXK-
HOCTH. DTH HanpaBJeHHs COBIAJAOT AJs KOHyca BpalleHud.

3ameuanne. Bee BeTpeueHHble B NMPEIbIAYIIHX NPEIIOKEHHAX
HCKJIIOUEHH ST HCUE3al0T, eC/Id PaccMaTpHuBaTh OPTOrOHAJBHEIE CHMMETPHH
OTHOCHTEJBHO TJIOCKOCTeH (MM B MJIOCKOCTH OPTOTOHA/JIBLHBIE OCEBbHIE
CHMMeTpHH) KaK HHBEDPCHH, IIOMIOC KOTOPHIX fBJIAeTCA OGeCKOHEYHO
yAaJieHHO!I TOYKOH.

* Ecau 3TH OKPYKHOCTH KOHTPYSHTHEI, TO LEHTP TOMOTETHH TOJILKO OJHH —
ueHTp cuMmeTpud. OJHAa HHBEPCHS BBIPOXKJAAETCS B CHMMETDHIO OTHOCHTEIbLHO
N70CKOCTH, MeXHATPHCHOR K OTPe3Ky, COJUHAOmMEMY LEHTPH OKpYIKHOCTeH,
Apyrasi — B TpaHcasuuw.— Ipum. ped.
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Il. MOHATHE O KPYroBOWH reoMeTpHuH

ITono6HO TOoMYy Kak MePCHEKTHBA, NMPHBOAAMIAS K PacCCMOTPEHHIO
6eCKOHEYHO VHAAJIEHHHIX TOYEK M K ocofoMy HHBapHaHTy, ABOHHOMY
OTHOLIEHHIO YeThIpeX KOJIIMHEAPHBIX TOUEK, SBJSETCS BBELeHHEM
B TIPOEKTHBHYIO [EeOMETPHIO, KOTOPVI0O MOXKHO H3YUHTh, HCHOJAB3YS
apuHHYI0 TeOMETPHIO, HO KOTOpast aBTOHOMHA, HMeeT CcOGCTBEHHBIE
AKCHOMB! H COGCTBEHHBIE METOJbI, TOYHO TaK H HHBEPCHS BBOJAHT HEKO-
TODYIO HOBYIO T€OMeTPHiO, KOTOpas TaKkKe MOxeT H3y4aTbCs Heo-
CPeACTBEHHO, a He 0653aTebHO C [TOMOLLbI0 METPUYECKOH TeOMeTpHH.
DT0 Kpyzosas z2eomMempus.

B 3ToOfi TeoMeTpHH CYIIECTBEHHBIMH 3JeMeHTAMH BMECTE C mouKol
ABJISIIOTCS OKpydscHocmeb (depe3 TPH TOUKH * Bcerja NMPOXOLHT OKpPYXK-
HOCTh ** M TOJBKO ONHA) U cghepa (Uepe3 yeThIpe TOUKH, HE PacroJo-
»KEeHHble Ha OLHOH OKPYMKHOCTH, NPOXOILHUT Bceria cdepa *** u ToJabKO
ofna). Kpyrosele cBoHCTBAa HEKOTOPOH (DHTypHl — 3TO COOTHOUIEHHS,
YHBAapHAHTHLIC OTHOCHMTEJBHO MHBEPCHH.

Mpl He JaguM CaMOCTOSITEIBHOTO aKCHOMATHUECKOTO MNOCTPOEHHS
KPYTOBOU TeOMETPMH, HO MBl YKaXXeM H4 ee CyllecTBeHHble CBOHCTBa,
CpeAH KOTOPHIX H CJeflyeT BbIIEJUTh aKCHOMBI, MOMJIEKALIHE IPHCOeIH-
HEHHIO K aKcuoMam uHyuledmuocmu, WAR NpuHadsedicHocmu (OTHO-
cALIMMCS K IepecedeHHsIM OKpYyxKHocTel u cdep). [Tostomy aas fjokasa-
TeJIbCTB Mbl OYIeM IO-NIPeKHEMY MOJIb30BaThCst METPHUECKO TeOMeTpHEl.

1. Kpyrogoe onpegnenenne uHBepcHu. Mpl cefiuac oxapakrepH3yem
UHBEPCHIO TOJBKO C MOMOIIBIO KPYyTOB.

Ecau Odanee dse naper mowex A, A'; B, B Ha o00noi u mod e
oKkpysichocmu (y) uau Ha 00HOUd u moil oke npamod, mo cyuecmsyem
HEKOmopas UHBePCUs UALL HEKOMOpas CUMMEMPUS OMHOCUMEAbHO NAO-
ckocmu, maras, umo mouky A’ u B’ asastomen coomeemcmeero obpa-
samu mouex A u B.

JlorasatesnncTBO  OBUIO INPOBeleHO ISl CJAydast KOJJIMHeapHBIX
TOYEK, 3HAHHE OTpPaHUUEHHS MHBEPCHH Ha NPAMYIO, COIepKallylo
KOJIJIHHeapHble TOUKH, OnpellesisieT 3Ty uHBepcuio. Ecau npsimeie AA’
¥ BB’ He cOBMajawT, TO OHYU JKGO MEPeCceRAnTCH, ANOO HapaNiebHby
(B MJIOCKOCTH OKDYXKHOCTH Yy). B nepBoM ciydae uckoMast MHBEPCHS
MMeeT IOJNIOCOM TOUKY MepeceueHusi, a CTENeHblo CTeNeHb 3TOH TOUKH
OTHOCHTEJILHO OKPYKHOCTH (I”), BO BTOPOM CJy4ae HHBEPCHS SBJISETCS
CHMMeTpHel OTHOCHTeJbHO OOllel MeIMaTPHCHOH IJICCKOCTH IapaJ-
aejpublx xopn AA’ u BB'.

B wunBepcuu, Tak onpelesneHHOH, o6pasoM HeKOTOpOH Toduku M
ABJsieTcs1 Touka M’, ofmas okpyxHoctsM AA'M u BB'M cdepw,
onpeneseHHOH OKPYKHOCTBIO (V) U Touko#t M. B ciayuae RomninHeapHOo-
CTH HCHOJNB3YIOT BCIOMOTAaTeIbHYIO TOYKY P, He KOJJIMHeapHYIo
C JPYTUMH TOYKaMH.

* Cpenu KoTOpHX Mo KpaiiHell Mepe xBe pasnuunbl.— Ipumn. ped.
** [lpAMas paccMaTpUBAETCS KAaK YACTHLIN BUA OKpyxuocT.— I[Ipus. ped.
*** TlnockocTe paccMaTpHBaeTCs KakK gacTHb BuA cdepbl.— [Tpum. ped.
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C ToukH 3peHHs KPYroBoil reoMeTpHH (He OTJMYasi, CleOBATeNbHO,
OPSAMBIX OT OKPYXHOCTEH H CHMMETPHIO OTHOCHTENBHO IIJIOCKOCTH
OT UHBEpPCHH) Mbl (POPMYJHPYEM MO3TOMY TaKoe MNOJOKeHHe:

HHeepcust asasemcs mouedHolM  NpeodpasosaHuem, Onpedessiemvim
Osymsa napamu KoHyukiuinsix movex A,A'; B,B’. Obpas kaxcdoti mouru
M — amo emopas mouxa nepeceuenus oxkpyscrocmeti AA'M, BB'M.
Metpuyeckoe rpeficTaBiieHie HHBEPCHH MOXKHO NOJYYUTh, paccMaTpHBas
HEKOTOpYIO TOUKY [ KaK OeCKOHEUHO YJaJeHHYIO; OKPYXHOCTH, NpO-
XoAsHe uepe3 /, HaswBaOTCH ApAMbiMu; chephl, NPOXOASLINe Hepes
I, naswBatorcs nsockocmamu., OOpas TOuKH [ Has3BIBAETCA HOAOCOM
#HBEPCHH.

INpuaoxenne. TpaunchopMupoBaHHe HUHBEPCHH
UHBepcHUe#

[TycTp nana unBepcus (J), onpenenennas napamu touek A, B € (F)
u ux ob6pasamu A’, B’ ¢ (F’), npuueM Bce yeThIpe TOYKHM PACIIQIOKEHbI
Ha HekoTOopoit okpyxuoctd (y). WHBepcus (J,) maer A,, By € (Fy)
u A;, B, € (F)) — TOuxkH, pacno/JOXeHHbEIE Ha HEKOTOPOH OKpYy-
goctu (y,), obpase okpyxkHoctd (y). HMuBepcns (J'), onpenenenxas
napamu Ay, A;; By, B;, B sBJfeTCA HCKOMBEIM pe3yJbTaToM TpaHchop-
MHDOBaHH$, TaK KaK OKPYMXKHOCTH, [IO3BOJISIOIME T1ePEXOIUTh OT TOUYEK
durypsl (F) x ux o6pasam B durype (F;), npeoGpasyiorcst uuBepcuei (J )
B OKDYXKHOCTH, omnpefensiomue uHBepcuio (J). Taxum obpasom,
npeobpasosarue, NOAYHEHHOE MPAHCHOPMILPOBAHUEM UHBEPCUU HEKOMO-
poti  Opyeod uHeepcuell, MaKxce [BAACMCA UHeepcued.

Mbl MoxeM 3anucaTh 3TO B CJAEAYIOHNX SKBHBAJEHTHBIX, B BULY
83aHMHOCTH HWHBepcUH, (opMax:

()X I x(F)=(F), mm (J) X (J)=(T)x (T

Unu xe:

(J) = (T X (J") X (J).

s nanHOR wuHBepcuH (1) COOTHOLIEHHE MeXAY HHBepcHaMH (J)
# (J') B3auMHoO.

2. KpyroBble HHBapHaHTbL

a) lBofiHOe OTHONMEHHE YeTHpPEeX TOUYEK HA
OLHOH OKpYXHOCTH. [lycTe Ha HekoTOpO#l OKpyxHOCTH (Y)
JaHel vetsipe Touku A, B, C, D B onpejenennoM nopagke. Kakosa 6ol
HH Oblla Todgka M oKpyxkHOCTH (), [BOHHOe OTHOIIEHHE Iy4YKa
M (A, B, C, D) aBasiercsi OLHUM U TeM e ONPEACJCHHBIM YHCJOM,
Ha3blBAEMBIM JBOMHBIM OTHOILIEHHEM 3THX UETHIPEX TOUEK OKPYKHOCTH.

Ilpn uuBepcuu ¢ nmomocom O, pacnojOXKeHHHIM Ha 3TOH OKPYHXK-
HOCTH, [BONHHOE OTHOIUEHHE COXpaHsercd, TaK KaK OKPYX.HOCTb (V)
CTAHOBHUTCS1 TIpAMOH (y'), mepecekawoieil nyuok O (4, B, C, D) B Tou-
kax A’, B’, C’, D’. Usyuum cnyuyait, xoraa nomoc O unsepcuu (J)
HE HaXONHUTCSl HA OKPYXKHOCTH (V).

Tak Kak 3HaueHHe CTeNleHH HHBEPCHH HE CYNIECTBEHHO, TO MBI MOXKEM
fIPEATIOJIOKHTD, YTO OKPYXKHOCTDb ('), o6paTHast OKPYXHOCTH (Y), mepe-
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CeKaeT 3Ty NOCJEAHIO B IBYX Toukax K W L, m TpanchopMHpOBaThb
uHBepcuio (J) Hekotopolh uHBepcuelt (J;) ¢ momwocom L. OtHocHu-
TeJIbHO HHBEPCHH (1) OKPYKHOCTH () H (') uMetoT cBoMMH 06pa3amn
apsimMete (y;) u (y;), nepecekamouuecss B Touke K;. 3mauut, npu mpe-

oGpa3oBaHuH
(J)=(T) X ()X (T4

o6e npsMble (y4) U (,) COOTBETCTBYIOT APYT APYTY, H HX oflias Touka K,
HHBapuaHTHa. Ho npeobpasoBanue (') ABjAsieTcss uuBepcueil; c/exo-
BaTeJIbHO, 3TO MOXKeT ObITh TOJNBKO CHMMETPHA OTHOCHTEJIBHO ILIO-
ckoctd. [lostoMy mnpeoGpasoBanue ('), paBHO Kak u npeoGpasoBa-
"Hue (Jy), coxpaHsieT JBOHHOE OTHOIIEHHE pPAaCCMOTPEHHBIX TOUEK;
3HAUHT, STO Ke HMeeT MecTo IJis mnpeoGpa3oBanus

(I =(T) X (I)x (T

Takum o6pasoM, dsoiiroe omuouieH e Yempipex mowex 00HoL u mol oce
OKPYNICHOCHIUL UHBAPUAHMHO 8 000U uHeepcuu.

b) KpyroBofi HHBapHaHT Nape OCKPYXKHOCTEeR
OXHOHN M TOH Xe MMAOCKOCTH., 3aMeTHM NPEXKAE BCEro,
y10 ¢urypa, ofpaTHas NYYKy OKPYXKHOCTeH C OCHOBHLIMH TOUKAaMH,
ABJSIETCS, OYEBHIHO, IMYYKOM TaKOro xe THha. To Xe caMoe BepHO
U JJISl TyYKa C [pelieJIbHBIMH TOYKaMH (Tak KaK ero MOXKHO OIpefe-
JIUTb, KaK NYYOK, OPTOTOHAJBHBIH HEKOTOPOMY NYYKY C OCHOBHBIMH
TOYKaMH), a TAKxKe JJIs MMydKa KacamwwiXxcsl APYT Apyra OKpyXKHocTel.
WuBepcuefl (Jo), NOMOCOM KOTOPO#l CHYyXKHT OfHA M3 Touek Iloucesne
(ocHOBHAsI TOYKa, HJH mpelielbHAs, TOYKA), NYYOK OKPYHKHOCTER
npeoGpasyeTcsi B NYYOK MNPSIMBIX, NEPECceKalomUXcs HAH Hapajesb-
HLIX, WJHM XKe B NYYOK KOHLEHTPHYECKHX OKpPYXKHOCTefl.

YureM cKRa3aHHOe Bbllle M PACCMOTPHM HEKOTOPYIO NApy OKPYXK-
uocteit (Cy) u (Cy) B oHOH U TOH 3Ke IJIOCKOCTH; TlepeceueM HX KaKOM-
an6Go oxpyxuocTelo (I') W3 opToroHanbHOro nydka. Wusepcusa (o)
COXpaHsieT JBOHHOE OTHOIUEHHE ) UYeThlpeX KOHIMKIMYECKUX TOUEK
nepeceuenys, U NoJyueHHsll IpocToil 06pas® nokaswiBaeT, 4TO 3TO ABOMH-
HOE OTHOILIEeHHE He 3aBHCHT OT OKpyxkHOCTH (I), BHIOpaHHOH B OpTO-
FOHaJMbHOM nyuke. Ho 3HaueHne ) cOXpaHseTCsl NPH BCAKOH HHBEp-
cun (7). Orcrofia ciefyer, 4TO A ABJSETCS KPYTOBBIM HHBaPHAHTOM
napsi okpyxkHocreli (Cy), (C).

BeipasuM A B €BKJHIOBOH MeTPHYECKOH TIeOMETDHH, HCIOJb3Ys
B KauecTBe OKpyxkHoctH I o6muil nuamerp. ITycts Ay, By u Ay, By —
TOUKH [epeceueHHsl STOTO AHAaMeTPa COOTBETCTBEHHO C OKPYKHOCTAMH
(Cy) u (C3) u nyctb Cy, Cp — UeHTPH 3THX OKpymxHocTeH. Torma Ml
nofiyuaeM, HCHONb3Ys OObIYHBIE OGO3HAYCHUA:

C Cy=d; E;Zi——— —@—1’:131; mz=—@z=Rz;

* JlenTp OKDYXKHOCTH, OPTOTOHaJLHOH JBYM I[l€peceKalomUMCS NPSMbIM,
cOBHajaeT ¢ HX TOUKOH mepecedeHus. OKPYXHOCTb, OPTOTOHAMLHAS JBYM KOH-
HEHTPHUYECKHM OKPYXKHOCTAM, SIBJASETCA APAMOH, NPOXoAsmeld yepe3 HX UEeHTP.—
ITpum. ped.
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o A2ds . ByAy _ d*—(Ry—Ry)?
A;B;  ByBy  dE—(Ra+Ry)%’

"Ho nmapa okpyxHocTeil He MOXeT MMeTh NPH HHBepcuu GoJed OXHOrO
MHBapHaHTa, H60 OYEBHIHO, YTO €CJH HOJIOC H CTENeHb NMPOH3BOJbHHI,
TO BBIGOp R; He Moxker onpeieauts d’ 1 R,. Ho B cayuae, korna (C,)
u (C,) mepecexaloTcsi, Mbl yxe 3HaeM OJAWH TaKoM HHBAPHAHT: 3TO
yron V Mexny ABYMf OKpyxHOCTAMH. [TosToMy Mbl fosixHbl yGe-
IUTBbCS, YTO MeXKAY YucsaaMd A H V HMeeTcd COOTHOLIEHHe, HEe 3aBH-
cslllee OT Napel OKpyxHOCTed. B camMoM Jese, 1is mepecekaioliuxcs
OKDYXKHOCTEH HMeeM:

2
IRy —R,|<<d<<Ry+Ry; cos V:__R%—Q};?R;—ﬂ'
182
OTKyZa
1% 1—cosV
e = TFesv = M

Mer BUINM, a 3TO CTAHOBUTCS SICHBIM TAKXKe, €C/H YYecThb NOPSAOK
TOUEK Ha OPTOTOHAJBHOH OKPYXKHOCTH, 4YTO HepaBeHCTBO A < 0
fIBIsieTCss  YCJAOBHEM mepeceyeHHsl OKpyxHocTed. OpTOroHanbHBlE
OKPYZKHOCTH COOTBETCTBYIOT 3HAUEHHIO ) = — 1.

¢)B TpexMepHOM m@NpoOCTpPaHCTBe Mb Ha3LBaeM
OPHI020HANLHOL OKDYNCHOCbIO K HEKOmopoll cghepe OKpYKHOCTb, OPTO-
roHaNbHYIO cepe B ABYX OOLIMX € Hel0 TOYKaxX; 3HAUUT, NJIOCKOCTb
OKPY:KHOCTH OPTOTOHaJIbHA K ctepe (OHA MPOXOAUT yepes LEHTP chepbl)
H Kaxpas cfepa, MpPOXOAAIIAs Yepe3 3Ty OKPYKHOCTb, OPTOrOHaJbHa
K JaHHOH cdepe.

Meur HasbiBaeM opmozoH@AbHOIM KOAbYOM TIAPY ABYX OKPYMKHOCTEH,
Takux, 410 Jwbasa cepa, MPOXOAAINAs yepe3 OJAHY H3 OKDYKHOCTel,
opTOrosasbHa K Apyrofi. TOTAa NJIOCKOCTH STHX OKPYKHOCTEH B3aHMHO
NepreHfAHKYJASIPHbL H NepecekaloTcsl Mo npsMOf LeHTPoB. Jta npsiMas
nepecekaeTcss OKPYXKHOCTIMHU B TOUKaX, 0Opas3yomUX TapMOHHYECKYIO
YeTBEPKY.

Bce 3t KoHburypamuu coxpaHsawoTcs HHBepcueii. C  apyrob
CTOPOHBI, KPYTOBbIE CBOHCTBA NJOCKOH (UIYDHI BepHbl M IS chepuue-
cKux ¢ueyp, Tax Kak gwobas cgeputeckas ueypa Naer naockuil oGpas
Npyd HMHBEPCHSAX C nojiocoM Ha cdepe. Takasa HHBepcusa onpenessier
omobpasicerue chepor Ha naockocms (CHaGKeHHYI0 GECKOHEUHO YJaJsleH-
HOH TOUKO#), KOTOPOEe MOXKeET ObITh INOJYYEHO TAKKE HEKOTOPOH mep-
CHEeKTHBOH. DTO OTOGpaKeHHe Has3bIBaeTCsl crmepecepaguueckoll npoex-
yueti cepel Ha MJAOCKOCTh (OHA HCHOMB3yeTcs AJd TNOJydYeHHs Teorpa-
¢duyeckuX H acTPOHOMHYECKHX KapT). B wacrHoctw, Ose oxpyocrocmu
00HOti u mod oice chepsl UMEIOT KPYTrOBOHl HHBAapHAHT A, PaBHBIN IBOM-
HOMY OTHOLICHHIO HeThipeX TOUeK, BLICEKAeMBIX 3THMH OKpYXKHOCTSMH
Ha KaxJIOH OpPTOTOHAaJBHOH UM O6GeMM OKPYXKHOCTH cdepsl. Ecan
OKPYIKHOCTH IepeceKaloTcsi, TO A sBiasercd (yHKuueil HX yria.

AHaJIorHYHO Ose chepor umerom Kkpyao6ol uUHEAPUAHM; €TO NOAYYAIOT
€ MOMOIIBIO HEKOTOpO# 0Oilefi OPTOTOHAJBLHOH OKPYMKHOCTH, H BHIUH-
c/ieHHe, CllelaHHOE MJIsF TJIOCKOTO CJydasl, COXDaHSeT CHJY.,
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d)yO6mee kpyrosoe npeo6GpasoBaHHE.

OnpeneneHnue. DBsauMHO onHO3HA4YHOEe TOUYeyHOe mpeoGpa-
30BaHHE HA3BIBAETCS KpYeosvim Npeobpasosanuem *, ecad Kaxjas
OKDYXKHOCTb HMeeT CBOUM 00pa3oM OKPY:KHOCTb, NpHYEM YIJIbI Iepe-
CEeKalolMXCA OKPYKHOCTEH coxpaHdmorces **, a TakuM o6pasoM BO3-
HUKaoUlHe TPeXTPaHHUKH HUMEIOT Bce Ty Ke ODHEHTALHI0, YTO H HUX
obpasbl, WJIH BCe OPHEHTAlHIO, NDOTHBONOJOKHYIO OpHEHTauud obpa-
3a ***, O6osHaunM Takoe npeoGpasosanue uepes (7).

1) JokakeM cHayasa, 4mo maxoe npeoGpa3osanue, eciu OHO CYuie-
cmeyem, OnpedeseHo Mpems napamiy Coomeemcmeennolx modex A, A’
B, B'; C, C'.

B camom gene, nyctb M — Hexoropasa Touka ¢urypet (F); unsep-
cueft ¢ nomocoM B A chepa ABCM mnpeoGpasyercsi B HEKOTOPYIO
fUIOCKOCTb, H OKpyxHocTH (ABM), (ACM), (ABC) cranosstcs npsi-
MBIMH B 3TOH IJIOCKOCTH. AHaJIOrHYHO mogBeprHeM ¢urypy (F') Heko-
Topoit uHBepcuu ¢ momocoM A’. Oxkpyxuoctu (A'B'M’), (A'C'M’)
4 (A’B’'C’) craHoBATCS NPSAMBIMA B TJIOCKOCTH, ONpefeseHHOR o6pa3aMu
Touek (A'B'C’'M’), u 06pa3 Touku M’ Gyner onpesieieH B 5TOH IJIOCKOCTH
10 yIyiaM IIpH Todkax obpasa B’ u €' Mexay NpsMbIMH, SIBJAIOLIH-
Mucd ofpasamu okpyxkHocrel, (ABC), (ABM), (ACM), xakosa
6bl HH Obl1a Touka M.

2) Jlroboe npoussederue umsepcutl ssasemes npeobpasoseanuem (T);
OpHEHTALUsl YIJI0B COXPaHAETCS, eCJH UHC/AO HHBEPCHI YeTHOe, H H3Me-
HsieTest, eC/IM 3TO 4HC/A0 HedeTHoe. [JokaxeM o6paTHoe MpeiIOXKeHHe.

3) @) OrMeruM cHayaja, 4YTO MOCKOJBKY CHMMETPHS OTHOCHTEJNBHO
fIJIOCKOCTH fBJIsieTCss MHBepCHeH- (¢ NpUBATON HAaMM TOUKM 3peHus),
To J/10GOH NapaJenbHLIll NepeHoC WM Joboe BpalleHHe HOJKHBI pac-
CMaTpHBAThCH, KAK MpOU3BeleHNe JBYX HHBEPCHH, a Jo6oe BHHTOBOE
nepeMelllcHHe — KaK [pOu3BefeHHe 4YeThipeX HHBepcuit. C npyro#t
CTOpPOHBLI, MBI 3HaeM, 4YTO TOMOTETHSI SIBJSIETCS NPOH3BENEHHEM JBYX
MHBepcHH ¢ OOIHUM IOJIOCOM.

b) Ham ocraercs mokasaTb, YTO HEKOTOPOE Mpou3sedeHie UHBepCull
(sBasitolieecs npeobpasosBanueM (T)) nosgoasem npeobpasosame mpu
npoussoabkble pasaudrele mowkuy A, B, C 86 mpu mosxce npoussoivsle
pasauursie mosku A', B', C’.

BriGepeM MpOM3BOJLHO OPHEHTAalUMU Ha IIocKocTsix ABC u A'B'C’.
Ecau npeoGpasosanue (T) cyiectByer, To npamuie A’B’, B'C’, C’'A’
apasgorcsa obpasamua okpyxHocredt (ABK), (BCK), (CAK), nepece-

* YrnorpeGuTelbHB TaK¥Xe TEDMHHEI «aHAJJTMAaTHUECKOe MpeoOpa3oBaHHe»
{TepMuH, NpHMeHAeMbl aBTOPOM B OpDHI'HHaJje) H «npeoGpasdoBaHue Mébnycar—
no GaMHIYH HEMEIKOTO MaTeMaTHKa, H3yyaBluero 3Tu npeobpasosanud, A. F. Mo-
bius (1790—1868).— [Tpun. peod.

** MoXKHO I10Ka3aTh, UTO COXpPaHEHHe YIJoB H COXpaHeHHE WJIH H3MEHEHHe
OpHEHTAUUH TMOJNYYalOTCsl KaK CJeJCTBHE OCHOBHOTO CBOHCTBA: OKPYXHOCTh IIpe-
o6pasyercsi B OKpyXHoCTh.— [lpum. ped.

##% CioBo «o6pa3» 3lech, OYEBHUIHO, He YNOTpPeOIseTcs B TOYHOM CMEICAE,
6o KacaTeJqbHbie 06pa3oB, pasymeercs, He SABAATCA oO0pasaMu Kacarelb-
Heix.— IIpum. nepesod.
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Kaomuxcss B Touke K, o6pa3 KOTOpoil — GeCKOHedHO YyasleHHast
TOYKa. DTH OKPYXKHOCTH NepeceKaloTcsl INOMApHO oA YIViaMH, paB-
HBIMH yrJjaM TpeyroibHuka A’B’C’ (ompefieJieHHBIM [0 MOAYJIO I),
TaKk uTo Touka K naxoautcs B miaockocth ABC *. Ho ecnu Tpeyrosb-
uuk ABC He momoben tpeyroapuuky A'B’C’, 10 B miockoctd ABC
TOuka K, OTBewalomas 3THM YCJOBHSM, cyllecTByer. JleHcTBHTENBHO,
#HBepcus ¢ nojiocoM A nokasmiBaer, uTo OKpyxkHocTH (ABK) u (ACK)
fepeceKaloTcsl MO JKeJaeMBIM YIJIOM, ecju ToYKa K NpHHALJIeXHT H3-
BECTHOH OKPYKHOCTH, mpoxonsinell uepes B u C**; aHa/JOrHYHO YIOB-
JIETBOPsieTCs1 BTOPOE YCJIOBHE, a TPEThe YAOBJETBOPUTCS €aMO COGOM.

WuBepcua ¢ noatocom K npeoGpasyer Toraa Toukd A, B, C B ToukH
Ay, By, C,, ofpasypoliie TpPeyroJbHHUK, MNOJOOHBIH TPEYrONbHUKY
A'B’C’. Ho mbl 3naeM, 4910 Ji060e nofoGie HAH aHTHIIOAOGHE SIBJISIETCS
NpON3BefeHHEM BpalieHHd M TOMOTETHH (CM. TpPEeNBIAYINYIO T[JaBy).
B xoneunoM cueTe Mbl BHAUM, uTo mnpeobpasosanme (T) cywecmsyem
U AsAsemca npoussedenuem He 6oaee uem namu uHeepcuil.

B urtore monyyaeM npelOXKeHHE: 6CAKOE KpY2060e Nnpeobpasosaxue
MOXNCHO npedcmagume, Kax npoussederue He 0oaee uem namu uxsepcuil,

B uactHOCTH, npou3BelleHHe 7 HHBEPCHH MOMKeT OLIThL NPHBEIEHO
K IIPOH3BEeIEeHHUIO He Goslee ueM MATH HEBepcuil. EcrecTBeHHO, 3T0 4HCI0
MOMKET YMEHBIIHTHLCS B HEKOTOPBIX YacTHBIX CJAyYyasix; TOTAa MOXKHO
CYHTATh, YTO fABe CJeAYIOIMe APYT 3a IPYTOM HMHBEPCHH COBIAJAlOT
H B3aMMHO YHHYTOXaOTc. OTMETHM TakiXKe, YTO B 5TOM DPa3jIOKEHHH
HeT eIMHCTBEHHOCTH, KaK ee HeT, HAaNpuMep, U B Pa3/OXKeHHU Napal-
JIEIBHOTO MepeHoca HJIH BpalleHHs B [POW3BeleHHe IBYX CUMMETPHi
OTHOCHTE/IbHO IIOCKOCTeH.

TagkuMm o6pasoM, zpynna kpya06six npeobpasceanuti MOPOXKIaeTCA
MHOXECTBOM MHBEpPCHH, KOTOpPoe He ofOpasyeT TpYIIIbL

Tpernd raasa

NOHATHUE O METPUYECKUX HEEBHNIUAOBLIX FEOMETPUAX
o

Mb! nmocTpoMnu TOYeYHOe NPOCTPAHCTBO, KAK HEKOTOPYIO MOJelb
BEKTOPHOTO MpPOCTpPaHCTBa: IMoOcJAe TOro KakK Obin BolOpaHel Gasuc
¥ Hayano O, KaxAblil BEKTOP OKa3a/cs BO B3aHMHO OJHO3HAYHOM COOT-

* Tak KaK HHaue CyMMa YIVIOB TPeyroJbHHKA, oGpasoBaHHOLO AYraMmu
OKpYXKHOCTell, Gbia Onl Gosblie 7, KaK cyMMa yryioB chepHYeCKOrO TPeyrogb-
uuka.— [Ipum. ped.

** JleficTBUTeNbHO, IIPH paccMaTpHBaeMmoii HHBepcHHU Touku B u C npeobpa-
3yI0TCA B onpejenerHsie Toukd By v Cy, a okpyxHocTb KBC nopoxaaer HeKOTO-
pyio okpyxHocTs KgBgCy. Yroa mpr Touke A, o6pa3oBaHHBIN OKDPYXKHOCTAMH
ABK v ACK, uMelonuit JanHoe 3HaueHde, paBed yray npu touke K, o6pasoBan-
HOMY TeMH e okpyxHocTsamu. Ho ymoMsHyTHe fiBe OKPYXKHOCTH NpeobpasyioTcs
B NpsIMble, MepeceKalllHecs! NOJ TeM e YrJaoM B TouKe Kp, Jexameil Ha OKpYXK-
Hoctd KyBgCy. Takum o6pasoM, nocielHsis OKpYXHoOCTb OyJeT omnpejejeHa
no ee xopje ByCy ¥ BesHyYHHE BIHCAHHOTO YIda, ONHPAIOLIErocss Ha 3TY XOpPAY.
CnefoBaTeIbHO, MNOC/JAEe HHBEPCHH ONpeJeNHTCSd H OKDPYXHOCTb, NPOXOAALLAS
uepes B u C u cojepxaumas Touky K.— IIpum. ped.
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BETCTBUHM C HEKOTOPOH TOUKON M npocTpaHcTBa, M NMOHATHE O PaBHBIX
BexTopax 6bwio mepBuuHbM. OAHAKO Takoe H3/10XeHHe TNPHBEIOQ HAC
K M3YUeHHIO MPOCTPAHCTB, JHILEHHBIX MOHATHS NapaliensMa (B mpoek-
THBHOH TFeOMeTpHHM M KPYTOBOH IeOMEeTpPHH) M NOHATHS PacCTOSHHSA.

MeTpHyeckoe €BKJIHJIOBO IPOCTPAHCTBO MOHeT ObITb NOCTPOEHO
AKCHOMATHYeCKH TaKuM o6pa3oM, 4roGbl NOHATHE napajliesnHsMa
6b110 BBEJIEHO He ¢ CaMOTo Hayasa. Torjaa MoXHO OGHApyXKHTb He HCKYC-
CTBEHHBIH, a YNpOWAIMKA Xapakrep mocryJjara EBkauia.

Mb! orpaHpuHMCS ABYMEDHBIMH IIPOCTPaHCTBAMHU.

l. MpeaBapurenbHbie CBeACHUA

A) Ocnoenble cBoiicTBa [A]

Hannexaias COBOKYNHOCTh aKCHOM BBOJUT CTPYKTYPY MHOXKecCTBa
TOYEK ¥ NPSMBIX,  TAK¥XKe OTHOIIEHHE SKBHBAJEHTHOCTH MeXKAY MapaMu
TOYEK, XapaKTEPU3YIOLIEe pPABEHCMBO paccmoaxull, OTKyAa IOJNydaeTcs
NoHsiTHe O paBeHCTBe GUIYp. AKCHOMATHKA XOpolla, ecJd NePeurcssi-
IOTCs1 Bce He3aBHCHMBle APYT OT Apyra akCHOMbI, B BO3MOXHO HaHMEHb-
1LIeM YHCJIe, OCTATOYHOM OJHAKO JJISl HMelOHmerocs B BUAY MOCTPOEHHUS.
Tak Gbia mocTpoeHa, B YAacTHOCTH, akcHoMaTthka [uablepra *.

Ecau ucxomuth M3 TaKOH CHCTEMB!, TO TINATeJbHOE H KDPONOTJIHBOE
ToCTpoeHHe TeM Goslee JJIMHHOe, YeM Cosee COKpaHIeHa aKcHOMaTHye-
ckasi 6asa, MO3BOJISET IONYUHTb OCHOBHbIE DPE3YAbMAMbL, U3 KOMOPbLX
COMBIMU CYUECMBEHHbINU ABARIOMCS 048 HAc caedywoujue:

a) 1. Uepe3 nBe pa3nuyHble TOYKH HIPOXONUT NpPAMAsA U NPHTOM
elMHCTBeHHas.

2. Kaxknas mnpsMas ¢BJIsieTCS MHOXKeCTBOM TOUEK, ONHCAHHBIM
HaMH I10Jl Ha3BaHHEM BellleCTBEHHOH NpsAMOH: ecjH BbiOpaHO Hauaso O,

a TakXKe MOMOXKUTEJbHOe HampaBieHue, T0 OM = x yCTaHaBIWBaeT
B3aHMHO OMHO3HAYHOE COOTBETCTBHE MeXAy TOYKaMH M H JAeHcTBH-
TEJILHBIMH YHCIaMH X.

b) 1. Kaxpaa npsiMast IeJHT FUIOCKOCTb Ha JIBE HE NMYCThE OGIACTH;
IBe TIpsiMble, MMelOmKe OCILYI0 TO4YKY, AENAT IJIOCKOCTh Ha YeThipe
o6J1acTH.

Axcuoma Mama, Kaxnasa npsamasi, nepecekaioliass CTOPOHY HEKOTO-
pOro TpeyroJbHUKa (TO €CTh OMpe3oK, COeIUHAIOMHKE 1Be ero Bep-
LIHHBL), nepecekaem eule 0OHY e20 CIMOPOHY U He Nepecekaent mpemeio,
ecau MoAbKO NPAMas He npoxodum uepes OOHY U3 6epUIUH.

2. CyulectByer OTHOIIEHHe 5KBHMBAJEHTHOCTH: «paBeHCTBO pac-
crosuuiy, AB = CD, mexny napaMH Toyek miaockoctd. Torna Ha ups-
Mbix AB u CD pasenctBa AM = x-AB u CP = x-CD Baexyrt 3a co6oi
paBeHctBo AM = CP.

HepaBencrBo Tpeyronseuka AB + BC > AC cnpaBeiinBo, Ka-
KOBbl Obl M Gbuin Toukun A, B, C.

*Cm.: O, Tuaw6eprT, OcHoBauusa reomerpuu, I'TTH, 1948 uam
H. B. Edumos, Brcmasg reomerpus, M., 196]. Arop ykasmBaer eue
na akcdoMathku I. Favardu G. Choquet.— Ilpum. ped.
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3. «PaBeHCTBO YIVIOB» SIBJIIETCS] HEKOTOPHIM OTHOILCHHEM 3KBH-
BAJIEHTHOCTH, O6ecneyHBalOLUM TPH CJydas PaBEHCTBA TpPEYroJbHHU-
KOB.

CuUMMeTpHS OTHOCHTE/JbHO JMIOGOH INpsIMOH MNpeoGpasyeT KasKiwiid
TPeYroJpHHK B pPAaBHBIH eMy TpeyroJbHuK. JIOGoH yroa u Jawo6oi
paBHOGepeHHbIH TPEYTOJbHIK HMEIOT MO OCH CHMMETDHH. (D10 cyiue-
CTBOBaHHe OHCCEKTPHUCH U1l KaKAOTO YIVla TO3BOJISIET HAHUTH Mepy
yria, HanpuMmep, B JABOMYHOH CHCTeME€ CUHCJEHHd, IIOCKOJbKY ECe
pasBepHyTHE YIVIBI MeXAy COO0H paBHBI).

¢) Kak caeacrsue us a) u b), nonydaercs: gepe3 oGy Touky A
H efl CHMMeTPUYHYIO, OTHOCHTENBHO HEKOTOPOH mpsMofl d, Touky A’
OPOXOAUT NpsAMas U NPUTOM eIHHCTBEHHAsA, €C/H TOJbKO Touka A
He Haxomurcs Ha npsiMofi d. BTo mepneHAMKyJAsp (eAUHCTBEHHBIH),
onyumeHHsld M3 Toukd A Ha npsamyio d. CaencTBHe: mobas
HaKJIOHHAs LJHHHee NEpIeHAHKYyJAspa *.

B) Merpuueckue reomerpuu Eskanpna u Jlo6auerckoro

Hexomss M3  npefmecTBYIOMUX NPeJIOXKEHHH, H3YYUM BONPOC
0 CyMMe YIJVIOB TpeYroJbHHKA, YTO NpPHBEJeT HAacC K BONPOCY O mapaJ-
nenusme. Mel 06o3nauaeM uepe3s A, B, C
yranl Tpeyroasauka ABC.

1. HetexT TpeyroabHHKa

Pacemorpum OCHOBHYIO tdurypy
(gepr. 48), TONYUYEHHYIO HNPOLOJKEHHEM
MefnaHbl AM HeKOTOpOro TpeyroJbHHKA
ABC na MD = AM.

Hasosem Bx, Cy, Du mnonynpsiMble,
nponosaxaiomye cropoust AB, AC, AD.
Tak xak Touka M HaxoIMTCs MeXAy TOU-
kamu B n C, to Mu naxomurcs B o6maacTu
yCBx, 3pauut, B 3TOH Xe oOJAcTH HAXOMUTCA Takxe Togka D u oTpe-

30k CD, otkyna BCD < BEy. Ho B cHly CUMMETPHH OTHOCHMTENBHO

Touku M BCD =B.

CnenoBatenbHo, 6 atobom mpeyzorbruke KaxcOoll 6HeWHUL Yaon
Goavlle 2106020 GHYMpPEHHE20, C HUM He CMEICHO20.

Hpyras dopmyaupoeka toro me. Cymma dsyx yza08 MmpeyeorbHUKG
MEHbUle pA3BBEPHYMOo20 Yeaa.

CneactBHA.

a) [lyctb A — Touka, He pacnjioXKeHHas Ha HEKOTOpOH npsMoi
x'x, a O — TouKa 3TO# NpsAMOM; npoBefeM npsamylo X'X, orkiazwBas
paBHEE BHYTPEHHHE HaKpecT Jexaluue yrael** (uept. 49), npugem AX
HaXOJUTCS MO OTHOWeHHIO K npsMoilt AO ¢ Toil xe cropoHH!, uTo U Ox.

Yepr. 48

* Vmeercs B BHAY, YTO NMEPHEHAHKYJASAP H HAKJIOHHAs HCXORAT M3 OAHOH
H Toll Xe Touku.— I[Ipum. nepesod.

** lIMeloTcst B BHLY Yrabl, o6pasoBaHusle npaMuMi x’x u X'X ¢ npamoi
OA.— Hpum. nepesod.
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AX He Momer HuMeThb ofme#r Toukn ¢ Ox, paBHo Kak U AX' ¢
Ox’ *.

Takum oGpasoM, xaoicOott mouxe O npamod x'x cmasumes 8 coomeem-

cmeue npoxodsuias vepes A npamas X' X, ne umerowas obujux mosex ¢ x'x.

b) Ueprexx 48 mnokaseiBaer, 4ro JIOGOMY

\ TpeyronbHUKY ABC MOXHO NOCTABHTH B COOT-

¥ A %  BeTCTBHE TPEYTOMBHHK CAD, yraet KOTOPOro
\g\o

umetor snavenus B + C, D, A — D; cymma
Tpex YIVIOB Ta e, HO J[Ba yria o6pas3oBaH-
g \ ¥ HOTO Tpeyro/bHHKa JaloT B CyMMe Yroi A,
TaK YTO KaXKHblfi M3 HHX MeHblle yraa A,
Uepr. 49 2 HaUMeHbIUUH U3 HUX He NIPEBOCXOAMT Aaxke
nosoBuHy yraa A.
Bynem nosTopaTh 3Ty onepauuio. OG6pasyiorcs TpeyroJbHHKH
C yraamu

Ah Bi’ Ciy
riue
A<y A Bi<di A+B+Ci=A+B+C
AZ, B27 C27
rpe

A<y i Bi<ydi Ap+BytCi=A+B+C
H T. X., HakoOHeI,
Any Ba, Cn,
rape .
A<t hi Bu<—g A AntButCo—A+B+C.

Ho, kakoB Obl HH OBLT YroJ &, MOXHO ONpeleJHTh HAaTypajlbHOe
yuciao N, Takoe, 4rolbl nisa n => N Oblio

1
oz A<e,
OTKYJa
A< %‘ ; Ba< -;‘ .
3uauur,
A+ B+ C<<e+4C, << e (passepHyTsii yrom), Ve.

Cnenosarteasto, A + B -+ C He MOXeT HMeTh 3HaYeHHe, INpPeBHi-
alollee OIMH pasBepHYTHl yroa. Orciofa OpefIoKeHHe:

Cymma yea08 406020 MPeYzoibHUKA MEHbULE DA3BEPHYMO0 Yead uAu
pasHa emy.

* B caywae nepecedeHuss obpasyerca TpeyrolbHHK ¢ BHYTDEHHHM YIJIOM,
PaBHBIM HEe CMEXHOMY C HHM BHeIIHeMY, YTO MPOTHBOPEUHT mMpeAuAymeil Teope-
Mme.— ITpum. ped.
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Mar o6osnatum uepes S (ABC) cymmy yraoB Tpeyronsuuka ABC.
Pasnocts d (ABC) = (passepuythii yroa) — S (ABC), ynoBmerBo-
pAiomas HepaBeHCTBY

0<d (ABC) < (pa3BepnyThlil yron),

HasbplBaerca Oeghekmom TPEyroJbHUKA.

3aMeuanue Kaxmuii TpeyrolbHHK HMeeT IO KpafiHeH Mepe
IBa OCTPHIX yrIJia; HaszoBeM ux B u C. Touka A Haxonurcs, cilefoBa-
TeJbHO, B IOJIOCE, OTPaHHYEHHOH nepnexaukyaspamu K BC, Boccra-
HOBJIEHHHIMH 43 Touek B u C. 310 Bce paBHO, UTO CKa3aTh, YTO BHICOTA
AH ecTb OTpe3OK, DPaclOJOXKeHHBI BHYTPH TpeyroapHuka. Hanbue
Mbl HCIONb3yeM BLHITEKAIOWHKHA OTCIOna BbIBOA: JI1000d mpey2oabHuK
MOJCHO pasoscums (MO KpadHelt Mepe ONHHM CIOCOGOM) Ha 06BeduHerue
0BYX CMEJNCHBIX NPAMOYSOAbHBIX MPEYSOAbHUKO8, TO eCTh MPSMOYTONbHBIX
TPeyroJbHUKOB, MMEIOIHX II0 CTOPOHe, NPORO/KaoMeH oiHa APYrylo
W OIHY OOILYI CTOPOHY.

¢) UccanenoBaunue nedexrta. [lycrs JaHH JBa CMEXHBIX
Tpeyroabnuka * KMP, KMQ; u3 paBeHcTBa

S (KMP)+ S (KMQ) =S (KPQ) -+ pa3pepHyTHIl yroJ
cJIefyeT:
d (KMP)+d (KMQ) = d (KPQ).

Orciona BHIBOOMTCH, YTO Oeghekm mpeysoavHUKA, SBASIOUWES0CH
06TEOUHEHUEM NONAPHO CMENCHbIX MLPEY20AbHUKOE, PABeH cymme Oeghex-
mMos smux TPeyTOJbHHKOB. DTO O3HAuaeT, YTO 3TH YHCJA, €CIH OHH
OTJINYHBl OT HYJsI, 06pasyloT Mepy, TaK YTO OHH HPONOPYUOHAAbHbL
nAOWAOAM  MPeY20AbHUKOB.

B wuyactHOCcTH, ecnuM HeKOTOpPHIH TpeyronbHHK PQR mnepekphiBaeT
tpeyronvurk ABC, 10 d (PQR) > d (ABC), u ecau obvedunenue
NONAPHO CMEJNCHDbIX MPEYEONbHUKO8 SBASENCA NePeKPbIMUEM HEKOMODO2o
mpeyeoavruxa ABC, mo cymma Oeexmos smux mpeyeoibHuKos npe-
socxodum d (ABC), a paBeHCTBO BO3MOXKHO JIMIUb B CJyuae, KOTZa
JedeKTel paBHBEI HYJMO0. MBI OpefyyBCTBYeM NPOTHBOPEUHE, €C/H BO3-
MOXKHO BBIMOCTHTDH IJIOCKOCThH PaBHBIMH TpPeyrOJbHHKaMu, W00 TOraa
JebeKT ogeHb OCOJBIUOTO TPEYrOJbHHKA MOJKeH OKasaThCs OueHb
60JIBIINM, B TO BPeMf, KaK OH He MOMKET MPeB30HTH pa3BEepPHYTOrO
yraa.

2. MouieHe paBHBIMH TPEYroJbHHKaMH **

Ueprexk 48 comepxur pasHble Tpeyronbuuka ABC u DCB. Honoa-
HHM €ro ¢ NOMOIILIO CHMMETPHH OTHOCHTEJBHO cepelUHbl oTpe3ka BD.
Orpesok BB;, cuMMeTpuuHblHl 0Tpe3ky CD, ABsieTCS IPOIOIKEHHEM
orpeska AB, sumb ecsum d(ABC) = 0. 210 epuHCTBEHHBIH OCHHI
caydail, Korja Mbl TaKuM IpHeMOM ofecreynBaeM HOKPHITHE PaBHBIMH
TPeYTOJbHHKAMH Bcell IVIOCKOCTH B OKPECTHOCTH, HAalpHMep, TOYKH B.
Orcioga siceH HHTepeC K PacCMOTPEHMIO NpexkiIe BCEro 3TOTO caydast.

* He o6s3arelbHO NPAMOYrOAbHEIX.— [Ipum. ped.
** To ecTb 3amOJHEHHE MIOCKOCTH PABHEIMH TPeyrodbHHKaMH.— [Tpum. ped,
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Cayuait 1. Cywecmeyem Hexomopoui mpeyzorerux ABC c degexmom
HYab. B 3TOM clyyae BO3MOXKHO HadaTh MOLIeHHe IIocKocTH (uepT. 50).
Ho kak fokaszarb Ge3 TEOPUH mapafe/ibHbX, YTO OHO JOCTHTHET JI060R

TOYKH ITOCKOCTH. MBI MOXKeM

y / IIPEOJIOJIETh 3TO 3aTPYAHEHHE

C: 6jarogapst M3BeCTHOMY pe-
C]\N / 3yJbTaTy O €JUHCTBEHHOCTH
T~~~/ NepUeHuKyAapa K npAMOil,
C7\/\j\/\ MCXOIAIET0 H3 HeKOTOpOil

X 1a B B B p TOYKH. .
’ ! 2 Kaxapii U3 AByx nps-
4 MOYTOJbHLIX  TPEYTOJbHH-
Yepr. 50 KOB,; KOTOpble Mbl YMeeM BbI-

HeTh M3  TPEYroJbHHKA

ABC ¢ moMomp OJHOH U3

BBICOT, Takke OyaeT HMeTb JedeKT HYAb *, TaK YTO Mbl MOXEM

UCIIOB30BATh JIO60H M3 3THX TPEYIOJLHUKOB /I MOUICHUS ILIOCKO-

ctu (uepT. 51).

Uepes KakAyl0 TOYKY K IUIOCKOCTH ~NPOXOJAT ~ MePIeHIHKY-

JApBI KH KH' x NPSMBIM X ‘X, y'y. Ho, cornacHo apxumenoBy CBOH-
CTBY JeHCTBHTENLHOH HDPAMOI,

CYILECTBYIOT ABa HATYpPaJbHBIX y

ygcia n U p, TaKHxX, 49TO &l 'K
nOB<LOH < (n+1)0B; G, ;
pOCLOH < (p+1)0C, = :H

rak wro H u H' 6ymyr npe- 73 v B B, A

B30#eHbl, PABHO KAaK H Iiep-
nenaukyaspst HK u H'K K Yepr. 51
npaMeiM x'x 4 Y'y.

Tak kakK Bce TPeyroJbHHKH MOCTOBOH, MOCKOJbKY OHH pPaBHBI
tpeyronbHEKY OBC, uMmeror fedeKT HYJb H TaK KaK KOHEYHOTO YHC/a
3THX TPEYTOJbHUKOB JOCTATOYHO, YTOOBI MepeKphTh JI060H TpeyroJb-

HHK IVIOCKOCTH, TO MBI 3aK/IOYaeM, 4TO KaikK-
X’ A X bl TPEeYTONbHUK HMeeT JedeKT, PaBHBIH HYIIIO.
4 Orciola OCHOBHOE NPeOKEHHE:

\ Ecau 00un mpeyeorbHux umeem Oegekm Hyao,

P mo gce MmpeyeoabRuKy umeom oOepekm Hyaob.
x /0 o x Caepnctsue. Ha geprexe 49 npamas X'X
- He 3aBHCHT OT TOuKE O, BuIOpaHHOH Ha X'X

Hepr. 52 (1ept. 52).

Cayuait 2. Hu o0un mpeyzonrvrur He umeem
Oepexma, pasHo20 HYam0. 3anofnenue Beeft IUIOCKOCTH DPaBHBIMHM Tpe-
yTOIbHHKAMH HEBO3MOXKHO, TaK Kak le(eKT HEKOTOPOI'O TPeyToJbHUKA,

* Tax Kak cymMma JedeKTOB 3THX TPEyrOALHHKOB paBHa AeheKTy Tpeyronb-
HHKa ABC, To ectb HyA10, a jedekT He MOXeT OLTb OTPHUATENbHEIM, —
Hpum. ped.
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[epeKPLITOro GOMBIIMM YHCJIOM TPeyrOJbHHKOB MOCTOBOH, AOMKEH OBl
6bl NpPeB3OHTH pa3BepHYTHIA yroa *.

3. MousiTHe napanienuama

YepTexk 52 BHYyLIaeT HaM IPYTrofi METOL: HCCJeayeM B OGOHX CIyyasx,
4TO NosydyaeTcs, ecjau Touka O’ mpsiMOH x'X HeoNpelesNeHHO yAaasieTcs,
HanpuMep, B Hanpasjesuu Ox.

BriGepeM mnocaepoBareabHocts P, Py, Py, ..., P,, ... TOUEK,
TAKHX, YTOOB! KamIplil TpeyrodbHHK AP,_;P, 6bll paBHOGEADEHHEIM,
TO ecTh 4TOOH Obli0 P,1Pp = P,—iA.

Yepr. 53

Haknonnele cranoBsiTcs Bce jpauHHee H OP, = nOP crpeMurcs
K GeckoHeyHocTH. Jlio6as Touka @ Ha Ox okaxercsl, TAKUM 00pa3oM,
NpeB30fileHHOH, W eclH ( HAXOJMTCA MeXAy Toukamu P, u Py,

TO OP:_iA > OQ\A > OPAnA (reopeMa o BHemHeM yrie). Ho sta ke
TeopeMa Jaer **

OPA> 20P1A > 2°0P,A> ... > 2"0P,A.

3nauut, KakuMm 6bl HU GBI YTOM €, CYLIECTBYET HaTypasibHoe N,
Takoe, 4TO

n>N—_—>075nA<e.

C npyro#t cropousl, Mepa octporo yriaa OAP, pacrer BMmecre ¢ n,
OCTaBasiCb MeHbIle Mepbl NPSMOro yIfa, MO3TOMY CYLIECTBYeT Iipeies
sToli Mepnl @< 1 (upsMoit yroa) u nomynpavas Au, IJf KOTOpPOW
OAu = @, HasbiBaeTcsl <«OpPOXoJsillell Yepe3 GeCKOHEUHO YIaJeHHYIO
TOUKY» HJH ellle napastevroll k Ox.

[Tycte AE — nonynpsamas, nepnenauky/ispHas B Touke A K OA
C PaccMOTPEHHO{l CTODOHE; ToNynpaAMas Au nu6o cauBaerca ¢ AE,

Jau60 HaxomuTCci B YIje PiAg, KakoBO Obl HH OBbLJIO HaTypaljbHOe
4yucao L.

* A 5710 mpoTuBopeuHT onpeienenuio fepexra.— I[lpum. ped.

** CnelyeT omHpaThCcd Ha NpelIoXeHHE, 4TO BHEWIHHE yroa Goablie HIH
paBeH cyMMe BHYTpPEHHHX YIJIOB TPeYroibHHKA, HE CMEXHHX C HHM. DT0 npeido-
¥KEeHHe BBITEKaeT U3 XOKA32aHHOH TeopeMbl, TO CyMMa BCeX YIJIOB TPeyroJbHHKa
#ie Gonbule pasBepuyroro yraa.— lipum. ped.
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Caywait 1. ledbexTH TpPeyroabHHKOB paBHH
H Y J10. Mo 3uaeMm, yTo B sToM caydae AE canBaeresi ¢ AX 1 wro
P;AX =0P;A — 0, caenoBatenbno, Au coBnagaer ¢ AX (sepr. 49).
Ananoruunoe uMeer Mecto H Aasa AX’: 3HauuT, noaynpsiMbie, napaJ-
JieJibHbIe NMPAMOH Xxx’, NMPOJOIKAIOT OfHA APYTYIO H COCTABJAIOT OLHY
OpSIMYIO, eQUHCMBEHKYIO NPAMYD, NPOXOOAWYI0 4epes mouky A u wue
UMEOWY ¢ X'X Hu O0HOU 06ujell MouKy HA KOHEMHOM DACCMOAHUU.

DTOT pesyJbTaT COCTaBJIsSieT cofepxauue nocmyarama Eexauda.
W3 nero BuiBomuTcsi TeopeMa Pajseca, TeopHsl MNOZOGHBIX TPEYrOJbHH-
KOB, OTKyJa MJSl NPSMOYTOJBHOTO TPeyroJbHHKA, NPOBEIS BLICOTY,
nosyyaior TeopeMy [Indaropa. I'eomerpusi EBRaNaa nocrpoesa na 3tux
OCHOBaHHUSIX.

Cayuait 2. JlederkTh He paBHB HYJI0. [Ipamee AX;
(uepT. 49), cOOTBETCTBYIOLIME TTOC]AEAOBATENbHEIM TOUKAaM P;, He NOCTH-
rarorest npaMeiME AP;¥*, 3naumr, noaynpsiMas Au pacnoJioXeHa BHe
yria EAX;. 3ro o3Hauaer, uto noaynpsimuie Au u Au’, COOTBETCTBEHHO
napajjenabHele nonynpAMeM Ox U Ox’, He CIyXKaT TPONOIKEHHEM
oxHa apyroii. [IpaMble, siBASIOMIHECT HOCHTENSMH 3THX HOMYIPSMBHIX,
o6pasyloT IBa BePTHKaJbHBIX yrjia ¢ Guccektpucoii &’AE. Bee npoxo-
Isiiye 4epe3 TOUKY A npsiMble, pacnosoxKeHHble BHYTPH STHX YIVIOB,
He HMeoT oflMX TOYeK ¢ x'Xx, a INpsAMble, PacHOJOMKEHHBIE BHYTPH
YIJIOB, CMEXHBIX HPeIbIAYIIHM, IEPECEKAOT X X.

il. FTeomerprna Jlo6aueBcKOro

AT0 reoMeTpusi, IOCTPOEHHAS HAa OCHOBe INPEANOJOKEHHd, NPHHS-
Toro B ciayuae 2. Mel cefiyac joKaxkeM IepBble TeopeMbl 3TOH Teo-
MeTpHH.

a) 4-i cayvail paBeHCTBa TPeyroJbHHKOB

3aMeTuM cHauazia, YTo TeopeMa O AedeKTaX BieueT 3a cOOOH HOBHIA
uemeepmolli CAYUQL PABEHCIMBA MIPEYSONbHUKOE: eCau 08a MPeYeONbHUKE
LUMEION COOMBEMCIMEEHHO PABHbIE Y2abl, MO MPEYy20LbHUKU pasHbl. Mb
cefiuac JOKaxeM 3TOT NPH3HAK B HHOH NPOTHBONOJOXKHOH (opMy-
JUpOBKe: B J1BYX Tpeyrombuukax ABC, A'B'C’,

[A=A', B=B', ABs=AB'1=[C+*("].
B camom jene, nycTb OTJIONKEHBI OTPE3KH
AB; = A’B’ na AB, npuueM B u B’ HaxomaTCs C OXHOH CTOPOHBI

oT Touku A;
AC, = A’C" na AC, npuuem C u C’ HaxomsaTcad ¢ ORHOH CTOPOHBL

OT TOUKH A. ‘
* Herpynso yGeaurnes, uTo A X;, 4 JeXut BHYTpH yrJa, o6pasosantoro AP,y
~ —~
n AX;. Je#kcrsutensuo, PiAP 4 < -2—Pi_.1APi, MOCKOJBLKY YIoJd NPH OCHOBA-

HHH paBHoéenpeHHoro TpeyroJibHHKa MeHbIle NOJOBHHB BHEIIHEro yrJjia nph

~~ —~
sepmHHe. A orciofia caenyer, uto P;A X4y < P;AX;, ¥ nipefioXenue J0Ka3aHo,
Tak kKak AP;,; NPOXOAHT BHYTpH yraa, obpasoBanuoro AP; m AXgy.—

ITpum. ped.
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Tpeyronbuuk ABC; paBen Tpeyronbuuky AB’C’, 3nauur, B = By,
u npsmele BC u B,C; He mepecekatorcst (II0 TeopeMe O BHeEIIHeM yrie
TPEyroJibHAKa). 3HAUHT, YeThipexyronbHuk BCC,B; — BHNYKIBIL, Tak
YTO CyMMa ero yrJOB MeHbllle IBYX pa3BepHYTHIX YIJOB, OTKyla cJe-
ayer C == C; = C’. Moxuno Iaxe BblBeCTH, YTO

[A=A’', B=B', AB>A'B1=C<C(C'.

b) NapaanennHpie npsivbie
[lycTh pana npsMas x'x H, CONJIaCHO 4epTexy 53, nmoaynpsamaa Au,
BEIXOZASILIAasl H3 KaKOH-1u60 ToukH A W napajfenbHas noaynpsamoi Ox.
~

CornacHO CBOHCTBaM H3OTPOIHOCTH IJIOCKOCTH *, yroa OAu moxer

~~
3aBuCeTh JHIIb OT paccrosinud OA = d. Mel nonoxum OAu = ¢ (d),
H B JaJbHellleM H3yYUM 35Ty (PYHKIHIO.
IMycrs A’ — npousBoabHAS TOUKA Npamoll, ABASIOWEHCT HOCHTeleM
Au. Mu ceituac nmokaxeM, uro noaynpsaMas A'u Takxke mapanfiesbHa
nonynpsimoiit O'x (Mbl 0603nauaeM yepe3 O’ mpoeKuuio Toukn A’ Ha x'X).

| _ X P x
X0’ 0 PS5~ ¥0O N
Yepr. 54

1) ITycts Touka A’ maxogutcsi Ha npojo/keHun Jayda Au. Kak Gt
HM ObLJI MaJl Yroa €, Mbl MOXeM nposecTdH ayun Aw u A'w’, Takue,

~~ ~~
uTO6bl OblI0 uAwW = uA'w’ =& ¢ TOH CTOPOHBI, I'le HaXONUTCA X'X.
Mz1 3naeM, uto Aw nepecekaet x'x, Ho He nepecekaetr A'w’. Eciun yroa &
JIOCTATOYHO MaJ, a uMeHHO Menbure, uyem AA’O, 10 A'w’ npoHHKaeT
B Tpeyronsuuk AOP, He nepecekas AP, a, sHauut, A'w’ nepecekaer
OP. CaenoBatennno, A’y sfBAsercd TpefeibHOH NOAYNPAMOH NS
Toukn A’.

2) Ecau Touka A’ Haxonutcs na Au, To, Kak Gbl HH GblI Mas yroda e,
MOXHO B35iTh Ha A’'w Touky F Mmexnpy Au u x'x; AF nepecekaer x'x
B HeKOTOpoH TouKe P, u A'F npoHukaer B Touke F B TPeyrolbHHK
OAP, ciepoBatenbHo, nepecekaer OP. CleoBaTesbHO, U B 3TOM cJyyae
A'u — npenenbHasg mnodynpsamas 1A TouykH A’.

* Peub ujeT o CBOGOAHON MOABHKHOCTH QUI'Yp HA IJOCKOCTH. [(Be durypsl,
cocTosiye Kaxkaas M3 TOYKH H NPAMOM, MOrYT GHITE COBMELIEHH NyTeM ABHXKe-
HH#, €CId PAcCTOAHHUSA OT TOUKH RO NpsiMoil B o6enx GHrypax pasaH. A oTcioia
BHITEKAET, UTO B 3TOM CJiyuae BCe NMOCTPOCHHS, CBS3aHHbIE C ONPeeIeHHeM YIJoB
napaanenssocts OAu u 0'A’u’, B oGeux durypax coenanyT.— [Ipum. ped.
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Mbl GyneM TOBOPUTH, 4UTO NpsIMasl, ABASIOUAACS Hocumeaem Au,
napaitesbHa npamot x'x 6 HanpasaeHuu Xx'x.
3ameuanue CrelyeT OTMETHTb BaXKHOCTb TOIOJOTHYECKHX
TUNOTE3 H CBOKMCTB, TO €CThb CBOHCTB, KAaCaIOUWIHXCH PA3IOKEHHA 06Ja-
credl Ha moxgoGnactu. Mbl TOMBKO YTO HCNOJB30BA/HK BA Pa3a aKCHOMY
[Tama u eme GyaeM €0 NOJBL30BATHCA.
Heo6xoaumo oTMeTHTB, YTO OHa CYIUECTBEHHA TaKkKe IS aKcHOMa-
THYECKOT'O MOCTPOEHHS OCHOBHBEIX CBOHCTB, VKasaHHHX B A, ofLmx
€BKJIIJ0BOA T'eOMETPHH H TEOMET-

A v pun JloGaueBckoro.
v z Teopema 1. Omnuowerue napaa-
ACAUBMA  ABNSEMCA  OMHOWEHUeM
ch 2 .,  OKBUBQAEHMHOCMU, €CNH TOJABKO
: CYuTaTh MNOAYNPAMYIO, mapaf-
X0 ¥ JesnpHOM camoi ceGe.

1) Ommnowenue cummempuuto.
[Tycts monympsmas Au mnapan-
aenpHa Ox, rie O — Opoekius
Touku A Ha x'x. HyxHO nokasaTe, uto Ox napamnenbHa Au, TO €CTb
uro mwobast nonynpsiMasi Oz, 3akmoueHHast BHYTpH yriia AOx, mepe-
cekaer Au, Kak Obl HH Obl1 Man. yroa xOz = e.

[Tycts AF — nepnenauxyasp Ha Oz; 3T0 OTPe3OK, 3aK/IIOUEHHbI
8 uAOz u MeHbIIHH, YeM HakMOHHas AQ; NO3TOMY ec/lH OTJIOKHTb
AG = AF, to Touka G okaxercs: Mexay toukamu O u A. BoccTanoBuM
nepnenaukyasap Gw k OA n nposegeM Av Tak, utoGbl Gurypa wGAv
Oblta paBHOH ¢urype zFAu. Av nepecekaer Ox, 3Hauut, H Guw;
clnefioBatenbuo, Fz mnepecekaeT Au, u T. L.

2) Omnuowenue mpansumuero. Ilycts AA’O — nepneHAMKYJIAp
K x'x nmyctb Au v A'u’ napansensisl k Ox. Mel npennaraem cHagana,
yro A’ Haxomautca Mexay A u O.
SdcHo, uro npamsle Au u A'u’ He
HMeIOT OOHIMX TOYEK B CHNY ENHHCT-
BEHHOCTH MOOJYNpsAMOfl, napaiesnb-
‘Holl moaynpaMoii Ox H BHIXOAAIEH
U3 HEKOTOPOH TOYKH.

[TosTomMy nHocTaTOYHO MOKAa3aTh,
yro JioGasi mpsivast A'w yraa u'A'A
nepecekaer Au, Kak OLl HE GBI Yept. 56
Man 4Yron uw'A'w =e. Ho nycers
K’ — nexoropast Touka npsiMoii A’u’; Mbl 3HaeM, uto, Koraa K’ meor-
perenienso ypansercd, yron OK'A’ crpeMuTcs K HYJdIO, a TaKKe
3HaeM, 4T0 moaynpsaMas, npojoixawmas OK’, nepecekaer Au B He-

~ o~
KoTopoH Touke K, ciemoBaTtenbuo, K'A’'K, menbmuii, yueM OK'A’,
CTPEMHTCA K HYJI0 U CTAHOBUTCH IO3TOMY MeHbIle, 4YeM €. 3HAUHT,
TeopeMa Ji0Ka3aHa IJf caydas, Korda Touka O He HaXOJMTCA Ha
orpeske AA’.

Yepr. 55
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Ec/iu Mbl IpefnosioRuM Tenepb, YTo Touka O JIEKHT MeXAY TOYKAMH

A u A’, To 6yAeM NOKa3bBaTh, UTO Jiobast noaynpsaMas Aw yraa A'Au
nepecekaer A'u’.

Mzr 3naeM, uTo oHa mepecekaeT Ox B HeKOTOpoH Touke P. 3HaumT,

MOXHO PacCMOTPETb HEKOTOPYIO TOUKY L mnoaynpsMo#i Pw, pacnoso-

Kenuyo Mmexay Ox u A'u’. Crepo-

A . BaTeJIbHO, MOJYIpsMas, KoTopas
npopomxaer OL, nepecekaer A'u’
P ¥ B HeKoTOpoHl Touyke @, mo3TOMY,

0 NOCKOMbKY Aw NPOHHKAeT B Tpe-

L Q yroabuuk OA’'Q B Touke L, Aw nepe-

o CeueT Takxke orpe3ok A’'Q. 3uauur,

Aw nepecekaer A'u’ (u. T. 1.).

Yepr. 57 Teopema 2. Kakos 6ot Hu OGbit

Oanubil  ocmpoul Yeor, cyujecmeyem

noAYNpamas, NEPreHouKyAapHaa K 00HOL CHIOPOHE Yeaa u NapaLIeAbHAS
K Opyeoil.

Iycts yAu = o — JaHHBIH OCTPHIR yroa. U3 mekotopoit Touru P,
cTopoHel Au onyckaem nepnenjukyasp PoH, na Ay, 3ateM CTpouM
TpeyroabHuk HoPoH,;, CHMMeTpHUHEBI! TpeyroibHHKY HoP,A oraoCH-
TenbHO HoP,y, 3aTeM BoccraBasieM neprneHiukyasp Hux; k Ay. Ecau
3Ta npsMas rnepecekaeT Au B HeKOTOPO# TouKe Py, TO MBI CHOBA CTPOUM
TPeyroJbHHUK, CHMMETDHYHEIH NPSMOYTONbHOMY TpeyronbHuky HyAP;
OTHOCHTEJIBHO 3TOTO NepHeHAMKYJspa, H TakK janee. Mbl HMeeM
Terneph:

d(AHoPy) < 5 d (AHPy) < A
<o d(AHPy) < ... < 2—1n d (AH,Py).

Al

Iz

3yauur,
d (AH,Pp) > 27d (AHP,).

Orciona Ml 3akKjai4aeM, 4YTO pac-
cMaTpuBaeMas oOHepanus He MOXKeT
1IpoJO/KaThCA OeCKOHEYHO, YTO OHa
OCTaHaB/NHBaeTCst, H, CJel0BaTeNbHO,
CYIIeCTBYeT TaKo#  MNeprneHmUKyJsap
H,x,, KOTOpHINl He mepecekaer Au.

Ho ecnn meprneHauxyasp B HekoTopoil Touke K nyua Ay nepece-
KaeT Au, TO 3T0 Xe UMeeT MeCTO LIS MepHeHAuKy/1sapa B JIo60H Touke
orpe3ka AK, a eciu nepneHAUKYJsSp B HEKOTOPOH Todke L mosynps-
Moii Ay He BcTpeuaeT Au, TO 3TO XKe HMeeT MeCTO LIS NePNeHIHKY-
Jasipa B mo6Goil Touke mosnynpamoR Ly.

[TostoMy Ha Ay cymectByeT Takasg Touka O, KoTopasf CHyXHT
ofulell rpaHunell MuoxectBa Touek K H MHoxecTBa Touek L.

[Tycte Ox — nepnenaukyasp k Ay B stoft Toyke 0. H3yuum sty
NOJYNPAMYIO.

e~ 0O X

Yepr, 58
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—~
[Mycrs Ov — Herotopast noaynpsMas u3 yraa yOx. Ona He mepe-
cexaer Au, Tak Kak ofpiasd HMX TOYKa HNPOeKTHpoBasach Obl Ha Oy
B HEKOTOPYIO TOUKY L M mosaydusoch Obl NPOTHBOpEUHe.
o~

[Tycrs Ow — uekoTopasi moaympsiMas yrna AOx; [OKaxeM, YTO:
oHa nepeceuer Au. B camoM fiene, nycTb Q — HeKoTopas Touka Ha Quw,
K — ee npoernus Ha Ay; MBI 3HaeM, 49TO NOJAY-
npsimas KQ mnepecekaer Au B HeKOTOpPOH TOU-
ke P. Jlu6o P wuaxomurca Ha orpe3ke KQ:
Torfa Pu mepecekaer 0Q; aubo xe Q Haxo-
Iutcs Ha otpeske KP: rorna Ow nepecekaer AP.
Bo Bcex cayuasix Ow mnepecekaer Au.

Takum o6pasoM, Ox — 310 napaniens K Au,
BHIXOAsAMast u3 O, 4TO JOKA3bIBAeT TeopeMy.

B CoOTBETCTBUH C yKe BBeJEHHBIMH OGO3Ha-

A

(0]
y X YeHUAMH MBI uMeeM, noJgaras OA = d, cooTHO-
wenue o = ¢ (d), ¥ Ml TOJABKO YTO JOKa3alH,
Hepr. 59 4TO MeXIy d M O HMeeTCsl B3aUMHO OJHO3HAU-

HOe COOTBETCTBHE, & 5TO 3HAYHT, 4TO (YHK-
nMs ¢ (d) MOHOTOHHA (TO eCTh YTO OHA BCErjJa HM3MeHSeTcsl B OXHOM
H ToM Xe HampasjeHHH). Ho paccMorpenunas c¢urypa JIOKaskBaer,
YTO ecqd d yMeHblIaeTcst, ¢ JOJIKEH YBEJIHUMBATHCA.

[Tonyuaercs rtaGauua.

d 0/ 4+

T
a )
3 \O

Teopema 3. Ecau na noaynpamoid Au, napariessvtots & Ox, Hexomo-
pas mouka P yoarsemcs e HanpasienHuu napairieiusma, mo ee pac-
cmosnue 0o mouky Ox yowigaem *.

* HerpyAHo nokasaTh, YTO NIPH HEOTPaHMYEHHOM YAAJCHUH TOYKH P mo
nonynpsamo#t Au B HanmpaBienun napajiieausMa paccrosiuve PQ yGuBaer neorpa-
HHYEHHO, TO €CTh HMeeT NpelesoM HYJb.

Yro6u KOKa3aTb, 4TO 3TO DPAacCTOs- 4
HHE CTAaHOBHTCS MeHbIIE TpPOH3BOJLHO
MaJoro oTpeska &, oTJIOXKHM 3TOT OTPe3oK
oT Toukn O 1no nepnespukyaspy OA wu
nosyaum Touky M (cM. seprex). Ilposeas
uyepe3 M napainens noaympsmoir Ox’,
JIETKO Jl0KaXkeM, 4To 3Ta napanjens Mo’
NpH NPOAOJKEHHH 32 TouKy M B obpar-

HOM HampaBleHWH nepeceuer Au (mapas- Hepr. 60

genb Ox) B HeKoTopoil Touke S. UTo6m

ybenuTncs B 5TOM, JocTaTouHo uepes M mpoBecTH napaaneab Ox., Onycrtus u3 S
NEepPNeHAHKYASP HA %X, MONYYEM TOUKy 7T - OCHOBaHHE NEpPNEeHAUKYJASpa,
PaccMoTpe  ueTwipexyronbHHK STO’M’, CHMMETDHUHBIL UeTHPEXYTOAbHHKY
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B camoM pete, cymma yIJoB uyeThlpexyroabHuka OAPQ Menblue

-~ ~
ABYX pa3BepHYThIX yraos. Orciona noaydaercsi: QPy > OAP, 3Hauur,
QP << OA.

¢) MpenenvHas Kpusasi, UM OPHIMKJ

Kak u B eBKJNHJOBO# TeOMeTPHHU, OKPYKHOCTL oOJajaer 3jmech
OOBIYHEIME CBOHCTBAMH CHMMeTPHM, OTKyJa NOJydaeTci Mepa AJA
LyT, COOTBETCTBYIOLIAS Mepe LEHTPaJbHBIX
yIJIOB, HO, eCTeCTBEHHO, TeOpeMa O BIHCAH-
HOM yrJie GoJbllle He cyllecTByer. Menna-
TpHca JIO60H XOpJAbI NPOXOAMT Hepe3 LEHTP,
TO €CTb BCEe MEAHATDHUCHl XODJ HepeceKaiTcs
B LeHTpe. Mpl ceflyac IOCTPOUM TaKylO KpH-
X BYIO, YTO MeAMATPUCHI BceX ee XOpJA mapal-

JeJbHBl MeXAy co00H, 5TO GyIeT mnpeaelb-

Yepr. 61 Hasf KpHBad ISl OKPYXKHOCTH, KOrja LEHTP
OKDYXHOCTH VXOIUT B GECKOHEYHOCTH 110

HEKOTOpPOH TNOJYNPAMOH; 3Ty KPHBYIO HAa3bIBAlOT opuyuxiom (UJId
npedeabHoli Kpusod, NojpasyMeBasi NpeeNIbHYIO Il OKPYIKHOCTeiH).

[lyets Ax u Az — 1Be monymnpsiMele, 00pasylomie KakKOH-THGO
ocmpoii yron o. OrioxuMm Ha Az aauny AM = 2d, Takyio, 4ToGH
Opu10 @ (d) = a. Mexmarpuca Pu orpeska AM mapanienbua K Ax
1 ee mapanjenn Mx.

[Tyete yron o npuHuMaeT Bce 3HAUEHHS OCTPOrO  yIaa; Mbl
y6enuMest, 4TO leOMeTpHYecKoe MecTo ToueK M
JlaeT HCKOMYIO KDHBYIO, €CJIH TOJBKO JOKakeM z
CJIEAYIOILYIO TeOpeMy. M

Teopema 4. Ecau 6 mpeyeosvHuke dee medua- o~
MPUCHL NAPARIEALHBL, MO U MPEmbs UM NApas-
NEABNA. =18 u

3aMeTuM, Ipexie BCero, YTO €CIM JBe MejiHa-
TPUCH UMEIOT OOILYIO TOYKY, TO TPeThbs NMPOXOIUT x X
yepes Hee (10KasaTelbCTBO, KaK H B €BKJAHIOBO# /D//
reomerpur). ClledoBaTeJbHO, eClAH JBe MejHa- A
Tpuchi B'v, C'u uekoroporo TpeyronbHuka ABC
napansesbubl, TO Tpethsi A'X HX He mepecekaer.

Ho Gynmer nu oHa uM napaijenbHa? Kmee:

p=BAx=aBX,=¢ (%), y=Clx=4aCXs =9 (%) -

Yepr. 62

Cnywafi nepsBoro pacnojgoxenusd GHUTYDpHL.
Ax naxomurca Mexny BX; u CX,.

STOM ornocurennuo ST, y6exiaeMcs, MOCKOABKY uepe3 S NPOXOAAT Napasisieln
Sv' n Su npamolt x’x B 060MX HANPABJEHHAX, UTO paccTosHHe OT Touku M’
no x'x paBHO €, a, 3HAudT, A BCEX TOueK, JeXAHX HA noaynpamok M'u,
©HO GyfleT Menbwe &,— IIpum. ped.
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yCJIOBHe PaBHOCHJIBHO paBEHCTBaM:
AB AC
A=pri=o(F)+e (7).

[Mycte C — 12 13 aByx Touek B, C, KOTOpas HAXOIUTCHd MO Ty
®Ke cropoHy or Ax, uro u A’

C’u nepecekaer BC B Touke K, Jexameit
Mexay B u A’; kaxpas nonynpsamas Kw, BH-
xoxsawas u3 K BHyrpu yria CKu, nepecekaer
B’u B Herotopoit Touke L. Tax Kax npsmasg A'X
He MOoxKeT mepeceub B'v, TO OHa He MOXKeT
nepeceub oTpe3ok CL TtpeyroabHuka KCL,
clefoBaTenbHO, oHa nepecekaer KL. Takum
ofpasoM, BcsiKasi paccMoTpeHras npsMas Kw
nepecekaer A'X. Jto o3nauaer, uro A'X neii-
CTBHTEJNBHO napaiiensHa C’u.

[TosToMy B 3TOM c/yyae HMeeM:

a=X;CB=XBC=¢ (%}

u
B=p-a=g(3) =0 (), C=v—e=a(F) -0 (%)

Cnyyai BTOPOTO pacnonoxMeHHS GUTYDESHL
TIpennonaraeM, uro BX, Haxomutcs
Mexay Ax u CX,.

IMpexnosaraem f >1vy; Gyzem
HMeTh!

A=p-v=0() -0 (%),

Ecin 661 A’X e Gmuia mapan-
JenpHa noaynpsaMeiM BX; u CX,,
TO OHa HaXxoiWAack OBl IO TaKYIO
CTOPOHY. OT NapalJesJbHOH NPSIMOH,
BHIXOAAIER U3 A’, UTO He nepeceka-
Jachk 66l BU ¢ B’v, vy ¢ C'u. Ilosto-
My oHa nepecekana 66l CX; B HEKoO-
TOpoii Touke K, W MBIl OBl HMeJH:

BCX, < (%S) < X,BC.
3pauur,
B>p+o(5),
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TO €CTb

IORICL

TlosToMy, ec/aH OTJIOXKHTB

BC1=BC
Tak, 4TOObl OBLIO

Anti=e (%) v (%),

To Tpeyronbuuk ABC, okaszanca Obl TOrO Ke THIA, YTO H B cjydae
nepBoi (UTYpPH, H MBI OBl HMeJIH:

BAd, = (AB>-q> (%) >B—v.

Ho
= (%) =8
cJjaen0oBaTeJbHO,
(AC‘> <v=9(% ) :
OTKYZa

AC, > AC.

Oanako BCQ BCic 3HAYHUT, AC}C>ACC“ orkyaa AC"<< AC.

Mbl npuHUIE K NPOTHBOpeuHto. ITO o3HauaeT, yto A'X meficTBu-
TeJBHO TapaliiefbHa ABYM ADYTHM IOJAYIPSIMEIM, U TeopeMa JOKa3aHa.

Caencteue. Kpusasn umeem 6 KaocOoll mouke KacameabHyr, nep-
nendurysapryro £ MX.

Mepa nyr opuuukjaoB. Tak xe, Kak M B reomerpud EBKauia,
OKPYXHOCTb MOMKET HaK/JIajpiBaTbcs caMa Ha cebsl M CKOMb3HUTh 10 cebe;
Ha Heil MOXHO OTVIOXHTb PaBHBEIE AYIH, H HX Mephbl NPONOPLUHOHANLHEL
UX LEHTPaJbHBIM yriaM. B eBKIHAOBOH reoMer-
pPUH C TNOMOIIBIO MOJOOHSI JOKa3blBaercs, 4to B
IJIHHA JyTH OKPYXHOCTH MPONOPLHOHANBHA I’\,’N
paamycy, 5TO yKe He HMeeT MeCTa B Fe€OMeTpHH L =
JloGaueBcKoro. BoJiee mpOCTLIM B 3TOH TeOMeTpHH —
ABJSETCSl H3ydeHHe AYT OPHIUKJIOB, IOTOMY YTO | |
BCe OPMUWMKJH HAKJaNL{BAIOTCH APYT Ha Apyra, | X L

¥ MOXHO OTJIOKHMTb Ha OJHOM ODHIMKIE AYTY, L M a
paBHYIO Ayre APYroro OPHLHMKJA.
PaccMoTpHM Ha JBYX OpPHIMKAAX ABe 1yri AB Yepr. 65

H MP, 3akiioueHHBle MEXKIY TeMH K€ HOPMa-

asmu. Eciau cucreMa napaisiefbHBIX TNPSMBIX OTCeKaeT PaBHbE AYTH
Ha nyre AB, To 3Ta CHCTeMa OTCEKaeT TaKKe paBHbe AyrH Ha ayre MP,
TaK YTO OTHoUIeHHe Ayr MP u AB MoxeT 3aBHCeTb JIHIIb OT JUIHHBE
orpeskoB AM = BP = x (LIuHBl DaBHBI B CHJly CHMMETPHUM).
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[ycte nonynpsamas Aa faHa, oGo3HayuM AJTHHY AyTH MP = s (x),
caenosaresibio, AB = s (0). Eciin Mul Bo3bMeM Ha npsiMoit Aa B Hanpas-
JIEHHH Tapajjielli3Ma PaBHEE IJHHEL

AM1=—‘M1M2= . Mn_iM,,=a,
TO0 OyleM HMeTb:

s(a)  s(2a) __ S(na)
SO s@ T s[n—1a]’

OTKYJa YMHOXCHHEM IMOJYy4YaeTcs:

s(na) [ s(a)
s(®) _[ s(0)

CJIef0BaTeNbHO, I/ HATyPalbHOTO 7 HMeeM:
— s (a)
s (na) =s(0) [ 20
{6o3nauuM pa = b, rae p — mo6oe HaTypabeHoe UHCJIO; TOTAA HMEEM:
s(b)=s(0 |: s(O) ] '
b s (b) Ji/P
s{ —) =s(0 [ — .
\r ©) 5(0)
‘Orclofa 3ax/04aeM, YTo 1Jis J060ro b u JoGbIX HATYPaNbHBIX YuCeN
11 p, TO €CTh 11 BCAKOTO PALUOHAJNBHOTO 3HAYEHHA X =% » HMeeT

TO €CTb

MECTO COOTHOUICHHE:

b)
bx) =s{(0 [s(
s(bx)=s(0) | 55
Ha ocHoBe HenpepeIBHOCTH 3Ta (popMyJia OCTaeTcsi BEDHOH W s
JIO00TO IMOJOKHUTEIBHOTO NeHCTBHTENBLHOrO uucia x. Hakowner, BriGe-
peM -B KauecTBe e[HHUIB! JJINHBEI NPOM3BOJbHbLIA OTPe30K, AJHUHA KOTO-
POro, u3MepeHHas Kakoi-TO eAMHMieH, paBHa b, u 0603HAUUM

s 1

s k?
e k -— 4yucsi0, 3aBHCHIIEe OT BHIGOPA HOBOM eNMHMIBI JJIMHBI, KOTO-
poe, KaK H3BeCTHO, MOJOXKHUTEIBHO U Gonbme 1. Torma ¢opmyna npu-
HUAMAeT CJAeAyIOWHH BUI:

R>1, s(x)=5(0) k™.

Mur norenn u3noxenuwe O 3Tof GoOpPMYJEI, YTOOBI MOKA3aTh, Kak
BXOJAT NOKa3aTeAbHble (PYHKIHHU B TeoMeTpuio J1o6aueBCKOro, To ecThb
Jo fopMyJbl, THe Mepa AJHHLI OTPe3Ka sIB/IseTCs NMOoKa3aTeseM CTeleHH,
‘OCHOBaHHMEM KOTOPOH CJAYXKHUT YHCJO, 3aBHCALlee OT BbIGOpA €AHHHIIH
Jnunbl. CAeloBaTeNbHO, €C/IM MEHSIOT eJHHHILY MJIHHbI, TO COOTHOIIEHHE
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MeHsercsl, B NPOTHBONOMOKHOCTL TOMY, KakK OGCTOUT JeJI0 B €BKJHU-
noBo# reoMerpur. (Kak Mbl yiKe IOKasbiBajlH, OIHOPOXHOCTH (GOPMY.I
©BKJIHJIOBOY TeOMETPHH BBITEKAET U3 CYIIECTBOBAHHSA NOLOGHBIX QUTYP.)

OrMeTHM, UYTO paccMOTpeHHas HaMu urypa ABPM umeer Bce
ueThipe yIJia NPIMBIMH; OHA 3aMeHSeT IPSMOYTOJBHHK.

Onupasch Ha NPOCTPAHCTBEHHbIE T'eOMeTPHYECKHE COOTHOLIEHHSH,
MOXHO BBECTH TPHUTOHOMeTpHdecKHe GYHKIMH * H JH0KasaTh, YTO
¢dyHnaMenTanpHas QyHKIESA a = @ (d), KOTOpasd BBOJUTCH B TEOPHUH
napa/ie/IbHBIX [PAMBIX, YAOBJAETBOPSIET COOTHOLIEHHMIO

etg @ (1) = o (k" — &™),

rie k£ 3aBHCHT OT BHIGOpA €IHHHIB JJIHHEL

I
Ecau x crpemurcs x 0, To @ (x) cTpeMurcs K —2——.CJIelIOBaTeJIbHO,

reomeTpus J106aueBCKOTO J0KAAGHO 3KBUBAACHMHA €BKJAUJIOBOH Teo-
METPHH.

lll. Mopens MyaHkape AN\ reoMeTpuu
Jlo6aueBCHOro (sa HJOCKOCTH)

IokasatenbcrBa, npoBejenHsle B § II, TpyIHBEL # KaXyTCs UCKYyC-
CTBeHHBIMH. Bce Xe OHM BecbMa CPaBHHUMEI IO TPYAHOCTH C J0Ka3a-
TEJIbCTBAMU EBKJIHIOBOH TeOMeTpUW, KOTOphE NPOBOAATCS Ha OCHOBE
akcuoM I'mibGepta, ecid He CUHTATh OUEBHUIHBIMH KOHKDETHBIE (DAKTHI,
OTHOCAIpECH K pacnosnoxenuio ¢uryp. Ho spece TpynHocTn elne
BO3pAacTalOT U K TOMY e OTCYTCTBYeT nojofue. Mol ciaefoBajqu 3a
nsnoxenueM Jlo6auesckoro (ymepiuero B 1856 r.), KoTopblil elle He MOT
HMeTb MOHSITHS O rpynnax npeo6pasoBaHuii. A ¥MEHHO HCIOJB30BaHHE
CBOMCTB IpyNn M JejaeT MPOCTOH H YHOOHOH MOAeNb, AaHHYI0 AHpH
[Iyankape ana reomerpuu JloGaueBckoro.

Mogzenp—oaro cucreMa 00pasoB 3JeMEHTOB paccMaTpuBaeMoit
TEOpHH, NpPHYeM KaxKj0e COOTHOIeHHEe 3TOH TEeOPHH JOMIKHO HMETh
cBoil 06pas. Monesnp MOXKeT 3aKJ0YaTh, KPOMe TOTO, H JPYrue CTPYK-
TYpBI, KOTOpble TpPU BHYTPEHHEM H3YUYEHHH TEOPUU PAaccMaTpUBaTh
He HYXKHO. Mbl cefiuac BBeleM MOfiefIb, BMEIIEHHYIO B €BKJIHIOBY MeT-
PHUECKYIO TeOMeTpHIO, H OyJeM HCHOJAb30BaTh 3Ty TeOMETPHI0 NPH
JIOKa3aTeJbCTBaX (KOTOpPHEe He OYAYT BHYTPEHHHMH), NOROGHO TOMY
KaK MBI HMCHNOAL30BaJK a(PUHHBIE COOTHOIUEHHA NI JI0KA3aTeJNbCTBA
TEOpeM MPOEKTHBHOK reomeTpud. Passuuus B mpudre GyAyT yKaswl-
BaThb, paccMaTpuBaercs JM Ha3BaHHas HaMu (urypa, Kak HOpUHAN-
Jiexalasi eBK/JIHIOBOH TeOMETPHH, WJIHM K HEEeBKJHJIOBOH TreOMETPHH
(B mocnenneM cJyiyyae 6ylneM ynoTrpeGsasiTh KYPCHB).

* Astop cchutaercst Ha «[Tanreomerpiuior Jlo6auesckoro (cM. ITosmoe cofp.
cou. H. Y. Jlo6aueBckoro, T. 3, I'TTH, 1951). Bosee focTynHoe H3JOXKeHHE

MOXHO Haiitu B Kuure: IT. A. Il 1 p o k o B, KpaTku#l ouepK oCHOB reomMeTpHH
JloGauesckoro, M., 1955.— [pum. ped.
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a) Hekoropas npsmast (X) Ha IJIOCKOCTH OmnpelensieT Ha Hell ABe
obsactu (e) u (¢'). OnHy U3 HHX, ycTb 370 OyZeT (¢), Mbl paccMarpH-
BaeM Kak npocmparcmeo (E) nameli reoMeTpHH.

PyHAaMeHTaNLHOH rpynnoil 6yaeT rpynna npou3BeieHnli HHBEPCHI,
TIOMIOCA KOTOPBIX HAXOEATCA HA TPSMOH X M CTeleHb KOTOPHIX TOJO-
WKHUTeNbHA.

Hyra OKpy:XHOCTH HHBepcuH, cojepiKaumadcs B (g), OyleT HasH-
Batbest npsamoll, a HEBePCHs OYIeT HasnBaTbCAd cummempuerl o OTHO-
IIEHHI0O K 3TOH npsamod.

Urto6bl MOXHO GBIIO BHICKA3aTh YTBepkAeHue «Uepes JBe TOUKH
NPOXOMUT OJHA-CIUHCTBEHHASE NpAMAA», Mbl JOJMKHBI PacCMaTpHUBATH
TakkKe B KauecTBe 0cofblXx npamoix npamule (D), mepnesauxy/spHble
K npaMoil X ¥ #BJISIONIHECS OCAME CUMMEMPUU, KOTOpast i B eBKIHAO-
BOJi TeOMETPUH SIBJIETCS CHMMETpHeH.

CoryiacHO 2TOHl KDPYTrOBOE TOUKe 3peHHf, Mbl COXpaHsieM MOHsTHE
yIrya eBKJIULOBOH T'eOMETPHH.

Hewmennenno BuauM, 4to IiBe npamsie JuG0 NepeceKkaroTcsi B OLHOH
TOYKe, JHG0 HEe uUMeIoT OOmIedl TOUKM, JHGO HMEIoT ofIylo Touky J
Ha npaMoit X, riue o 0o6GpasyiOT HYJEBOH YTOJ: JIBE Takue npaiole
HA3LIBAIOTCS NAPAAICALHbIMU B HAIPABIEHHY K TOUKe J. 3TO, OUeBHIHO,
OTHOIlIEHHEe 3SKBMBAJIEHTHOCTH.

Teopema 1 reomerpuu Jlo6aueBCKOTO 37eCh, TAKUM 06Pa30OM, BBINOJ-
Hgercq.

Uepes HeKOTOPYIO TOUKY A NPOXOAAT [1BE NAPAAICAbHbE K A2H-
HOU npamoi (D); oun oGpasylor MeXAy coO0H HEeKOTOpLIf Yron W OTAe-
JIAIOT CPely BCEX NpsAMbiX, TPOXONSAIINX Yepe3 A, MHOMKECTBO APIMbIX,
nepecekaloiiux (D), oT MHOXecTBa npamsix, He INlepecekaromux (D).

Toukn, B xotophix (D) mepecekaer (X), HasblBAIOTCS OECKOHEUHO
yoarenrpinuy moukamu npamod (D). UToSel TOBOpUTH, YTO KayKaas
npsamas uMeeT ABe GeCKOHEUHO ylasleHHble TOYKH, HYXKHO BBHLY CYIile-
CTBOBaHUS 0COGHIX npsamoix (Do) TPUCOEIMHUTE K (X) ellle elHHCTBEH-
Hy10 GeCKOHEUHO YIAJEHHYIO TOUKY KDYTOBOH INIOCKOCTH, KOTopas
TaKke fABASETC M OeckoHedHo yoaaenwod. HeMelsenno nosyuaercs,
uTO CyMMa VIVIOB mpeyeoasHuKka MeHblle Da3BepHYTOro yraa.

Meduampuca ompeska npamotl ABIsETCS OCbIO CHUMMETpPHM, KOTOpad
MeHseT MexX 1Y co60ii KOHIIb oTpe3Kka. Hcecaenayem tecpemy 4. Hekomopeotit
mpeyeorvrux ABC, meduampuce: xotoporo Dap U D¢ napaisieasuot
K TOuKe J, SIBJsETCA B €BKJMAOBOH IJIOCKOCTH KPHBOJHHEHHBIM Tpe-
YIOJAbHHKOM, BIOHCAHHBIM B OKDYMXHOCTb, KacaTelbHYI0 K (X) B TOuKe
J, 3HAuUMT, TPeThsl meduampuca napajnenbHa ABYM ApyruM K J. Met
BHAUM, UTO OPUUUKAGMU SIBJISIIOTCA OKDYXKHOCTH, KacareabHele K (X);
OHU HUMeWT OJHY TOUKY Ha 6ecKoxedHocmu.

by nsi Toro uro6bl Mozenb Oblia TOJMHOCTBIO HPHUTORHOH, Ham
0CTaeTCsl BBECTH NOHATHE paCcCMOARUs MEXKAY IBYMSI mO4KaMU.

OueBHHO, ecau ABe mapw Touek AB u A’B’ cOOTBETCTBYIOT IpYT
IPYTY B CUMMENMPUL, MBI JOJIKHBL CUNTATh PAcCmoarue MEXKLY MouKamu
NepBOil mapbl PaBHBIM PACCMOAHWUIO MEXIY moukamu BTOPOR nNaphl.
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*
Msbl 6ymem Ttorna nucatb: AB=A’'B’. Onuako, Tak KaK cummempuu
He 06pasyloT TPYNIE, HaM HYXHO JOKasaTh, YTO Halle OTHOLIEHHE
IeHCTBUTENIBHO SIBJASETCS OTHOIIEHHEM SKBHBAJEHTHOCTH, HGO 3TO
He OYEBHIHO.
Beenem crauana okpysxcrocmu. TeoMeTpryecKoe MeCTO TO4eK TaKHX,

ato AM = AB sBasercs NpOXoAAliel yepe3 B OKPYMHHOCTBIO NYUKa,
HYJEBLIMH TOUKAaMH KOTOPOTO SIBJAIOTCA TOYKa A H CHMMeTpH4YHas
el OTHOCHMTEJbHO X TOUKA ¢, PacnosioxkeHHast B (¢’), MOCKOJBKY Aps-
MbIMW, TPOXONAMUMH dYepe3 A, cJyXkaT OKPYKHOCTH, NPOXOAsLIHe
uepes A u a. Mp1 6yzeM FOBODHTB, UTO 3TO OKPYHCHOCHL C yenmpom 8 A,
npoxonsimast yepes B.

3aMeTuMm Tenepb, YTO OKPYHCHOCMU, COOTBETCTBYIOLIHE APYT IPYIy
B cummempuu OTHOCHTEJBHO HEKOTOpoll npamod (D), roMoTeTHUHBI
B EBRKJMAOBOM TIJIOCKOCTH OTHOCHTENBHO LieHTpa OKpyxkHOCTH (D)
U YTO TOUKH, SIBAAICIIHECH HEHMpPAMu OKpYNHOCMU, COOTBETCTBYIOT
Ipyr Apyry B 310i romotetn. O6paTHO, rOMOTeTUS IBYX OKpYHCHOCHEL
¢ UX yenmpamy o6ecneunBaeT CUMMEMpUIo, 3HAUUT, PAseHCmBo paduycos.
Ho romorernn, neHTphl KOTOPHIX HaxonsATcs Ha (X) H Kos(PHIHEHTHI
KOTOPHIX NOJOMKHUTENbHBI, 06pasyloT rpynny. 31o obecreunBaeT TpaH-

%

3HTHBHOCTL OTHOIIEHHS: =,
Tak Kak G3quMHOCHSE

[AB= A'B'| = [A'B’ = AB]
OUeBHJIHA, TO OCTaeTcd IIPOBEPHTL Ccummempuro

AB .~ BA.

PaccMoTpuM no3TOMY ABe oxpyokHocmu: (@) ¢ ueHTpoM A, MpOXOASIyO
uepe3 B, u (b) ¢ uentpoMm B B, npoxoasmywo uyepe3 A. B eBxaunosoit
TJIOCKOCTH npaAMas AB mnepecekaer X B S, a OKPYXHOCTH COOTBeT-
cTBenHO B Toukax B’ u A’. Coormonienns

SA42=SB.SB’ u SB2=8A4.54’
JAaxoT:
SA _SB _SA" .

SB" T SAT B’
B
3TO JOKasbIBAeT, YTO FOMOTETHSI C HEHTPOM B S u Koshdunuentom g—A ,
npeofpasywolliass Ny4oK OKDYXKHOCTefl ¢ HYJeBHIMH TOukaMH A H «
B YUOK C HYJEBBIMH TOYKamu B H P, npeoGpasyer Takke oxpyscHocmb
(a) 6 oxpyoxcHocme (b). 3HAuMT, 3TH JBe OKPYMCHOCMU KMEIOT paBHbie
paauychl.
€) Mol MOXeM Tenepb OTK/NaAbIBaTh B OJHOM M TOM e HampaBsle-
HHUH Ha noaynpamoti AY paewbie ompesKku, HauMHasi ¢ HEKOTOPOTO
ompeska AB: ,

ABZBM,— MM, ~ ...
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INonyyaerca Gecunciennoe MHOXKecTBO ToYeK M Mexay A u Y.
Touyka M crpemutcst K Y B TOM cMbic/e, UTO Ta TOUKA B KOHIE KOHIOB
OKa3bIB4eTCA C TOH ¥Ke CTOPOHBI, UTO U Y, OTHOCHTENbHO JH060H TOUKH
npamoti. CnenoBaTenbHO, Jio6ast npamas — apxuMenosa. Mexiay ee
TOYKaMH CYIIeCTBYeT OTHOIIEHHe IOPSANKa, H €CJH TOuKa B HaxoauTcs

* %
Mexay Toukamu A u C, 10 AC=AB--BC, rle ¢MBCI CJIOKCHUA,
*

0003HAYEHHOI'0 3HAKOM —-, onpefensiercs OYeBUAHBIM ofpasom. Hawm
ocraeTcs NPOBEPHTb HepageHcmso mpeyzosvruka. (ClenyeT OTMETHT,
yto akcioMa Ilama Bemmonmsercs.)

Ilycre mana okpyocrocme (@) ¢ yenmponm A v Hekoropas mo4xa B.
OkpyoscHocme ¢ yenmpom B, Tak e Kak U OKPYXKHOCTb (), WHBa-
PHAHTHBI KaxKJasg B LEJOM B CumMempuu OTHOCHUTETbHO NpAMOL, TPO-
xogsimiedi yepe3 Toukn A u B. Jra npamasn (D) nepeceraer 0KpyacHOCHb
(@) B moukax P u Q, ABASIOIIUXCS moukamu Kacanus ¢ (@) oKpyscrHocmedl
¢ yenmpom B, xacarenbHblx K okpyscrocmu (a). [lpenmnosoxum, 4To

.
Toyka B Haxomurcs BHe oxkpyscHocmu (@), T0 ectb AB > AP = AQ.

Oxpyocrocmu ¢ neHTpoM B, mepecekaroinie (@) B HEKOTOPO# rouke
M, umeror paduyc, npoMexyTouHblll Mexny BQ u BP. Eciu P naxo-
nurcst Mexay A u B, To

BP < BM < BQ;
HO HMeeM:

BPZ ABZ AP u BO=BA L AQ,
3HaA4YurT,

BAZ AM < BM < BA+L AM,

YTO U ABJISIETCS] HEPABEHCMEOM HIpeYe0AbHUKA, BBINOJAHEeHHe KOTOPOTo
Tpe6OBaloch IIPOBEPHUTD.

d) Ilepemewienue UMM aHmunepemeljenue SBJISETCS NPOU3BeleHUeM
cummempuil. Bea Tpyla MOXKHO J0KasaTh CAYyYaUu PABEHCMEA Mpeyaoib-
Hukos. ClieqoBaTebHO, MBI HMeeM Bce HeoOXOIUMbIe 3JeMeHThbl, YTOOH!
BBLIMOJIHUTL IIEPEBOJ, Ha SI3bIK MOJEJH Bcell reomeTpun JloGaueBckoro,
B YACTHOCTH, YTOObI TPOCJAENUTH 32 TeM, YTO ObLIO CKa3aHO O Mepe
IyTH ODHIMKJA.

TlpuMep mpoBepKH TeopeMbl 4 MOKAa3HBaeT C fCHOCTbIO, HACKOJLKO
HOBasi Mojesb reoMeTpun Gojiee yRoGHa IJsi 10Ka3aTeslbCTB, YeM CTa-
pas. OfHaKo AJs HaLlero npeicTaBJeHHs O NPOCTPAHCTBE, PACCMOTPEH-
HOM, KaK Moje/ib (pM3HYeCKOro MHpa, nepBasl Molenb, MoXenb Jloba-
YeBCKOTO, fBAAETCHA, pasyMeercd, eIUHCTBEHHO HHTEepPeCHOH.

HanomuuM, 1js cpaBHEHHSI ¢ TeOMeTpHed, KOTOPOH Mhbl cefidac
cobupaeMcsl 3aHUMATbCSl, YTO B reoMeTpud J10oGayeBCKOro NOSIBJAAETCS
dyHaamedTanpHas LJIMHa, @ HMEHHO OTPe30K, NPUHATHIH HaMHu 3a elu-

HULY.
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IV. Cchepuueckan reoMeTpusi, MoAenb
reomerpum Pumana

Msbi cefiuac 6yzeM H3yyaThb HEKOTOPYIO IBYMEDHYIO TIEOMETPHIO,
MOZEeJIBI0O KOTOPOH fIBJsIETCA FeoMeTpHusi Ha cepe TPeXMepHOTO €BKJIH-
I0Ba MpOCTPAHCTBA, ecaAH OOJblIHe OKPYKHOCTH paccMaTpUBAaTh,
KaK Wrparmollie poJib IPIMBIX.

Moryr GbiTh AaHBl W INIOCKHE MOZEJH 3TOH TeOMeTpUM, Hampumep,
€ TIOMOHIBIO cTepeorpaduueckoll NPoeKUMH (TO ecTh MHBEPCHH, MNOJIOC
KOTOpo#t Haxoautcs Ha cdepe). Mbl cefiyac ykaxeM ee ryiaBHEE CBOM-
CTBa, U3 KOTOPHIX CJefoBaJo Gbl BBIICAHUTH CHCTEMY XapaKTepHCTH-
YeCKHX aKCHOM, eCJIH Obl MBI XOTeJH IOCTPOHTL 3Ty T'eOMeTPHIO caMo-
CTOSITENTBHO.

O6o03naunM uepes (E) Hame ABYMepHOE NPOCTPAHCTBO *, a uepes
(S) — chepuyeckyo ero Mogesb B TPEXMEPHOM eBKJIHIOBOM NPOCTPaH-
ctBe %%, (S) ecTh MHOXKeCTBO ToyeK M, KoTopwie ompejenseM B %2,
BbIOpaB HEKOTOPHIH LEHTP KakK ylaJleHHble OT IIeHTpa Ha IIOCTOAHHOe
paccrosinue R : O, OM = R, rne R — anvHa, NosBJSONascs BIocael-
CTBMH, KaK abcoJIOTHast IJHHa B npocrpaHcrsBe (E). Yame Mbr 6yaeM
ucnosb3oBaTh MRy L = nR. Kak u (S), npocrpancrso (E) opuen-
THPYEMO.

A) Hpsmbie

Mui naswiBaeM npamsimu mpoctpaHcTBa (E) MHOXKeCTBA TOUEK,
uMeromuXx o6paszaMu GoJblIHE OKPYXKHOCTH U3 MHOXecTBa (S), TO ecTb
crenpl Ha (S) muockocTed, NpOXOAAMHX yeped neHTp O, coxpaHas
Ha 3THX NPAMBIX H3BeCTHYIO MeTpHKY cdepHl (S), paBHO KaK U HMOHATHE
paBencrBa ¢uryp Ha cgepe.

Bce npsiMble paBHBI MeX1y coGO# M, HaKJaAbBasch Ha cebs, MOTYT
CBOGOZHO CKOJbL3HTh, KamAash M3 HHUX JeJUT NpocTpaHcTBO E Ha IBe
BLIyKJble 00acTH, HO CBOHCTBa, YKa3aHHbIe B Hayajle 3TOf TIJIaBHI
[§ A, al, Goabme He BLINONHSIOTCA.

1) Mlee npamsie nepecexaromcs ecez0q 8 08Yyx moukax, KOTOPHIE Mbl
HA30BEM «aCCOLUMHPOBAHHBIMMY KM 06paskl KOTOpHIX Ha (S) nuamer-
panbHO NpOTHBONOJOKHHL. [lycts A, A’— Takas napa. Uepes Takyio
napy NpPOXOIMT GeCUHCTEHHOE MHOXKECTBO MNpsMbIX, u6o Jio6asg mnps-
Masi, mpoxonsmiasi yepes A, npoxomut u uepes A’. [losromy mpen-
JIOJKeHHe HYXKHO YTOUHHTh: Yepe3 IBe He acCOUMHPOBaHHbIE TOYKH
NPOXOAUT MNpsAMas ¥ JHIUb OJHA.

2) IlpaMas we saBisiercsi Gosbllle «BEIIECTBEHHOH NpsIMOil», Onpe-
IenenHo#t ycaoBueM AM = xAB, rie x mpoGeraer Bce MHOMKECTBO
JIeHCTBHTE/IbHLIX YHCe/; B CAMOM Jiesle, IpH NPHUHATOH MeTpHKe NpsMast
SIBJISETCS] 3aMKHYTOH KPHBOH JJIMHH 2L; 1mosToMy Ha OpHMEHTHPOBaH-
HOM 1IPSAAMOA ¢ BHIOpaHHEIM HavasaoM A Touka GyIer HaXOZHTHCH BO B3a-
HMHO OJHO3HAYHOM COOTBETCTBHM C HEKOTOPHIM KJaccoM BHIYETOB
no Moay/o 2L. Ecan Mel noxesaeM COXPaHHTh GeCKOHEUHYIO IIPAMYIO,
TO CJefoBajo Obl TNpeACTaBHTH cefe NpAMYl0, KoTopas GeCKOHEYHO

* HMmeeTcs B BHJAY NpPOCTPAaHCTBO TreoMeTpHn Pumana.—ITpum. nepesod.
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HaMaThiBaeTcsl Ha ce0f B 0O0OMX HanpapjeHHsIX, H HpocTpaHcTBo E
HMeJo GObl  MOIeNbio cdepy, NOKPHITYI0 GeCKOHEUHBIM MHOMXKECTBOM
JIUCTOB, CBSI3H MEXKAY KOTOPHIMU cJeoBano Gbl YTOUHHTL. Takue
IPOCTPAHCTBA TOXe GbIK BBelleHb PHMaHOM, HO MBI O HUX 3J]€Ch I'OBO-
puTh He OyzeM.

Tak kak npsMble He 6eCKOHEUHEl U BCErja NEPeCceKaloTes, TO BOIPOC
O mnapajlelbHblX MPAMBIX He CTABHTCS; OJHAKO HET MNPensiTCTBUMN
K TOMY, YTOOB PA3BHBATb HEKOMIOPY0 AOKQALHYIO 280MEMpuio, B KOTO-
po#t usyuaroTcsd (QUTYpHE, He COJepsKaillye OJHOBPEMEHHO CaMOH TOYKH
W acCOLUMPOBAHHOMA ¢ HeHl. DTH maphl TOYEK NOABJAIOTCH, JHUIIL KOTia
Mbl GyJieM COeHHATh HECKOJbKO uryp u2 (E), OpoBoAs pacCy:KIeHHS
B nOpocrpancrBe .%°. Dsarogaps 3TOMY OUpaHHYEHHIO CBOHCTBA
[A, (b u ¢)] coxpaHfIOT CHIY; B YaCTHOCTH, COXPAHSETCs CYLIECTBOBA-
HH€ H €JUHCTBEHHOCTb TNePHeHIUKYJAApa, ONYyIeHHOTO H3 TOYKH Ha
OPSAMYIO; 3Ta OCHOBHad TeopeMa NOKas3biBaeT BaXKHOCTb CONOCTABJEHHS
KaxJIoH npsMoH mapsl ee moJitocoB: ecin A, A’ ecTb mapa IOJOCOB
HEeKOTOpOH NpsMOfl @, TO Jobas npaMas, npoxonsmas gepes A u A’,
HEPHEHAUKYISIPHA K @ U UMeeT CBOM IMOJIOCH Ha @.

[Ipamas, TaxuM o6pa3oM, MOXKeT paccCMaTpPUBATLCSl, KAK TNpeelib-
HLIH clIyyall OKPYKHOCTH, KOTJa ee paiuyc, KOTOpHIH BCeTha npensa-
raeTcss MeHbIINM qu%, cTpeMuTCHE K o .

B) TpeyronoHukn

a) Onpeneaenud. [lBe npsaMmeie gensit (£) Ha uetwipe o6na-
CTH, Ha3blBaeMmble ABYYTOJBHHKAMH *, KaAbl H3 KOTOPBIX HMEeT [Be
CTOpPOHBI, paBHBle L, W IBa paBHbIX yrsia. Tpu npsmble gpeaar (E)
Ha BoceMb ofsacTeil (a He Ha 7, KaK B eBKJAMIOBOH mIockoctu). Kax-
Iasi objacTb Ha3blBaeTcsl mpeyeoabHuxkom tnpocrpasctBa (E). Ha (S)
3TO, CTajc OBITb, CJel HEeKOTOPOro Tpexrpanuuka us %3. CTopoHsl
TpeyroJbHHKA — 5TO OTPE3KH NpPSMBIX AJHHBL, MeHbIleH yeM L (310
ILyTH, Bblpe3aeMble TPaHAMH TPeXIPaHHUKA), a VIVIBl 3aKJIOYeHb!
MexAy uucaamMe O B (3T0 Mepel IBYI'pPaHHBIX YIVIOB TPEXTPAHHHKA).
Tpu OObIUHBIX C/yyast PaBEeHCTBA TPEYTOJBHHKOB COXPAHSIOTCH.

Ecian s1eMeHTH HeEKOTOpPOTO TpeyrojbHHKa 0603HauuTh a, b, c,
A, B, C, To 37eMeHTbl BceX BOCBMH TPEYTOJbHHKOB, OGPa3s0OBaHHBIX
TeMH e IUIOCKOCTAMH H, KaK OKa3blBaeTcsi, MNONapHO COOTBETCTBYIO-
X APYT APYTY B OTHOLUIEHUSIX PABEHCTBA U/ aHTHPABEHCTBA, TAKOBHI:

a, b, ¢ a, L—b, L—c¢ L—a, b, L—c
[A, B, C [A,n——B, n--C [n—A, n—B, C
L—a, L—b, ¢
[n—A, n—B, C.

CI/IMMeTpI/Iﬂ, BO3HHKAIOMasg MexXAy MAJHHaMH CTODOH H MepaMH
YIrJoB, CTAHOBHUTCS OODBSACHUMOM, ecJH Mbl CONOCTaBHM 3THM BOCBMH

* ABTOp mosib3yeTcsl TepMHHOM «fuseaus, YTo 3HAUHT «BepeTeHoy.— I[lpum.
nepesod.
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TPEYTroMLHUKAM BOCEMb HOBLIX TPEYIOJbLHHKOB, ONpPefeseHHBIX mapa-
MH TOJIOCOB NPAMBIX, 0Opa3yIOLMX JaHHble TpeyrodbHHKH. IlycTh
A, A; — napa nosocoB st BC; OTMETHM TOT M3 HHX: Ay, KOTOpLIH

L
HAXOMMTCA B TOM JKe NOJYNMPOCTPaKCTBe, uto M A; umeem: AA, << 5 .
Mer TakuM ke ofGpasoM onpenesasieM B, (or-
o , L
Jauunbii ot B; u C;). HepasenctBa BB, <3

L o
u CC, <§ BJeKyT 3a cofoif, uro A Ha-

XOIUTCS ¢ TOf e CTOPOHH IO OTHOLICHHIO
K B,C,, uto u A;, H TO Ke HMeEeT MecTo
ais B wum ogaa €. Tak Kak H3BeCTHO, 4YTO
A, B, C aBjs0TCA KaK pa3 IO/AKCaMd CTOPOH
Tpeyroapuuka A,B;C,, T0 0OTCIOAa CJIexyeT, UTO
CBSI3b Mexay Tpeyroabuukamu ABC u A,B,C,
B3aUMHas: 3TH TPEYrONBHUKH OOpasyioT napy
donoanumenvrslx — mpeyzoisHukos. 'eomeTpus Uepr. 66
B R3® naer snementsl Tpeyroibuuka A B,C,
JONOJHUTENBHOTO Tpeyronpuugy ABC:

a1=L<l—%>; b1:L<1———§—>; 01:L<1—%> ,

SHa‘IHT, B CuUJY B3aHMHOCTH

A1=n<l-——%>; Biz:rt(l—%); Cizn((l—%) )

Taxk Kak paBeHCTBO JBYX TPEYrOJbHUKOB DPABHOCHJIbHO PaBEHCTBY
UX JAONOJHHUTEJBHHIX TPEYTrOJbHHUKOB, TO M3 TPeTbero cjyuyas paBeH-
CcTBa (0 PaBEHCTBY CTOPOH), NPUMEHEHHOIO K JOMOJHHUTEJbHBIM Tpe-
VIOJbHHKAM, BBITEKAeT eIle 4emeepmuoili CAY4Qll paseHcmeq mpeyaons-
Hukos ¢ (E): IBa TpeyTrONbHHKA PAaBHBI, WJH AHTHPABHB, €CJH OHHU
HMEIOT IONapHO pPaBHBIE YIVIBL.

b)) HepaBeHcTBa, OTHOCHAIMHUECS K 3JeMeHTAaM
TPeyroJabHUKa. YCIOBUA, HEOGXOMUMBE M JOCTATOYHBIE MJIS
TOro, YTOOLl TPH MJIHHE @, b, ¢, MeHbllIMe Kaxaas ueM L, GblJIM CTOPO-
HaMH TpPeyroJbHUKA, NOJYUAXOTCH HCCAEJOBAHHEM IepeceuyeHHs ABYX
okpyxHocreff. [lycts BC = a — HanGonbliasi CTOPOHA; OKPYXHOCTH
¢ ueHTtpamu B u C, panuycamu ¢ u b nepecekarorcd NpH CIEAYIOMINX
YCJIOBUSX, ONpefieNsieMBIX pas6buenteM Ha o6JaacTd B (E) U BLIOYKJIOCTbIO
OKpYXHOCTel,

Al

a<<bd-c<<2L—a

(paBeHcTBa BBIpa)Kadud Obl KOJJHHEAPHOCTH TOYEK). ITO BJEUEeT 32
co60H HepaBeHCTBA TAKOrO Ke BHA3, €CAH & H He SBJseTcd
HauboJbIIedl CTOPOHOM.

ITepBoe n3 3THX HEPAaBEHCTB — HEPABEHCIMBO MPEYSOAbHUKA, OHO
ONpaBAbIBaeT BLIOpaHHOE MOHATHE PACCMOAHUA MENCOY 08Yms MOLKAMLU.
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[IpuMensiss 3TH HepaBeHCTBa K JOMOJHHUTEJIbHOMY TPEYTOJBHHKY,
BLIBOJUM K3 HHX HepaBeHCTBa AN yroB: t — A << B -+ C <<m + A4;
B uactHocth A + B + C > a.

¢ Ilnomanaer TpeyroasdukKa. Mo TorsKo 4T0 BuIeNH,
4TO CyMMa YIVIOB TpeyroJbHHKA OoJblie ABYX NpPSIMBIX, B TIPOTHBO-
MOJIOXKHOCTb TOMY, YTO HMeeT Mecto B reomerpuu JloGaueBckoro. Ecnu
Mbl TepecMOTPHM JOKa3aTeJbCTBa, IPOBEleHHHle B 3TOH mnocJjelHel
reOMeTPHH, TO MBI CMOMKEM YCTAaHOBHTb, UTO JOKa3aTelbCTBO TEOPEMBE
O BHEIIHeM YIvie C NMOMOLIBI0 MeIHaHbl COXPAHSETCsI, HO C YCJIOBHEM,
uyro6bl Touka D Haxomwgaach B Hajlexanlell 00JacTH, OTKyla BbiTeKaeT

Tpe6GoBanue, uToOb MeAuana AM Obuia MeHbLIE, 4eM - . ITO OrpaHu-

2
YeHHe MelllaeT BEIBECTH H3 TeOPeMHl CJIeJCTBHE O CYIIeCTBOBAHHH IIps-
MBIX, He HMEIOIHX 00X TOUeK (CYllecTBOBaHHE TAKHX NpPAMBIX, KakK
MBI 3HaeM, HeBO3MOXKHO). UTo Kacaercsi NyHKTa b) ucciaefoBaHuS, TO
oH Tpebyer, uroObl mpAMas Oblia GeCKOHEYHOH.

U36LITKOM TpeyroabHuKa HaseiBaioT pasHocth 6=A + B -+ C —
— 7. Touno Tak XKe, Kak H Ansl gedexra B reoMerpun Jlo6adeBcKoro,
U30BITOK TPeyroJbHHKA, SABJAKMErocs o0beJHHEHHEM ABYX CMeMKHBIX
TPeyTONbHUKOB, PaBeH cyMMe H30LITKOB 3THX TPeYTONBHHUKOB, TakK
4TO nAowjads NPONOPUUOHAALHA  U306IMKY.

Ho reomerpus cdepsl B .%° HaM NOKa3blBaeT, YTO MOAHAS NAOUAO0b

npocmpancmea (E) xoHeuHna u paBHa 4nR? = 4L . Ho (E) nokpeiBaeTca

BOCEMBIO TPEYTONbHUKAMY, BeplIiHAMHA KOTOprX ABJSFIOTCS TOUKH
A, B, C v Toukn UM acconuudpoBaHHble. Mbl 3HaeM, 4To ofllas cyMMa
YIJIOB 3THX TPeyTroNbHHKOB paBHa 12m, a 3HAYuT, cyMMa H3GHITKOB

paBHa
125t — 871 = 4.

CnefoBaresibHo, KOPOUUMEHT NPONOPLUHOHANBHOCTH H3BeCTeH,
H IIJIOHLaI[b TpeyI‘OJ’leHKa ABC paBHa:

(A+B+C—n) [bopmyna AnnbGepra yKupapa
(Girard), oxojio 1620 roaal.
TrCnepncrBue Teopema Jlekcearn (oxono 1770 r.). Hanw nse
pepuriHbl B, C TpeyronbHHKa; TpebyeTcs HaHTH TeOMETPHUECKOe
MecTO TpeTbell TakKoH BepIMHB A, uTO6H IJIOMIAAL TPEYTOJbHHKA
Obl1a  NOCTOSAHHOH. -

JokaxeM crnauaja ciaenymwouryio jgemMmy. yra BAC oKpyXKHOCTH,
OMHUCAHHON BOKPYT HEKOTOpPOro tpeyroasHuka ABC, aBasercs BMecte
¢ CHMMMETPHYHOH el 1yrofi orHocuTeNbHO BC reoMeTpHYECKHM MeeTOM
TakuxX Touek M, 4TO

B, +C,—M=B4+C—A=20 (¢0>0, mm o<<0)*.

10 [OKa3bIBAIOT, KAK U B €BKJUAOBOH TeOMETPHH, C IOMOILbLIO
YIJIOB TpU OCHOBAHWM PaBHOOEAPEHHOTO TPeYroJbHHKA. YTOJ @ Onpe-

* B, u Cy — yras npd Toukax B H C tpeyronsunka MBC.— Ipum. ped.
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JiesIsileT LEeHTP ® ONHMCAHHOH OKPYKHOCTH. <Hanpnmep, TOH OKPYXHO-

CTH, Koropas uMeeT B (E) pammyc, MeHbIIHH é
[Tycrs Teneps aanwl Touku A, B, C u jan u30bITOK
§=A+B+C—m.

Orciona ans tpeyronbuuka AB'C’ (B” u C'— Touku, accouuupeo-
Ba"uwle B u () BBBOAUTCS, YTO

B +C —A=mn—8.

- A

l'eomerprueckoe MecTo ToyeK A COCTOHUT
MO3TOMY U3 08yx Oye OKpyxcHocmetl, npoxoos-
wux vepes mouky B’ u C’. (OTmeruM, uro
TolanhL He omnpejeseHa, eciu Touka A Ha-
xoaurca B B nau B C'.)

d) Tpusonomempuneckue opmyasi. Oc-
HOBHas (QopMyJsa Obuia NoaydeHa, Kak INpH-
JIOKEHHE TIOHATHS CKaJsSpHOIO NpPOH3Be-
JeHHs1 IBYX BekTopoB (kH. I, ra. V). Ona Yepr. 67
3anyIIeTCs] TENepb TaK:

na nh e . omb . @
cosTzcosi—.cosTJrsmTsmTcosA, (1)

H TMyTeM Mepexofia K JOMOJHHTEJSBHOMY TPEXTPAHHHKY NONyUaeM:

. . na
cos A= cos BcosC—sin BsinC cos -~ . (2)
Bolunc/ieHHe M0O3BOJISET BLIBECTH M3 3THX (HOPMYJ
sin na sin nb sin e
A A 5
sinA = sinB ~ sinC (3)
,HJIH TpeyFOJIbHI/IKOB, CTOPOHBL KOTOprX MaJibl, HMeeM:
oS na ~1 n2q? sin na na n2b2 722 ~0
L = L2 7 L — L L2 L2 —

Gopmyasl (1) u (3) BeaelderBHe 5TOrO JAlOT:
a ~ b2 - c2—2bccos A,
a b ¢
~s ~
sind = sinB — sinC

H3 (2) noayuaem:
cos A=cos (B4 C)+sinBsinC [l ——cos%} o~ cos (B4 C),
OTKYyJAa JJIs1 yIJIOB, 3aKJIOUeHHBIX Mexay O u m,
A-+-B+Co~m.
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Hayuennas seomempus A0KAALHO IKBUBAAEHMHA €8KALO080U 2e0Mempui.

Mkl TOMBKO YTO ONMHCANMH HECKOJbKO TeOMeTpHH, MMEIOIHX MEXAY
co60#1 MHOTO CXOAHBIX YepT. MEI Bcerja MCXOMuJIH U3 QUTYD, Ompele-
JIEHHBIX B LIEJIOM, KAKUMH, HarpuMep, ABJAIOTCA npsMeie. Te u3 sTux
reoMeTpuil, KOTOpble ObLJIM METPUUECKHMH, JOKaJbHO 3KBHBaJICHTHB!
€BKJIUL0BOH reoMeTpuu. B uyactHOCTH, A/S ABYX OdeHb OJH3KHX TOYEK
A u B AB? Beipaskaercs ¢ IOMOHIBIO TeopeMul [Tudaropa (B Hansexare
BLIGDAHHOH CHCTeMe KOOPAHHAT).

PumMan, Hao6OpOT, HCXOZHUT H3 3TOIO BHIBOA.

OH CTPOHT reoMeTpHH, HCXOAA U3 JOKANbHO ONPEJeJNCHHOH MeT-
PHKH, KOTOpast MomeT ObITb NPOJOJANKEeHAa Ha O4YeHb DasHOOGpa3Hbe
TPOCTPAHCTBA MeTOJIaMH WHTErpaibHCTO Hcudcnenusd. Hekoropoie us
3THX TEOMETPHIl HCTOJAL3YIOTCA B MaTeMaTH4ecKoM anmnapare oOulei
TEOPUH OTHOCHTENBHOCTH M B JIPYIHX TeOpHAX COBPEMEHHOH (PU3HKY.
Hx paccMoTperue mpefcTaBJsET 31ech JIS HAC HHTepPeC JIMIIL IIOTOMY,
YTO OHO RaeT BO3MOKHOCTH [OHSAThL YACTHEIH XapakTep eBKJAMIOBOH
reoMeTpuu *.

* Upnrarenio, HHTepeCYIOUIEMYCS HEeBKJAHAOBOH reoMeTpHell, MOXHO peKo-
MeH[0BaTh CJeAyIOIiue KHHIH, ClyKalue BBeJeHUeM B Hee:

. A, lupoxos, Kparkufl ouepk ocHos reomeTpun JloGaueBcKoro,
M., 1955.

A. TI. Hop neu, DiaemenTapHoe BBeleHle B reomeTpuro Jic6auepckoro,

M., 1953
. Kar asu, Odepku no reomerpun, M., 1963.
. Ed nwmos, Bucmas reomerpusi, M., 1961.— IHpuxn. ped.



Tperps 4acrTob
KOHUYECKUE CEYEHMS

[Tocsie npsIMBIX M OKPYXKHOCTell CaMBIMH 3aMeYaTeNIbHBIMH KPUBBIMH
B IJIOCKOH TeOMETPUH SBJSIOTCH KOHMYecKue ceuenud. Mx usyuenue
OTKPBIBAET pa3JHUHble TOUKH 3PEeHHS Ha 5TH KPHBble H HCIONb3YeT
Bce MOpelIlecTBYIOMUe TeopHd. /s Hac 5TO 06JAacTh TPUJIOKEHKH.

1. OnpegeneHne HONMYECKHX CEYEHMI
Ha KOMYCEe BpalleHud

Mzul HaspIBaeM KOHuueckum cederyenm (B COOTBETCTBUH C HCTOPHUYECKOH
TOYKOH 3peHusi H CO CMLICJOM HA3BaHUS) 40008 NAOCKOE CEHEHUE HEKO-
mopoeo Kouyca epauierus. ECIU IUVIOCKOCTh NPOXOIKT yepe3 BepIiuHY,
TO KOHHUECKOE CeyeHHe BLIPOXKIAETCS B TOUKY, HJAH B COBOKYIIHOCTb
IBYX NPSIMBIX, WJIH B OAHY JABOHHYIO IpSAMYI0 (B clydyae KacaTelbHOIl
TVIOCKOCTH).

Konyc Bpamenus (S) Oyzer onpelenstbecsi cBoefi Bepumuoft S,
cBoell OCbI0 2 H OCTPBIM YIJIOM ¢, 00pasoBaHHBIM OCblO z C 0Opasylo-
mpM G. Mol gacto 6yneM Tak:Ke pacCMaTpuBaTbh KOHYC, KaK OIMCaH-
HBIA BOKPYT HEKOTOPOH cdephl.

[lnockocts ceuenns II Gymer onpenensitecst HekoTopo#l npsiMOf,
KOTOPYIO MBI BblGepeM, U OCTPLIM YoM f, 06pa3soBaHHbBIM MIOCKOCTBIO
CeyeHHUsl C TJIOCKOCTBbIO, MEPIeHIHKYJAAPHOH K ocu Sz KoHyca (3TOT
yroa 6yLeT paccMaTpHBATHCA JHIIbL 10 abCONIOTHOH BeJIHYHHE, HO €rc
OpHeHTaluA npelnonoxkeHa GUKCHPOBAHHOH pa3 HaBcersa).

Kpusas (C) nepeceveHust onpenesieHa, Kak TeOMETPHYECKOE MecTo
ToueK M, B KoTopux ofpasywoimine G nepecekaior niockocts I1. Hawa
11e7b COCTOMT HIpeXAe BCero B TOM, 4TOOLI ONpEeNesNnTbh 3Ty KPHBYIO
METPHYECKMMH COOTHOILIEHUSIMH.

1) TTnockocte II onpenenena npsimo#t 8, ee mepeceyeHns ¢ IOC-
KOCTBIO Py, IPOBENEHHON Uepe3 BepWIHHY S NePNEHIUKYJ/ISPHO K OCH 2.

[TpoekTupyem Touky M Ha py B TOUKY 7y H Ha 8y B TOUKY fy. ITO
BLISIBJIsieT JABe IUIOCKocTH: Sz, Mng u Mhgny. Boipasum crnepctBus
3 ONpeeeHHl:

ME(S)@AA/;—'E’:cosa] (Mell,
Mn }ME(C)CP{ MS  sin
Mell = thzSinﬁJ Mhg ~ cosa "

Ipepnoxenue 1. Konuteckoe cewerue (C) A8AsemMCs 2e0MEMPUYECKUM
mecnmom mouex naockocmy 11, omuowenue paccmosaruli komopeix do éep-
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WUHbL KOHYCa U 0o np;mozi 50 NOCHIOSAAHHO <9T0 OTHOLIEHUEe e HAa3bIBaT
sin
IKcYyermpucumemom RTaHHOIO KOHHUYECKOTO CceuyeHHsd, e ZCOSS

Yepr. 68

2) Ecan BriGpana cdepa (o), BOHcaHHAs B KOHYC, TO NYCTh p —
TJIOCKOCTh €e OKPYKHOCTH Kacanus (y). OnpemenuMm miockocts [1
ee mepeceyeHueM O c¢ 3toil miaockocreio p. O6pasyiomas G KacatesnbHa
K cbhepe B Touke [, pacnosoxeHHO# Ha (V).

ME(S)@M—';:cosal Me II;
Mn Me (C)@{ ML sinf 3]
MEHC) 5= sinf J ME “cosa €

INpennoxenue 2. Kornuueckoe ceuerue (C) A8A7eMCA 260 MEMPUHECKUM
mecrmom mouex naockocmu Y1, Oan xomopeix omuowerue paccmosHuti
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no Kacameavtoim K cepe (0) & paccmoanuam 00 npamoi 8 nocmosaH-
HO U PABHO e.

3) Cpenu chep, BIHCAHHEIX B KOHYC, CYLICCTBYIOT Takie, KOTOPLIE
nepecekator miockocts II. Ilyers (2) — omHa W3 Takux cdep, nepe-
cekatontaa miaockocte Il mo oxkpysknocrn (@). Torpa cymiecrtByoT
1Be KacaTesbHble K chepe, MpoBelleHHbIE M3 TOUKH M H HaXOAsIHeCH
B miockoctu II.

Ilycts P — mnockocts Kpyra (I') CONPHKOCHOBEHHS 3TO# cdepnl
€ KOHycoM, a A — npsamas nepecevenus miaockocreit P u II.

Mpennoxenne 3. B naockocmu 11 xowuueckoe ceuenue seasemcs
2LOMEMPUMECKUM  MECIOM MOYeK, OMHOWeHUe PAcCmosHull KOmopolx
do oxpyacrocmu (D) (no kacameavroim) k paccmosnuam 0o npamod A
NOCMOAHHO U PABHO €.

K
S K (Z)
Y 4
) ~H1F
' 9
X 9
z X
X
e<t e>t . e=1
Yept, 69

OrmerumM, uto eciau okpyskuoctd (I') u (D) chephl mepecexaroTcs
B 1IByX Toukax U um V, 1o mpsimasi A ects npsMas UV, komuueckoe
CeyeHHe TIPOXOIUT Yepe3 STH TOUKH H Kacaercd B 3THX TOYKAX OKPYK-
noctu (@). Bo Bcex cayuasx oxpyxuocTh (D) HasbiBaeTcss (oK, 6HOL
OKPYNHCHOCMBI0 KOHMYECKOTO ceueHHMA, a IpsiMas A HasbiBaetcs coom-
semcmeyroued  dupekmpucod.

4) MHoxKecTBO BOHCAHHBIX chep MOKHO IOJYUHTH M3 OJHOH M3 HHX
C MOMOIIILI0 TOMOTETHH C IEHTPOM B S M NepeMeHHBIM KOo3h(DHIIHEHTOM.
Urobel HccnefoBaTh CyHIeCTBOBaHHE OKpPY:KHOCTH nepeceuenusi (D),
paccMOTpUM ceueHHe GUTYpPHl €€ IJIOCKOCTBIO CHMMETPHH, KOTOpas
onpenesiena npsMoll Sz u ee mpoekuueit X Ha niaockoctb 1I. Konyc
nepecekaeTcs 3TOH IVIOCKOCTBIO MO ABYM ofpasyiouuMm g, g', a mio-
ckocthb I no npamo#t X. Dra mpsMaa nepecexaer ¢ U g B JBYX TOU-
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kax A, A’ KOHHYeCKOro ceueHHs. IJTH TOYKH NeEPECEYEHHs] KPHBOM
C ee OCbI0 CHMMETPHM HA3LIBAIOTCA BepUIUHAMY.

BriicanHast B KOHYC cepa sn6o nepecekaer, JHGO He nepeceKkaer
miockoers I1, B 3aBHCHMOCTH OT TOTO, nepecekaeT HIH HET npsmyo X
Gonbliasi OKPYXKHOCTb cepbl, fABJAIOMAACS cedeHHeM Cgepel IJIO-
ckoctbio ueptexa *. [losiBasiores nBe (BooGIIE roBOpsi) 3aMedaTtesbHbie:
cheprr, Kacarenbuple K mrockoctu Il Ymomsuyrasi Gonbluas OKpYK-
HOCTb KaxKIo# H3 3THX cdep KacaTesJbHa K CTOPOHAM TPEYroOJbHHKA
SAA"

r ( Omea BnucanHas OKpPYKHOCTE.
OpHa BHEBNHCAHHAA OKPYXKHOCTB:

L B S.
[Be BIHCAHHBIX OKPYXXHOCTH
B Au A
[lpamas X napaanesbHa
ofpasyiomeit  (2anpumep, g'):
€J\HHCTBEHHAA OKPYKHOCTE.

1) ﬁ<%~a, TO ecTb e <C 1

2) P> %—a, TO eCThb € > 1

—d, TO ecTh e=1

8) b=

Takum o06pa3oM, CyllecTByeT IO KpaliHeil Mepe OfHa BHUMCaHHast
B Kouyc chepa, KacareapHad K miiockoctu [I. Ee Touka kacamug F
HasbiBaeTCA (POKYCOM KOHUUECKOTO CeUeHHSi; OH COOTBETCIBYeT HUpeK-
tpuce A. Ho orpesox MF gacaercs cdepbl; ero 1jJuHa €CTh PACCTOSHAE
[0 KacaTesipHOH, ymoManyToe B OfIleM NpeNJOXeHHMH 3, OTKYZa cJe-
AYEeT YacTHOe NpelJIoKeHHe.

Npennoxenve 4. B naockocmu I1 Kowuueckoe cederue ABASCMCSE
2LOMEMPUMECKUM MECIIOM IMOYEK, OMHOWEHUE DACCMOAHUL KOMOPbLIX
do mouku F u 0o npamoli A nocmosHHo u pasHo e.

4
H’ M M |H iH M
——————————— H SLACHENN Tz A |y SN ————{H

///7Y\\ _‘r\\\\\ //

Kl o7\ K RN :

F’ F FIIK'K|F A |K

4 4 4’ 4

Yepr. 70

5) B ciyuae ¢ = 1 momyuaeM Jmmb oxany napy (F, A) ans onpe-
JeJleHHst KOHHUecKoro ceuenusi. OHO HaspiBaeTcs Torfa napaGoJoi.
Ero npoexuus Ha IJIOCKOCTb CHMMETPHH eCTh TionynpsaMas Ax, coxep-
Kamas Touky F, CJeloBaTeJbHO, KPHBas COCTOMT W3 OXHOH BETBH,
npocrupawuefics B GeCKOHEUHOCTb.

* To ecTh MJIOCKOCTHIO CHMMETPWM, OmnpeflefieHHoll npaMoit Sz u ee npoek-
uuefi X ma naockocts II. — Ipum. ped.
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B cayuae e << | kpuBast mpoektupyercs B otpe3ok AA’; KpuBas
ABJIAETCS B 5TOM CJydae HEKOTOPBIM OBAJIOM, LEJIHKOM 3aKJIKOYEHHBIM
MeXJY napaJiejbHBMU gupekTpucaMu A u A’. Ee HaswiBator srauncom.

B cayuae e > | KpuBasg HPOEKTHPYETCS B JABe NOJYyNpsMmble Ax,
A’x’; ona o6pa3cBaHa JABYMsl TPOCTHPAIOIIHMHCA B GECKOHEUHOCTH
BETBAIMH; €€ Ha3blBAIOT 2unepdoaoil.

B cayuae e=%1 paccMOTpuUM OJHOBDPEMEHHO JBa XapaKTEPHUCTH-
YeCKHX COOTHOIEHHS:

MF
wH & (4)
ME’ ,
T = ¢ (4"

Paccrosanune f/H’ mMexny napaliesbHBIMH IpAMBIMU A 1 A’ ABastet-
Csi HEKOTOPOH IOCTOSAHHOM, XapaKTepHOH AJs KOHMYECKOrQ CEUeHHS.
Ho
“ HH =MH+MH’' xag sanuinca, cjefoBaTesbHO,

MF +MF =eHH'. (5)
l HH' =|MH— MH’| nna runepGodsl, CleJOBATEIbHO,
|MF—MF'|=eHH'. (5%)

[TosaBasiromytocs TakuM 06GpasoM INOCTOSIHHYIO oCo3HavatoT 2a:
20 = eHH’'. Orciona:

INpennoxenue 5. B csoeil niockocmu 3AAUNC SBAREMCT MHOMCECTBOM
mouex, cymma paccmosnuli komopeix 0o modex F u F' pasna 2a.

B csoeil naockocmu 2unepboaq sA8AAEMCA MHONCECHIBOM IMOUEK, PA3-
Hocmb paccmoanuid Komopoix 0o mowex F w F' paswa no abcosomnor
seaudune 2q. Kaxnas M3 BeTBeH COOTBETCTBYET ONHOMY H3 3HAKOB
pasuocty MF — MF’.

OGpatHasi TeopeMa 37ech HeOOX0AHMMa, YTOGH BBIBECTH 3aKJliOye-
HHEe, UTO KDHBas €CTb T'eOMETPHYECKOe MECTO, ONpejiesleHHoe DPaBeH-
crBoM (D) WM 3Ke paBeHCTBOM (5'), HGO BO3SHHKAeT BOMNPOC, ABJSETCH
Jii paBeHcTBo (4) /umu (4')/ cnexcrBueM paseHcTBa (5) wau (5'). YTBep-
JAUTEJLHBIH OTBET BEIBOAUTCS H3 paccMoTpenusi GopMbl KPUBHIX, OIIpe-
JeeHHBIX MpPEefJIOKeHueM 4 U NpelyioKeHueM b, a UMEHHO HeMeIJICHHO
noJydaeM, 4TO I1€PBas KPHBAA He MOKeT OBITh JHIIb YacTbio BTOPOH
kpuBoii. Ho mnoanoe noKasaTesqbCTBO DPABHOCUJIBHOCTH YoJaoBHH 4
H 5 MBI mMoJiyyaeMm, eC/IM COCTaBHM YPaBHEHHS] 3THX KPHBBIX.

OrMmeruM Takxe, uro Gosee obinee MPeAJOKEHUE NOMYUAETCA, €C/H
paccMoTpeTh nBe (boKanbHbIe OKPYX)HOCTH (@) u (¢'). Tak xak pacmo-
JIOXKEHHE KPHUBOH OTHOCHTENBHO ABYX AUPEKTPHC TellePh HE OMEBHIHO,
MBI YIOBOJLCTBYEMCS MeHee TCUHBIM HpeIOKEeHNeM: KOHUUECKOe CeHere
AEAAEMCA MHONCECTEOM MO4EK, CYMMQ WAL DAHOCMb DACCMOAHUL KO-
mopuix no KacameavHoim 0o 08Yx okpyxcrocmeli (@) u (') mocrosinua.

Oco6Hiil uHTepec NPeAJoXeHHs 5 COCTOHT B TOM, YTO OHO BBISIBJET
8MOPYIO 0Cb CumMMempuy y 3JJHICa H Yy TUnepGoJsl: 3T0 MeaHaTpuca
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orpeska FF', a 3HauuT, CyLIECTBYET U YeHmp cummempuu: cepeiuna O
orpeska FF’'. D1oT nHeoXHIaHHBIH (PAaKT OOBSICHUTCS NPH NPOEKTHBHOM
H3y4YeHHH KDHBOIL

3 amewyuaHue. Bee npensinyiiee, HauvHas ¢ 2), coxpaHser cHaY,
eC/IH KOHYC 3aMEHHTb HEKOTOPBIM YUAUHOPOM 8paujeHus: IOCTATOUYHO
HonoXuTe o =0, 3HauuT, e = sin P: cedende sBJsieTcs, BoobIe
roBopsi, sajaunTiyeckuM. CeyeHHA IJIOCKOCTSMH, MapasJedbHbIMH
06pasyioluM, ABIAIOTCA BBRIPOXKACHHBIMU napaboiamu: napamu nepos-
NENOHLIX NPAMbBIX.

6) O6patubie NpenJoxedusd. a) CymecTsenuoe obpar-
HOe MpelJIOKeHHe CBA3aHO C NPeNJIOKEHUSIMH 3) WM 4), onpefessio-
INUMH KpMBHIE B UX IJIOCKOCTAX (4epr. 08).

ITycme e Hexomopoil naockocmu 11 Oawer oxpysicnocme (D) (uau
nexomopas moika F) u wexomopas npamas A, a maksce sadano noio-
scumenvroe wucao e. llokasame, 4mo Cywecmsyem KOHYC 6pAUieHUs.,
npoxo0auutl 4epes Kpusyro, OnpedeeHnyto CALOYIWUM YCAOBUEM:

paccTosiHHe no KacateabHoi M, (D) MF

paccrosnne M, A - pacer. M, A
CymecTByeT GecumcJeHHOe MHOMKECTBO Nap OCTPLIX yIVIoB a H P, 11s

sin
KOTOPBIX o—SinB (BbIGparb cHavyana P, eciu e > |; BeIGparh cHaya-
cos a

Ja o, ecau jgano e < 1).

3uauenne P onpeznensier naockocts P. Cpenu chep nyura, OCHOBHOM
OKpYkKHOCTbI0 KoToporo siBasercad (D) (unu cpemn chep KacateabHBIX
B Touke F K mnockocru 11), cymecTByeT Beerza no kpaitHedl Mepe ofiHa,
29
5 —
oftcaH BOKPYT 5TOH ceprl, Kacasich ee BJOJb OKPY*KHOCTH I, 1O KOTO-
poit cepa mepecekaeT IJIOCKOCTh P.

[Moxuo 6yger MmOCTPOHTL 3Ty chepy, HCOOMb3Ys cedeHHe IJIo-
CKOCTBIO CHMMETPHH M MHBEPCHIO, NOJIOC KOTOPOH Haxomutcs Ha (D).]

Takum obpaszoM, aobas kKpusas, onpedeieHuds ycaoguamu 3) uiu
4), ABAREMCA KOHUMECKUM ceveHuem. DTO KOHHYECKOe CedeHHe pacia-
jaetcs, ecld flana Touka F u npamas A, npoxoasmiasi uepes F.

b) Onpedeserue KOHYCQ BPAUIEHUA, NPOXOOAUE0 Hepe3 KOHUHECKOe
ceverue, oOnpeCeseHHOe YCAOBLEM:

MF 4+ MF' =2a, unn | MF —MF'| = 2a.

CeueHue IJIOCKOCTBIO CUMMeTPHH (4epT. 69) 103BOJISET IOAYYUTE B
Toukd A u A’ KpuBOH, BepIUHHBEI (JOKANBHOH OCH, W TPEYTONbHUK
SAA’, KOTOpBIH MOXKHO NOCTPOHTH, HCXOAS M3 AAHHBIX TOYEK KACAHHS
F u F’, kacateNbHHIX K €TI0 CTOPOHaM OKpYikHOcTeH. B cayuae snnunca,
ToYka S ABJseTcd NPOH3BOJBHON TOYKOH THIepGOJIBl, onpeneseHHol
ycaopueM | SA — SA’|= FF’, doxycamy KOTOPO# SIBJIAIOTCS TOUKH A
u A’, a BepugHamu Toukd F u F'. B ciiyuae runepGosst Touka S sBJIsier-
¢ TNPOU3BOJNBLHOH TOUYKOH 3JIIMICA, ONPENeJeHHOro ycjoBHeM SA +
+ SA’= FF’, dokycamu Koroporo smaswoTcsi A,A’, a BepunHamu
F u F'. CnemoBatenbHO, 3afauya BceTJa HUMeeT pelleHHe.
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[osiBunace wuHTepecHas NPOCTPAHCTBEHHAs KOHOUIYpalMa IBYX
KOHHYeCKHX CeYeHHH: sjiunca W runep6onsl. OTHOLIEHHE MeXIy
THMH JIByMsl KOHHUECKHMH cedeHHsIMH B3anMHO. MIX HasbIBaioT ghoxka.s-
HbIMUL  KOHUMECKUMU CeYeHUaIMU.

Jnsg napaGossl HeOGXOMMMO HCCJAeN0BaHHME, HECKOJbKO OTIHYHOE
OT npepblAyiero. B sroM cayuae durypa nokaselBaeT, 4TO To4Ka S
pPaBHOYZAJeHA OT TOYKH A H OT NPSMOH, NepPNeHIUKYJSIpHOH K x'x
H TPOBeJeHHOH Yepe3 TOYKY, CHMMETPHUHYIO TOUKe A OTHOCHTEILHO
toukd F. Taxum o6pasoM, reoMeTpHyecKoe MecTO TOYKH S HaXOMHTCs
B IJIOCKOCTH CHMMeTPHH HAanHOH napalonbl H sBJAeTCH B 3TOH ILJIO-
CKOCTH mapaboJiof, paBHOA JaHHOHA U (hOKYC KOTOPOH CAYKHUT BeplH-,
HOH JMaHHOH napaCoJibl, a BepliMHAa ABAACTCA CTAPHIM (POKYCOM. ITH
IBe mnapabosibl TakXKe Ha3LIBAOTCA (hoxkasbHeimu napabosamu.

). KOHuYECHHE ceueHHs B aHanuTu4yecHol
reoMmeTpun. CTeneHb ypaBHeHUA

l) Ucnonbr3oBanue onpeldedeHufi 3 u 4
Ecau cucreMa oTcuera OpTOHOpPMasdbHa M TOUKa F HMeeT Kakue-
JMHGO KOOPIMHATH Xg, Yo, @ YPAaBHEHHE NPAMOH A 3aaHO B HOPMaJbHOH
topme '
xcosa-+ysina—06=0,
TO KPHBasi — TeOMeTPHYECKOe MeCTO TOYeK, IS KOTOPHIX
MF -
paccrosiHne M, A é
HMeeT ypaBHEHHe:
(x—xg)*+ (y— yo)*+ € (x cosa + y sina — §)2.

AHasoruuno eciu naHa okpyxkHocTb (D) ¢ ypasuenueM P (x, y) =
= 0 (xo3pbunuents npyd x> 1 ¥y B P NDUHNTH DaBHLIMH E€IHHHLE),
TO ypaBHEHHE KOHHYECKOIO ceYeHHS TAKOBO:

[P (x, y)]*=e€*(x cosa -+ ysina— )2

Bri6epeM cucTeMy oOTcuera, YTOOBl YNPOCTHTb 3TH YPaBHEHHA.
[Tpu onpefeneHnH KOHUYECKOrO ceueHHd M0 GOKYCY F U ero qupekTpuce
A npuMeMm Touky F 3a Havaso KOOpAHHAT, a NMEPHNeHIUKYJSp Ha INps-
Myio A 3a ocb x-B; ypaBHenue npsiMoii A moayuut Bup x = d. Toraa
ypaBHeHNe KOHHYECKOro ceueHHA OyAeT UMeTh CAeAYIOIMEA BHI:

BAyt=e(x—d)> (1)

OrtMeruM, YTO B ciayyae napaGosnel € = | M ypaBHeHHe NPHBOIUTCA

K T4KOMY BHAY:
y¥=—2 <x——'21—> .

Ecnu e NpUHATH 32 HAyalio BEPIIMHY M BOCIOJb30BaThes OGHIY-

HbIM o6o3HaueHneM | d| = p, TO ypaBHeHHe NpPH MOAXOASAIEM BeiGOpe
[MOJIOXHUTEJBHOIO HaIlpaBJ€HUsI OCH X-B IIOJYy4Yaer CJIeILYXOXIJ.PIﬁ BHJA:
y*=2px. (1)
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Imo npueedenroe ypasrerue napaboabl; p HA3LIBAETCS NAPAMENPOM;
3T0 pacCcTosiHHe OT (OoKyca A0 AupekTpuchl. [TapaGosbl 3aBHCAT JUINb
OT 3TOH eJMHCTBEHHOH JUIHHBI, H Bce TOLOOHBI MEXAY COGOH.

2) UcnonpsoBanMe onpeneaenuih 5 wmam 5

IIpu BBeseHuH 060OHX (POKYCOB BBISIBJSIETCS] CHMMETPHS SJIJIMICA
HJIH Tunep6o/bl. B COOTBETCTBHH C STHM MBI MIPHUMEM 3a Hayalo KOOp-
IHMHAT OEeHTP, a 3a 0Ch x-B (hokanbHyi0 ock. Takum ofpasoM, (orych
NONyYaT KOOPAMHATHI:

Fifx=¢>0, y=0]u F:{x=—c, y=0L
Mo nmosnaraem
FM=r, FM=r,
OTKYZa
ri=(x—c)®4y% r'é=(x+c)2+ 4%
3Hauur,
r’—r2= —4cx.

B GunosisipHbIX KOOpAHHATaX * onpejessiomie ypaBHEHHsI TAKOBbI:
r-+r'=2a (3naunc) unm |r—r'|=2a (runepGoia).
[TosTOMy MBI M3YYHM CHCTEMBI

r>0; r'>0; rP=(x—c)+y* M
BMECTE ¢ YpaBHEHHAMH
(747 =2a ( r—r =2a; (r'—r=2a;
, P) W 4 , 2 wi { 2
([ r—r=—". | 14 == J(r%—r=‘+ =,

TO €CTb BMECTe C COOTHOLUCHUSAMH

cx ( cx
r=a——; r=a—-—;
l a
1 a+%; HIH ¢ r’=—<a+% }  HWJH
’ a X a ’
L_?<a<c’(L) l_a‘<_‘&—7 (l)
S
r= \a a )
[ i
r'=a-- ek
X a o
ta~ e @)

* To ecTh Korja cHcTeMa KOOpPAHMHAT COCTOMT M3 JXBYX TOYeK (IMOJIOCOB),
a rnoJioXkenue Ji060of TOUKH TVIOCKOCTH XapaKTepH3YeTcs ee PACCTOSIHHEM OT 3THX
Touek (MOJASAPHBIMU paAnycaMmu-BekTopamu). [Ipn aToM nonoxeHre TOUKH Ha KaxX-
Ho#l u3 TMoJynaockocTell, o6pa3soBaHHEIX NPAMON MOJIOCOB, ONPEAELNSIETCA OLHO-
3gauyno. KoopAHHATH H pacCTOAHHE MeXAy HOJI0caMH AOJKHB YIOBJAETBOPATH
HEeCTPOTHM HEPaBeHCTBAM TpeyrodbHHKa.— [Ipum. ped.
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Pasencrso (I) naer Toraa Bo Bcex cayuasix

m=w<Lm§><L—g‘. (11)

Takum o6pasom, ypaBueuue (II) omHo u TO ke AnA saANMNCA U AaS
ramnep6oabl, HO HYXKHO OGeCleyduTb CYLIeCTBOBaHHE TOUYEK, VIOBJET-
BODAIOLIMX HAMMCAHHBIM YCJOBHSIM.

Ilepenvili  caywatl — snnunc:

»Z— <1 Tpebyer

x|
'E(<11

YTO COBMeCTHO ¢ (i), HO He ¢ (i') u He ¢ (i").
Bmopoii cayuail — tunepbona:

—Z—>1 TpebyeT ‘%}>l,

yTo cOBMecTHO ¢ ({) u (I”), Ho me ¢ (i). ,

Yactue i cayuall ¢ =a: TeOMeTPUYECKOE MeCTO CBO-
aurest K orpesky FF' cucremoit (i) u x monynpsimeiMm Fx u F'x’ cucre-
mamu (i) ¥ (i”). Takum o6pasom, ypaBHenwe (II) Bripamaer MF-+
+ MF' =2a B cayuae a>>c¢; oHO Buipakaer | MF — MF'|=2a
B chaydae a <<c.

ITH YCJOBHSI, OYEBUAHO, HeOOXONMMbI, U60 OHH BHIPAXKAIOT Hepa-
BEHCTBO TPEYroJbHHKa B TpeyronbHuke MFEF’.

3y PaBHocuabHOCTbL ABYX ypaBHernul (I)u (1)

DyzeM wucxonuth, nanpumep, u3 ypasuennsa (II) u nomectum
HayaJo napa/ulefbHBIM MEePeHOCOM CHCTeMBl KoopauHaT B (okryce F:

x=X+¢ yr=[a*—(X+0)? <1——232> ,

TO €CTb

y2—1.~X2=C_22<X__‘12’—02\2.
a

c
Mu cHoBa naxomum ypasuenue (1), mosaras

a2 —c?

%:e %} =d.
PaBHocunbHocth 000MX onpenesieHHil J0Ka3zaHa.

4) CnencrBusd

a) Tipyu BblYMCTIEHHSX MBEl TOJNIYUHJIM BBIDaMKEHHE ISl PACCHIOAHUSA
om mouxku M, noposxcdaroueli Konuueckoe ceverue, do goxyca F (uru F')
6 6ude payuoHAbHOl (dyHKyuL nepeoti cmenexy om abcyuccel. DTOT
(hakT BecbMa 3aMeuaTeseH, TaK Kak ¢opmyda [Tudaropa naer, BooGrue
roBopsl, HPpanHOHAJAbHOE BHIPAXKEHHEe. B KOHEUHOM cueTe HMEHHO 3TO
CBOHCTBO M BBLIPAXKCHO B ONpeJeTeHHH KOHHYECKOTO CEUeHHsI 4Yepes
doxyc M mupekTpucy B ¢opme

r=e(x—d),
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HIU Ke
r=e(d—x),

TaK 4TO
r=e|x—dj.

b) DunossipHoe ompeliefieHHe MeHee OJIAaTONPHATHO [/ aHAJAHTH-
YeCKOH TeOMETPHH, HO OHO MO3BOJISIET LeJaTh HEMEMJIEHHO 3aKJIOUeHH s
I/ TaKMX, HanpHMeD, 3alau: Hadmu 2e0MEmputecKoe Mecmo yeHmpos
okpyocrocmeld (Y), KacameavHoix K 08YM OQHHOIM OKPYNCHOCMAM HAO-
CKOCMU WU K€ KOCAMEAbHbLX K OOHOU OKPYNCHOCMU U NpPpoXo0auiux
4epe3 Hexkomopyro mouxy. DTa Bropas 3ajaya 3HAUHTEJNBHO MpOMILE, YeM
nepBasi, TaK KaK paclosioxeHHe (QUIypPH MOXKET IPeICTABHTH JHIIb
IBa cJydasi: JaHHAs TOUKA HAaXOIWUTCS BHE OKPYXKHOCTH HJIM BHYTPH
OKPYKHOCTH. ITO IO3BOJISIET BLINOJHATH IPOCTHE NMOCTPOEHHS, OTHO-
cslMecss K 3JJMICY U THnep6ose. DTO NPHUBOMHUT K mnapabose, ecau
OKPYXHOCTh 3aMeHeHa npsMofi. [lofyueHHOE XOHHYECKOE CedeHHe
uMeer ofuH Gokyc F B naHHOH TOuYke, a Bropoil ¢okyc F’' B neHTpe
HaHHOH OKPYXKHOCTH; ero ¢doxKanbHasi OCb 20 paBHa pajgMycCy AAHHOH
okpyxHocTH *. JlaHHas OKPYXKHOCTb HAa3LIBAETCA  HANpAsAsouwlel
oKpyscHOoCmbI0, cooTsercTBYIomell ¢okycy F'. Okpyxuocta (y) ompe-
LeJIIOT B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXKIY TOUKAMH KOHH-
YeCKOro CeYeHHA H TOYKaMH PAacCMOTPEHHOH HamNpaBJswolled OKPYK-
HOCTH.

¢) UtoGnl BoisBUTH B ypaBuenn#u (II) npupoiny xonumueckoro ceue-
HUsl, BBOLAT JVIMHY b, OnpeeseHHYIO Yepes a H C:

b*=a®—c?— paa sasmnca, b?=c?—a?— pas runepGobl.

YpaBHeHMe S/IMICA [PHHUMAET TOTAA MPUBEOCHHYIO (KAHOHUMECKY!O)
dopmy:
x2 y2 R
ZteE= I. (1)
Mzl BuIuM, 4TO b PaBHO PacCTOSTHHIO IO LEHTPA OT TOUYeK JJHUICA,
pacriofloxeHHEIX HAa He (poKaJabHOU ocu (5T0 BepmnHbl B u B'). Benu-
4yHHA 2a HasbBaeTcs 604buioll ocero, 2b — maaoli ocblo, 2¢ HasbIBaeTcA
POKANbHOIM  PACCHIOAHUEM.
IlpuBenennoe ypaBHeHHe TunepGObBI TAKOBO:
x2 2 4
L. (I1")

a® b2

* JlelcTBHTENBHO, HaNpHMep, B NepBOM cJyuae pAacCTOSHHSA OT TOYKH F
Ao pacroJoXeHHHX Ha npsMoii FF' ueHTpoB OKpyXHOCTeH, Xacawliuxcs AaH-
HOH, GYAYT HMeTh BEIHUHHY
2c—R u 2c+R
2 2 7
rAe R — paauyc AauHo# oKpyxHocTH, a FF' = 2c. Pa3xocTs 3THX paccTOSIHHE —
tdokanbHast och, KaK BHAHM, paBHa R.— [Ipum. ped.

452



B sToM cayuae miauHa b He oGpasyercd Ha He (POKANBHOH OCH CHM-
METPHH, TaK KaK 9Ta OCh He MepeceKaeT KPHUBYIO, a BO3HHUKaeT B (urype,
06pa3oBaHHOH HPSAMEBEIMH

y=2% x, Y= _by.
a a

Mrl yCTaHOBUM BAaXKHOCTb 3THX IPSIMBIX, €C/IH CPaBHHM INEPBYIO
M3 HHX C TOH 4acTblo THNepGOJIbI, KOTOpasi WMeeT ypaBHEHHe.

x2
x>0; y= +b]/a—2—1.
Pasnocte OpAuHAaT HMeeT CJCAYHOllee BBHIPaXKeHHE:
x x2 1
Y—y=b[2-)/5-1] :bT :

X
2TV &}

OHAa CTPEeMHTCAI K HYJIO, KOTAa X CTpeMuTcA K GecKOHeyHOCTH. Takoe
}Ke HCCHAeOBaHHEe MOXKeM ClIenaTb, MeHssl TOCJeLOBATENbHO 3HAKH
X WM Y. 3Baunt, Gse npamvie, onpedessemvle 8 COBOKYNHOCMU YpasHe-
HUuem

x2 2

a0
ABJSIOTC acumnmomamy eunep6oipi. OHU B3aHMHO NEePHEHIHKYJSPHbI,
eciu a = b (runmepGosna Torja Has3HIBaeTcsl PaBHOCTOPOHHEH). B 3ToM
ciydae ¢ =a )/ 2.

AcHMDTOTH SIBJSIOTCS AHATOHAISAMH IPSIMOYTOJBHHKA C TEMH Xe
CUMMeTpUsIMH, Y4TO W KpuBas, BepumHel KoTopoit A u A’ gBasiorcs
cepeflMHaM{d CTOPOH, TapaJielbHBIX OCH yy', IJMWHOH Kaxnas 2b.
JnuHa KaxkAOR H3 3THX JAHATOHAJell paBHa NO3TOMY (OKaJbHOMY
paccrosnmo FF' = 2c. Jing paBuocToponHe#l THnepGONH 3TOT mps-
MOYTOJBHUK SBJAETCS KBaJpPATOM.

5 OcHOBHasg TeopeMma.

Jobas naockas Kpueas, uMeOWAs YpasHeHue 6MOPOL CHIENeHu,
ABAREMCA  KOHUMECKUM  CEHeHUEM.

O6iee ypaBHEHHe BTOPO#l CTeNEHH B OPTOHOPMAJbHBIX KOOPIHHA-
Tax

Ax?4-2Bxy +Cy*-+2Dx +2Ey+F =0

MOKeT OBbIThb YNPOIIEHO 3aMeHOH KOOpJMHAT: MpexJe BCEero BpalllcHHEM
ocell MOXKHO 3aCTaBUThb HCUE3HYTb UJeH, cofepxkauuil xy. efictBu-
TeJNIbHO, TaKOe BpalleHue BhIparKaercs (OpMyJaMu:

x=Xcos0—Ysin0; y=Xsin04Y cosH.
TpupaBuyBaeM HyJI0 Kos(bumuenT uwiena npn XY:
(C—A4)sin20 +2Bcos20=0.
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Y IOBJIETBOpsIOIlee STOMY YpAaBHEHHIO 3Hauenue © Bcerja MOXKHO
o g1

HalTH <c TOYHOCTBIO JIO —2~> .
YpaBHeHHe TOrJa CTAHOBHTCSI TaKHM:

A X2+ CY? £ 2D,X +2E,Y + F =0,

Ay u C; He paBHBl 06a HYJIO, €C/IH YpaBHEeHHe IEACTBHTENBHO HMEJNO
BTOpYyIO cTemledb. [IpeanosnaraeM C; = 0. Torna mapanenbHblil rMepe-
HOC, MEHSIIOMUH HAYaJO OpJAMHAT Y, MOXKeT 06paTUTh B HYJb KO3(hdu-
UMEHT 4YieHa COIepiKallero Y, W ypaBHeHue NPUBOAUTCA K CAEAYIO-
leMy BHAY:

Y2=nX*+pX +g,

n = 0. 3aMena uauana aGcuucce X TUPUBOIMT K y? = nx®+ s,
5 5= 0 — s/unc uau runep6osa, B 3aBHCHMOCTH OT 3HAKa 4YHcla 7.
Hu oxuo#i touku unpu n <0, s<<O.
s = 0. JIse mnepecexaroupecss npsMele npu n > 0.
Onmna Touxka mnpu n <<0.

p+0. 3amena nauana abcuucc x NPUBOTUT K Y2=2px.
[TapaGousna.

p=0. y*=gq. JIBe npsMble: napaJjejbHble HJIH CJHB-
IIHeCst, WIH Ke HeT TOouek.

CrnenoBaresibHO, MBI HaXOZHUM Bcerla HeKOTOpPOe KOHUYECKOe cede-
HHe, cOOCTBEHHOEe MJIH BBIPOXKAEHHOE, €CJAH CYUIECTBYIOT TOUKH, YIOB-
JETBOPAIONINE YpPAaBHEHMIO, HO MOMKET CJYUHTBCS, 4YTO TAKHUX TOYEK
BooOIle He cyulecTByeT. TONBKO BBelJeHHEe MHHMBIX TOYeK IIJIOCKOCTH
NO3BOJISeT AaTh COBeplieHHO oOlue UHTepHnpeTaiiuud ypaBHeHHH, Tak
9TO TOUA2 KaKJOe YpaBHeHHe BTOPOM cTelleHH CTaBHUTCS B COOTBETCTBHE
HEKOTOPOMY KOHHMYECKOMY ceuenuto U obpatHo. [lpn ne opronopmalb-
HOH cHCTeMe KOOpAMHAT J1060e ypaBHEHHWe BTOPOH CTeleHH TaKxke
npejcTaB/IseT KOHHUECKOe CeueHHe, Tak Kak Joboe MpeobpasoBaHHe
fazuca coxpaHsieT NOPSAOK.

[Ipumepst npUJIOKEHHIA.

a) Kounueckoe cedyeHHEe, KAK YHHKypcCaJdb-
Has KpPHUBai.

Ecnu nana Hekoropast Touka A (xo, Yo) JIOGOTO KOHHYECKOTO ceve-
unst, TOo"MoGas npsMmas 8, KoTopasl Bpamjaercs, Npoxonsi uepes A,
nepeceKaeT KPHUBYIO elle B 00HOI TOYKE, ONMCHIBAWOILEH 3Ty KPUBYIO.
BosbMmeM B KauyecTBe napamempa YIJAOBO# Kosbouuuent mnpsmoi O.
Ecnu McKAOUNTL, Hanpumep, Y, TO MOJIYYMM ypaBHEHHEe BTOPOH cre-
IIEHH OTHOCHUTE/NBHO aGCUUCCHI TOYKH IepecedeHHs] MPAMOH H KPUBOI,
oHo OyJeT pachadamscs Ha ypaBHEHHE

x—x(,:O

U Ha HEKOTOpOe ypaBHeHMe MepBOH cTeleHH, Aawouiee abcnyccy o6pa-
3yomel TOYKH M, a depes Hee MOIKHO MOJYYHTh H OPAHHATY, TaK 4TO
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o6e noJyyaTcs KaK payuoOHaAbHble (PYRKYuL napamempa n. 310 Xapak-
TEPU3YET YHUKYPCAAbHYI0 Kpusyo. DTO B3aMMHO OJHO3HAYHOE COOT-
BETCTBHE MeXYy ACHCTBUTEJNbHBIMH YHCJIAMH M ¥ TOUKaMH M, OueBHIHO,
4acto Gosiee YHOOHO Ha NpakTHKE, YeM COOTBETCTBHE MeXAy TOYKOH M
¥ napoit koopauHat. OHO 3aMeHsleT IPOCTPAHCTBEHHOE COOTBETCTBHE
Mexny Toukoit M u obpasywoomel G KoHyca.

b) TlycTb MBI MMeeM JABe TOUKM IIOCKOCTH A u B; mouxa nepece-
YeHus nepemenmnsix npamex Au u Bv ¢ yesoseimu roappuyuenmany,
CBABAHHBIMIL MEHCOY C0O0L OPOOHO AUHELHLIM COOMHOLIEHUCM, OnLCblBaen
KOHUHECKOe Cederue.

HeficTBUTENBHO, UCK/IIOUEHHE UHCeT m W m' U3 PaBeHCTB:

(y—=yo) =m(x—x0); y—gr=m' (x —3) um' =200,
Jaer ypaBHEHHE BTOPOH CTeIEHH:
(¥ —y) [&" (Y — Yo) + b (x —x0)] = (x —x1) [a (y — o) -+ b (x — x0)].

JTO KOHUUECKOe ceyeHHe INPOXOIMT depe3 Todku A u B. (Cnexmyer
H3YYHTh BO3MOXKHOCTH BHIDOXKJEHHS KPHBOH B npsMble.)

V3BecTHO, 4YTO yC/IOBHE, HANOKeHHOe HAa m U m’, PaBHOCHJIBHO
PaBEHCTBY JABOMHEIX OTHOLIEHHH YeTblpeX NpSAMBIX Au U COOTBETCTBYIO-
IHX UM NpsaMelx Bu. TakuMm o6pa3oM, HeCMOTps Ha BHIGPaHHYIO CHC-
TeMY KOODJAMHAT, [OKa3aHHAs TeOpeMa IPHHAIJEXHT MPOeKTHBHOH
reomerpun (CM. panee IV).

Il. AbdunHbIe caoﬁcmg UEeHTPaNbHbIX
HOHMUYECKUX CevyeHui

[lo npuBeNeHHHIM YpaBHEHHSIM KOHHYECKUX CEUEHHH C UEeHTPOM
BUJAHO, YTO OPTOTOHAMBHBIN addPUHUTET C OCBIO, NapaniesabHOl HOKaIb-

o a
HOH ocH, U Ko3(pduureHToM 7 npeobpasyeT JIIHIC B OKPYHIHOCM®,

a runep6oay B pasHocmoporsiow eunepbosy. To xe caMoe HMeeT MeCTO
DU OpPTOTOHANbHOM adduHHTETE ¢ OCBIO, MapaleNbHOl He (POKAAbHOH

b
OCH H ¢ KO3(ppuLHEHTOM =

Takum o6pasoM, 3JMJHIC NHOJYYaeTcs U3 OKPYXKHOCTH JHaMeTpa
AA’, CcOeIMHAIOMWEr0 BepUIMHBI (POKAMBHOH OCH. IDTa OKPYKHOCTD
Ha3bIBaeTCsl 24a8Hoi oxkpyxcHocmero. OHA JaeT 3JJMHIC TPH OPTOro-
HaJIbHOM NPOCKTHPOBAHUH Ha IJIOCKOCTb, OGPA3YIOLLYIO C MJIOCKOCTBIO

OKPYXHOCTH yToa O, onpeleneHunil ycaoBueM cos 0 = - Cam anunc

JlaeT NpU TAKOH NMpPOeKHMH * OKPYKHOCTb, PAaBHYIO OKpyxHOCTH (BB'),
I¥aMeTPOM KOTOPOH CJHYXKHT Majas OCh 3JJunca (3Ta OKPYXKHOCTb
HashiBaeTcss UYacTO BTOPHUHOH OKPYICHOCMBIO).

PaBHocTOpOHHSASI rumepGosia ¢ ypaBHeHueM x2— y?= a* 3aciy-
JKHBaeT U3yYeHMs, TaK KaK IOJ06HO TOMY, KaK Besikoe adduHHOe uccie-

* KoneyHo, ecim mnpsMast nepecedyeHds IJIOCKOCTeH napanenbHa MaJoil
ocH annunca.— Hpum. ped.
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JoBaHMe 3JIJIHNCA MOXET BBINOJNHATbCHA HA OKPYXKHOCTH, BeAKoe adipun-
HOE MCC/eJOBanNe rUnepOo/ibl MOXeT BHNONHATLCA HA PaBHOCTOpPOHHEN
runep6osie (Mel GyjeM HCHOJB30BaThb KakyIO-TO PaBHOCTOPOHHIOW TH-
Hep6oONy, TaK KaK BCe DABHOCMOPOHHUE 2unepboavt nodobHe: mexcoy
coboil, KaK H BCe OKPYKHOCTH, HMGO OHHM 3aBHCAT TOJNLKO OT OJHOM
IJTMHEL).

PaBunocTopoHHAS runep6oaa YpaBHenue x>— y?—

o 1 o
= a* nocre BpamleHusa OCen Ha yroa Z TIPHHUMAET CAeYIOWHY BU!

XY =F, wm Y =%
Mbl ysHaeM rpaduk apoGHO JuHeiHOH ¢yHKuuH. Hemenyenso nosy-
YAIOTCA HpeJJIOKEHHS:

a) Kpusaa pacnoaoocena @ 08Yx GepmuKAAbHbIX Y2AaX U ABASEMCR
2COMEMPUHECKUM MECHIOM MOYEK, npousgederue paccmosHuill Komopoix
00 08YX 63QUMHO NEPNEHOUKYAAPHLIX NPAMBIX NOCMOAHHO. DTH NpsMble
SIBJISIIOTCA ACHMITOTAMH KPHBOH. MEI BHINM, YTO eClH PaccMoTpeTh
Bce YeThipe yria, TO UM COOTBETCTBYIOT jBe rumepbonot *. B addun-
Hoii GOpMYJHPOBKe, KOTOpAas paclpoCTpaHAeTcss HAa Bce THNEpOOJHI,
HumeeM: Cogokyntocme 08YX CONPANCEHHbIX 2UnepbOA ABAACMCS 220MeM-
puueckum mecmom mowex M, Oan Komopsix napassesoepamm ¢ Ouaeo-
Haato OM u ¢ Oeyms CMOPOHAMU, OMAONCEHHbLIMU HA ACUMMMOMAX,
UMEE NOCMOAHHYI NAOWA0b.

B) Ecau nexoropas cekywas M M, nepecekaer acCHMOTOThI B TOY-
kKax U u V, T0 u3 paBeHCTBa

X1Y1 = Xolf2

[ﬂ=yz]©[ﬂ=%] ,

X2 Y UM, VM

OTCIOAa clefyeT, uro orpe3kd MM, u UV umeroT o6Liyl0 cepeluHy.
Takum o6pazoM HaxozuMm npemioxenue abdunHOR reoMeTpHH: Jwbas
cekywas eunepboast nepecekaem ee U ee acumnmomot, 06pasys xopooi
¢ o6ujeli cepedunol. DTo NPeAJOKEHHE OUeHb T10JIe3HO JJist TTOCTPOEHHS
Ha npakTHKe TunepfoJbl 0 TOYKaM, ecsd M3BecTHbl aCHMOTOTH H OQHA
TOUKA KPHUBOH.

v) Kax crenctsue cHMMeTpHiH, KOTOPHIM YIOBJETBOPsieT COBOKYII-
HOCTb ABYX HPSAMBIX, 3Ta TeopeMa Hrpaer AJdd paBHOCTOpOHHEH rumiep-
6osbl TY 3Ke POJb, UTO H TeopeMa 06 OpPTOrOHaJbHBIX CHMMETPUAX AJs
OKPYKHOCTH; TaKUM 00pa3oM, 400as Npoxooaujas Hepes yernmp npamas
SABAACMCA OCHI0 CUMMEMpPuy, KOHeUHO, BOOGIE TOBOpsi, KOCOH. 3ra
TeopeMa crnpaBefIMBa KakK IJd THNepGoJbl, TaK H s 3JLIHIICA.

0) CraBa npyr ApPYry B COOTBETCTBHE IBE COTpSIKEHHBIE TUnep-
6osbl, Kak Mbl 06 3TOM yiKe TOBOPHJH, MHI NOJIyuaeM B cJydyae paBHO-

BbIBOAUTCH

* Hx uasnBaior o6bYHO conpsxeHHuMH.— [Ipum. nepeeod.
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CTOPOHHHX TIHnepGosi onucaHHble POMGH, aHAJOTHYHLIE KBajparam
IJIs1 OKDYMKHOCTH, OTKYJa TOJNYYalOTCSI ONUCAHHbIE NAPAAILA0ZPAMMbL
nocmosxKoll naowadu AJis MOOIX 3JJIAICOB U JUISi TAp CONpSMKEHHBIX
runep6on (310 napaireroepammo. Anoaionus). Tlpsmele, npoxoaslixe
yepe3 LEHTP, HA3LIBAIOTCA Juamempamu.

3amMeuanue. ['peueckne reoMeTPH H3yUajH KOHHUYECKHE Ceye-
HHUSl aHAJOrHYHHIM o6pasoM ¢ nomorpio ypaeuenus (II), koropoe onn
IOKa3blBaJIH HENOCPeICTBEHHO, HCXO/s U3 KOHyca. Ecan 370 ypaBHeHHe
3almucaTh B cJaeaywomed Qopme:

b2
=2 (x—a) (x+a),
TO OHO Jaer:
b2 —— ——,
yr=—3-mA-mA’,

rRe TOYKa m sBJsercs npoekuued Toukd M Ha GOKaNbHYIO OCh. TG
COOTHOLIEHHE B Clyyae OKPYKHOCTH Maer:

2= —mA-mA’,
a B ciayyae PaBHOCTOPOHHEH TumepGOJIbL:
=+t mA-mA.
IV. KoHnYecKHe ceYeHus B NPOCKTMBHOM

reoMeTpuu

B cuny onpeseneHus ¢ NOMOIIbIO KOHYcCAa BpAaIleHHs U JOKa3aHHOMH
0o6paTHOU TeOpeMbl MBI 3HaeM, UTO KakJ0e KOHHYEeCKOe CeueHHe ABaseTcs
NepCHeKTHBOH HEKOTOpOH OKpyxuocTH. CaedosamensHo, ece Rpoex-
MmugHble CBOLICIEa OKPYNCHOCMU NPUHAOACHCAM KOHUMECKUM CEHEHUAM.
OcHOBHBIE TPOEKTUBHbBIE CBOHCTBA BHIPAKEHBI rmeopueti noAoco8 i noaap.
Kaxnoil ToUKe MNOCTaBJeHa B COOTBETCTBHE ONpeleseHHass MpsAMas,
HasblBaloUlasica MNOJsApPOH 3TOH TOUKH M colepaariast TOUKH, TapMo-
HHYECKH COIpSIKEHHblE JAaHHOH TOYKE OTHOCHTEJIBHO KOHIOB XOpI,
olpefile/IeHHBIX KPUBOH Ha NpSAMBIX, IPOXOAAHIUX Uepe3 JAAHHYIO TOUKY.
TonsipHasi B3aUMHOCTb pacHpoCTpaHsieTCs Ha TOYKU IOJSPbI, HE COOT-
BETCTBYIOIIUE JefiCTBUTENbHEIM XOPaM; 3TO ObLJIO 10KA3aHO LI OKPYXK-
HOCTH C IOMOIIBIO BCIOMOTaTeNbHHIX OPTOTOHAJNBHBLIX OKPYMKHOCTEH,
4TO, KOHEYHO, He fIBJAEeTCS NPOEKTHBHLIM METOJOM, TaK YTO Mbl COXpa-
HfIEM 3[ieCh JIMIIb BHIBOABI. TOJNBKO TEOPHUS MHHMBIX TOYEK JaeT 3TOMY
VAOBJIETBOPHTEJIBHOE OGbACHEHHE. _

B u4acTHOCTH, HekoTOpas npsMasi ¢ IJIOCKOCTH TNPOeKTHpYyeMoH
OKDYKHOCTH MMeeT CBOUM 06pa3oM GeCKOHEYHO yIasieHHYIO MpsMyio ¢’
IVIOCKOCTH KOHHMUYECKOTO ceueHusi; CJeLOBaTesNbHO, nomioc Q' 3Tok
nocyiefinell NPAMOR eCTb YEHMpP CUMMEMPUL 043 KOHUHECK020 CeMeHus.
Aro ob6pas mojioca  OTHOCHTENBHO OKPYXKHOCTH mpsamoil ¢. OnHako
ec/ld TpsMasg ¢ KacaTeJbHa K OKPYMXKHOCTH, TO TOYKA (Q HaXOMUTCS
Ha 5TOH TNpsMOH ¢, TaK YTO IEeHTpP OTOpOINeH Ha GeCKOHeYHOCTh; 3TO
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cayuyail napaboisi, KOTOpas LOJKHA PacCMaTpUBATBCS KaK Kacalomascs
K GeCKOHEYHO yJajeHHOH NpSMOH, NpUYeM HeHTp NapaboJibl 1 sBJAdeTCst
Toukofl KacaHus. C MeTPHYECKOH TOUKH 3peHHs] CYHEeCTBOBaHHE OIHOH
OCH OPTOTOHAJIbHOI CHMMETPHH U LEHTpPa CHMMETPHM BJedeT 3a coGoi
CyllleCTBOBaHHE BTOPOH OCH CHUMMETPUH, BLIXOISIIIEH W3 HeHTpa U nep-
MeHUKYJAsIpDHOH K mepBoil. Tak mosyuaer o6bsciHeHHe CYIHIECTBOBaHUE
5TOfl BTOpPOH oOcH *.

[Tonsipa kakoii-1160 TOYKU GeCKOHEUHO ylaJeHHOH NPAMOH NpoXo-
IUT 4Yepe3 IEHTP CHMMETPHM ¥ SBJSETCS OCbI0 KOCOH CHUMMETpPHH; CY-
IECTBOBAHUE 3THX duamempos (ocell KOCO¥ UM OPTOTOHAJNbHOH CHM-
METpPHH A5 KpHBOf) 6bIO OTKPHITO NyTeM adhUHHOIO HCCIEIOBAHHUS.

Kax BHIpasuth B NPOEKTHUBHOH (popMe CBONUCTBO yTIJla, BIIHCAHHOTO
B OKpyXHOCcTb? Ecnu Mpl BO3bMeM ueThlpe TOUKM Ha JHOGOH OKpyX-
HOCTH, TO NMYYOK 4YeThIpeX NPAMBIX, BEIXOASNIMX H3 NPOM3BOJBLHON TOU-
KH OKPYXKHOCTH M NPOXOJAIINX Yepe3 5TH JaHHbE TOYKH, OCTAaeTCcd PaB-
HBEIM caMoMy cefe; B YaCTHOCTH, JBOHHOE OTHOIIEHHE 3TOrO NyyKa IOo-
crosinHO. Otciofa clenyeT, 9YT0 MOXHO chOpMYJIHPOBATh NpelJoKeHHe:

Teopema WMlaasi. [lsodinoe omroweHue uemoipex RpAMbIX, COOUHAIO-
WUx NPOUBBOALHYIO MOYKY KOHUYECKO20 CEHEHUS C Hembipbms (urcupo-
BAHHOIMU €20 MOYKAMU, NOCHIOAHHO.

OTMeTHM, 4TO 3TO JBOHHOE OTHOIUEHHME HHKOTJa He PAaBHO HH HYJIIO,
HH efMHHIe, HH OeCKOHEYHOCTH.

O6paTtHas TeopeMma. Ecau e naockocmu Oanes 4dembipe
mouku A, B, C, D, mo eeomempuueckoe mecmo mouex M naockocmu,
makux, umo nywok M (A, B, C, D) umeem Oanroe 080LliHOe OmHoweHue A
(A== 0 u A 5% 1), a8aaemcsa KOHUMECKUM CedeHUeM, NPOXOOAWUM Hepe3
OanHbte uemoipe mouKLU.

Tak xak peub HIET O NPOEKTHBHOH reOMeTpHH, TO, NPHMEHssT aHa-
JIUTHYECKYIO TeOMeTpHI0, Oecnoie3Ho 6paTh OPTOHOPMAJBHYIO CHCTEMY
koopauHar. C 1Ipyro#l CTOPOHBI, Mbl MOXKEM IpelnoJOXHTb, 4TO JBe
H3 JaHHBIX Touek, HampuMep C u D, HaxonAaTca Ha GeCKOHEUHOCTH
(4TO OCYIECTBHMO ¢ NOMOLIBID HEKOTOPOH InepcrekTHBH). MTak, npex-
nonokuM Toyky C Ha GeCKOHEWHOCTH B HampaBjeHHH X, TOYky D
Ha GeCKOHEUHOCTH B HalpaBJIeHWH y U nycTh O — Takas TOUKa, 9TOGLI
npsimasi OA umena HanpaBienue x, a OB HanpaBnenue y. Mel GepeM
Touky O, Kak Hayajo KOOpPIAWHAT, a Kak Gasuc OA =i u OB = j.
[Tycts x, y — KoopAHHATH TOUYKH M.

Tpamble MA, MB, MC, MD nepecekaotr Ox B TOUKaX ¢ abcuuccaMu
1, m, x, co, The abcuycca m 3afaHa yCJIOBHEM KOJLJIMHEADHOCTH

m—0_ 0—1

x—0 y—1"

TO €CTb
. e —x
=,=1"

* KoneuHo, Korja LeHTp — OeCKOHEUHO YyJaneHsas TOuKa, BTOpOH OCH
CUMMETpPHH MoOXeT He OwTh (mapaGoma).— [Ipum. ped.
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OnHO M3 JABOMHBIX OTHOLIEHHH NMydYyKa PaBHO, CJEJOBATEIbHO:
A= x—1__(x—=1@E—1
x—m xy ’
Ecan uncso A 1ano, T0 ypaBHEHHE TeOMETPHYECKOTO MeCTa BTOPOH

CTeneHu:
A—Dxy+x+y-—-1=0.

CrnenoBatesIbHO, FeOMETPHUECKOE MECTO SBJIAETCH KOHUYECKMM cede-
HueM. OHo npoxomut uepe3 ToUkH A (x =1,y = 0), B (x =0,y = 1),
a Takxe yepe3 toukd C u D. Konuuyeckoe ceueHue onpejiesieHo, cie-
IOBaTeJbHO, YETBIPbMS TOUKAMH M JABOHHBIM OTHOIIEHHEM A.

OcHoBHOe caegcTBHE

Jwbas naockas Kpueas, ABASIOUWAACS NEPCReKmusolti KOHUMECKO2O
Cederus, CamQ SBAACMCA KOHUUECKUM CeHeHueMm. )

B caMoM gene, XOCTaroyHO ONpefeMTb KOHHYECKOe CeYeHHe Yye-
TeIpbMsSI TOuKaMu A, B, C, D ¥ COOTBETCTBYIOUIMM JABOHHBIM OTHOILLE-
HUeM A, 4YTOOBl IOJYYMTH IPOEKTHBHOE ONpelesieHHe KOHHYECKOTO
CeueHUs.

Takum ofpasoM, Ty60oKOe M3ydeHHe KOHMYECKHX CEUeHHH HeOT-
JeJIUMO OT TEeOpHHl NPOEKTHBHOH TIeOMeTpuH.

V. TaHreHyManbHaA TOYKa 3pEeHMSA

C raHreHUMaNbHOH TOYKM 3peHHsT KpuBas onpejensercd, Kak
oeubarowjas csoux KacamevHoix. JlioGoe onpelesneHne KOHHYECKHX
ceyeHHH MNO3BOJsET JOKa3aThb CYIIECTBOBaHHE €IMHCTBEHHOH Kaca-
'TeJIbHOH B KaKIOH TOUKe KPHBOH * M H3yuMTh MOJOXKEHHe ITOH Kaca-
TeqbHOH. Tak 37ech MPOABASIOTCS pas3u4YHble €e CBONCTBA:

1. B Komyce BpameHnnsi KacaTelbHas HOSIBAACTCA, KaK Iepecede-
HHE IJIOCKOCTH KDHBOH € KacaTeJbHOM IJIOCKOCTBIO K KOHYCY BJIOJb
obpasymolell, npoxoisiuiefl yepes paccMaTpUBAeMyi0 TOUKY KOHHYE-
CKOTO ceueHHusl. B YacTHOCTH, B cjayuae TCHNepGOJUYECKOTO CedeHusi
KacaresJbHble B 6eCKOHEUHO YJaJeHHLIX TOYKAaX, TO €CThb (CuUMNMOmel,
ABJSIIOTCS TepecedeHusiMd myockocTd II kpuBofl n miockocre#t Kaca-
TeJIBHHIX K KOHYCY BIOJMb 0Gpasylomux, napasielbHbix miockoctd IL
AcCHMITOTBI,  CJIe0BaTeJNbHO, NapajjelbHbl 3THM  OGpasyIoniHM.
B uacTHOCTH, OTClOfa BHAHO, YTO YroJs, o6pasOBAHHBIA aCHMITOTaMH,
KOTOPLIH COICPKHT KPUBYIO, He GoJblle yria 2a OCEBOTO CeYeHHs
KOHyca (rIe o — yroa Mexiay o6pasylomeH M OChblO BpalIEHHUS).

2. CornacHo oOnpefesieHHI0 KacaTelbHOH, INPH H3YUYeHHH KOHH-
YeCKOTO CEYeHHS B €ro IUVIOCKOCTH 3aCTaB/SIOT BPalllaThCsi HEKOTOPYIO
NpAMYIO BOKPYT ToukH My KpuBo#. Clle10oBaTeNbHO, 3/IeCh IPOABIIsieTCs
TOYKa 3peHHsI Ha KOHHUECKOe CeUeHHe, KAaK Ha YHHKYDPCaJbHYK KpH-
Byt1o. Eciu kpuBas ompefeneHa yepe3 OnMH u3 (okycoB F, cOOTBeT-
CTBYIOILYIO JHPEKTPHUCY A U SKCIEHTPHUCUTET e, TO OmpefiesieHHe MOKa-
3bIBaeT HeMeJUIeHHO, YTO HeKoTopas cexymas MM nepecekaer JUpeEK-
Tpucy A Ha onmo#i u3 Guccektpuc yriaa M FM; sto 6yler BHEILIHss

* Ecnm kpuBasi He pacunaBmasica.— ITpum. ped.
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OuccekTpuca, ecau Touka M HaxXOAUTCA MO COCeACTBY ¢ TOuko# M,.
3acrasass Touky M crpeMuThesi K ToUKe Mg, MBI BHIBOZHM OTCIONA,
uTO KacareJbHasl B TOUKe Mg CYIIECTBYET U 4IMO OMpe3nK KacamensHotl,
3aKAOHEHHbIL mexcdy moukol Kacanus u Jupexmpucot, eudern u3 ¢oxyca
nod npamoim yeaom. Ecau KpUBYIO onpelenuan IByMs (OKycaMH
u JauHOH 2@, TO MCCTefOBaHHME MOMKHO INPOBECTH, 06pasysl NMpOH3BOI-
uule Bektopos (ku. 111, ra. III, § IV). Mel Bunesnn, uto xacamesvras

—~
8 mouke M, ecmo 00Ha u3 buccexmpuc yeaa FMoF’,

C 6oJsiee reOMeTPHYECKOH TOUKH 3DeHUS KOHHUYECKOE CeueHHe YI0GHO
ompeneautb OXHHM ¢(okycoM F W Hamnpasfsioumlell OKPYKHOCTHIO
C meHTpoM B JpyroM ¢okyce F’' (3T0 OKpYXHOCTH paauyca 2a,
koropyio Mu! BBeiu B II, 4, b). OxpyxuocTH (y¢) u (Y) ¢ NeHTpamu
COOTBeTCTBEHHO B My u M, 1 Kacaollinecs: HanpapJsioned OKpyKHOCTH
B Uy u U, UMEIOT CBOIO PajHKaJbHYIO OCb, KOTOpas crpemurcs K FU,,
Korga M crpeMutcs K M, KacaTtelbHasa 3fech NOSBISETCS, KaK MeIH-
atpuca orpeska FU,. Ilosyuaercs npeijioKeHHe: KaAcamesvHvle KOHL-
4eCcKo20 CedeHus — MO MeCUAMpPUCs. OMpesKkos, COCOUHTIOWUX O0UH
U3 (poKYCo8 € MOUKAMU HANPABASIOWRI OKPYICHOCMU C YeHMpPOM 8 Opyeom
oryce. JIns runepOOJMBl KacaTeNbHash SABJAAETCS aCHMITOTOH, ecJH
FU,— xacaresbHasi X HampabJjsiomieli okpyxuoctu. Hasn napaGomw
HANpaBJsoONAad OKPYKHOCTb 3aMeHsieTCsl JAHPEKTPHUCOH.

Tak Kak ¥MeeTcsl B3auMHO OJHO3HAUBOE COOTBETCTBME MEXKIY
ToukaMd U, HanpaBJAKIIEH OKPYXKHOCTH H TOYKaMH M, KOHMYECKOTO
ceueHHs, a, 3HAUHT, TAKXKE M MeXIYy KacaTeJbHhIMH B My, TO KOHuU-
decKoe CedeHue a8Asemcs  o2ubaowiell  npambix, ONpedeAcHHbIX KAaK
meduampucer ompeskos FM .

3. AcddunuTeT MO3BONAET TaKKe BHIBECTH CYUIECTBOBAHHE KacaTejb-
HOH K IIEHTPaJIbHOMY KOHHYECKOMY CEYEHHIO H CBOHCTBa KacaTesbHOH
H3 CBOHCTB KacaTeJbHBIX K OKPYKHOCTH (W1 3JJIHIICA) WIH K paBHO-
croponneii runep6osie (a1s1 runep6on). s 3THX mociefiHUX U3 CBOH-
cTBa cekymmux (mokaszamHoro B III, P), oTHocsmerocsi K xopram,
OTCEeKaeMbIM KPHBOH H mapofl acCMMNTOT, BBHITEKAeT, UTO MOUKA KOCAHUA
MoBoll  KacameabHoll  s8ASeMCA  CepeOuUHOll OMpe3ka ee nepeceqeHus
C acumnmomamu.

4. CorjacHo ONpefie/IeHHI0 KPHUBOM, KAK CEYEHHS] HEKOTOPOTO
KOHYCa, Ha 3TOH IJIOCKOCTH 4Yepe3 JIOOYIO TOUKY, He pacClOJIOXKEHHYIO
Ha KOHHYECKOM CeyeHUM, NPOXOAAT JBe KacaTe/bHble, HAM HYJbL Kaca-
TeJbHBIX, JTO CBOHCTBO COOTBETCTBYeT AYaJIbHO CBOHCTBY: Jofas
npsiMasi, He KacaTeJbHas K KDHBOH, NepeceKaeT ee B ABYX TOUKAX
WM B HYJb ToYKax. C 3TOH TOYEUHOH TOYKH 3DEHHS MBI M TOBOPMJIH,
UYTO KOHHYECKOe ceuyeHHe — JIHHHA BTOPOrO IOPsIAKA.

C MaHeeHUUQALHOU MO4KU 3PERUS Mbl 2080pUM, HMO KOHUHECKoe
ceverue — auHua emopozo kaacca *. TIoNOOHO TOMY KakK KOHHYECKOE

* ABrop ynorpeGnser TepMuH «ordre»— mopsafoOK, KOTOpHE B JuTepartype
TpHMeHseTC OOHYHO AN XapakTePHCTHKH CTeNeHH YpaBHEHHS B TOUEUHBIX
Koopaunatax.— JIpum. nepesod.
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ceueHHe, PaCCMOTPeHHOe ¢ TOYeYHOi TOUKH 3PEeHHsI, MOKET BhiPOLHTHCS
B JiBe NpsIMble, NIepeceKaloluecs: WM napaJselpbHble, WK JaXKe B ONHY
IBOHHYIO TNpPSIMYIO, MBI JOJKHBI PacCMaTpPHBAaTh H TaHTeHHOHANbHbIE
BbIDOXKAEHHS B JBe TOUKH HJM B JBOHHYIO TOYKY. TOrja JOKa3hbIBaeT-
cs1, YTO BCSIKasl KPHMBasi BTOPOTO KJacca SIBJsieTC KOHHUECKHM ceue-
HueM. Mbl TOJBKO OTMeuaeM 3Ty TOYKY 3peHHsi, LIS Pa3BHTHS KOTO-
poii TpeGyeTcsa Teopusi orubaromux (M3 nucdepeHUHaIBHOH TeOMeT-
puu).

BriBoAb. Mbl 3aHHMa/KMCh BbIlllE H3YUEeHHEM KOHHUYECKHX CEUeHHH
pPasJHYHBIMH crnocofaMu. OTH KPHBble BCTPEUaloTCH ellle BO MHOTHX
IPYTHX HCC/CHOBaHHAX, B YAaCTHOCTH, B BONPOCAX KUHEMAMUKU (MBI
OTMETHJIM B KOHIE HCCIeJOBAHHS J[BHXKEHHH ONHCaHHe 3JJIHICA
C MOMOLUBI0 OYMaXHOMN JIEHTHI). DJIJIUNC HAXOAAT H KaK CHIOLHKJIOH-
JaNbHYIO KPUBYIO, €CJIH 3aCTaBUTh KAaTHUTHLCH NMPH ONpENeNeHHBIX YCJI0-
BUAX OIHY OKPYXKHOCTb N0 JApyroid. Konuueckue ceuenusi ocoGeHHO
BaxHbl B Ouramuke (3TO TPaeKTOPHM MJIAHET, NBHTAIOMIMXCSA MO 3aKO-
HaM KemnJepa, mojyvamwoluMcs Kak C/Ie[CTBHEe B3aUMHOTO MPUTSKEHHS
maaserst ¥ Connua mo sakony HreioroHa).

Kouuueckue ceuenusi BcTpevalTcs: B onmuke (HOKYCH SBJSIIOT-
¢ B U3BECTHBIX YCJOBHAX TOYKAMH CXOJa CBETOBBIX JydeH U T. I.).
Bce 3TH TNpUIOXKeHHS ONpaBALIBAIOT BBeJeHHe B KypC MaTeMaTHKH
H3yyeHHE STHX KpHUBLIX (PaBHO KaK H TOBePXHOCTE{ BTOPOTO
NOpsSifKa). DTH KPHBbE NPeACTABJASIOT BO3MOXKHOCTbD NPHUMEHATH pas-
HOOOpasHble MeTOObl M TNOPOXAAIOT MHOTOYHC/IEHHbIE HHTePECHbIe
ynpaxHuenus. OIHAKO WHTEPECHBI TaKKe H JpPyrHe KpHBHE, H3Y-
YaeMple CHHTeTH4YeCKO#l (BOOOHIe MeTPHYECKOH) WM aHaJUTHUeCKOH
reoMeTpuell H3-3a HX TEXHHYECKHX NPHUJOKEHHH MM [DPOCTO H3-32
JI0GONbITHBIX  ynpaxkHenuii. Ilocie Toro Kak OyZeT BHISICHEHO, K
KaKOH reOMeTpHH TpHHAIVIEXKUT MpeloXKeHHoe HCCJENOBaHUe, Clle-
AyeT ynoTpeG/sTh BBeAEHHblE HAMH CpPELCTBA: COOTHOIIEHHS H Tpe-
o6pa3oBaHusl 3TOH TEOMETPHH.

AONONHEHMUSA

Mrbr co6panu  31ech HECKOJBKO JOMOJHUTENBHHIX 3aMedaHdi
u ynpaxuenuii. IlepBble WANIOCTPUPYIOT TaK Ha3bIBaeMble «COBpEeMeEH-
Hble» ACTIEKTHl HAIlero HCCIENOBAHHUSA: OHU MOATOTOBJSIIOT H3yuYeHHe
TeX CTPYKTYp, KOTOphle SBISIOTCS OOBEKTOM MCC/IeLOBaHHs Ha GoJee
BHICOKOM ypoBHe. [Ipyrue aaubl B KauecTBe yrpaxHeHuil. OHH yKa3sbl-
BAIOT MeTOABbl HCCJIEOBAHHS U H3JIOXKEHHS BaXKHeHIIHX THIIOB KJACCH-
YeCKHX 3a7au, HCIOJb3yeMbIX YKe B TeueHHe MHOTHX JIET B BHITYCKHOM
KJlacce HAMX (DPaHIY3CKHX JHIEeB.

CHHTAKCHC: O MOPAJKE KBaHTOPOB.

Yupaxsenue. OTHourenHe nopsifika < H3o6Gpa)aercd BOCXOAALIEH
crpenoii. HccaenoBath 4 cuTyauuu, yKasaHHble CJeIYIOHUMHE rpads-
YeCKUMH MOIeJSMH: '
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dBasitoTcst M CJeAylollHe YTBEPIKIeHUs] BEPHBIMU JJ11 HEKOTOPHIX
H3 9THX CHTyaluil:

a) Vx, (Ay:x<y); by Ay: (Vx, x < y);
¢) Ix: (Vy, x < y); d) Vy, Qx:x<y).

SameuyaHnde. MoXHO YCHOBHTbCA ONYyCKaTb CKOOKH, HO st
Gospluell SICHOCTH Jlydille HX COXPaHHTh.

Y 9 A %R Y A

x 4% ¥ X NS
(1) (i)

4 ° Y 3 P A

x 8N X NN
() (o)

Uepr. 71

Honoanuenue. [lpuBenute npuMepsl H3yYeHHLIX BLILIE CHUTYya-
LMH, HANPUMED, Ha MHOXeCTBe IeJBIX YHCeJ C OTHOLIeHHeM MOpsiKa
KAEJUTY.

OBLUHE CBEAEHMA 0 MHOMECTBAX

I. 3amevyanne 0 cumBone, o6o3HauaOLLeM
MHOMECTBO

YacTto UCnosb3yioT QUrypHble CKOOKH:
[lepeuncsenue saementoB: {a, b, ¢, d}.
[NocnenoBatenbHOCTE  p 37MeMeHTOB: {ay, Qs, . . ., Ap}.

BeckoHeudas NOCAEN0BaTeNbHOCTh 3JIEMEHTOB:

{en, ag, ..., ap, ...}
Onpenenennie 06pa3ylollero 3JeMeHTa:
{x:x<3}.
YnpaxHenue 1. M300pasutb Ha MJIOCKOCTH TOYKHU:
{u=(x, y):0<<x <1, x<<y}.

Ynpaxuenue 2. Pacriosnartb cleayipolnye MHOXECTBA, BKJIOYEHHbIE
B Z:

a) {3); b) {x:x5£3}; ¢) {x:x>3, x<3};

d) {x:x>0}; e {xix=2q9, geN} nrT. I
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Il. Tabnuubl NPUHAANCHHOCTH

Kaxnas CTPOKa TaGaMibl MOKA3HIBAET COBMECTHOCTh NIpAHANJICHK--
HOCTH HJIH HENPHHANJE)KHOCTH HEKOTOPOTO 3JeMeHTa K HEKOTOPOMY
NMOIMHOXKECTBY!

A 5 B ANB | AUB | anps
€ € € €

A P

¢ € ’ ¢

¢ ¢ | ¢

Hononuute 3Ty Tabnuny. BBectw Apyrue noamuoxecta. Ilpose-
pPUTH C TOMOUIBIO ITUX TAGJHIL CAEAYIONIHEe YTBePKICHHSN:

[A=B]l<=1(AN{(B)U(EANB) = &;
[B=gl<[(AN[B) U ((AnB)=A};
(X=@An(BnD)U(ANBND)

loen
y=AuBnonfins
TlpoBepuTh TakKe 3TH pe3y/bTaThl C HOMOMIBIO AMarpamM Jiinepa.
Haxkonen, nokasarb 3TH pe3yJ/bTaThl, OTNPABJIASLCH OT AKCHOM, HUCIIOJb-
3ys1 OyJneBy anarebpy (xu. 1, ra. VI).

Ill. OTHOWEHNA IHBUBANEHTHOCTH
W OTHOWEHMS NOpfifiKa

¥Ynpaxnenne 1. Cpein caefyOLUX OTHOINEHHH MeXIy 3JeMeHTaMu
MHOKECTBA LEJBIX YHCeN BbIIEIHTh OTHOIIEHHe SKBHBAJEHTHOCTH:

1) a — b uwerHo; 2) a — b HeueTHO;

3) ab  uerno; 4) |a—b|<<T1l m xp.

Ynpaxkuenne 2 (teopernyeckoe). Jlokaszare, uyTo peduiekcuBHOe
W TPaH3HTHBHOE OTHOUIEHHE SIBJSeTCS OTHOLIEHHEM SKBHBAJEHTHOCTH.

Ynpaxaenne 3. PaccMoTpeTh MHOXKECTBO objacTell, onpenesieHHBIX
B Tpeyroibuuke ABC orpeskamu BB’ u CC’, rpe B’ mpuHaLIERHUT
orpesky AC, a C’ orpesky AB. YnopsiIouuTb 5TO MHOMXKECTBO yepes
BkaoueHHe. CrenaTh JuarpaMmmy.
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Ynpaxsenwe 4. Bo Muoxkecrse E u3 n uucen cumsosom Sup E
0603Ha4al0T HauboabuiMii sjaeMeHT, a Inf £ — nanMeHbIIHH 3JIeMEHT.
1) Paccmorpum JBe omepanuu:

asfb =Sup (a, b) u aJb=1Ini(a, b).

[1poBepuTs JIBOHHYIO AHCTPUGYTHBHOCTD.
2) Vmeetca mnpaMmoyroJbHas uyucjaoBad Tabnuua, cojepxaluas p
ctpok Ly, Ly, ..., L, u g cronbuos Cy, Cy, ..., C,; CpaBuHTB

x=Sup(InfLy, InfL,, ..., InfL,)

y=Inf (SupCy, SupC,, ..., SupC)).

YnpaxHeune 5. MuoxectsBo E cHaG:KeHO JABYMA OTHOILUEHHSIMH
sKBHBaJIeHTHOCTH % H A’. KJjaccaMu 5KBHBAJIEHTHOCTH SIBJISIIOTCS

cooreercrBernno Cy, Cy, ..., u C;, C,, ... . ToBopsar, uro B2’ 6oaee
MonHKOe OTHOLIeHHe, Hexend %, ecid
Vi, 3j:Ci=C;.

a) HapucoBatre Ha jpuarpamMMe fABa pa30UeHHs, CPaBHHMEBIe C IO-
MOIUBIO 3TOTO OTHOWIeHHS. MjeT n¥ peub 00 yHOPSANOYEHHOCTH HJIH
YaCTHYHOH YMOPSMOUEHHOCTH BO MHOXKECTBE OTHOLIEHHWI SKBHBAJICHT-
HOCTH, KOTOpPHe MOryT ObIThb OnpejelieHbl Ha MHoXKecTBe E?

b) TlpuBectH mpHMephl H3 KJIACCOB BBHIYETOB, ONpPEJEJCHHBIX BO
MHOXKECTBe mesbix whcen (ku. I, ra. I, § 2).

Ynopaxuenue 6. SIBafAoTCS JM Caefyiollde OTHOLIEHHS OTHOLIe-
dHuama nopanxa? Ecan gasasiores, To GydeT JH 3TO YHOPAJOYCHHOCTD
HH 4YacTHYHas YNopsiAOUEHHOCTh?

a) Ha Mmuoxectse Touex M (x, 4) IJOCKOCTH BBEIEHO OTHOLICHHE
Xq < Xg;

Y1 << Ya.

b) Ha wMHOXecTBe HenpephiBHHIX GYHKUHH, ONpPElleJICHHBX Ha
{a, b), BBeIeHO OTHOILIEHHE:

[(x)<gx)<=>Vxe(a, b), f(xo) <<gxo)-

¢) To Ke MHOXKECTBO C OTHOLIECHHEM:
[ (x) < gx)<=>3x0€(a, b): [ (x0) < g (xo)-
d) To XKe MHOXKECTBO C OTHOLICHHEM:
f(x) <gx)<=>Tx:{Vx, [(x)<<g ()]
e) To e MHOXKeCTBO C OTHOLIEHHEM:
[ (x) <g(x),

eCJH IJIomians o6aactd, 3akKjaiodeHHOH Mexay ocbkio Ox, rpabdukoMm
H TPsIMBEIMH X =@ H X = b, MeHbIle JyIa f, deM AIA g.

Mi < M2<=?{
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Yupaxkuenne 7. Peub uler o noxMHOXecTBe A MHOXecTBa E,
cHaGXKeHHOro OTHOLIeHHeM mnopsaka. CpaBHHTH Cjelylolue OGIH3KHE
HOHSITHA:

1) m — mascopanma nonmuoxectBa A, ecmu me E, Vae A, a<m.

O603uauuth I MHOKECTBO MarxKOpPaHT MHOXKecTBa A.

2) o — naubosbwiuil dsremenm NOAMHOXKeECTBa A,

a€A, Vaed, a<a.
3) b — makcumarbrbul 3ieMeHm TOIMHOXKecTBa A,

REA, faeA :a>y,
HHaye rosop4,
wEA, acdla > p=a=yl,

HJIH ellle «BCAKHH 31eMeHT u3 A, cpaBHUMBIH ¢ W, MeHbllle HJIH PaB-
HSETC  [A».
4) Tounas eepxraa epanb b mHoxcecrnea A. 10 HaUMeHbIIAS MaXKOpPaHTa:

M=, beM, VmeIR, m>0b.

[Ipeo6pasoBate 3TH onpefe/ieHHsi, paccMaTpuBas OTHOLIEHHs o6paT-
HOTO NOpAJKa.

a) TlpousBectu cpaBHeHHe, ecaH MHOXKecTBO E  ymopsjaodeHo,
HalpHUMep, BO MHOXKecTBe R JeHCTBHTeJbHHIX 4YHCeJ, paccMaTpHBas:
HIH e

A={a:0<<a<l},
A={a:0<ax1}.

b) TlpousBecTH cpaBHeHHEe Ha TNpuUMepe @) YIpaKHeHHsA 6, eciu
A — MHOXKeCTBO TOYeK, KOOPAHHATH KOTOPHIX YIOBJAETBOPSIIOT YCJIO-
BHUAM:
x+y>1;

x4+y<<2.
Bocnonn3oBareca rpadukoM.

0 MHOM{ECTBE WENDbIX Y4CEN

l. 3aMeuaHnsl OTHOCMTENbHO OnpeaeneHus
MHOMECTBA HaTypanbHbiX YKcesn

Mu BLIGpasnid CcHCTEMY aKCHOM JOCTaTOuHO OOratyio, 4ToOH AaTb
C caMOro Hayaja Bce MOJe3Hble CBOficTBa, Hajaras Ha MHOXECTBO
mocnefoBaTesIbHbIE orpaHuueHus. Ho HHTepecHO NO3HAKOMHTBCHA
C cHCTeMOH aKCHOM, KOTopasi onpeje/isieT MHOXKECTBO HaTypaJbHbIX
agcenn N ¢ HauboJbLlell KpaTKOCTBIO.

Cucrema akcuom Ileano

MuoxectBo N ompefieieHO CIEAYIOMHMH aKCHOMaMH:

1) nna xaxporo ajementa x € N cymlecTByeT eIHHCTBEHHHIH eMy
COOTBETCTBYIOIMH 3/eMeHT X', Ha3bBaeMblii €ro nocAedyrouwju;
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2) oauH 3JeMeHT, 0603HaYeHHBIH 4epes 1, He HMeeT MpeAILeCTBYIO-
mero (TO eCThb TaKOTO 3JIeMeHTa, IS KOTOpPOro OH Gbll 6Bl  mocie-
LYIOIIHM);

3) BesiKoe noiMHOXecTBO A = N, ynosjeTBopsiiollee YCIOBHIO

Vi, xeA=x'€A,

SBJISETCSI CAMHM MHOMXECTBOM N.

dra mnocaennsist akcMoMa OGOCHOBBIBAET PEKYPPEHTHBblE paccyxKie-
HHS, TaaBHeHIIMH HMHCTPpYMEHT INpPH HW3YUeHHH MHOXKecTBa N,

Hdpyras cucTemMa akcuom

1) B N cyulecrByer OTHOLIeHHe IIOPSiKa, VIOBJAETBOPSIOIEE
aKCHOMe IIOJHOH YNOpsNIOUeHHOCTH.

2) Besaguit sneMeHT, KpoMe OAHOTO, 06O3HAYEHHOTO CHMBOJIOM 1,
rMeeT NPeIIeCTBYIOMHUN 3JeMeHT.

OTH 4KCHOMBEI TIO3BOJISIOT BLITOJHUTH DPACCYXAEHHUS € MOMOLIBIO
MeToJa CIIycKa, HcmoJb3oBaHHOro ®Pepma. Mcxons M3 3THX aKCHOM,
onpexensoT npubasiesue 1. Ocraercsl KoKaszaTh CBOHCTBA, KOTOPhLIe
B HacTosilled paboTe NPHHATEL B KayecTBE AaKCHOM.

Il. BBejeHne MHOMeECTBa Z

Mul BBeln MHOXKeCTBO Z NYTeM CHMMETPH3aLHi, MCXOAS H3 MHO-
xkectBa N. JlokasaTh, 4TO MHOMKECTBO Z H30MOPGHHO MHOXKeCTBY X,
thakTOpMHOKeCTBY MHOXKecTBa N2 map (a, b) ajeMeHTOB MHOXKecTBa N
[0 OTHOLIEHHIO SKBHUBAJEHTHOCTH

Rilla, b= (a, b)=[a+b =b+a'l,
ecu 2 cHaOXKeHO CTPYKTYpOH, ONpefeseHHOH CJACAYIONIUM 06pasoM:

(a, b)-+(a’, b'y=(a+-a', b+ b');
(a, b)-(a'b’) = (aa" +bb’, ab’+ ba’).

Joka3aTh akKCHOMBI U CBOHCTBa, KOTOPHIMH MBI HAJENHJH MHOXKe-
cTBO Z.

Ecnu x MuOXKecTBY N npucoenunsiercs yucno 0, To moxasarb Bamk-
Hocth maphel (@, 0) u (0, b). CpaBHMTb C BBelZeHHeM JpoGell, KOTOpble
nosiyuaeM, HCXOAA U3 MHOXKecTBa N. CpaBHHUTB ¢ BBeJleHHEM MHOXKeCTBa
KOMIVIEKCHBIX UHCeJ, KOTOphle NOJydYaeM, HCXOAS M3 MHOKecTBa R
(xu. III, ra. VI, § 4).

ill. FayccoBbl Lenble uMcna

Ynpaxuaenne 1. Mo onpefiesiseM HeKOTOpoe MHOXKecTBO E sjeMex-
ToB U = (a, b), Tie a u b € Z, HajleNaAs1 MHOKECTBO IBYMS ONepaiusIMH.
HmeroTr MecTO caenyioniie aKCHOMBL:

I (a, b)y=(a’, V')=[a=4d', b=b'];
I (a, )+ (@', b')=(a+a’, b+b');
I (a, b)-(a’b’) = (aa’ +3bb’, ab'+-ba’).
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1) Tposepurb cBofictBa [A] (xku. I, ro1. I, § 4) ana obenx omepa-
UMH, a Takxe M AHCTpHOYTHBHOCTB. Onpeje/nTh HeHTPaJbHBE 3Je-
MEHTH ® H 1.

2) Hokasatb, 4TO MHOXectBO E 006pasyeT KOAbLO, TaKOe, YTO

Hile =0 <= U = ©, HIH Uy = ©
(3mech MaM — He MCKJIouawlliee) (KOABLO IEJOCTHOCTH).
(H3BectHo, uto Bo MHOXKecTBe Z, 3b%—a?=£0.)

3) Haiitu oGpaTHBIN 37€eMeHT IO OTHOLIEHHIO K W = (2, 1).
Hokazare, uro E He dBAseTcs NOJAEM.

3ameuanue UYro6sl BHIOJHUTHL BHIYUC/IEHHS, HCIOAb3YA
OOBIYHYIO NMPAKTHKY CueTa C JIeHCTBHTEJNBHBIMH YHC/IaMH, MOXKHO IIOJIO-
KUTb 4 =a -+ b}/ 3.

YnpaxHenue 2. BoLIlojHHTE TO e HCCJAEIOBaHHE HaJ MHOXKe-
cTBOM F, YIIOBJIETBOPSIIONIHM TeM e aKCHOMaM, HO ¢ 3ameHo# B 111 ymc-
Ja 3 4ucjaoM 2.

MoxHo 1 onpenenuTs B3aNMHO OJJHO3HAYHOE COOTBETCTBHE MEXKAY
muoxectBaMu E u F, coxpansiomee o6e onepauuu (H30MOpGOH3M
KoJsen)? (OTBeT OTpHUATEeNbHBIH. )

JdononaseHu s. Paznoo6pasurs curyaumo. (3amenuts 3 Ha 4.
3amennthb Z Ha Q.)

0 KBAAPATHDLIX PAAUKANAX
®

OcHoBHoe ynpaxseHue. IlycTb (Q — MHOZKECTBO palMOHAJIbLHBIX
ypcea ¢ ajaeMedTaMu @, a’, b, b’, ... u myctb r u r’ — JiBa 3Jje-
MeHTa MHOXKecTBA QF, He sIBAsIONMecs KBajpaTraMH 3/JeMeHTOB MHO-

xkecTBa Q, Kak H ;rT . BamucuBaerca: ¢ = )r; o =)r;0¢ Q;
o' € Q. Jlokasarh eIMHCTBEHHOCTh KOMIIIEKCHOTO BhIpaXeHust a + bg:
l[atbo=0a +bole>la=a’, b=b", r=r'}].

(HokasaTesabcTBO: K30/AHPOBaThb Q U BO3BeCTH B KBajpar.)
Mpunoxenue.
1) I1posepurs:

Verven =) 1+ 5.
2) Ilanel sneMeHTH u H U € Q, 1/5& Q. Oupenenuts x ¥ Y€ Q,
Takue, 4TO
VuitVo=VitVy.

Hafitu yc/ioBHEe BO3MOMKHOCTH TAaKOI'O pPaBEHCTBA.
TIpoBepuTb, UYTO Te ke UucIa YAOBJIETBOPSIOT YCJOBHIO

x>y VaVo=Vi—V7.

Hcnonb3oBath 3TOT De3ysbTaT Adsl HCCJAENOBAHUSA BbIPAXKEHHs.
Va+bVr=Vz+Vy.
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¥YnpaxkHenne. [1poBepuTh, 4TO, BEIUHC/ISASA CTOPOHY C, NPaBUJILHOTO
BBLIYKJIOTO M-yroJbHAKA, BIHCAHHOTO B OKPYXHOCTh pajguyca R,

Haxoaum:

ci5=§i[1/20+21/5—1/6(3—1/§)] .

MoxHo s u3Gexarb HaJOXKeHHWs PajUKaNOB Ha pajuKajbl?
YnpaxHednss ¢ KyGHYeCKHMH DPajHKaJdaMH.
YBUETb ONHO pellleHye (x, Y) YpaBHEHHS:

8, =
V20+14)Y2=x+yV% x€Q; yeqQ.
BuluncnuTh, 3Hauenue: i

2=)/ 20142+ 20— 14)2.

NMPUMEP KOHEUYHO# rPynnbl
®

Fpynna nepecTaHOBOK * Tpex 3JeMEHTOB

Yupaxuenue 1. Tpu npeamera a, b, ¢ MOTyT GHITb PACHONIOMKEHH!
B TPeX NOJIOXKeHHsX, HyMepoBaHHbIX 1, 2, 3. Kaxnas mnepectaHOBKa
IBJISIETCA HEKOTOPHLIM OTOOpa)eHHeM 3TOrO MHOXKecTBa Ha cefd. ITo
OTOOpaXeHHe MOXHO, HampHuMep, IPeACTaBUTh TaKoi cxemoii:

7 f

Uepr. 72

i(a, b, c,)=(a, b, c) u (a, b, c)=(c, b, a).

1) Hapucyiite cxeMsl Bcex nepectaHoBok. Uepes i 6yler 0603Ha-
qarbea modcoecmeentoe npeobpasoearue, yepes u, v, @ 6yayt o6os3Ha-
yaThCsl [EPECTAHOBKH, MEHSIOHe MeCTaMH JBa 3JeMeHTa (/mpaxcnosu-
yuu), yepe3 r U r’ GyAyT 06O3HAUAThCA NEPECTaHOBKH, Tle KamIblf
SJleMeHT, HaXOASIIMACA HA n-M Mecre, mepexoiuT Ha n-+1 wmm n — 1
(mod 3) MecTo (yuKkaudecKue nepecmarosKu).

* B nnrepatype uame ymoTpeGasercss TepMHH <«mojicTaHoBKay (Subsfifu-
tion).— Ipum. peo.
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2) Ha MHoXecTBe nepecTaHOBOK ONpefiessieTcs npoussederue, Kak
nepecTaHoBKa, pe3yJAbTHpyiomlad [ABe MOCAE0BATe/NbHbE [epecTa-
HOoBKH. CocTaBbTe Tal/JHMIy YMHOXKEHHs B ¢opme Tabiauuel ¢ AByMA
BXOozamu. [lpoBepHTh:

W=vt=wt=i
rr' =r'r=1i; r*=i; r'¥’=1i.

KoMMYTaTHBHO JIH YMHOMKeHUe?

TlpoBepuTh, coCTaBJsieT JH MHOXKECTBO MNEPECTAHOBOK TIPyImy.
Kaxapiii M 3JeMeHT UMeeT KBaJpaTHHIH KopeHb? PellnTh ypaBHe-
HUSI: X2 =@ u %% = 1.

3) Teomempuseckas modeav. CaMOCOBMelleHHe PaBHOCTOPOHHETO
TpeyroJabHuKa (r ¥ r’ ABAAIOTCS BpAIlEHUSIMH, U, U, @ — OCEBblE CHM-
MeTpUH).

4) Arcuomamuuecxoe nocmpoerue. TlokasaTb, uro Tabjauna yMHO-
JKEHHS OlpeliesieHa CJEAYIOIIUMH aKCHOMaMH:

Himetorcst 6 snemenToB i, r, ', u, v, w. Onepanusl accoONMaTHBHA;
i — ueliTpanbHLIl aseMenT. Jlomyckaercs JieBoe M NpaBoe COKpalle-
Hue. HMaBectunl 5 paBeHCTB:

wW=i; v¥=i; uv=r; vu=r'; ur=w.

b) TlokasaTh Ha TeOMETPUMECKOH MOJENH, YTO COeJUHEeHHe JIBYX
yenoBuit rr’=1i, r'r=1[ HefOCTATOYHO JJIfl AOKA3aTeJbCTBA PaBEeHCTBa

rt=r'.

Hpyroe ynpaxuenue. To ke HcClelOBaHHE NPOBECTH AN 4 3Je-
MeHTOB. IlOCTPOHTH IBYMepHYIO H TpPeXMepHYI0 TreOMeTpHYecKHe
MOJ€JIH.

NPUMEPDBI HOJNEL
@

Ynpaxuenne 1. Ilyctb A — MHOXKeCTBO 3JIEMEHTOB #711, KPaTHBHIX
IeJoro uHCJIA a4,

a€N; m=gqa; qeZ.

CrnoxeHue M YMHOXKEHHe, ONpelesieHHBle B Z, MNPUIAIOT NOAMHO-
xkecTBy A crpoenue Kogbna. CyllecTBYeT JiIH HEHTPaJbHBIH 3/eMeHT
ISl CNOXKEHHSA? A JJIsi YMHOMKEHHS?

Ynpaxdendne 2. JlokasaTh, YTO eC/lH KOJBLO ABJseTCs TelaoM, TO
OHO YHOBJIETBOPSIET YCJOBHIO

ab=0={a=0 wm b=0].

(YMHOXUTBH clieBa HAa a™! mad cnpaBa Ha b7l)
O6pamno, €clu KOJBLO YIOBJETBOPSIET 3TOMY YCJIOBHIO (K04640
YeEAOCHIHOCMI) H eCJIH OHO COCTOHT JIHINb M3 KOHEYHOro 4YHCJ/Aa dJeMeH-
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TOB, TO OHO sBjasAerca TenoM. (Mcxons u3 a == 0, o6pasoBarb npomus-
BelleHusT ax, x € A.)

YnpaxHenue 3. Ilpumep Koavya 6o mroscecmee F 4uciosvlx (PyHk-
yuti, onpenenenublx Ha [0, 1]
[Tycts

N ATE e x Ly 8
OnpenensitoTcs ABe ONepalivu:
§s=f-}-g, onpeleseHO YCJOBHEM x\_s_/f(x)+g(x).
p=[g, oupepeneno ycijoBuem x\\L/,f(x)-g (x).

YKazaTb HEUTpasbHBiE 2JeMenThl 3THX onepanuii. Joxaszartbh, yTo
HeATpaabHBIA 3/IEMEHT CJOXKEeHHS MOMKeT ObIThb Pas/foxKeH Ha IMPOU3BeE-
JieHMe HEeHYJEBLIX MHOXKUTeJeH.

(Mmete B Buny QYyHKIHH, paBHBIE HYJ/IO, Ha OTpe3Ke, BKJIIOUEHHOM
B 10, 1], u HepaBHBle HYJIIO Ha €T0 JONMOJHEHUH.) F He ABJSETCH KOJb-
IIOM II€JOCTHOCTH.

YNPAMHEHUA HA CPABHEHHA
©

O6o3HaulM CHMBOJIOM A MHOTOWIEH OT X, KO3(DHIMEHTH KOTOPOro
NpUHALIEXKAT MHOXKeCTBY Z, U yepe3 A (X) ero 4HC/IOBOe 3HAUEHUE [
X € Z. PaccmoTpuM cpaBHEHHSsI 1O MOAYJIO m, Tle /M — HaTypaJbHoe
yucsao, Gonpluee 1.

1) TIpoBeputh, 4TO X, = x3= A (x) = A (xy).

2) CKOJBKO 3HA4eHU# X JXOCTATOYHO MCHBITATh A5 PellieHHs cpaB-
uwennsi A (x) = 0 (mod m)?

TlokasaTh, YTO MOKHO CBeCTH MHOTOU/EH A K MHOIOWIEHY, Y KOTO-
poro koapdunuentel paBubl 0, 1, 2, ..., n— 1. O6osuauum OyK-
BO# d cTemeHb NPHBEAEHHOTO TAaKWM 00pPa30M MHOTOYJIEHA.

3) MoXHO OrpaHMYUTBCS NPEANOAOMKEHHEM, YTO /1 IPOCTOe YHCJO.
JlefiCTBUTENBHO, €CIH M = MMy, TO YCJIOBHE HAJUYHS CPaBHEHHS
PABHOCHJIBHO CJIeLYIOMHM:

X=u--u;
A (1) = 0 (mod my);
A(u+my v) = 0(mod my).
4) Ecin m — npoctoe yucao, To cpasHeHue A (x) == 0 (mod m)
jnonyckaer ue Gosee d pellleHHH.

Npumep 1. Pemuts x2 = @ (mod 5) s pasAuuHbX 3HAUeHHH 4.
Mpumep 2. Pemmrs:

(6 +1) (642) (£ +3) (x+4) (x+5) (x+6) = 0 (mod 81)
(nMeetcs 39 pelenuii).
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MHOrMOUNEH U NOJIMHOMUANDHAA OYHKUMUSA
@

BykBo#l § 0603HaYUM CYMMY TPeX YJI€HOB, KOTOPBE MBI MOJyYaeM
H3 3alHMCaHHOTO YJeHa, BBINONHAS LUKJIHYeCKHe MepecTaHOBKH 3Je-
MeHTOB a, b, c.
YnpamHeHue, YNPOCTHTb MHOTOWIEH:
— Q, (x—b) (x—0)*
P =8 ya— -
1) KakoBa cTenenb 3TOTO MHOTOUJIEHA?
2) Bruuncnute P (@), P (b), P (c).
3) CpaBuutes P c MgorowrenoMm Q (x) = x.
4) TlpoBepuThb 3TO, pa3BepHYB JaHHOE BhIpaXKeHHE.
AHajordyHble ynpaxHeHus. BCKDBITb MNpPOCTEHILHE MHOTOUYJIEHBI
B CJEAYIOUIHX IPHMepax:
ITpumep 2.

— olb+o) (x—b) (x—c)
PW=S"0 a0 -
ITpumep 3.
- ¢ B+ (x—b) (x—0)
P =S a0
TeoperHueckoe ynpaxkHeHHe. [{0kaszaTh, UTO MHOTrOUjieH He MOXKET
ABIAThCS nepuopnueckoll pyukumeil. (Onpenenenue, xu. 111, ro. I11,
§1.)
NMOHATUE 0 BbLINYHNOCTH NOAMHOMECTBA
L
1. Onpepenenune

HanoMuuM, 4To B TOYEUHOM HPOCTPAHCTBE, COOTBETCTBYIOUIEM BEK-
TOPHOMY TIPOCTPAHCTBY, ompesok MM, ABAseTc MHOXKECTBOM TOYeK
M, onpefefeHHBIX CJAEAYIOULMH YCIOBHAMU:

MM=EMM,, 0Lk,

OM = LOM,+ (1 —1) OMz; 0 <A1
ITonMuoxxecTBO € HAa3BIBACTCS BLINYKALIM, €CJH

VM, VMo€& MeMMy=> M€E.

YcnapauBaotes MHOXKecTB2 ¢ U {M} paccMaTpuBaTh Kak BbIYKJbIE.
a) IlpuBectu npumMepnl U3 aphOUHHON UK METPHUECKOH TeOMeTPHH.
by NoxkazaTh, 4TO HeHyJAeBOe nepeceueHile BHINYKILIX NOIAMHOMECTB

BBITYKJIO.
¢) Hausl n Touek, NpHHALMEXKAMX MHOXKECTBY £, KOTOPLIM NPHIH-

chIBAIOTCSl KO3(HLHEeHTHl OLMHAKOBOrO 3Haka. [lokasaTb, YTO UEHTP

TAXKECTH NPHHAVIEXKHUT MHOXKeCTBY &. Kak MOKHO onpene/utb MHHH-

MaJlbHOe BHITYK/I0e MHOMXECTBO, COREpKaulee n AauHBIX TOUek?

U XKe

* CMpicst 3uara = cM. crp. 201.— Hpum. ped.
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Il. PaccTofinne HEHOTOPOH TOuHM K¢ & OoT BbinyKnoro
MHOMecTBa § (nempuueckan eeomempus)

Hanomunanmne. Paccrosinne A TOukH K 10 MHOXeCTBa & ompefe-
JseTcs cJefylolHM o6pasoM:

h=Infd(KM), M€§&,

rze yepe3 d (AB) 0603HaueHO PACCTOSHUE MEXKIY IBYMs TouKamu A H B,
a) Ecnn cymecrsyer Touka H € E, Takas, uro d (KH) = h, 10 312
TOYKA eLHHCTBEHHA.
b) Ilyetp Toyka H cymiecTByeT M NycTb O — NeprNeHAMKYJsSP
B Touke H x KH, Toraa
1) 8N E ectb Touka H, uian oTpe3ok npsiMoil 6, wim caMa npsimas O;
2) HHKaKas TOYKa MHOXeCTBa § He HAXOMHTCH 10 Ty e CTOPOHY
oT npsmMo# O, uro ¥ Touka K. .
¢) Touka H Haxomurcs Ha rpaHuIe MHOXKectBa &. Ecam sta rpa-
HHLIA NpeJCcTaBisier coGol KPHBYIO, HMEIOILYIO KacaTelbHYIO B TOuKe H,
TO npaAMasg 8 u ABAfeTcs 3TOH KacareJbHOH.

Il. Mpunoxexue K aHanu3y

Ilycts nyra AB saBasieTcs rpadukroM He.npeprBHoﬁ dyHRUUH
X\t /Y Ha la, b]. ToBopar, uro Touka K (xq, Yo) 6eitie Tpaduka,

ectt Yo > [ (xo)
1) Iycte mauw Tpu touku U, V, W ¢ abcunccamu u < v << w.

[V Boie UW]*<=>[nakaoun UV > nakaona UW].
2) Tlonoxum
flrg) —Flx)

Xo—X4t

Pi,2=
CdopmyinpoBaTh CBOHCTBO, KOTOpOE 3alHCHIBAETCS TaK:
in? VxZE [a7 b], VxE [xh )Cz];
[ (x) > [ (x1) -+ p1, 2 (x— xy).

a) JlokasaTb, 4YTO 5TO YCJOBHE BBIPaXKaeT, BMECTE C YCJIOBHEM
BEIGOpA TOJIOKHUTENBHOTO HalpaBJIeHHs Ha OCH Y-B, sblNYKJOCTb MHO-
JKEeCTBA TOUEK, 3aKJAIOYEHHBIX Mexnay Ayrofi AB u xopuoit AB.

by Ilycte umerotcss n 3uadeHuil apryMeHTa x

AL Xy <<Xp<l...<<x, KD,

H n guces TOTO XKe 3HakKa
gy Ugy o s vy Upe
* CumBoaoM UW ofGosHaued orpe3ok npsamoli, coepursiomud U u W, ~
Ilpum. ped.
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JloxasaTb, uTO TOUKa
G (x _yxgasxe-t ... anxy Yo _uf (x1) +of (x0) + ... tonf (xn)
oo 4o, aytagt.. -0
ABJISIeTCsl BHYTPEHHeH TOYKOH MHOXKecTBa &.

¢) Ilpexnmonoxum, uro ¢yskuus f wHMeer nponsBom{ylo Hoxka-
3aTh, YTO

[ < %] = [f (1) < py, 0 <f' (1))

BbiBecTH OTCIOAa 3HAaK BTOPOH NPOM3BOAHOM, NMpeAnosaaras, YyTo oHa
CYIHIECTBYET.

d) ®yHKUHS, uMeOLUlas BbllleyKa3aHHOe CBOHACTBO, HaskBaeTCs
eoinyxaotl Ha [a, bl. Ompene/HTh AHAJOTHYHO G02HYMYto YHKIHMIO,
a Tak¥e BBITYKJAYIO HJIH BOTHYTYIO B IIHPOKOM CMEICJIE, 3aMeHss
3HaK < Ha <, WJIM 3HAK > Ha >.

HccnenoBaTh ¢ 3TOH TOYKH 3peHus JUHeHHBlE “OYHKUHH, TpPEX-
yJeHbl BTOPOH CTefleHH H (QYHKHHH THIA

y=lax-+b|+|a'x+b"|+|a"x+b"| u 1. 1

3aMeTuM, uTO TMOHSATHE BLINYKJIOH (QPYHKIHUH HMEET OYeHb GOJbIIOE
3HAYeHHWe ISl HHTErPaJbHOIO HCUUC/CHHMA W AJIS CTATHCTHKH: Hanpu-
Mep, Touka (G, 0 KOTOpPO# HIeT peub B b), H306paxkaer «cpefiHee» siBe-
HHe, eCJH KaxzAas Toyka rpaduka H3o0paKaeT HEKOTOPOe COCTOSIHHE
HCCIEAYEMOrO SIBJICHHUS.

CUCTEMbI YUCNIOBbIX HEPABEHCTB.
NWHEHHOE NPOrPAMMMPOBAMME

Cucrembl HepaBeHcTB. PaccMaTpuBaeTcs NPOCTPAHCTBO R™ Todek
M (xh Xgy o o - xn)‘

1) HokasaTb, 4TO MHOMKECTBO TOUYeK, VIOBJETBOPSHIOWUX JHHEH-
HOMY HepaBeHCTBY

A1y + AoXo -+ o oo - apxa < B,

BBITYKJIO.

2) BpiBecTH OTClOja, UYTO MHOXKECTBO, OIpefeseHHOe CHCTEMOMH
JUHEHHBIX HEePaBEeHCTB, BLINYKJAO (HJIH NYCTO).

3) To xe caMoe I cuUcTeMbl JHUHEHHBIX HEPABEHCTB H JHHEHHBIX
ypaBHeHHII.

JlaTh uHCAOBLIE NPUMEpH M reOMeTpHUecKHe Mojenu ing n =1, 2
uu 3.

Jiuneitnoe mnporpammupoBaHHe. VisMepeHHe BeJNHUHH DPUBOIUT
K BBELEHHIO BEKTOPHbIX MPOCTPAHCTB. Mephl OKa3HIBAIOTCH CBA3aHHBIMH
JINHEAHBIMH COOTHOWIeHHAAMH. IIpHBOZHM OueHb DPOCTOH NHpPHMEp,
IonycKaomui rpaduueckoe HccefoBaHHe HA MJIOCKOCTH.
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IlToctTaHoBKa 3afayuu. B oxHoil MacTepckoil miIaHHpYyeTCst
BBIIYCK KOCTIOMOB ¥ IIaTheB U3 ONHON U TO# Xe TKauu. 1 Kaxkaoro
o6beKTa M3BecTHa HeoOXoAMMas IJIHHA oTpe3a (B MeTpax), NpPOLOJKH-
TeJNIbHOCTh PaboTH (B uacax) U npubeJb (BO (ppaHKax):

Hnuna qgiﬁggﬁ’f Ipubuinp
J1s ofHOTO KOCTIOMA =5 d=4 b=10
Jlns ofHOrO MJaaThbs 1'=3 d' =5 b'=9

Hmeercs B pacnopsxkenun 60 merpoB Tkanu u 80 uacoB pabouero
BpeMend. Kak mNOJYYATh MAaKCHMAJBHYIO TPHGHIIL?

Ykazanusa k peweruo. OTIOKUTE HA OCH aOCIUCC UHCIO X KOCTIOMOB,
a Ha OCH OPAHHAT YHCJIO Y MJAThEB; OTMETHTh O0JIACTH, ONpeleseHHEe
CIeLYIOIHMH YCJIOBHSAMH:

Ri:(x>0); Rp:(y>0);
Rs: (5x+3y<<60); R,: (4x 5y < 80).
PaccMaTpuBaeTcsi MHOXECTBO HNPSMBIX
A (10x-4-9y=2),

. E=ANRNRNRsNRY).

Iycts Am 6yner Ta npsiMasi, pacctosinme Kotopoii & =32 /}/ 181
OT HayajJa KOOpJAMHAT MakcHMaabHO. [lokasaTh, 4to A, NPOXOZUT
yepe3 HeKOTOpylo BepumHy A o6nactn E. MckoMoil TOUKO# ¢ HeJabIMH
KoopauHaTaMmu GyneT He HauboJsiee 6iu3Kas K A Touka u3 E, a Ta Touka,
yepes KOTOPYIO nmpoxoaut npaMas A, nauGonee 6iu3Kas K npsamodt A,.

Jononauenu s HaMenuts ycioBue Tak, utoGu A,, comepikana
OTPE30K TpaHHIILI MHOMKecTBa E. A

TaKHX, 4YTO

MHOMECTBA, 3ABUCALLUE OT NAPAMETPA
®

Muoxecrso 9 3aBHCHT OT napamerpa A, €CIU OHO HAXOAUTCHd BO
B3aHMMHO OJHO3HAYHOM COOTBETCTBHH € MHOXKECTBOM R HJH C OJHHM

H3 €I'0 TIOOIMHOIKECTB:
AER
ER 7

MuoxectBo U 3aBHCHT OT £ mapaMeTpPoB, €CIH OHO HAaXOJUTCA
BO B3aHMHO OJHO3HAYHOM COOTBETCTBUM ¢ R™:

(}\'1’ }\'2$ ey }\n)ERn\ /]

IMogMuoxecTBO MuOXecTBa 9 ompeneneHo p YCJAOBUSIMH, €C]H
napameTpbl CBSI3aHbl p HE32BUCHMBIMH YpaBHEHHSIMH.

ac¥.

agl.
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Cayuail mpocT, /UMb KOTAa 5TH YPaBHEHHs! NO3BOJIAIOT OMPENeHUTD
OIHO3HAYHO p TNapaMeTPOB, uYepe3 OCTajJbHble N — p NapaMerpoB,
OCTaIOIUXCSl HE3aBUCHMEIMH.

I. CemeicTBO HPUBDLIX, 3aBHCALLEE
OT OAHOro napaMertpa

Ynpaxnenue 1. [lycts cemefictBo & napaGon P, COCTOUT u3 rpa-
(HDMKOB TpexuseHHBIX QYHKIUH, KO3(h(UINEHTH KOTOPHIX B CBOIO OUepelb
¢byHKIHH BTOPOH CTeNeHH OT mapameTpa.

mER\ /,Tmz(m2+1)x2+
+2(m2+2m+2)x—i—m(m+4)\ Y

1) Onpenennts KpuBbe Pp, npoxoisimue yepe3 TOUKY A (xq, Yo).
HcenenoBanne uncia pelieHHi BHIABJISET HEKOTOPYIO TOUKY K H Heko-
Topylo napa6ony Q.

2) Hoxasath, uto Q ecTb oruGamomas cemeiictBa & (To ecTh uTO
Vm, P,, kacarenbna K Qu VK € Q, 3m, Takoe, uto K BJsieTcs1 TOUKOH
gRacauusi Q u Pp).

Ynpaxnenue 2. [Tono6HO npeflIecTBYIOMEMY

Te = 2x2—4x cos 8 + cos 20 — cos 0.

1) BBomuTcs mapaMeTp u = cos 0. YTOUHHTh MOJAMHOMKECTBA, KOTO-
pble JOMKHBI poGeratsh 0 u u A1a obecnedeHHs B3aHMHO OXHO3HAYHOTO
COOTBETCTBHS.

2) Hafitu Cy KpuBble, NpOXOAsliHe yepe3 TOUKY A (Xq, Yo). IIpo-
BECTH HCCJeJ0BaHHe.

3) HaliTh MHOXeCTBO KDHBHIX, MNPOXOASIIUX UYepe3 TOUKY

B(x;=M\sin0; y,=2—cos0),

Py,.

rze A jpaso (nojoxutrb A = tg a). IlpoBectu uccaenopanue.
(Byzet BbisicHeHO, 4TO pe3yabTaTel M3 2) W 3) He mpoTHBOpeYart

Apyr apyry!)
Il. FeomeTpuuecHKHii npumep

YnpaxxHeHue: ceMelCTBO NOA00HIT HA NJIOCKOCTH. JlaHH! iBe B3aHMHO
nepneHIuKyAsipHele npsmble d u d’, nepecekawompecs B Touke O.
[Tonoxum

(d, d’) = + n/2 (mod m).

PaccMarpuBaioTcsi MHOXKecTBa:
I': MHOXeCTBO OKpy:KHOCTeH 7 (ueHTp C, pamnyc R),
Kacamomuxcss B Touke O K npsivoit d’
I"’: MHOXecTBO OKpyxHocrell v, (uentp C’, paguyc R’), kacawomuxcs
B Touke O K npsMoi d.
6 muoxecrBo I’ X I'" map (v, v).
A: MHOXKeCTBO NpPAMBIX § HEHTPOB OKpY:KHOCTel Y 1 vy’ (npsiMeie CC').
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1 MHOXKecTBO mopobuit S (uentp M, yroa a«, Kosdpuiuent k), KoTo-
pble npeo6pasyioT y B Y.

IM: MHOKeCTBO ToueK M LEHTPOB monoGuit S, OTAMYHLIX OT TOuku O.

A: MHOXeCTBO reOMeTPHYECKHX MeECT A TOoueK /M, COOTBETCTBYIOLIUMX

’
nape (v, v).
Mo; My; My M, Ms: MHOKecTBa TOUeK M, COOTBETCTBYIOUIUX
‘ i T o
3HaAYeHHSIM o =0, o =7, a= +—2— » 0= —=, @ — NPOH3BONBLHBIH

JaHHBI yroJ.

M, u M;: mHOKecTBA TOUeK M, COOTBETCTBYIOUIMX 3HAYEHHIO
k =1 U HEKOTOPOMY NpPOU3BOJLHOMY 3HAYEHHIO K.

OT CKOJBKHX NapaMeTPOB 3aBUCHT KaXKIOe H3 3THX MHOXECTB?

YTOYHHTD OTOGpaAKEHHUS], KOTOPhIE ONPERE/SIOTCS MeXAY KamIbIM
H3 3THX MHOXKECTB H 6, yKasblBasi reOMeTpHYeCKHe TOCTPOEHHS COOT-
BeTCTBYIOLIETO 3/1eMeHTa, ecJIH H3BeCTHO (Y, '), H ofparHO.

OGo3uaunm b u b’ Guccekrpucet yraa (d, d') u T', T" — toukw,
onpexeneHnble yeaosueM (77, T7) = AN (B 'Y b").

Hasa uccnenoBanusi MHOXecTBa M3, MOXKET GLITh, GYAET IMOJE3HO
paccMOTpeTb B KaKAOM INOAOGMH TOUYKY MpPENILECTBYIONLYIO M TOC/e-
Ayomyo aas Touru O*,

YNPAMHEHUA N0 ADDUHHOK U NPOEHTUBHOW FEOMETPUM

(npocTele npumeph)
®

Ynpaxuenue 1. J1 a 1 pi: 1Be npsamble d U d’ u a8e Todkd A u B.
PaccmarpuBaercs
1) npamas 63 A4; P =dN6;, Q =d' N6
2) npsaMas 6'3Q; &' | AB.
HcenenoBath MHOXKecTBO Touek M = PB[19'.
OGzop ABYX pelieHHit (3ameTuM, 4TO M 3aBHUCHT OT mnapamerpa):
ITepeoe uccaedosanue: appuHrHas eeomempus

l'omoreTns g% c uenrpom P. A\ 50 /Q
Wresi: paccMoTperds npeauIecTBYIONLYIO B\ /M
touky O’ mna touku O. IlocmoTrpers, 0’\ /;O

YTO HeM3MeHHO. BrIBOJ eaeTcsl ¢ MOMOLIBIO NePCNIeKTHBLI ¢ UEHTPOM B.
Bmopoe ucciedosanue: RPOEKMUBHASR 2L0NEMPUR, G NOMOM appun-

HasL.

O6o6ututh, 3amensist 8 || AB npsmoii 6’3 C, rae C — duKcupoBaH-
Hasd Touka, KOJUiHHeapHas ¢ AB. YJaJluTb C IIOMOLIBIO MEPCIEeKTHBH
npsimyto ABC B GeCKOHEUHOCTb U 3aKOHUHUThH HCC/IELOBaHUe B apduHHO
reomerpu (romoterust ¢ LeHTpoMm O).

* To ecrb npoolpas u o6pas Touxn 0.— Hpum. ped.
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Ynpaxuenue 2. [TycTs B Tpeyroibuuke ABC Touka M — cepennHa
Meczmaﬂm BK, aD — touka AM () BC. B kakom orHowenun D nenur
BC?

Ilepsoe uccredosanue: npoexktupoBath Ha BC mnapainensHo AM.

Bmopoe uccaedosanue: npoekriposats Ha BC mnapannensuo AC.

Tpemoe uccaedosarue: mnpoextupoBatb wa BK mapamnensno AC.

Yemeepmoe pccaedosanue: poeKTHPoBaTh Ha BC napannensno AB.

I1amoe uccaedosanue: paccMOTpeTb TOUKY M, Kak LEHTP TAMKECTH
Tpoiixn A, B, C c Hajnexallie BLIGpaHHBIMU KO3((HLHEHTAMH. :

Lllecmoe uccaedosarue: pacecMOTpPeTb GECKOHEUHO YialleHHble TOYKH
NPSAMBEIX (QUIYPH B YAQJAUTE B GeCKOHEUHOCTh npsmyio AMD unu xe
npsmyio AB.

Cedvmoe uccredosaruie: WCNOJNb30BaTb BEKTOPHBIH CYeT (aHaJauTHU-
yecKasi reoMeTpusi), ucxoid us AB =1i, AC = j, umn xe BA =u,
BC = 9. OGo6uuTs.

3AMEYAHHA! OTHOCUTENbLHO NMOHATUA OBPATHOW TEOPEMbI
o

Jlio60e MaTeMaTHYeCKOe TNpPeLJIOKEHHe COIEPKUT CJENyIolHe coc-
TaBHLIE HYaACTH:
1. Onncanue HeKOTOPOH cUTyamuu S; peyb ujer o6 3JMeMeHTax HeKO-

TOPHIX ONpeJeJeHHBIX MHOXKECTB.
2. INpennonoxenus: Hy, H,, ..., Hy.
3. 3axmouenus: Cy, C,, ..., Cp.

BuyrpenHee oGpatHoe MpexjoKeHHe

BuytpetHee o6paTHOe NpelsioKeHHe B JaHHOH CHTYAalHH COXpaHser
cutyanuio S. Hexkoropue u3 saxmoueHnit C cTaHOBSITCA TpeANOJIONKe-
HHSIMH BMeCTO HeKOTOPHIX npeanosoxenuit f. CrnpaumBaercsi, cTa-
HOBSITCS] JIM STH HCUYE3HYBLIHE NMPEANOIOMKEHHS 3aK/IIOYeHHIMH.

Buemnee oGpatHoe mnpepdoxenne. OTNpaBadsick OT HEKOTOPBIX
H3 CTapeiX NpeanosoxeHuii H W HeKOTOPHIX 3akiioueHuit C, ompene-
JsieM HOByIO cutyarmio S’. Crnpaiuusaercsi, SiBJA€TCA JH HOBast CUTya-
Mg TOf Ke, YTO M cTapasi CHTyalllsi, TO €cTb SIBJSETCH JH CHCTeMa
aKCUOM CHTyauuu S’ 5KBHBAJE€HTHOH CHCTeMe aKCHOM CHTyauuu S,
cHaGKeHHON NpexnoJoXeHusIMH f1?

dneMeHTapHblii mnpuMep (€AUHCTBEHHOE YCJAOBHE, eIMHCTBEHHOE
BaKJIIOUEHHE).

MIpeannoxenue. 1) S — peub uier 06 okpyxuoctd I” ¢ HeH-
TpoM O, 0 ABYX Toukax A u B 3Toii OKpY2KHOCTH H 0 HeKoTOpoii Touke M.
Tlonarator: (OA, OB) = 2a (mod 2m).

2) Ilpennonoxenne: M € I.

3) 3akmouenne: (MA, MB) = a (mod =n).

BuyTpennee oGpatHoe npepjoxenHe. CoxpaHuTb S; NOMEHAThb

- MecTaMH IIpelnoJoKeHHe H 3aKJIoueHHe.
3akmouenne B cutyauun S, (MA, MB) = a(mod n)<>M € I,
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BHemnee o0paTHoe NpensioxeHHe
1) Uzer peub o 1Byx Toukax A, B u 06 yrae a (mod ).
2) BriBecTH, uTO CyllecTBYeT OKPYXHOCTh I, Takas, 4ToO

(MA, MB) = a (mod 1) <= MeT.

Ynpaxuenue, Ilpamoe uccaedosarue. TlycTb nansl Be NapasienbHble
npsmble D, A u Touka F. Peub ujer o npeoGpasoBaHuH M\ @ /M’,

TaKoM, 410 Touka M’ noayuaercsi, kak o6pa3 Touku E B Takoii romo-
TeTHH C LeHTpoM B M, xoropasi npeoGpasyer D B A. O6pa3 HEKOTOpO#
KpuBoil C o6osnauaem C’.

Hccnenoate C’, ecnu C siBasercss @) npsiMmod, b) OKPYKHOCTBIO
¢ meHTpoM B F. (OTH BOmpochl cOIep:KaT BHYTpeHHe o0paTHoe mpe-
JIOKEHHe II0TOMY, 4YTO peub HJAeT O HaXOXAeHHH Takoro C’, uyTo
MeCe=>MelC')

Brewnee obpamnoe npedaoncernue. Jlio6oe KOHHUECKOE CeUEHHE
MoXKeT OBbITh ONpedeneH0 Kak 06pa3 OKPYKHOCTH MPH TAaKOM PaccMmo-
TPEHHOM BHIllle NPeoGpPa3OBaHUH.

HJonounuenu e HMcnonbzoBarh 570 npeoGpasoBanue IJIsi HCCe-
JNOBAaHHSA KOHHYECKHX CEUeHHH (mepeceueHHe ¢ MPAMOH, KacaTeJbHEIe,
acUMNTOTHL U T. 1.). BCKpHITE NPOHCXOXKAEHUE 3TOrO NpPelsOXKEHHS,
HCXONSl U3 Ompefe/ieHHs] KOHHYECKUX CcedyeHHHl Ha KOHyce BpalleHHsd
(paccMOTpeTh BHOHCAHHYIO cepy, KacaTelbHYH K IUIOCKOCTH cede-
HHUS).

SAMEYAHMA H PELUEHUIO NPOBNEM
o

Hcenenobanne oueHb OGIHX CTPYKTYpP (TakHX, KaK Ipynmna, KOlb-
00, TeJlo, BEKTODHOe IPOCTPaHCTBO, adduHHAsS HJIH IPOEKTHBHAsS
reoMeTpus, MeTpHYecKad e€BKJAHMIOBAa TeOMeTpHdA) I[03BOJsAeT HafTH
HanpabJ/ieHHe YacTHHIX HCCACNOBAHUI, CPA3y Ke KaK TOJNLKO 5TH CTPYK-
Typbl DPAacHO3HAHH B NOCTaBJeHHOH mpobeme. lccleroBaHne 4acTHBIX
CHTyaluii B KJacCHYeCKHX cJayyasiX NpPHHHUMaeT IBe CYHIeCTBeHHbIE
¢opMbl, H3BeCTHEIE MOJ HA3BaHHEM «pelieHye GUTYpP» MJIH «IOCTPOEHHE
turyp».

Mger xotenn Gbl BBLIIBUTH BO3MOXKHOE €IHHCTBO MeTOfa MPH H3JO0-
XKeHHH 5THX BONPOCOB.

A) AKcHOMaTHHECKOE MCCIEe0BaHHE HEKOTOPOH CHTyauHH

Mbi HccesleioBalu B 3T0f paGoTe HauGoslee BaKHbie JIeMEHTapHble

CHTyaUMu akcuomamuueckum memodom. CrelyeT OCO3HaTh ero IpH-
poxy. .
1. Anaaus. Hekoropass curyauusi Har/isiiHO 43BecTHa u3 (H3H-
YeCKOTO HJIH MaTeMaTHYecKOTO OIbITa HEMOJHO H HeXOCTaTOYHO cOrvia-
COBAaHHO. AHAJH3 CHTYaUMM BHISIBJISIET CBONHCTBA IOSBJISAIOIHXCSH
3fiecb MHOXKECTB (OTHOLIEHHS, OTOGpaKeHHs). 3aMeTHM, YTO, Kesas
BBECTH YHCJA WJH €BKJWAOBO MPOCTPAHCTBO, MBI MOIMIH Gbl OIDaHH-
UUTBCA OGpalleHHeM K OIBITY COBPEMEHHOI'O YHTaTeJsd.
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2. Hocmpoeuue" cmpykmypot  Hekomopoll cumyayuu. Breibupaercs
COBOKYIIHOCTb CBOHCTB, PaCCMOTPEHHBIX KaK CYIIECTBEHHBIe, KOTOPHE
GbOopMyIHPYIOTCSL SIBHO, 00Pa3yst COBOKYNHOCHbG AKCUOM; TIOTOM H3YYaloT
CJIENCTBHSL M3 aAKCHOM, YTOOR HAHTH ApYrHe MOAMEeYCHHble CBONCTBA,
a Takye OTKPHITb HOBBHIE.

3. Hccaedosanue. a) HenporusopeunBocts *. Heo6xonumo o6ec-
NEeYUTDb CYUECB06aHUEe SJIEMEHTOB TOCTPOSHHOTO MHOMXECTBAa, TO €CTh
ofecneundTb HeNPOTHBOPEUHBOCTD.

b) HccnenoBath edurcmeerHoCcms TIOCTPOSHHOTO MHOXKECTBA C TOY-
HOCTBIO 110 H3oMOpdU3Ma (Kame20pUsHOCHbs MHOMECTIBA AKCUOM): TAK MBI
BHIENH B OIHOM YIpaKHEHHMH CYIECTBOBaHUWE HEH3OMOP(DHBLIX KOJell,
3HAYHT, AKCHUOMB! KOJbLA COCTaBIAIOT He KaTeTOPDHYHYI0 CHCTEMY;
IJI5l YTOUHEHHUST KOJbIla HARO NPHCOeNMHUTb K STOH cHCTeMe HOMOJHH-
TeJIbHble YCJIOBHA.

Meron, BechbMa OGaH3KHE K  BHIIEH3JI0KEHHOMY, MHCIONB3YeTCs
Il MCCJeIOBaHUSl CaMBIX HE3HAUMTEJNbHBEIX BOIIPOCOB.

B) Pemenue HeKoTOPOi (pUrypHl

PaccmarpuBaeMasi CHTyalHsl ONPENESETCS HEKOTOPBIMH OQHHbIMU
ycaceuamu. OHH BBOIAT MHOMXKECTBa, 3aBHCSIIHE OT HUCA08bIX HOpA-
MEMpos, TaK 4YTO KaXKIBIH 5JEMEHT ONpeJesieH HEeKOTOPHIM YHCJIOM
WIM COBOKYMHOCTBIO uuces. [losarasg HM3BeCTHBIM MHOXKECTBO 3THX
uncen (JaHHwle a, b, . . ., [), Tpebyerca yxasamo 8 A6HOM 8ulde BbiUCAe-
Hue IPYTUX Yuces (HeU3BECHBIX Xiy Xgy « » « Xp)-

1) Anaaus. BuisiBuTh M 0GO3HAYuTh NapameTphl. BelienuTh Hesa-
BHCHMble ITapaMeTpLl, BLIPA3HTh COOTHOIUEHHsI C NOMOILIbIO HEPaBEHCTB
(ycsi0BHBIX U Ge3yCJOBHEIX) M PaBeHCTB (ypaBHeHHuE). D10 OyieT MHO-
JKECTBO YCJOBHH.

2) Pewenue. Otfensis JanHble OT HEH3BECTHBIX, BHIOHDPAIOT COBO-
KYNHOCTh YpaBHEHHH W HepaBEeHCTB JJIsl BRITOJHEHHs pewerus. Paspe-
IIEHHAaS CHCTeMa MM03BOJSAET BHIUHCJAUTh MOCAENOBATENbHO HEH3BECTHDBIE:

xy=Ff{a, b,c,...,0);
xz=fz(a, b’ Cy ooy l1 xi);
Xn=[ala, b, ..., L, X1s ..., Xny);
(gi(a,....,)<xs<h(a,...,l);
g2(ay ..y by x) <<xo<lhp(a, ..., 1, xy).

3) Hccaedosarue, YGexpaeMcs, UTO PelIeHUs cyuecmsyiom (Henpo-
THBOPEUNBOCTh) H YIOBNETBOPSIOT BCeM HEHCNOJb30BAHHLIM NPH pacye-
TaX yCJOBHSIM 33Ja4yH (COBMECTHOCTh 3THX YCJIOBHIi).

Kpome Ttoro, uccnenyercsi edurcmeestocme pemieHHs.

* YnoTpeGureseH TakKe TepMHH «coBMecTHOcTb» (compatibilité), koroprm
nonp3yerca asrop.— pum. ped.
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B 3akniouenne paccMaTPUBAIOTCA HEKOTODHIE OTHOLIEHHS MEXIY
LaHHBIMH, YTOGHI BbIIC/INTh pas3JuYHble BO3SMOXHBIE CHTYalHH.

C) Hocrpoenue curypst

MuoxecTBa, BBelleHHble B 3ajjaye, He Bcera Bce NapaMeTPHU30BaHbI
gyucjenno. Jlpeanonarasi M3BecTHOH HEKOTOPYIO CHCTEMY 3JIEMEHTOB
(nanHble), Tpebyercsl yKasaTb HocmpoeHue IPYTHX SJAEMEHTOB (HEeH3-
BECTHBIX).

1) OrHollenusa YTOYHSIOTCS C MOMOLIBIO YHCJIOBBIX PABEHCTB H Hepa-
BEHCTB M € NOMOLbIO COOTBETCTBHH H3BECTHOTO THIIA MEXIY MHOXKe-
CTBaMH.

2) Pasniuuas naHHBlE OT HEH3BECTHHIX, BHIGHPAIOT COBOKYIIHOCTB
TaKUX YCJOBHH, YTOOB MOXKHO OBLIO IIOCTPOUTEY HEM3BECTHBIE, HCXOMS
U3 JIaHHBIX; HCIOJB3VIOT JIOTHYECKOE NPABUAO: «06BeAUHEHHIO YCIOBHH
COOTBETCTBYeT llepeceyeHre MHOKECTB, a HEUCKAOUAICe i TU3BIOH KUY
YCJIOBHH COOTBETCTBYeT OObelMHEHHe MHOXKECTB». B ueM 3ak/iouaeTcs
CMBICJI  CJIOBA «(TIOCTPOMTL® B KJjaccuueckoll reomerpun? Ilpasuno
NOCTPOEHHUS CBOAMTCH K YKAa3aHHIO INOpSIKa Onepauuii NepecedeHust
NPAMLIX, OKPYXHOCTeH, TJIOCKocTel, cdep, oOmnpelesieHHLIX COOT-
BETCTBEHHO JBYMs, TpeMsl, UETHIPbMS TOUKAMH (Ha 3TOM NYTH Mbl He
MOXKeM BLIMTH 32 npefiesibl aHAJHTHYECKOH reOMeTPHH NMEPBOH M BTOPOH
cTeneny) *. 10 ofecneUUBAET CYIECTBOBAHHE 3JIEMEHTOB B CMBIC/IE
[aaToHa.

3) Hccaedosanue (kak B B).

Ipumepst.

B’) Pewenue ¢urypsl. B npakrtuke Moxuo, BooGiie ToBOps, Orle-
pUpOBaTh TPHAHTYJSILMER U «pellaTh» IHAT 3a WaroM. YTo6bl BOCMOJb-
30BaThCs T'HOKOETHIO TPUTOHOMETPHUUECKUX BhIUMCIeHHH, YI06HO B3ATh
B KayecTBe HEH3BeCTHBLIX OAWH HJH HeCKOJALKO YTJIOB.

Orciofa BaKHOCTB € 3TOH TOYKH 3PEHUS 3a1ay, HA3BIBAaeMBIX «pellle-
HHEM TDPEYroJbHUKOB». Bo3bMeM Hayral oiwH npumep 6Ge3 ocobeH-
pgocTeid, YTOGhl BBIABUTH METO]L.

3anxgaua. Onpenenntb aneMeHTH Tpeyroasunka ABC, yiro-
BJETBOPSIONIEro yenopuo B = 2C, ecnu panst gnuua [ cropoust BC
¥ 3Hadenne £ OTHOLIEHHS BHICOTHI, BHIXOAAIIEH U3 BeplunHsl A, K paany-
Cy OKPYXHOCTH, BHeBnucanuo#fi B yroa C.

Peuwenue Curyanus ussecTHa. DJEeMeHTH, O KOTODBIX HJET
peun: @, b, ¢, A, B, C, hy, r.. Cucrema, BhipaxKawouias ycaoBHe 3a-
Jauu: :

* Aptop ykasmBaeT na kuury Henri Lebesgue «Legons sur les constructions
géométriquesy Gauthier — Villars. Paris, 1950. (Jl1e 6 er, Jlekuuu o reomer-
puueckux nocrpoenusix). Ha pyccko sizsike eM.: A g a e p A., Teopus reomer-
pHuecKux nocTpoenuit, uax. 3, JI., 1940; Kae &t u @., Jlekuun no uzbpanHbm
BonpocaM sJeMentapHoll reomerpud, Kasamp, 1898. DuuukJonejaus sjJeMeHTap-
HOU MaTeMaTHKH, KH. 1V, I'eomerpus, M., 1963.
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Cyugecmeoeanue HpeyeorbHuUKa Onpedeaerue aremenmos

i A+B+C T 4) ¢ a:ha(cth—|-cth);
c_. _ Cc B
) (3) smA smB ~sinc’ ) | a=re (Ctgf—tg 7) .
] a>0, A>0, B>0, 3 CIElHa/bHOE YCJIOBHE
L Cc>0. LEREL
(6) { B=2C.

Jlanusle:
a=10 (7)
u k, onpenenennoe ypaBHeHueM, h, = kr.. (8)

2) PeweHue Her nukakoii cumMerpud. MckmodawoTes LTHHbL
InaBHas HeusBecTHas

u=cosC. (10)
Cucrema anga pemends (9 ypaBHeHHH, Iocje BBeNEHHA u):
9 (2(k—1Du—(2—k)=0; Vpo<<u<l;
(10) } cosC=u; 0<C<is
(11) | B=2G; (M), (2), (3), (4), (8).

(12) L A==a—3C;

3) Hccaedosanue. Ecnn 4/3 << k <T3/2, To uMeeM OIHO pellleHHe.

3aMeyaHnde MOXHO HCKATh pellleHHe, TNPHHAB B KauecTBe
[JIaBHBIX HEM3BECTHLIX CTOPOHBI, 4 TAK:Ke HCKaThb HEKOTOPOe TeOMeTpH-
YecKoe IOCTPOEHHeE.

C’) MNMpumepsl 3agau Ha nocrpoenue. (Bbo GBI MHTEPECHO MOAEp-
HHM3UPOBATh B CMbIC/E KJAACCHOUKAIMH H (OPMB!I NPEBOCXOAHYIO KHUTY
Tletepcena *, u3nannyio Ha JaTcKoM si3bike B 1866 roay.)

3 anaua. Iocrpouts paBHOCTOpOHHUH TpeyronbHuk ABC, ecun
M3BECTHBI PacCTOSIHHA @, f, Y €ro BepLIMH OT OfHOM JaHHOH ToukH O.

1) Anaaus cHTYyaLHH.

I ano: touka O v TPU JVIMHEL. ¥ Ka3aHHUe: BBECTH TPH OKPYXK-
HOCTH

( OA=a<=AcT;
OC=y<=Ce¢rl..
Wzesi: paBHOCTOPOHHHII TPeyroJbHUK <= BpaileHue % <A, :t%) **
* Harckuit reomerp. Ppanunysckoe usganue 3toil Kiuru: Petersen J.
Méthodes et théories pour la résolution des problémes de constructions géométri-

ques. Gauthier — Villars. Paris, 1880, crp. 111. (IlepeBoa na ¢paunnyackui
a3slk O. Chemin.)— Ilpum. ped.

** To ecrp Bpamenne BOKpYr Touku A Ha yroxa j:%.— Hpun. pead.

481



Wnes ynpomeHus: HaliTH NPOTOTHI pelleHMsl, BLIOpAB ONHY BepIUHHY,
uanpumep A, u uanpasrenue yria (4B, AC).
2)OnucanuenpepanosaraeMoro NOCTpPOEeHH 1.
ITpoBectu okpyxHoctd [q, Iy, . W BbGpaTh TOuRy A € [,
[Tocrpouts okpyxkHOCTB I'¢, 06pa3 OKpyKHOCTH [, NpH BpalleHHH &Z.
Bel':N Iy, a C asnserca npooGpasom B npu BpaimieHuu R.
CyuecrBoBanue: eauHcTBeHHOe ycaoBue: [¢(\Ip == ¢f. Coor-
BETCTBHE YCJOBHIM: IIOCTPOEHHEIE TOUKH BIIOJIHE YIOBJETBOPSAIOT YCJO-
BHSAM.
3) Hccaedosarue. UYucno NpOTOTHIIOB H MHOMKECTBO pelleHHH.
Jononunewuue. BraemHas o6paTHasd 3amaua: JdH pPaBHOCTO-
ponunit Tpeyroipuuk ABC. ViccnenoBaTh MHOXKeCTBO ToueK O, YIOB-
neTBopsOKX paseHcTtBY OA = OB + OC.

O0B30P U YNNIPAMHEHMA N0 KUHEMATHHE
(un. I, . 1L, § 1V)
o

l. Hanomunanue.

KuneMaTHRa TOUKH B MaTeMaruyecKo#l ¢opme — 310 nuddepen-
uHaJbHOEe HCCHelOBaHHe B mpocTpaHcTBe R3 ToukM, 3apucsiueil or
mapaMerTpa, HashbiBAEMOTO BPEMEHEM.

Heuscerue Toukn M onpeneneHo ¢pyHKUHeH t\ . /OM .

Tpaekmopus — 3T0 XpuBasg, oOpa3oBaHHas MHOXKECTBOM IOJO-
XeHu#d Touku M.

Cropocme — 310 mpousBofHast V = (OM)'.
Ycxopernue — sto I' = (V) = (OM)".
[To oTHOLIEHUIO K CHCTEMe OTCUETa HMeeM:

OM = xi-yj-+zk;
V=x'it+yj+2'k;
r=x11i+y”j+z”k.

Bo BHyTpeHHeM HCC/IeIOBAaHMHM TPAaeKTOPUIO OPHEHTHPYIOT TeoMeT-
pPUYECKM M BHIGHPAIOT OJHY M3 ee ToueK B KaieCTBe Hayaja. Touka M
onpeneseHa cBoell KpuUBOMHMHeHHOH abcuuccoit S, QyHKuHeH* OT Bpe-
MeHH 1. '

Ecnu xacarte/bHBle OPHEHTHPOBAaHBl B COOTBETCTBHH C BBIGDaHHBIM
Ha TPAaeKTOPHH HanpaB/eHHeM, TO OHH fABJSIOTCS HOCHTeJISIMH Kaca-
TeJIbHOTO eNMHHYHOrO BekTopa 7, ¢yHKHMe# OT s:

V=0uT.
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Ha mnmockoctd enunuuHbeiii BekTop 7' oOnpefiesiieT HOPMaJbHEIH
BekTOp N (MBI He HcC/efyeM ero OnpeleJeHHe B IPOCTPAHCTBE CPefu
BCEX HOPMaJbHBIX BEKTOPOB) H

o, o v?
(T,N)=*£5; I'=vT+%N.

3amMeyanune 06 eguuHuImaX. VMeorcs IBe OCHOBHBHIE
HE3aBHCHMEIE €fMHHIBI JJIUHBI ¥ BPeMeHH, a TakxkKe JIBE I[POU3BORHEBIE
eIMHUIB CKOPOCTH H YCKOpeHHs. [l mpelcTaBNeHHS 3THX eNHHHL,
BLIGHpalOT JAHHBEL. [Ipon3BofHBEe MOpsAAKa Bbllle YeM BTOPOrO B KJac-
CHUECKYIO MeXaHUKY He BBOAATCS. Kjaccuueckas MexaHUKa BbIBOIUTCSH
a3 dopmynel Hetotona F = mlI", xotopast BBOAUT cuny I u maccy m.

3aMeuanue Ha opueHTHPOBaHHOH TpPaeKTOPHH ABUKEHHE
Ha3bIBAETCA MNPAMbIM, €CJIH OHO HPOU3BOIUTCH B IOJOKHUTENBHOM
Hanpassienun (v > 0), u obpamuoim B NPOTHBHOM ciyyae. OTMETHM,
9TO 4YacTO pPHCYIOT Juazpammsl, TO €CTb TpauKH TaKHX YHCJIOBHIX
BeJIMYHH, KaK MepHl S, U, Y, PacCMaTpUBaeMbIX, KaK (YHKIHUH OT Bpe-
MeHH.

TeopeTnueckoe ynpaxHeHHe

1. IBa Bektopa V; u V, ABJsIOTCH PYHKIUMSAMH BpeMeHH. Bhblumc-
JIUTh TPOH3BOJHYI0 HX CKaJdpHOTO Npou3BeleHHs. PaccMoTpeTb
cayualt, Korga V, = V.

2. Hlyetb V — ckopocts ABukymle#icd Touku. Jlokasare, 4TO

o] /<= |(V, )| < 5.

[FoBopsT, uTO B 3TOM Ciyyae JBHIKEHHE YCKOpEHHO. B NpPOTHBHOM
c/ydae OHO Ha3blBaeTCsd 3AMEQACHHbIM.

OcHoBHOe KJacCHYecKoe ynpaXHeHHe

Heuxcernue crapados (paccMaTpuBaeMbiX KaK TOYKH) B NycCTOTe.
OpTtonopMasbHasi cucrema orcuera O, I, j, k. Ilocnepunit Bekrtop
HaXOANTCHA Ha BOCXOAslied ¢u3udecKoH BepTHKaJH. ERuHUUB: MeTp,
ceKyHla. 3akoH yckopeuusi: I' = — gk, rme g ~ 9,8.
Hauanbueie ycaoBusi: gs ¢ = 0 uMeem

V= V,=(vpcosa)i-+(vpsina) j.

1) [Tokasatp, 4T0 B 0flIeM caydae ABUNKEHHE NPOUCXONHT B ONHOH
MJIOCKOCTH M OHO mnapaboJHyeckKoe.

2) Ilycte vy mano. OnpefesuTh o TakK, YTOGHI TPaeKTOPHS IIPOXO-
IuJa 4yepes NaHHYIO TOUKY K (X3, Y,).

MpuMep npocToro ynpamxHeHHA

J a H BI: AIWHA @ ¥ YTJI0BAs CKOPOCTh ®, BhIpameHHas B pajuaHax
8 eJMHHULY BpeMeHH. [[BUKeHHE TOYKH ONpeLeNeHO CAeAyIomuMH ¢op-
MYJIaMH:

OM=xi+yj, x=acosot, y=a(sinwt—-coswt).
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1) OnpenenuTb CKOPOCTh H yCKOpeHUe. BhIpasuTb HX Mephl H YTOU-
HUTb HX HanpaejieHdsd. SIBJASETCA /U JBHKEHHE YCKOPEHHBIM HJH
3aMe]|IeHHbIM ?

2) CocraBHTb ypaBHeHHe TPAEKTODMH B IIPSIMOYTIOJBHBIX KOOp-
1unaTaX. Pacnosuate ee npupony (Konuueckue ceuenus, II, (5)).

2. [suscenue nedechopmupyemotl pueypor (xu. 1V, u. 11, § 3, D).
Mkrl BBeIH NOHATHE O KACATENBLHOM JBMXXKEHHH B JAHHBIA MOMEHT H NpeN-
JIOKHJIH B KauecTBe NPHIOKEHHS HCCNENOBATh JBUMKEHHE «OYyMamHOH
MoJOCHY, B pe3y/abTaTe KOTOPOTO MosBaAseTcA sJanunc. IlpuBeem
JIpyroi mpumep.

¥Ynpaxuenne. [lycre HekoTopasi ¢Hrypa ocraercs HexedopMmupye-
Mo#i. JIBe ee nmpsAMble NIPOXOAST COOTBETCTBEHHO Uepe3 JiBe (PUKCHPOBAH-
Hble ToukH. JloKa3zaTh, YTO Kaxzjas npsMas QUrypsl JuUGO MPOXOAUT
yepe3 (HUKCUPOBAHHYIO TOYKY, KaK H [MepBble JABe MNpAMble QUTYDHI,
au6o orubaeT HEKOTOPYI0 OKPYXHOCTb. OImpene/uTh TPaeKTOPHUIO
HEeKOTOPOH TOUKH (GUrypnl (moJydeHHAs KPUBas Ha3bIBAETCH YJUTKOM
Tlackans) H C TNOMOHIBIO DacCMOTPEHHS KacareJbHOTO JBHIKEHMHs
onpeneuTh KACATENbHYIO B TPAEKTODHU B 3aJaHHOH TOUKe.

MATEMATHYECHUE NPHHLMNDLI HAYEPTATENLHOK FEOMETPHM
®

Hauepratenbnaa reoMeTpust npefcTaBisfeT coGod TeXHHKY H300-
pameHdus NPOCTPAHCTBEHHBIX (HUTYP C NOMOILBIO IBYX OPTOTOHAJbHBIX
npoekiuil *. DTH NpPOeKUUH BLINOJHEHB HAa ABYX B3aWMHO MepreH-
IUKYJASPHBIX IJIOCKOCTSX, TpPUYeM OJHA IIJIOCKOCTh 3aTeM COBMe-
maercs ¢ JApyro#, uTobel HOJYYuTh B OJHOH M TOH Xe IJIOCKOCTH
snwpy, OOBEIMHAIOMIYI0 O0e TOJYYeHHBIE [OCHE TNPOEKTHPOBAHHUSA
durypsl.

Mpl He yTOUHSeM 37eChb HH TEPMUHOJOTHIO, HU TeXHHUECKHE MpHe-
Mbl. Mbl ykasbiBaeM J{IIb Ha TeOMeTPUUECKHe NPHHOHNBL. Kaxkmuas
TOYKa u306paxKeHa Napod CBOUX NPOEKLHH, Hapoll TOYeK, HAXOJIs-
muxcsd Ha NpAMOH (UKCHPOBAHHOTO HAHPABJCHHS (JIWHUS COEAMHE-
HHS).

JlBe KpuBLle, IPOEKNUMY HEKOTOPOH KPHUBOH, ONpelesslioTCs MO TOU-
KaM, KOTOPEIe B CUJIY TEOPETHYECKHX HCC/AC0BAHHN MOTYT OBITh COeNuU-
Henbl 6e3 omiH60K. OOCIUE METOJ COCTOHT B ONpele/]eHHH 3THX TOUEK,
C MOMOLIBI0 NepecedeHs QUIYPHl ceMelCTBOM NPOCTHIX MOBEPXHOCTEI,
3aMeTalOIINX BCe IPOCTPAHCTBO. B KadecTBe TakuX NoBepxHOCTEH
6epyrcs MJIOCKOCTH (PHKCHPOBAHHOTO HANpaBJIeHHA AN HHOTAA Chephl,
3aBHCAMMe OT OfHOro napamerpa. Ho ecTecTBeHno, uTO, KOrAa peub
uzetr 06 onpefejeHHH NPAMOH, XOCTATOYHO HMETb JiBé TOYKH.

* OnucaHHBI aBTOPOM MeToj, HasnBaeTcsl MeTORoM Monxka. B naueprarteis-
HOM TeoMeTpHH YIOTpPeGAAITCA M ApYyrue npueMsl H3o0paxenuil npocTpaHcTBen-
#uX ¢uryp. Hanpumep, akcoHoMeTpuuecKHe NPOEKINH, NPOEKIHH C OTMETKaMH,
nepcnektusa u Ap. (em.: H. H. Kpuaos, II. U, Jlo6anpgunesckui,
C. A. M s u, Haueprarenbnaa reomerpus, M., 1959).— Hpum. ped.
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Teopemuueckaa mo4Kka 3peHus

1) Besikoe cBOHCTBO npoexkmusxoe WM agpunroe coxpansiercs
B 00eHMx MNpOEKUUAX.

2) Jlio6oe cBOHCTBO INIOCKOH METPHUYECKOH FeOMETPHH COXpaHser-
sl MPH TMPOEKUWH HA NapajJlelbHYIO INIOCKOCTb. Takoe pacnonoxe-
HHUe MOXKHO OCYLIECTBUTB, MeHsS MJIOCKOCTH NPOEKUMH MJH, YTO MpH-
BOAUT K TOMY 3Ke, nepeMewlas (DYDY OTHOCHTENBHO 3THX IJIOCKO-
cTed.

TIpaBu/Io TOCTPOEHHS TMOMYYAETCS TIPOCTEIM, €CAM H3MEHSTH JIMIb
OJIHY TJIOCKOCTh MNPOEKUHH (COXpaHAs OpPTOTOHANBHOCTB) HJH 3Ke
€CJI BBINOJHATD JIMIIb BpalleHHss BOKPYT oOcCedl, NepHeHIHKYJ/APHBIX
K OJHOH U3 IJOCKOCTeH NpOeKLHH.

3) Merpuueckast 3ajaya, Kacaloasicsl HeKOTOPO# n.aockod (pueypet,
BBLITIONHSIETCS]  NPEANIOUTHTE]bHO COBMEIIEHHEM IJIOCKOCTH (DUTYpH
€ OJHOH H3 IIOCKOCTEH NpPOEKLUH, TO €CThb BPalleHHEM BOKPYI cleia
TIJIOCKOCTH (PUTYPHI, JexKallero Ha TOH Ke IJIOCKOCTH NMPOeKUUH, Ha KO-
TOpyio  otGpaceiBator  ¢urypy. OrobpaxenHas Qurypa MOXeT
OBITh MOJIiyueHa NyTeM oOceBOro adupuHHTETA U3 NMPOEKLUUH, UYTO I103BO-
JseT HCNOAb30BaTh KOJMJIMHEAPHOCTH NOCJe NOCTPOeHHs OJHOH NepBOH
TOUKH.

4) OnHo 3aMeuaTesbHOe CBOHCTBO OPTOTOHANBbHOH NPOEKUHH Aps-
MO20 Yeiq TIO3BOJISIET pPaccMaTpHUBaTh 3aJauyMl O NPSIMBIX, NEPHeHIMKY-
JISPHBIX K HEKOTOPOH NIOcKOCTH. Peub HIeT 0 ABYX npaMeix Dy H D,,
OPTOIOHAJNBLHO CIPOEKTHPOBAHHLIX B NpsiMble dy U dy HAa TIJIOCKOCTb P.
Ecin uMeeTcsl wactHas cuTyallus, KOrJa OJHA H3 NpsMBLIX, HaOpHMep
D,, mapannenpHa IJIOCKOCTH HPOEKIHH, TO

Dl_LDz@di_Ldz.

Menee uacro wucnonn3yercs BHellHsis ofpaTHas 3agaya. Peub
uleT o npaMeix Dy u D,, NpoeKTHPYIOIHUXCA OPTOTOHAMABHO B Ips-
Mele dy u d,.

B s1oM ciayuae

D, 1. D,

4 1 d = Dy umn D, mapa/sie/bHBl K IJIOCKOCTH TPOEKIHH
1 2

(He ucKJOYalOLIee UAL).

TonbKko NMpakTHKa JaeT BO3MOXKHOCTh NMPHOOPECTH HABHIKH B TeX-
HHUKe HauepTaTeJLbHOH reomeTpuu. Pekomenayercst pemars rpadu-
'qecKHe 3a/la4H Ha nepeceueHye NPSIMBIX U MJIOCKOCTel, Ha YIVIB, HA pac-
CTOSIHHS.

3anaun Ha cepbl HIH OKPYKHOCTH NPUBOAAT K NMOCTPOESHHIO 3JJIHII-
COB; B 3TOM cJiyuyae «GyMaxkHas 10JIoca» NoJe3Ha AJjs GLICTPOTO MHOJY-
YeHHS] MHOTOYHCJEHHBIX TOUEK UYepTeka.
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